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Preface to the Dover Edition

The first eighteen chapters of this Dover edition of our book constitute an identical
copy of the original monograph published by the Oxford University Press in 1993.
In the ensuing Corrigenda, we list all the errors that have come to our attention
since the publication of the book.

Four chapters have been added specifically for this edition. In Chapter 19, we give
a self-contained treatment of the John-Nirenberg lemma in a form that suffices for
the theory as developed in this book; our original proof had a flaw in it. In Chapters
20, 21, and 22, we review some important developments that have taken place since
the publication of the Oxford edition, and that are closely connected with the main
themes of the book. In Chapter 20, we discuss the defining axioms for p-admissible
weights as well as some new examples. In Chapter 21, we discuss the Riesz measure
associated with an .A-superharmonic function; in particular, we discuss the Wolff
potential estimate and its use in the boundary regularity for the Dirichlet problem
and in the behavior of superharmonic functions. In the final Chapter 22, we briefly
review recent more general nonlinear potential theories. The addition has its own
relatively short bibliography. Many more articles on nonlinear potential theory have
appeared since the publication of the Oxford edition.

We thank Anders Bjérn, Jana Bjoérn, and Juha Kinnunen for carefully reading the
four new chapters. The authors have been supported by the US National Science
Foundation and the Academy of Finland.

Finally, we wish to thank Dover Publications for publishing our monograph as
well as for their friendly and flexible cooperation in this matter.

The Authors
Ann Arbor, Jyviskyld, and Helsinki
June 2006



Corrigenda

Corrigenda:

Here we list and correct all the errors in the main text that we are aware of; the
only exception is the John-Nirenberg lemma, which will be treated separately in
Chapter 19. In addition to actual corrections, we have listed a few clarifications.
We thank Anders Bjorn, Donatella Danielli, and Juha Kinnunen for pointing out
some of these errors.

Page 5, line 1. “prize” should read “price”.

Page 5. Add the following four items to Notation:
B(z,r)={yeR*: |z —y| < r}.
By a ball we mean an open ball unless otherwise specifically stated.

xe stands for the characteristic function of a set E; that is, if E C X, then
xg : X — R is defined by xg(z) =1if z € E and xg(z) =0ifz ¢ E.

We denote by L}, various local Lebesgue spaces. For example, a function u
belongs to L}, (2 p) if w € LP(D; p) for every D € .

Page 13, lines 13-18. The definition of the space L§(€2; u) is given somewhat
ambiguously. Following the lines 17-18, L3?(;u) is by definition the set of all
functions u € L*?(f; p) for which there exists a sequence p; € C(S2) such that
Vp; — Vu in LP(Q; p). '

We do not mean the space Ly®(Q; 1) to be the abstract norm closure of C$°(R2)
with respect to the norm

0.1) pl) = ( / IVul? dys)'7,
Q

nor is such an interpretation used later in the text. This closure is not, in general,
a space of functions. (See, for example, p. 307 in Function Spaces and Potential
Theory by D. R. Adams and L. I. Hedberg, Springer-Verlag, 1996.) Also note that
p in (0.1) is actually a norm, not only a seminorm, for functions in C§°(52), and that
p is a bad choice for notation here as it is also used for the exponent.

Page 20, lines 2—5. - These lines should be corrected to: “... then max(u,\) €
L'*(R; p) and
V max(u, \) = { Vu ifu>A

0 ifu<gA.



Corrigenda ix

If, in addition, max(u, \) € LP(Q; ), then max(u, ) € HYP(Q; 1). A similar con-
clusion holds...”.

Page 30. The definition for the sets Kj in the last paragraph is incorrect and
should be replaced by

K; = {z € K : dist(z,CE;) > 6},
where

6= rmn{dlst(K, C L’CJ E,‘), diSt(Ol, CF;), diSt(Cg, ch), ey diSt(Ck, EFk)}
i=1

and dist(X,Y) = inf{|z —y| : T € X, y € Y} denotes the distance between two sets
X and Y in R™

Page 36, line 17. The definition of u should read

f|R $(1-m)/(p=1) g4

z—zo|
u(z) = ff‘ t(1-n)/(p-1) gt
1 fO<|z—mzo| <

ifr<|z—zo| <R

Page 68. In the formulation of Theorem 3.41, replace the phrase “locally
bounded” by “locally essentially bounded” (four times).

Page 69. In the formulation of the John-Nirenberg lemma 3.46, replace the
assumption B € Q) by 2B C 2 (two times).

Page 73, line -4. Replace 7 by 7;.

Page 76, line -4. Replace C by €.

Page 76, lines -1, -2; page 77, lines 2—-3. Replace each m, by m,;,.

Page 81, line 16. Replace h — A(z,£) by h — A(z, h).



x Corrigenda

Page 87, line 12. Replace 2 by R™.

Page 148, line 4. The estimate on line 4 should be

l(capm (B(zo, ), B))l/(l-P)

2y (Blzn,r). B) 01
e\ cspy, (3B, B)

<
< ko) < C( Capp,u (%B, B)

Page 148. Delete line 11, and line 13 should be

2 = > >z
mr  m, wr(z1) c(

cap,,, (B(zo,7), B) )1/(P—l) .
cap,, (3B, B)

Page 159, line 8. Replace infg, si by infg, s.

Page 200, lines -4, -5. It should read: “... for a given A-polar Gs-set...”.
Page 221, line -7. Replace o by 0.

Page 265, line -9. Delete: = [a, }].

Page 268, line 14. Replace A by A.

Page 275. Radd’s theorem for quasiregular mappings (Theorem 14.47) is a
special case of Theorems 13.17 and 13.18 for harmonic morphisms. In particular,
the proof of 13.17 shows that the set f=}(C) N D is of n-capacity zero whenever D
is a component of Q. Therefore f is quasiregular in by Theorem 14.46.

Page 307, line -2. Replace = by <.

Page 318, line -12. It should read: “... is called a Brelot harmonic space if the
following two conditions are satisfied: ...”.



Corrigenda xi

Page 333, line -1. Replace the second ||| by ||¢||P~L.

Page 336 ff. The proof of the John-Nirenberg lemma is not correct. The
flaw occurs in the discussion of a Calderén-Zygmund type decomposition in 18.4;
specifically, the inequality |B; ;| < ¢(n)|Bis1,.| on line 6 of the last paragraph on p.
337 may not be true for ¢ = 0. A new and self-contained argument for a slightly
different statement is given in Chapter 19.



Introduction

The solutions to a second order quasilinear elliptic equation
) —div A(z, Vu(z)) =0

have many features in common with harmonic functions. Most notably,
the Dirichlet solutions are order preserving: if u and v are two solutions in
a bounded open set 2 in R™ with u < v on the boundary 81, then v < v
in the interior of . We call this property of solutions the comparison
principle. Roughly speaking, this principle makes it possible to develop
a genuine potential theory without having a linear solution space. The
purpose of this book is to present such a theory.

To illustrate the kind of potential theory we have in mind, consider the
following p-Laplace equation

(2) —div(|VuP~2Vu) =0, 1<p< .

When p = 2 equation (2) reduces to the Laplace equation Au = 0 whose
solutions, harmonic functions, are the primary object of study in classical
potential theory. When p # 2 equation (2) is nonlinear and degenerates
at the zeros of the gradient of u.. Consequently, in this case the solutions,
commonly referred to as p-harmonic functions, need not be smooth, nor
even C2, and equation (2) must be understood in a weak sense. To moti-
vate the study of equation (2) as a prototype of equation (1), we mention
the following three facts: (i) equation (2) is the Euler equation for the

variational integral
/ Vuf? dz,

which in a sense is the simplest variational functional of nonquadratic
growth; (ii) solutions of (2) are naturally associated with the first order
Sobolev space H?, where they play the role of functions with extremal
properties; (ili) when p = n, the dimension of the underlying space, equa-
tion (2) and its solutions are central to the theory of quasiconformal and
quasiregular mappings.

Equation (1) itself can be viewed as a measurable perturbation of (2).
In particular, our theory covers equations of the form

(3) ~div ((G(a:)Vu . Vu)(P‘Z)ﬂH(m)Vu) =0, 1<p<oo,

1



2 Introduction

where 8 : R® — GL(n,R) is a measurable matrix function satisfying, for
some X > 0, the ellipticity condition

ATLeER < B(z)E - € < Mg

for z,6 € R™. When p = 2 in (3), we recover linear elliptic equations with
measurable coeflicients:

-3 85(6;4(x)su(x)) = 0.

$,J=1

Generalizing one step further, we impose a growth condition on A re-
placing the requirement

Alz,§) - = €17,

with the weaker condition

Az, §) - £ = w(@)lEf,

where w is a nonnegative locally integrable function in R", called a weight,
and 1 < p < co. Then our prototype equation is the weighted p-Laplacian

—div(w(z)|VulP~2Vu) = 0.

To obtain standard regularity results for solutions of (1) in the weighted
situation, certain restrictions on the weight are necessary. Recently, the
search for admissible weights has been intensive and, although a complete
characterization remains to be found, several partial results indicate that
the required conditions are not overly severe. Indeed, it suffices to have
weighted versions of the Poincaré and Sobolev inequalities, together with
a doubling property of the measure w(z)dz. We have chosen to axiomatize
these properties. The class of weights satisfying the given requirements is
large; it includes the A,-weights of Muckenhoupt and certain powers of the
Jacobian of a quasiconformal mapping.

This book consists of sixteen chapters. First we develop in detail the
theory of weighted Sobolev spaces H'?. QOur treatment includes a study
of the so-called refined Sobolev spaces, that is spaces of Sobolev functions
which are defined up to a set of zero capacity. We define the Sobolev space
to be the closure of smooth functions with respect to the weighted norm

llip=lully+ 1l Vel

Chapter 2 contains the theory of weighted variational capacity. Therein
we collect and prove all the basic properties of variational capacity; the
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only exception is Choquet’s capacitability theorem, which we quote without
proof.

In Chapters 3 and 6 we investigate solutions and supersolutions of equa-
tion (1). We follow the now classical scheme using the Moser iteration
method and prove that supersolutions can be chosen to be lower semicon-
tinuous functions. Consequently, we arrive at the (Holder) continuity of
solutions. The particular case when equation (1) is the Euler equation
of a variational integral is treated in detail in Chapter 5; there we offer
a quick proof for the existence of solutions to variational problems with
homogeneous kernels.

After this preparation we are ready for the potential theory. In Chapter
7 we define A-superharmonic functions via the comparison principle: a
lower semicontinuous function u : & — (—o00, 00] is A-superharmonic if for
each open D € Q and A-harmonic h € C(D) the inequality » < u on
8D implies b < u in D. Here the term .A-harmonic refers to continuous
solutions of (1). An intriguing fact is that the above definition, which
requires no a priori regularity, leads to the existence and the integrability
of the gradient of a (locally bounded) A-superharmonic function. This
enables us to use variational methods in potential theoretic problems, and
vice versa. The main idea involved here is the obstacle method, which
we explore in Chapters 3, 5, and 7. These methods also show that the
above definition has a local character and hence .A-superharmonic functions
constitute a sheaf.

Chapters 8-14 form the core of the nonlinear potential theory of A-
superharmonic functions. We study balayage, Perron’s method, polar sets,
harmonic measure, the fine topology, and harmonic morphisms. A large
portion of this study (Chapter 14) is dedicated to quasiconformal and
quasiregular mappings and their role in nonlinear potential theory. To-
day the potential theory of .A-harmonic functions is an indispensable part
of quasiconformal theory; similarly, numerous examples show that function
theoretic methods are significant in studying geometric properties of solu-
tions to partial differential equations. In Chapter 15 we establish the admis-
sibility of certain weights, namely A,-weights and powers of Jacobians of
quasiconformal mappings. Our exposition of A,-weights is self-contained;
we prove the important open-ended property and Muckenhoupt’s theorem.
In the last chapter we briefly examine an axiomatic nonlinear potential the-
ory. In the appendices we discuss the existence of solutions and establish
a weighted version of the John-Nirenberg lemma.

By now nonlinear potential theory is more than twenty years old. This
field grew from the necessity to understand better various function spaces
frequently encountered in the theory of partial differential equations. Ini-
tially it consisted primarily of a study of nonlinear potentials, and foun-
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dational contributions were made by Maz’ya and Khavin (1972), Meyers
(1970, 1975), Reshetnyak (1969), Adams and Meyers (1972, 1973), Fu-
glede (1971a), Hedberg (1972), and others. The theory of nonlinear po-
tentials and function spaces is explored in the forthcoming monograph
by Adams and Hedberg. The approach based on solutions and superso-
lutions of quasilinear elliptic equations has its origins in the papers by
Granlund, Lindqvist, and Martio in the early 1980s, and in the later work
of Heinonen and Kilpeldinen. See Granlund et al. (1982, 1983, 1985,
1986), Lindqvist and Martio (1985, 1988), Lindqvist (1986), Heinonen and
Kilpeldinen (19882, b, c), Kilpeldinen (1989). Our aim here is to present a
unified nonlinear potential theory based on this latter approach. Although
some of the topics can be viewed as purely potential theoretic, we hope that
the inclusion of quasiconformal mappings, A,-weights, and the regularity
theory of (super)solutions will make the book appealing to readers with
different backgrounds and interests. This in mind, an effort has been made
to keep the presentation self-contained; the only exception is Chapter 14,
where many of the basic properties of quasiregular mappings are quoted
without proof. We always give a precise reference whenever we invoke a
result not proved in the text.

Bibliographic notes at the end of each chapter provide additional, neces-
sarily incomplete, information on the subject, which despite its short his-
tory has already evolved into quite an elaborate theory, with connections
to numerous branches of analysis.

Ostensibly, the addition of weights makes most results in this book new.
However, they often represent fairly straightforward extensions of the un-
weighted results and thus are probably known to specialists. Some innova-
tions deserve special attention. These include the boundary regularity the-
orems and regularity theorems for weighted variational inequalities. Some
of the topics have not been treated before in this generality. Moreover, we
feel that many proofs presented here simplify those previously found in the
literature, even for linear elliptic equations.

Weighted nonlinear potential theory from somewhat different points of
view has been studied by Adams (1986) and, Vodop’yanov (1990).

Although the treatment is reasonably self-contained, we assume that the
reader is familiar with real analysis slightly beyond the level of standard
graduate courses. In particular, some acquaintance with the usual Sobolev
spaces is necessary in reading the first chapter. On the other hand, the
reader interested only in the unweighted theory may safely skip most of
Chapter 1 and rely, for example, on the excellent monographs by Maz’ya
(1985) and Ziemer (1989).

Finally, a few words for those who may be acquainted with the unweight-
ed nonlinear potential theory developed earlier by the authors and others.
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Most of the theory goes through with weights but there is a prize to be paid.
Although some proofs are new and simpler, many things that are trivial
or easy in the nonweighted situation now require extra care. For instance,
the possibility that, while working with a fixed equation, we can have both
points of zero capacity and points of positive capacity sometimes causes
new technical trouble. However, such cases are usually easily located and
the reader who is interested only in the unweighted theory may proceed
without much concern.

Acknowledgements
Many friends and colleagues have contributed to this book by providing
useful comments and advice. We wish to thank all of them. Especially
we want to mention Jorgen Harmse, Pekka Koskela, Jan Maly, Juan Man-
fredi, Jean McKemie, Bruce Palka, Karen E. Smith, and Susan Staples,
who patiently read various early manuscripts and whose suggestions led to
substantial improvements in the text. Also we thank Eira Henriksson who
carefully typed part of the manuscript and Ari Lehtonen who helped us
with ApS-TEX problems.

The first author was supported in part by grants from the National
Science Foundation.

Notation
Here we introduce the basic notation which will be observed throughout
this book.
R - the real numbers.
R™ — the real Euclidean n-space, n > 2. Unless otherwise stated, all the
topological notions are taken with respect to R™.
R" = R™ U {oo} - the one-point compactification of R™.
@ — an open nonempty subset of R"; by a domain we mean an open
connected set.
The Euclidean norm of a point z = (z1,Z2,...,Ts) € R™ is denoted by
|z| = (22 + 22 + - + 22)1/2,
B(z,r)={yeR": |t —y|<r}.
If B = B(z,r) and XA > 0, then AB = B(z, Ar).
If E C R", the boundary, the closure, and the complement of E with
respect to R™ are denoted by 8E, E, and CE = R \ E, respectively;
diam F is the Euclidean diameter of E.
E € F means that F is a compact subset of F.
|E| - the Lebesgue n-measure of a measurable E C R™.
wn_1 — the surface measure of the boundary of the unit ball in R™.

If vis a measure in 2, Y = Ror Y = R", and ¢ > 0, then LI(Q;v;Y)
is the space of all v-a.e. on ) defined v-measurable funcetions v with values
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in Y such that .
fulle = ([ ful? /e < .
Q

We often write LI(X;v;Y) = LI(X;v). Furthermore, L*°(Q; v;Y') denotes
the space of v-essentially bounded v-measurable functions u with

||u||oo = esssup |u| < co.

For a sequence of points (z;) or functions (¢;) we drop the parentheses
and denote them simply as z; and ¢;.
Ifu: F — Ris a function, then

osc(u, E) = supu — infu
E E

is the oscillation of v in E.

If X is a topological space, C(X) is the set of all continuous functions
u : X — R. Moreover, sptu is the smallest closed set such that u vanishes
outside spt u.
Ck(Q) = {¢: 2 > R: the kth-derivative of ¢ is continuous}
Ck(@) = {p € CH(®): spte € 2}
() = N CHQ)

k=1

CP(R) = {p € C®(N): spty € N}.

For a function ¢ € C*®(Q) we write

V(p = (814p,32(p, ey 8,,(,0)

for the gradient of .

Throughout, ¢ will denote a positive constant whose value is not neces-
sarily the same at each occurrence; it may vary even within a line.
c(a,b,---) is a constant that depends only on a,b,---. Occasionally, when
there is no danger of ambiguity, we use the expression A ~ B meaning that
there is a constant ¢ such that

—l-ASBSCA.
c



1
Weighted Sobolev spaces

In this first chapter we introduce the weighted Sobolev spaces H1'?((; )
and investigate their basic properties which are needed in chapters to come.
Although many features of the unweighted theory are retained, a somewhat
different approach is mandatory.

We do not try to characterize those weights or measures which are ad-
missible for our purposes. Instead, we elude the characterization problem
in a customa.ry way: the basic inequalities which are necessary for the de-
velopment of the theory are included in the definition. The class of weights
satisfying the given requirements is by no means restricted.

Throughout this book © will denote an open subset of R™, n > 2, and
1<p<oo.

1.1. p-admissible weights
Let w be a locally integrable, nonnegative function in R™. Then a Radon
measure 4 is canonically associated with the weight w,

(1.2) p,(E):/;w(:v) dz.

Thus dp(z) = w(z) dz, where dz is the n-dimensional Lebesgue measure.
In what follows the weight w and the measure u are identified via (1.2).
We say that w (or p) is p-admissible if the following four conditions are
satisfied:
I 0 < w < oo almost everywhere in R™ and the measure u is doubling,
i.e. there is a constant Cy > 0 such that

#(2B) < Cyu(B)

whenever B is a ball in R".
II If D is an open set and ¢; € C*(D) is a sequence of functions such
that [} |@:|Pdu — 0 and [}, [Ve; —v[Pdp — 0 as i — oo, where v
is a vector-valued measurable function in L?(D; u; R™), then v = 0.
III There are constants » > 1 and Cyyy > 0 such that

1 1
_ P LV < Cyepr ___/ VolP du)t/?
(M(B) /;3|<P| 1) S Cm (M(B) Bl ol? du)
whenever B = B(zo,r) is a ball in R™ and ¢ € C$°(B).

7



8 1. Weighted Sobolev spaces

IV There is a constant Cyv > 0 such that
/ l¢ —¢Bl|Pdu < Cry P / [Vel? dp
B B

whenever B = B(z,) is a ball in R™ and ¢ € C*°(B) is bounded.

Here
= / pdp
ve M(B) B ’

Convention. From now on, unless otherwise stated, we assume that p is
a p-admissible measure and du(z) = w(z) dz.

Let us make some remarks on conditions I-IV. It follows immediately
from condition I that the measure p and Lebesgue measure dz are mutually
absolutely continuous, i.e. they have the same zero sets; so there is no
need to specify the measure when using the ubiquitous expressions almost
everywhere and almost every, both abbreviated a.e. Moreover, it easily
follows from the doubling property that u(R™) = oo.

Condition IT guarantees that the gradient of a Sobolev function is well
defined, a conclusion that cannot be expected in general (Fabes et al. 1982a,
pp- 91-92).

Condition ITIis the weighted Sobolev embedding theorem or the weighted
Sobolev inequality and condition IV is the weighted Poincaré inequality.
The validity of these inequalities is crucial to the theory in this book.

The Lebesgue differentiation theorem holds: if f € L} _(R™; u), then for
a.e. ¢ in R

(1.3) f(y)du(y) = f(=).

lim 1
r—0 [.l(B(.’lI, T)) B(z,r)

For a proof, see Ziemer (1989, p. 14).
In general, if v is a measure and f is a v-integrable function on a set E
with 0 < ¥(F) < oo, we write the integral average of f on E as

f;fduzﬁ/b‘fdu.

For example, (1.3) is usually written as

lim f(y) du(y) = f(z).
The weighted Sobolev inequality III implies the following Poincaré type

inequality. With an obvious abuse of terminology, in this book both con-

dition IV and inequality (1.5) are referred to as the Poincaré inequality.
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1.4. Poincaré inequality. If ) is bounded, then
(15) [ 1o du < Cpu(aiamay [ 190l s

for ¢ € CZ°(Q).

PROOF: Let zo € } and write B = B(zo,diam ). If ¢ € C$(), then
the Holder inequality and III imply

(f IolP du)/? s(][ o[ du) /P
B B

< Cmr diamQ(][ |VeolP du)'/?,
B

and the lemma follows. O

NOTATION. Qualitatively, many properties of u depend only on the con-
stants which appear in conditions I, ITI, and IV. For short we write

cu = (Cr, %, Crx, Crv) .

Thus, saying that something depends on ¢, means it depends on the above
constants associated with p.

1.6. Examples of p-admissible weights
Next we give some examples of p-admissible weights and show that a p-
admissible weight is also g-admissible for all ¢ greater than p.

The first example is the usual case when w = 1 and p is Lebesgue
measure. Then I is obvious, II is easy, and III is the ordinary Sobolev
inequality which holds with

g
u={"_” ifp<n
2 ifp>n.

Moreover, for p < n we have that

wn /ﬂ o[/ dg) PP < () ( /Q VolP dz)/?

for ¢ € C§°(Q2).
Condition IV is the classical Poincaré inequality; see, for instance, Chap-
ter 7 in Gilbarg and Trudinger (1983).
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For the second example consider the Muckenhoupt class A, which con-
sists of all nonnegative locally integrable functions w in R™ such that

sup (f wdzx) (][ w!/(-7) d:z:)p“1 = ¢p,w < 00,
B B

where the supremum is taken over all balls B in R™. If w belongs to A,,
then w is p-admissible; we emphasize that the index p is the same. The
weight w is said to be in A; if there is a constant ¢ such that

][ w(z)dzr < c essinf w
B B

for all balls B in R™. Since A; C A, whenever p > 1, an A;-weight is
p-admissible for every p > 1.

We give the basic theory of A,-weights in Chapter 15, where we also
establish their p-admissibility.

The third example arises from the theory of quasiconformal mappings:
if f: R® — R™ is a K-quasiconformal mapping and J¢(z) the determinant
of its Jacobian matrix, then

w(z) = Jy(2) /"

is p-admissible for 1 < p < n. This weight need not be in A,. For instance,
the function |z|® is in A, if and only if —n < § < n(p — 1), but for the
quasiconformal mapping

fl@) =gl v>-1,

J¢(z)'~P/™ is comparable to |z|7("~P). Thus, if p < n, the function w(z) =
|z|® satisfies I-IV whenever § > —n. The constants for y depend only
on n and §. It follows from Theorem 1.8 that w(z) = |z|%, § > —n, is a
p-admissible weight for all p > 1.

The above facts about quasiconformal mappings and admissible weights
are proved in Chapter 15.

This discussion does not exhaust the body of admissible weights; there is
a rapidly growing literature on weighted Sobolev and Poincaré inequalities.
See Notes to this chapter.

1.8. Theorem. Suppose that w is a p-admissible weight and q > p.
Then w is q-admissible.

PRrOOF: Condition I is trivial. Condition II follows by observing that

/ lpi|?dp—0  and / Vi —v|?dp — 0
D D
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implies ,
/ |pi|? dp — 0 and / [Vg; —v|Pdy — 0
G G
for each G € D by Holder’s inequality.

Next we prove IIL. Let ¢ € C§°(B), B = B(xo,r), and ¢ = max(0, 9).

Then let

s=g>l
P

and note that the p-type inequality III holds for the function ¢°; this

follows by approximation (see the proof of Lemma 1.11). Moreover, it
suffices to verify the g-type inequality III for . To do so, we combine

(]l; (°)*P dp)** < Cyn 3,.(][ |V<,a|”<p("1)” dp)t/?
B

<Cisr (][B [Vp|*P dﬂ)l/ﬂp(ﬂ P du)(s—l)/sp

and
(f o7 du)tle < (f o duytioe
B B
to obtain
(f o d)/a < ¢ 4 r(f Vo[t du)/2,
B p B
as desired.

To verify inequality IV with p replaced by g, let ¢ € C*°(B) be bounded.
It suffices to find constants v and C such that

[lo=amauscr [ (9olrdu;
B B
this is due to the fact that

/ lo — wpl7du < 2"/ o —~|"dp.

B B

Again let s = g/p > 1 and write

v = max(p — 7,0)° — max(y — ¢,0)*,
where v is chosen so that

vdp =0.
B
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It is easily demonstrated (cf. Lemma 1.11) that the p-Poincaré inequality
holds for v, that is

/ |v|P dp < Crv rP / |VolPdp.
B B

Since

Vo] = 5| Ve o] =1/°
and q = sp, Holder’s inequality yields

/ o du < Crv o777 ( / |Vepl? du)*/*( / fof? dya)(e=1/.
B B B
Finally, because |v|P = |¢ — 7|9, it follows that

B B

as desired. (m]

1.9. Sobolev spaces
For a function ¢ € C*(Q2) we let

I lhp=( ]ﬂ lolP du)/? + ( /rz Vol? du)!/?

where, we recall, Vo = (814, ...,0,p) is the gradient of ¢. The Sobolev
space HYP(Q; u) is defined to be the completion of

{v € C=(Q): |lpll1p < oo}

with respect to the norm || - ||1 . In other words, a function u is in
_HVP(Q; p) if and only if u is in LP(£; u) and there is a vector-valued func-
tion v in LP(Q; u) = LP(Q; p; R™) such that for some sequence ; € C®°(£)

/ loi — ulP dp — 0
Q

and

/ Vi —v[Pdp — 0
Q

as i — oo. The function v is called the gradient of u in HP(; u) and
denoted by v = Vu. Condition II implies that Vu is a uniquely defined
function in L?(Q; p).
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The space Hy*P(2; ) is the closure of C$°(Q) in HY?(Q; ). It is clear
that HL?(Q; u) and H,P(§; ) are Banach spaces under the norm || - || ,.
Moreover, the norm || |1, is uniformly convex and therefore the Sobolev
spaces HVP(Q; u) and Hy'P(S; ) are reflexive (Yosida 1980, p. 127).

The corresponding local space Hj;?(§; u) is defined in the obvious man-
ner: a function u is in HP(; p) if and only if u is in HY?(Q'; p) for each
open set Q' € 2. Note that for a function u € H,?(Q; u) the gradient Vu
is a well-defined function in LY (£;p).

We alert the reader that the symbol Vu stands for the gradient of u in a
Sobolev space H, ,10'f (9; p); even for a C-function u it is not a priori obvious
that Vu coincides with the usual gradient of u. We shall show later that
they are equal (Lemma 1.11).

We also repeatedly invoke the Dirichlet spaces LV?(§2; 1) and L)P(S2; p):

LYP(Q5p) = {u € HE(Q p): Vu € LP(Q 1)}

and LyP(9; u) is the closure of C§°(£2) with respect to the seminorm
pw) = ([ 1Vul .
Q

That is, Ly (€; i) is the set of all functions u € L1P(2; u) for which there
exists a sequence @; € C§°(Q) such that Vyp; — Vu in LP(Q; p).

As opposed to the standard Sobolev space H1?(f);dz), an element in
HY?(Q; 1) may have some peculiar features. For instance, a function in
HV?(; 1) need not be locally integrable with respect to Lebesgue measure.
To display a particular example, fix p > 1 and let w(z) = |z[P(**1); then
w is a p-admissible weight as discussed in Section 1.6. Now the function
u(z) = |z|™ is in H.P(R™;p) and Vu(z) = —nz|z|~™"2, but u is not
locally integrable. In particular, there is no distribution in R™ that agrees
with |z|~" in R" \ {0}. The gradient of |z|~™ above can be computed by
using Lemma 1.11 and a truncation argument.

Sometimes a weighted Sobolev space is defined as the set of all locally
Lebesgue integrable functions u such that u and its distributional gradient
both belong to LP(Q;u). Equipped with the norm |jul|; , this produces
a normed space which is not necessarily Banach as the example above
shows. Consequently, this definition does not lead to the space H'?(Q; u).
However, if the weight w is in A, it can be shown that these two definitions
give the same space (Kilpeldinen 1992b).

If we impose a mild additional condition on the weight w, each Sobolev
function is a distribution. More precisely, if w!/(=?) € L} (Q;dz), in
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particular if w € Ap, then every Sobolev function w in HP(Q;u) is a
distribution and Vu is the distributional gradient of u; that is, u is locally
Lebesgue integrable in 2 and

/u&gadx:-—/ Supdr
Q Q

for all ¢ € C§°(RN) and ¢ = 1,2,...,n. Here ;u is the ith coordinate of
Vu. To see this, first apply the Holder inequality to w € LP(D; ), D € 9,
and obtain

/ |u|d.'z:=/ u| /P w=t/P dz
D D
< (/ wl/(1-p) dx)(P-l)/P(/ ]u|pdp)1/p-
D D

This implies that LP(D;pu) is continuously embedded in L'(D;dz). Thus
if p; € C(f) converges in H'P(Q;u) to u, then the sequences ¢; and
8;p; converge to u and 8;u, respectively, in L'(D;dz) for all D € 1,
i=1,2,...,n. We have for all ¢ € C§°(Q)

I/ wdip+pdudal=| [ (u-;) 00+ (B —Big;) pda| =0
Q spt ¢

as j — oo. This proves that Vu is the distributional gradient of u.

We prove in Lemma 1.11 that if u is a locally Lipschitz function in
HY?(Q; u), then Vu is the distributional gradient of u.

1.10. Basic properties of Sobolev spaces
In the following few pages we demonstrate the basic properties of the
Sobolev space HP(Q;u). The first fundamental fact to observe is that
the Sobolev and Poincaré inequalities III, IV, and (1.5) hold for functions
in Hé’p(B; ), HY?(B; ), and HS’P(Q; 1), respectively.

Before proceeding we recall the usual regularization procedure. Let n be
a nonnegative function in C§°(R") such that

/ ndz =1.

Such a function 7 is called a mollifier. For example, we can take

_ [ cexp{=1/(1 - )} it Jol <1
”(“’)“{o if |z| > 1.
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Next write
nj(x)=jnﬂ(jz)’ j=1’2""1
and recall that, for u € L}, .(R";dz), the convolution

u;(z) = n; xu(z) = /R _ iz —y)uly)dy

enjoys the following properties:
(i) u; € C°(R") and d;u; = (8;n;) * u.
(i) uj(z) — u(z) whenever z is a Lebesgue point for u. If u is continu-
ous, then u; — u locally uniformly on R™.
(iii) If v € LI(R™;dzx), 1 < g < 00, then

lljllg < Ilullg,

where ||v||; is the LI(R™;dx)-norm of v. Moreover, u; — u in
LI(R™; dz) if g < co.
(iv) If u has a distributional derivative D;u € L}, (R™;dz), then

D;u; =nj * Dyu.

For these, see e.g. Ziemer (1989, 1.6.1 and 2.1.3).
Recall that a function u: E — R is Lipschitz on E C R", if there is
L > 0 such that

lu(z) — u(y)| < Ll - 9|

for all z,y € E. Moreover, u is locally Lipschitz on E, if u is Lipschitz on
each compact subset of E. It is well known that a locally Lipschitz function
on R™ is a.e. differentiable; this is Rademacher’s theorem (Federer 1969,
3.1.6).

1.11. Lemma. Let u:Q — R be a locally Lipschitz function. Then
u€ H,lo’f(ﬂ;u) and Vu = (8,u,8u, . ..,8,u) is the usual gradient of u.

PRrROOF: Let D € 2 be open. Multiplying u by a cut-off function ¥ €
C§(9), 0 < ¢ < 1 with 9 = 1in D, we may assume that u is Lipschitz
and bounded in R™. Choose a mollifier n € C§°(B(0,1)) and let n;(x) =
i™n(jz) and u; = n; * u be as above. Then u; € C*°(R"),

ljlleo < llulleo s

and u; — u uniformly on D. Since

Giu; = n; * O;u — Giu
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a.e. and since
18iuj oo < [1052oo s

we obtain

/ fu; —ulPdp — 0
D

and
/ IVUj - (81'“7 32“) RN anu)lp dp -0
D
by the Lebesgue dominated convergence theorem. The lemma follows. 0O

We have the following relationship between weighted and unweighted
Sobolev spaces.

1.12. Lemma. Suppose that1 < s < o0, 8’ = /(s —1) if s < o0,
s =1ifs = oo, and that w € L*(Q;dz). If u € HY?(Q;dz), then
u € HY?(Q; ) and the gradient of u in H'P(Q;u) is the distributional
gradient of u. Moreover, the embedding

HY'?(Q; dz) C HY?(Q; p)

is continuous. In particular, if w is bounded, then H?(Q; dz) is a subspace
of HYP(Q; ).

ProOF: Holder’s inequality implies
(/ Iflp du)l/p < (/ |f|‘,p d:l:)l/"lp(/ w® d:z:)l/’P
Q “Ja Q

whenever f € L¥?(Q2; dz). The lemma follows easily from this. m]
1.13. Lemma. Suppose that1 <'s < p and that w'/(1~*) € L}(Q; dz). If
u € HYP(Q; n), then u € HY?/*(Q; dz) and the gradient of u in HP(Q; u)
is the distributional gradient of u. Moreover, the embedding

HYP(Q;p) C HY?/*(Q; dz)

is continuous.

PROOF: The assertion again follows from the Holder inequality since

(16170 dyte < [ 111 duytin [ w0 ayevre,
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It is also easy to see that if w™! € L°(2), then HP(Q; u) is continuously
embedded in HV'P(Q; dz). Moreover, it is trivial that if both w and w™!
are bounded, then H?(Q; u) = HV?(Q; dz).

The usual Sobolev embedding theorem (Gilbarg and Trudinger 1983,
Theorem 7.10) says that if p > n, then Hy'P(f; dz) is continuously embed-
ded into C(f2). Hence we have

1.14. Theorem. If1< s < p/n and w'/(1=%) € L} (;dz), then each

loc
function in HYP(Q; n) has a continuous representative.

The next lemma shows that
HYP(Q;p) = LP(Q; ) N LVP(Q5 ) -
1.15. Lemma. Ifu € HJP(Q;p) and u, Vu € LP(Q;p), then u €
HYP(Q; ).

PROOF: Choose open sets 2; € Qj4+1 € Q, j > 1, such that (J;Q; = Q.
Let ¥ be a partition of unity of 2, subordinate to the covering ;41\ Q;j-1;
see e.g. Ziemer (1989, Lemma 2.3.1). Let v; denote the (finite) sum of
those ¢ € W for which sptYy C Q41 \ @1 and sptyp ¢ (Q;. Thus
¥; € C°(Qj41 \ Qj-1) and )~ 9; = 1in Q (here we define Qo = ). Fix
€ > 0 and for each j = 1,2,... choose ¢; € C§°(Qj4+1 \ Qj—1) such that
| 05 —¥ju ll1,p < €277. Then ¢ = 30, p; € C°(Q), and

le—wlle=IlY_ i — D bulip
3 i
<Y e —wiulip< e
3

Thus u is in HP(Q; ) as required. O
Lemma 1.15 and its proof can be used to show that if
u€ HYP(Q;u) N HYP(Q; 1),

then u € HYP(Q; U Qy; u); we leave this for the reader. Consequently,
u € HP(Q; ) if and only if each « € Q has a neighborhood D such that
u € HYP(D; p).

1.16. Lemma. Let Q be a domain and u € HY?(Q; u). If Vu = 0, then
u is constant.

PROOF: Choose a sequence of functions ¢; € C®(2) converging to u in
HY?(Q; ). Let B € Q be a ball. Since Vp; — 0 in LP(B;u), we obtain
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from the Poincaré inequality IV that ¢; * ¢; p — 0 in LP(B; ), where

¥i,B =][ pjdu.
B

Hence passing to a subsequence, if necessary, we have that

¢j > c= lim ¢;p
a.e. in B. Hence u is constant in B, and since Q2 is connected, u is constant
in Q. o
1.17. Lemma. Ifu € Hy?(Q;u) with Vu = 0, then u = 0.
PROOF: Since u can be regarded as a function in H(}’P (R™; ) whose gra-
dient vanishes, Lemma 1.16 implies that u is constant, say ¢, in R™. This
constant must be zero because it follows from the doubling property that
p(R™) = oo, while

Pu(R?) = [ uPdu < co.
Rn
[m]

1.18. Theorem. Suppose that f € C}(R), f' is bounded, and u €
HY?(Q; p). Then fou € LV?(Q;pu) and

V(f o) = f'(u)Vu.
I, in addition, f ou € LP(Q; ), then f ou € HY?(Q; p).

PROOF: Suppose that ¢; € C(Q) is a sequence such that ¢; — u in
HY?(Q; ) and pointwise a.e. Then foy; is locally Lipschitz; hence foy; €
L'7(Q; p) and

V(fog)=f(pi)Vei
by Lemma 1.11. Moreover, since

|f(t) = f(s)| < sup|f'||t —s],
we have
[ \owi=fourdu<suwlsP [ loi—updu—o.
Q Q

Further, by the dominated convergence theorem

(/ |f'(@:) Vi — f'(u) VulP du)'/?
Q

< sup /[ / Vs — VulP du)/? + ( / IVaul? [7(¢5) — £ ()PP du)/?
Q (v}
-0

because f'(¢;) — f'(u) a.e. in 2. This proves the theorem. a
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We use the notation
*ut = max(u,0) and u~ = min(u,0).

1.19. Lemma. Ifu¢€ HYP(Q;pu), then ut € HYP(Q; 1) and

Vu ifu>0
Vut =
" {0 fu<o.

PROOF: Let g be the characteristic function of the interval (0,00), i.e.
g(t)=0if t <0 and g(t) =1if t > 0. Write for j =1,2,...

0 ift<o
fity={ #AptT ifo<t<
t—oy ift>1.
Then f; € C'(R) and
0 ift<o
fiy=4 1 fo<t<1
1 ift>1.

Moreover, fJf is bounded and increases to g pointwise, and 0 < f;(t) < t*
for t € R. Thus it follows from Theorem 1.18 that f; ou € H"?(Q; ) and

V(fjou) = fj(u)Vu.
Now f; o u increases pointwise to ut a.e. and, moreover,

Vu ifu>0
V(f; = fl(u)V
(fi ow) = f{w)Vu = { 0 ifu<o
pointwise a.e. in 2. Let v be the vector-valued function on the right. Since
[V(fj o)l < |Vul,

from the dominated convergence theorem we obtain V(f; ou) — v in
LP(Q; 1), and the monotone convergence theorem implies f; ou — ut in
L?(Q; n). Thus f;ou is a Cauchy sequence, hence convergent in H?(£; ).
It follows that f; ou — u* in HP(Q; 1) and

Vu ifu>0

Vu"':v:{ .
0 ifu<0.
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It follows from Lemmas 1.15 and 1.19 that H?(;p) is closed under
truncation; more precisely, if « € HVP(; u) and XA € R, then max(i, ) €
H"“7(Q; ) and
Vu ifu>A
0 ifu<A.

A similar conclusion holds for min(u,\) whenever A € R. From this we
deduce that a function v € H"P(Q; 1) can be approximated by its trun-
cations in HY?(Q2;p). Indeed, for j = 1,2,... the functions min(u™, )
and max(u~, —j) belong to H'P(Q; 1) and clearly converge to u* and u~,
respectively. Hence

Vmax(u,3) = {

min(u*, j) + max(u”, ~j) — u
in H'?(Q; p).

It is important that the first order Sobolev space H1'P(Q; ) is a lattice.
1.20. Theorem. Ifu and v are in HYP(Q;u), then max(u,v) and
min(u,v) are in H?(Q; p) with

Vu(z) if u(z) > v(z)
v 0)(z) =
max(u, v)(z) { Vo(z) ifv(z) > u(z)
e Vi) ifu(e) < o(o)
u(z) ifu(z) <v(z
Y mi _ <
min(u, v)(a) { Vo(z) ifu(z) < u(z).

In particular, |u| = u* — u~ belongs to HV"P(Q; ).

PROOF: Since max(u,v) = (u — v)* +v and min(u,v) = u— (v —v)™, the
assertions follow from Lemma 1.19. O

1.21. Corollary. Ifu € H,lo’f(ﬂ;p) and ) is a real number, then Vu = 0
a.e. on the set {z € : u(z) = A}.

1.22. Lemma. Ifu;, v; € HY?(Q;p) are such that u; — u and v; — v
in HY?P(Q; u), then min(uj,v;) — min(u,v) and max(u;,v;) — max(u,v)
in HY?(Q; p).

PROOF: It suffices to show that if u; converge to u in HP(Q; 1), then u}-"
converge to ut in HYP(Q; ). Since Juf — ut| < |u; — ul, it is clear that
ul — ut in LP(Q; ). To establish the convergence of the gradients, let g

j
be the characteristic function of the interval (0, 00). Then

( /Q IVt — Vut P d)7 = ( /n l9(u3)Vu; — g(a) Val? dys)/?

< (f, 1903 = 9up ([ [9Pltas) — (@) ™ =,
Q Q
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for the first integral trivially converges to 0 and the second can be treated by
means of subsequences and the Lebesgue dominated convergence theorem;
note that Vu = 0 a.e. on the set where u = 0. ]

Next we show that the space Hy'P(f2; 1) is also a lattice.

1.23. Lemma. Ifu,v € Hy'*(; p), then min(u,v) and max(u,v) are in
H;’P (Q; ). Moreover, if u € Hg 'P(Q; u) is nonnegative, then there is a se-
quence of nonnegative functions p; € C§°(S2) converging tou in H'P(Q; p).
PROOF: Let ¢ € C$°(R2). That ¢+ can be approximated in H?(Q; ) by
nonnegative functions in C§°(f2) was actually established in the proof of
Lemma 1.11. The lemma follows since <p;." — ut in HYP(Q; u) provided
that ¢; — u in HV?(Q; p) (Lemma 1.22). [
1.24. Theorem. Suppose that u and v are bounded and belong to
HY?(Q; p). Then

(i) wv € HY?(Q;p) and V(uv) = vVu + uVo.

(ii) I, in addition, u € Hy®(S; 1), then wv € HyP(R; ).
PROOF: (i) We are free to assume that |u|, [v| < 1. Let 4;,9; € C®(2) N
H'?(Q; p) be such that @; — u, 9; — v both in H?(£; 1) and pointwise
a.e. in Q. Write v; = max(—1, min(#;,1)) and v; = max(—1, min(%;, 1)).
Then u;v; is a locally Lipschitz function and therefore belongs to H, ?(€; u)
by Lemma 1.11. Moreover,

V(ujvj) =v;Vu; +u;Vo;.
Thus it follows from Lemma 1.15 that ujv; € H"?(Q; u). Then u; — u and

v; — v both in HYP(Q;x) and pointwise a.e. (Lemma 1.22). Therefore,
since |u;|, |vj] < 1, we have

([ Tosus = vup duy
Q

< ([ ToslPlus = ul? /2 + [ fuPlo; = ol dw? 0
Q Q

as j — oo. Furthermore,

(/ (uj Vvj +v;Vu;) — (uVo + v V)P du)'/?
Q
< (/ ujVv; — uVolP du)/P + (/ [v;Vu; — vVulP du)t/P
Q Q
<[ sl 190; = Vop de + ([ [TPlu; — up )
Q Q

+ ([ 139 = Fup a2 + ([ 19uPlo; ol du)le
Q Q
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which tends to 0 by the dominated convergence theorem. Hence (i) is
proved.
Assertion (ii) follows from the argument used in the proof of (i) by re-
quiring that #; have compact support in ; cf. (i) in the next lemma.
O

Observe that if v € HYP(Q2; 1) and if both v and Vv are bounded, the
argument in Theorem 1.24 gives that

max(—j, min(u, j)) — wv

in HY?(Q; p), and hence uv € H?(Q; u), whenever u € H}P(2; ). More-
over,
V(uv) = uVv +vVu

in this case.

1.25. Lemma. Suppose that a function v belongs to H1'P(Q; p).

(i) Ifv has compact support, then v € Hy?(R; ).
(i) Fue H(}‘p(ﬂ;u) and if0<v<wuae in(Q, thenv € H(}’P(Q;p,).
(iii) Ifu € Hy?(;p) and if |v| < |u| a.e. in Q\ K, where K is a compact
subset of 0, then v € HyP(S; ).

PRrOOF: For the proof of (i), let ¥ € C§°(2) be such that ¢ = 1 on the
support of v. If a sequence 9; € C*(f2) converges to v in HP(; 1), then
Y, € CF(Q) converges to v = v in HyP(; ).

As to assertion (ii), let ¢; € C§°(2) be a nonnegative approximat-
ing sequence for u in H»P(; p). Then min(v, ;) has compact support
and hence belongs to Hy™®(€; ). Moreover, since min(v, ¢;) converges to
min(v,u) = v in H'?(Q; u) (Lemma 1.22), we have v € Hg”’(Q;u).

To prove (iii), let n € C§°(€2), 0 < 5 < 1, be such that n =1 on K. Then

i=(1-mn)ul+mt € Hy?(Q;p)

(see the remark after Theorem 1.24) and 0 < vt < 4 a.e. in . Hence
vt € HyP(Q; p). Similarly we see that v~ € HYP(; 1), and the proof is
complete. o

Roughly speaking, a function u € H?(f; 1) belongs to Hy?(; p) if u
vanishes on the boundary of Q. The following easy but often used lemma
displays this phenomenon; a sharp form of the lemma appears in Theorem
4.5. The assumption that Q is bounded is not essential; it is assumed for
the sake of a very simple proof. However, it is not too difficult to prove the
lemma directly for a general Q.
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1.26. Lemma. If Q is bounded and v € HYP(Q;pu) is such that
lim,—., u(z) = 0 for all y € 8Q, then u € HyP(Q; p).

PRrROOF: Recalling that « = ut +u~ we may assume that u is nonnegative.
The function u, = max(u—¢, 0) is in H?(Q; p) for € > 0 and has compact
support in 2. Thus u, € Hf} 'P(Q; ) and the lemma follows because u, — u
in HY?(Q; n) as e — 0. O

If 0 is small enough, the spaces H'?(§2; p) and Hg "P(Q; ) coincide; this
means that functions from HYP(Q;u) can be approximated in H1P(Q; 1)
by functions from C§°(Q2). In Chapter 2 we characterize those Q for which
HY2(Q; ) = Hy'?(; 12). The next theorem is the first result in this direc-
tion.

1.27. Theorem. HUP(R"™;pu)= Hé’p(R";M)-

PROOF: Let u € HY?(R™;p). For j = 1,2,... let 4; = B(0,j + 1)\
B(0,j — 1) and choose functions ¢; € Cg°(4;), 0 < ¢; < 1, such that

Y wil@) =1
J=1

for each z € R"; i.e. ¢; is a partition of unity subordinate to the covering
Aj. Then up; € HyP(Aj;p). Fix € > 0 and choose ¢; € C§°(4;) with

ll; — upill1p < 270+,

Then ¢ = 3, 9; is in C*°(R") and
e =y < 11D #5 =) el <e/2.
) J
Now choose jp such that
(L wedapte ([P <ef2.

CB(0,j0) CB(0,j0)

Then n = Y1, ¢4 is in C$°(R™) and
=vllo < ([ WP ([ TuPdulr <oz,
CB(0,j0) CB(0,50)

Hence
lln—ullip <e

which shows that u € Hy?(R"; ). The theorem is proved. o
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1.28. Weak compactness in Sobolev spaces
We discuss the important fact that H(£; 1) and Hy”?(Q; 1) are sequen-
tially weakly compact. The assumption p > 1, which is necessary for most
of this book, is used here.

Recall that a sequence u; € LP(S2; ) converges weakly in LP(2; 1) to a

function u € LP(; p) if
/ vu; dp,—)/ vudp
Q o

whenever v € LP/(P=1)(Q; ). The weak convergence of vector-valued func-
tions in LP(2; 4; R™) has an obvious interpretation in terms of the coordi-
nate functions. For more on weak convergence, see e.g. the monographs by
Hewitt and Stromberg (1965) and Yosida (1980).

Next we record Mazur’s lemma (Yosida 1980, p. 120).

1.29. The Mazur lemma. If X is a normed space and x; converges
weakly in X to z, then there exists a sequence Z; of convex combinations
of zj,

k

k
Be= Mg, w20, 3 Aej=1,
Jj=1 j=1

such that &; — z in the norm topology of X.

1.30. Theorem. Suppose that K is a convex and closed subset of
HYP(Q; u). Ifu; € K is a sequence and ifu € LP(Q; u) and v € LP(Q; p; R™)
are functions such that u; — u weakly in LP(; ) and Vu; — v weakly in
LP(Q; ), then u € K and v = Vu.

PRrOOF: First observe that (u;, Vu;) converges to (u,v) weakly in the
normed space LP(Q;pu) x LP(Q; u; R™). The Mazur lemma implies that
there is a sequence of convex combinations

k k
=y Mj(u;,Va;), Ae; 20, and D =1,

i=1 i=1
which converges to (u,v) in LP(Q; ) x LP(£2; u; R™). In particular,

k
Vg = Z)‘k,,-uj eX
Jj=1

is a Cauchy sequence in H':?(£; 1), and hence there exists a limit function
i = lim 9, € K.
It follows that @ = u and v = Vi = Vu as required. ]
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1.31. Theorem. Suppose that u; is a bounded sequence in H?(Q; ).
Then there is a subsequence uj, and a function u € HP(Q; ) such that
u;, — u weakly in LP(Q; ) and Vu;; — Vu weakly in LP(Q; u). Moreover,
if uj € HyP(; p), then u € HyP(%; ).

PrOOF: The existence of weakly convergent subsequences u;, and Vu;
is a standard theorem of functional analysis (Yosida 1980, Theorem 1, p.
126). An appeal to Theorem 1.30 completes the proof. o

1.32. Theorem. Suppose that u; is a bounded sequence in HV?(QQ; )
such that u; — u pointwise a.e. Then u € HY?(Q;p), uj — u weakly
in LP(; 1), and Vu; — Vu weakly in LP(Q;pu). Furthermore, if u; €
Hy?(Q; ), then u € HIP(; ).

ProoF: That u; converges to u weakly in L?(Q; 1) is standard (Hewitt and
Stromberg 1965, Theorem 13.44). Thus, by Theorems 1.30 and 1.31, u €
HYP(; ) (or u € HyP(Q; ) if u; € Hy'P(Q; 1)) and a subsequence Vu,,
converges weakly to Vu in LP(Q;u). Since the weak limit is independent
of the choice of the subsequence, it follows that Vu; — Vu weakly in
LP(2; ), as desired. ]

The next lemma concerning weak compactness in L™ (€); 1) is sometimes
useful.

1.33. Lemma. Suppose that u; € L(l,”’ (Q; 1) is a sequence converging
to u a.e. If the sequence Vu; is bounded in LP(Q; p) and if for each open
D € Q the sequence u; is bounded in HY“(D;p), then u € Ly®(Q; 1) and
Vu; — Vu weakly in LP(Q; p).

PRrOOF: Theorem 1.32 implies that u € H, ,lo'f (9; ) and that Vu; converges
weakly to Vu in LP(D;p) whenever D € Q. But the sequence Vu; is
bounded in LP(€;p) and hence it has a weakly converging subsequence.
This subsequence is easily seen to converge weakly to Vu which also yields
that u € LV"P(Q; u). Moreover, the weak limit being independent of the
subsequence, we infer that Vu; — Vu weakly in LP(Q; ). That u belongs
to L(l,"’ (9 p) follows from the Mazur lemma: we may pick a sequence
v; € LyP(Qp) of convex combinations of u; such that Vu; — Vu in
LP(); p). Then for € > 0 we choose an index j and a function ¢ € C§°(2)
such that

/ Vo; — ValP du < (5)P
Q 2

[ 190 = VP du < G
Q 2
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hence
( / Ve — VulP du)/? < e,
o

as desired. [

NOTES TO CHAPTER 1. The weighted Poincaré and Sobolev in-
equalities have been studied rather extensively in recent years. For an ear-
lier work, see Fabes et al. (1982a), Maz’ya (1985), Stredulinsky (1984), and
the references therein. The problem of characterizing admissible weights
continues to be under active research and for the latest developments we
refer to Chanillo and Wheeden (1985, In press), Franchi and Serapioni
(1987), Chiarenza et al. (1989), Sawyer and Wheeden (In press), Franchi
(1991), and the numerous references in these articles. Much of the recent
work concerns inequalities involving two weight functions.

The idea to impose the four conditions I-I'V on a weight w arises from the
paper by Fabes et al. (1982a), where it was observed that these properties
suffice in employing Moser’s iteration technique to obtain local regularity
for solutions.

There are many textbooks where Sobolev spaces have been treated.
These include Adams (1975), Gilbarg and Trudinger (1983), Kufner et al.
(1977), Maz'ya (1985), Morrey (1966), Reshetnyak (1989), Stein (1970),
and Ziemer (1989). Weighted Sobolev spaces are studied in Kufner (1985)
and Stredulinsky (1984); see also Miller (1982) and Chabrowski (1991).
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Capacity

The concept of capacity is indispensable to an understanding of the local
behavior of functions in a Sobolev space. In a sense, capacity takes the
place of measure in Egorov and Lusin type theorems for Sobolev functions,
as we shall see in Chapter 4. Various capacity estimates also play a decisive
role in studies of solutions to partial differential equations. In the present
chapter we develop the theory of variational capacity connected with the
weighted Sobolev space H?(Q; u).

We conform to the notation of Chapter 1. In particular, we assume
that w is a p-admissible weight and that the measure p is obtained by
du(z) = w(z) dz.

DEFINITION. Suppose that K is a compact subset of Q2. Let

W(K,Q)={veCF():u>1lon K}

and define

— 1 p .
capy (K ) = _jnt [ 1vup s

Further, if U C 0 is open, set

caj U,Q) = su ca K, Q
Pp,u(U, ) P Pp,u (K, Q),

and, finally, for an arbitrary set £ C Q2

cap, ,(E,Q) = Echlllfcn cap, ,(U, Q).
U open

The number cap, ,(E,Q) € [0,00] is called the (variational) (p,u)-
capacity of the condenser (E, Q).

Clearly, cap, ,(E,Q) < oo if E € Q2. There is no ambiguity in having two
different definitions for the (p, u)-capacity of a condenser (K, ) when K is
compact, for we soon show that they give the same number cap, ,(K,Q2);
see Theorem 2.2(i) and (iv).

Using an approximation, we observe that the set W(K, ) in the defini-
tion above can be replaced by a larger set

Wo(K, Q) = {u € HyP(Qu)NC(R): u>1on K}

27
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without affecting cap, ,(K, 2). Indeed, let u € Wy(K,2); we may clearly
assuine that © = 1 ih a peighborhood U &  of K. Then choose a cut-off
function € C*°(R™) such that n = 1 on 2\U and n = 0 in a neighborhood
of K. Now, if p; € C(R) is a sequence converging to u in Hy”? (2; 1),
then

¥ =1-n(1-¢;)

belongs to W (K, ), and it also converges to u in Hy*®(Q; p). This estab-
lishes the assertion.

It is alsq useful to observe that if ¥y € HVP(Q; ) is such that ¢ — 9 €
HyP(Q\ K; p) for some p € Wy(K, Q), then

cap, , (K, Q) < /n VoIP du.

The functions in Wy (K, Q) dre said to be admissible for the condenser
(K,). It is also clear that the same capacity is achieved if one requires
that admissible functions u satisfy 0 < u < 1; when convenient, we tacitly
assume this extra condition.

If p is Lebesgue measure, we call the (p, u)-capacity simply the p-capacity
and write

ca‘pp,dz(Ev Q) = capp(E, Q) .

2.1. Basic properties of (p, i1)-capacity
In abstract theories, a capacity is a monotone, subadditive set function.
The following theorem expresses, among other things, that this is true for

the (p, p)-capacity.

2.2. Theorem. The set function E — cap, ,(E,Q), E C Q, enjoys the
following properties:

(i) If B, C E,, then cap, ,(Ei,Q) < cap, ,(E2, ).
(ii) If Q) C Q, are open and E C §;, then

cap, ,(E, Q) < cap, ,(E, ).

(i) If K, and K, are compact subsets of {2, then
cap, ,(K1UK>,Q) + cap,, ,(K1NK>,Q) < cap, ,(K1,0) + cap, ,(K2,9).
(iv) If K; is a decreasing sequence of compact subsets of Q} with K =

(YK, then
i

cap, ,(K,Q) = zgngo capp?“(Kg, Q).
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) IE C E; Cl-"CUE,':ECQ, then
capp,#(E; Q)= ,-]'_i.rﬂo cap, ,(E;, ).

(vi) FE=E; CQ, then
;

cap, ,(E,Q) < Z cap, ,(E;i, Q).
i

PRrOOF: Properties (i) and (ii) are immediate consequences of the defini-

tion.
To prove (iii), we note that if u; € W(K;,9) and up; € W(K>,), then

/ |V max(ur, ug)|? du + / IV min(uy, ug)[? du
Q Q

=/ IVullpdﬂ‘*'/ [Vus|? dp
o Q

(Theorem 1.20). Since max(u;,uz) and min(u;,uz) are admissible for the
condensers (K; U K3,Q) and (K; N K3, ), respectively, we have that

cap, ,(K1UK>3,Q) + cap, ,(K1 N K2,Q) < /n [Vu1|" du + /ﬂ |Vuz|Pdp.

By taking the infimum over all admissible functions u;,u;, we arrive-at
(ii).

To prove (iv), fix a small € > 0 and pick a function u from W (K, Q) such
that

/ |VulP dp < cap, ,(K,Q) +e€.

Q

When 1 is large, the sets K; lie in the compact set {u > 1 — £}; therefore
b= lim cap, ,(K:, ) < cap,,,({v 21-¢},9)

<(1-e)? / VulP du.
Q

Letting ¢ — 0 yields b < cap, ,(K,2), whence (iv) follows because obvi-
ously b > cap, ,(K, ).
To prove (v) and (vi) we require the following lemma.
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2.3. Lemma. Suppose that E;,...,E; C Q. Then
(24)

cap, ”( U E;, Q) — cap,, #( U F;,Q) < Z(capp »(Ei, ) — cap, ,(F;,Q))

=1
k
whenever F; C E;,i=1,2,...,k, and cap, ,(| F;, ) < o0.
=1

ProoF: First note that if C, K, and F are compact subsets of 2 with
C C K, then it follows from (i) and (iii) of Theorem 2.2 that
cap, ,(K UF,Q) + cap, ,(C,Q)
< cap, ,(KU(CUF),Q)+cap, ,(KN(CUF),Q)
< cap, (K, Q) + cap, ,(CUF, Q)
or
cap, ,(K UF,Q) —cap, ,(CUF,Q) < cap, ,(K, ) — cap, ,(C,Q).

Repeating this we obtain (2.4) in the case where E; = K; and F; = C; are
compact. Indeed, by induction

k E
capp’#(iglK;, Q) - capp#(iL:JlC;, 0)
k-1 k-1
= capp’"(‘le.- UKy, Q) — capp’u(iylc.- UK, Q)

k-1 k-1
+ cap,, , (K U ‘Ul C;, ) - cap, ,(Cx U .Ul C;, )
1= 1=

k-1
< E (ca'pp p(KH Q) - capy, p(Ch Q))
i=1

+ cap,, , (K, ) — cap, ,(Ck, )

k
= z (capp,“(K.‘, Q) - cap, ,(C;, Q)
=1
as required.

To establish (2. 4) for open sets F; and F;, we need the followmg elemen-
tary fact: if K C US| E; and C; C F; are compact sets with UX_,C; C K,
then the compact set

k
K;=K\ UE;

=1
ki
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is a subset of E; and it contains C;. Moreover, K = UE_| K;. Using this
result we can easily conclude that (2.4) for open sets follows from (2.4) for
compacta. Similarly, once established for open sets, estimate (2.4) follows
for arbitrary sets E; D F;. This proves Lemma 2.3. w}

Now- we are ready to prove property (v) of Theorem 2.2. By the mono-
tonicity in (i) only the inequality
cap, ,(E,Q) < ilinolo capp’"(E,-, )

requires a proof. Moreover, we are free to assume that cap, ,(E;, ) is
finite for each i. Fix € > 0 and choose open U; such that E; C U; C 2 and

cap,, (Ui, ) < cap, ,(E;, Q) +£27*.
Since cap,, #( U E;,Q) = cap, ,(Ek,?) < oo for each k, it follows from
Lemma 2.3 that

capp#(U U, 0N) — cap“‘( U E;, Q)< 252" <e.

i=1

Thus if K C U U; is compact, then K C U U; for some k, and we have
i=1

cap, ,(K, Q) < ca,p,,’”(iyl U, Q) < ca.pp’”(igle,-, Q) +e
< klirgo ca'pp,p,(Ek) Q) +e.
Hence

o0

cap, ,(E,) < cap, ,( _UIU.-, Q)
1=

= supcap, ,(K,Q)

K

< k]ivn;o capy (Ek’ Q) +e€,

oo
where the supremum is taken over all compact sets K C |JU;. So (v) is
i=1
proved.
It remains to establish that (vi) is a consequence of (v). To this end,

note that Lemma 2.3 implies a finite version of (vi):

cap,, u( U E,Q) < Z cap, ,(E;i, ).

=1

Since U E; increases to U E;, an application of (v) yields (vi).
i=1 i=
Theorem 2.2 is proved u]
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Any set function which is defined in the family of all subsets of Q and
which satisfies the properties (i), (iv), and (v) in Theorem 2.2 is called
a Chogquet capacity (relative to 2). We may thus invoke an important
capacitability theorem of Choquet and state

2.5. Theorem. The set function E ~ cap, ,(E,Q), E C Q, is a Choquet
capacity. In particular, all Borel (in fact, all analytic) subsets E of Q are
capacitable, i.e.

ca E Q)= su ca K,Q).
PP’“( ’ ) KCE col:t)npact pp'#( ’ )

We do not present the proof of Choquet’s theorem here but refer to the
discussion in Doob (1984, Appendix II) or Helms (1969, p. 149).

If G € Q is an open set, then it is easy to show by examples that in
general cap, ,(G, ) differs from cap, ,(G,?). However, if B is a ball with
B cQ, then

cap, ,(B,Q) = cap,, (B,Q).

We show in Chapter 6 that this equality follows from a Wiener type bound-
ary estimate; see (6.40).

On the other hand, the definition of the (p, u)-capacity readily implies
that

' cap, ,(K. . Q) = cap,, , (0K, Q)

whenever K is a compact set in §).
The following property of capacities is often useful.

2.6. Theorem. IfE,CQ CE, CQC .- CQ=U;8y, then

[e <]
capp’”(El, Q) < (anp,’”(E'.-, Qi)l/(l—p))l"P.

i=1

PROOF: There is'no loss of generality in assuming that cap, ,(E;,;) <
0o. Fix an integer j. Then fix € > 0 and choose an open set U C §2; such
that F; C U and

€
cap,,, (U, ) < cap,, ,(E1, ) + 7

Let K; C U be compact and let u; € W(K;,;) be such that

£
/n IVurlP du < cap, (K1, ) + 5
1
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Choose functions u; € C§°(2); ¢ = 2,3,...,J, inductively such that u; €
W(K;,$;), where K; = sptu;_;, and that

€
/n IVul? di < cap, (Ko, ) + 5.

J
Let a; be a sequence of nonnegative humbers with ), ¢; = 1 and put

i=1
J
v= E aiu; .

i=1

Then v € W(K3,), and hence

Jj
cap, ,(K1,Q) < / |Vo|Pdp = Zaf/ |V |P dps s
Q i=1 A
note that the sets where Vu; # 0 are pairwise disjoint. Since K; C Q;., C
E;, for i =2,3,..., we have

Jj
€
cap, ,(K1,9) < Zaf capy, , (Ki, %) + 3

=1

j
-3
< of cap,,, (U, ) + D _ of cap, ,(Ei, %) + 5

=2

J
< Z af cap, ,(E;, Q) + €.
=1

It follows that

Jj
cap, ,(E1,Q) < Zaf cap,, ,(Ei, ).

i=1

If cap, ,(E;, Q) >0 for all i = 1,2,..., j, choose

a; = cap,, ,(Ei, &)/ P ( i cap,, , (Bx, Q) /1-P) 7
and obtain =
2By (B, D) < (3 caby,u (B QAP
i=1
If cap,, ,(Ei, ) = 0 for some i, then cap, ,(E1,{2) = 0 as well, and the
estimate above holds trivially. The conclusion follows by letting j — oo.
O
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2.7. Sets of (p, u)-capacity zero
A set E in R™ is said to be of (p, u)-capacity zero, or to have (p, p)-capacity
zero, if

cap, ,(ENQ,Q)=0

for all open @ C R™. In this case we write cap,, , E = 0. If E is not of (p, p)-
capacity zero, we write cap, , E > 0. We make the simple observation that
any set E of (p, p1)-capacity zero is contained in a Borel set E of (p, B)-
capacity zero; in fact, we can choose E to be a Gs-set, i.e. a countable
intersection of open sets.

We also say that a property holds (p, p)-quasieverywhere, often abbrevi-
ated (p, p)-q.e. or simply g.e., if it holds except on a set of (p, 1)-capacity
zero.

In potential theory the sets of zero capacity are in many ways negligible,
and therefore it is important to know whether or not a given set E has
(p, p)-capacity zero. The following lemma is an immediate consequence of
Theorem 2.2(vi); it shows that we may always assume F to be bounded if
we want to show that cap, , E =0.

2.8. Lemma. A countable union of sets of (p,p)-capacity zero has
(p, 1)-capacity zero.

The next lemma shows that, if E is bounded, one needs to test only
a single bounded open set Q containing F in showing that E has zero

(p, n)-capacity.

2.9. Lemma. Suppose that E is bounded and that there is a bounded
neighborhood Q of E with cap, ,(E,Q) = 0. Then E is of (p, )-capacity
zero.

PROOF: Let ' be an open set. Since there is a Gs-set E C Q2 such that
E C E and capp’“(E', Q) = cap,,(E,Q) = 0, we may assume that E
itself is a Borel set. Thus by invoking Choquet’s capacitability theorem
2.5, we may assume that £ N Q' is compact. If u € W(E N Q',Q) and
vEW(ENQ,Q), then uv € W(EN Q,Q'), and hence

cap, ,(EN ', Q') < 27 max |v|? /n |Vul? dp + 2P max |Vvl? /‘; [ulP dp
<c [ [VuPdu;
Q

the Poincaré inequality (1.5) is also used here. Since the last integral can
be chosen to be as small as we please, we have cap, ,(ENQ', Q') = 0 as
desired. o
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It easily follows from the Poincaré inequality that each set of (p, s)-ca-
pacity zero has y-measure zero, hence Lebesgue measure zero; the converse
is not true since, for example, sets of (p, y)-capacity zero do not separate
the space R™ (see Lemma 2.46).

2.10. Lemma. Ifcap,, E =0, then u(E) = 0 and hence |E| = 0.

PROOF: Let 2 be a bounded open set and fix ¢ > 0. Since cap, ,(EN
Q,Q) = 0, we find an open neighborhood U C @ of E N N such that
cap, ,(U,2) < e. Let K C U be a compact set and choose a function
¢ € W(K, Q) such that

/ V[P dp < cap, ,(K,Q) + € < 2.
o
It follows from the Poincaré inequality that
W) < [ lelduse [ Vol du<ee,
Q Q

and hence p(U) < ce, where ¢ = ¢(p,c,,diamQ) > 0. In conclusion,
u(E) = 0 as desired. m]

2.11. Estimates for capacities
Only a few capacities can be computed explicitly. We next do this for the
spherical condenser (B(xo,r), B(zo, R)) in the unweighted case dp = dz.

2.12. ExaMPLE. If0<7 < R < 00, then

2.13
n® wn-1 (GEEP R —rSE 1 pn
cap,(B(zo,7), B(zo, R)) = a
wn—1(log )1 7" p=n.
In particular,
capp(ﬁ(mo, T), B(:Bo’ 27‘)) =c (n,p)T"-P
forallp > 1,

cap,(B(zo,7), R") = c2(n, p)r" P

for1<p<mn,and

ca,pp({:zo}, B(IO: 1‘)) = c3(n1p)rn_P
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for p > n. It is also clear from (2.13) that
ca.pp(B(wo,r), B(zo, R)) = capp(F(zo, r), B(zo, R)).
To prove (2.13), pick u € C§°(B(zo, R)) such that u = 1 on B(z,r).
Then for each y € 8B(0,1),
R d R
1< / 1L u(sy)|ds < / Vu(sy)| ds
» ds .
R R
< (/ $(—n)/(p-1) ds)(p—l)/p(/ |Vu(sy)|Ps™ " ds)/?
T r
by the Holder inequality. This implies
R
1< A”_l/ |Vu(sy)Ps™ 1 ds,

where
A |ﬁ,|R(p—n)/(p—1) — e/ p#n
log ‘;2 p=n.

By integrating with respect to y, we obtain

R
Wp_1 < AP71 / / |Vu(sy)[Ps™ ds dy
8B(0,1) Jr

= 4r-1 / Vu(@)|? da,
B(zo,R)
and thus _
cap,(B(zo,7), B(zo, R)) > wWn1 AP,

To establish the reverse inequality, we notice that the function
flfl t(1-n)/(p-1) &4

u(@) =q [F-n/e-1) gt

1 fo<|z|<r

ifr<|z|<R

is admissible. A straightforward computation then yields
capy (Bloo,r), Bao, ) S [ |Vu(a)P do = oy A1
zo,R

as required. This completes the proof of (2.13).

For weighted capacities cap,, , (B(zo,7), B(zo, R)) no explicit expression
similar to (2.13) is known. However, the following rough estimates are
usually sufficient for applications.
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2.14. Lemma. There is a positive constant ¢, depending only on n, p,
and c,, such that

(2.15)
2 W(B(zo, )P < cap,, (B(o, ), Bl@o, 2r)) < ep(Blao,r))r?.

PROOF: Let first u € C§°(B(zo,2r)) be a function such that u = 1 on
B(zo,r) and |Vu| < 2/r; such a function u is easily constructed by the aid
of mollifiers (see Section 1.10). Then

capy, , (B(zo,r), B(o,2r)) < / |VulP du
B(zq,2r)

< er Pu(B(zg, 2r)) £ erPu(B(xz, 7)),

where the final step follows from the doubling property. On the other hand,
if 0 < #' < r and u is admissible for the condenser (B(zo,r'), B(zo,27)),
then we have by the Poincaré inequality that

|ulP dp < cr’/ |VulP dp.
B(z0,27)

w(B(zo,1")) < /

B(zy,27)

Taking the infimum over all such u and letting 7’ — r, we arrive at the left
inequality of (2.15). o

2.16. Lemma. IfE C B(zp,7) and 0 < r < s < 2r, then
(2.17)

1
; ca'pp,y (EaB(mO,Zr)) < ca‘pp,p (EaB(l‘o,zs)) < ca'pp,/,; (Ey B(zO’Zr)) )

where ¢ depends only on n, p, and c,.
PROOF: Since the second inequality is trivial, it suffices to verify the first
inequality in the extremal case s = 2r,

cap,, , (E, B(a:o,2'r)) <ccap,, (E,B(zo,4r)) .

To achieve this, we may assume that F is compact. Then choose a cut-
off function 7 € C§°(B(zo,2r)), 0 < n < 1, such that n = 1 in B(zo,r)
and |Vy| < 2/r. If u € C§°(B(zo,4r)) is admissible for the condenser
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(E, B(zo,4r)), then nu is admissible for the condenser (E, B(zo,2r)), and
we find

cap, , (E, B(zo,2r))
< / [V(nu)[® dp
B(zo,2r)

<z / |VulPIn|? dp + 2° / [ulP|VnIP dp
B(zo,2r) B(zg,27)

< 2”/ [Vul? dp + cr"/ |ulP dp
B(zg,4r) B(zq,4r)

<e / VulP dy,
B(z,4r)

where the last step follows from the Poincaré inequality. The lemma follows
by taking the infimum over all such functions u. m]

2.18. Theorem. If0<r < R, then

cap,,, (B(zo,7), B(zo, R))

2wy ( |z - zo|(1-n)r/(p—1)w(z)1/(1_p) dz)l—p ’
A(zo;imR)

where A(xzo;r, R) is the annulus B(zo, R) \ B(zo, ).

PROOF: Let u € C5°(B(zo, R)) be an admissible function for the condenser
(B(zo,7), B(zo, R)) such that u = 1 on B(xo,r). The standard represen-
tation theorem, see e.g. Gilbarg and Trudinger (1983, Lemma 7.14), yields

Vi) y-2)

-1
wy) =w,_ -
() 1 |a:—y|

for all y € R™. Hence

Vu(z) - (zo — z) -

dz)?

< / |Vu(z)|P dy,(/ |z _zo|(1—n)p/(p—l)w(z)l/(l—p) dw)P‘l.
J B(zo,R) A(zo;r,R)

P = P=
Wpn1 = (wn_lu(zO)) - ( A(zo;r,R) |1: - moln

After dividing and taking the infimum over all such u, we arrive, by conti-
nuity of the integral, at the desired result. ]
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If w!/(1-?) ig not integrable in the annulus A(zo;r, R), the estimate in
Theorem 2.18 is trivial; if w € A,, then it is of right magnitude:

2.19. Theorem. Suppose that 0 < 2r < R. If w € A, then there is a
positive constant c, depending only on n, p, and the A, constant cp ., of
w, such that

cap, , (B(zo,r), B(xo, R))

2.20 -
(2.20) < / Iz — 2| =P/ P=Doy(g)1/(1-P) 4g) 1P
A(zo;m,R)

where A(zo; r, R) is the annulus B(z¢, R) \ B(zo, 7).
Conversely, if (2.20) holds for all zo € R™ and R = 2r > 0, then w € A,.

PROOF: Suppose first that w € A,. Then we have by (2.15) that

cap,, , (B(zo, ), B(xo,2r))

< cr"_”:/ w(z)dr
B(zo,2r)

<er™? ][ w(z)/1-P) dg)' 7P
(2.21) ( B(zo,27) ( )
< c,.p(n—l)(/ w(z)/(1-P) dz)“"
A(zoimy2r)
<ef / ke — 20| (A= P=Day(z)1/(1=P) 4) 1P
A(zo;r,2r)

Since it follows from Lemma 2.6 that

capy,, (B(zo, ), B(z0,2*r))
k
< (Z cap,,,, (B(zo,2/~'r), B(zo,2'r)) ll(l_p))l_p
i=1

for all integers k > 2, we have by (2.21) that

Ca'pp,u (B(:Eo, 'I'), B(.’Bo, 2kr))
k
el [ el D@ -9 )
j=1 z9;2? 120
—n)p/(p— — 1-
= cf /A e [ = 20| =P/ Py () /(1) gg) P
0iTye" T

<ef / lo — | 1=/ P=1)yy () /(1) g) 1P
A(zo;r,R) ,
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whenever k > 2 is an integer with R < 2*r. Now the desired estimate
follows since if we fix the integer k > 2 such that 2¥~1r < R < 2*r, then
Lemma 2.16 implies

capy, ., (B(zo,r),B(zo,R)) <ec capy . (B(zO:r)a B(mo,2k1‘)) .

To prove the second assertion, suppose that estimate (2.20) holds for all
radii r and R = 2r. Let B = B(y,r/2) be a ball. Choose zo € R™ with
dist(xg, B) = r. Then the annulus A(zo;r,2r) contains B. Consequently,
by (2.15) and (2.20) we have

”'(B(EO)T))T_p <c ca'pp,y (B(zo,"),B(zo, 21‘))
<ec (/ |z — zol(l—n)p/(p—lb)w(m)ll(l—y) dz)'?
A(zo;r,2r)

< erPr1( w(a,)l/(l‘P) dz)'~P
A(zoir,2r)

< ¢rP(n=1) (/ w(z)/~P) dz)1-P .
B
The doubling property of x now imphes
#, w(e)ds < cu(Blao, 21) ™ < c(Blao, )"
B

< c(f w(z)/ ) da)i?,
B

and hence w € A,. [m]

It may seem that an estimate of type (2.20) yields a new characterization
of A,-weights. However, a look at the proof reveals the a priori assumption
that w be doubling and gives rise to a Poincaré type inequality (1.5).
2.22. EXAMPLE. As a final example we consider the weight w(z) = |z|°
for § > —n. Then w is p-admissible for all p > 1 (see Section 1.6). It is
clear by Example 2.12 that if zo # 0, then cap, ,{zo} = 0 if and only if
1 < p < n. Next we examine when cap, ,{0} = 0. This will depend not
only on p but also on 6.

The most convenient way to estimate the capacities

ca.pp'”(ﬁ(r),B) , o<r<i,

where dp = |z|°dz, B(r) = B(0,r), and B = B(0,1), is to use some
results from the ensuing chapters. More specifically, consider the following
weighted p-Laplace equation

(2.23) Apsu(z) = div(|z|®|Vu(z)|P~2Vu(z)) = 0.
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Then a direct computation shows that the functions

'u'p,6(z) = |z|(p—n—6)/(p—1) - la p—n-— ] ?"' 0;

and
ups(@) = —loglel, p-n—8=0,
are solutions to (2.23) outside the origin. In particular, the functions
Uup,5(2)
= =1
vp,g(z) up,a(re) ) I | )

are solutions to (2.23) in B \ B(r) with limvys(z) — 1 as |z] — r,
lim vp s(z) — O as |z| — 1. It follows from Theorem 8.6 that

cap, u(Br),B) = [ [Vupsl?du.
A computation now gives
capp‘#(ﬁ('r),B) = c(n,p, 6)(1 - ,r(p—n—6)/(p—1))1—p ) p—n— ) ‘_Ié 01

and )
ca'pp,p(?(r)) B) = wn—l(log ;)l—n ) p—n-— 6§=0.
Since cap,, ,(B(r), B) — cap, ,({0}, B), we observe that cap, ,{0} =0
ifand only if p—n—6 <0.

2.24. Hausdorff measure and capacity
In this section we examine the relationship between Hausdorff measures
and (p, p)-capacities, mainly in the unweighted case..

Let s >0and 0 < § < c0. For a set E in R™ we define

AY(E)=infy 17,
i

where the infimum is taken over all coverings of E by balls B; with diameter
r; not exceeding §. The number A% (E) is often called the s-content of E.
Clearly A® is an outer measure, i.e. for all sets E;, Ez,--- C R™ it holds
that

(i) A@)=o0,
(i) AY(Ey) < AY(E;) if Ey C B, and
(iii) AS(UE;) < ) ANE:).
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However, A¢ is not an additive measure on any reasonable g-algebra in
R" because, in general, it fails to be additive on families of disjoint compact
sets. Therefore we define the s- Hausdorff measure of E by

A,(E) = sup A’(E) = lim A$(E).
§>0 §—0

The measure A, is a Borel regular measure; that is, it is.an additive
measure on Borel sets of R™ and for each £ C R" there is a Borel set G
such that E C G and A,(E) = A,(G).

It is immediate from the definition that A,(E) < oo implies A.(E) =0
for all 7 > s. The smallest ¢ > 0 that satisfies A,(E) = 0for all r > t is
called the Hausdorff dimension of E.

If E is a bounded set, then A%(E) is finite, but A,(E) = oo for example
if E has nonempty interior and 0 < s < n. Nevertheless, A, and A% have
the same zero sets.

2.25. Lemma. Suppose that 0 < é§ < co. Then A,(E) = 0 if and only if
Af(E) =0.

PROOF: Since
A,(E) > Ai(E),

it suffices to show that A,(E) = 0 if A{(E) = 0. So assume that AS(E) =0
and fix ¢ > 0. Choose a covering of F by balls B; with diameter r; not
exceeding & such that

Z i <e®.

T

Then r; < £ and hence
A(E) < Zr,‘ <e€’.
i

Letting € — 0 we obtain
AL(E) = lim A%(E) =0,

as required. (m]

There are many excellent sources on Hausdorff measures including Fal-
coner (1985), Federer (1969), Mattila (1986), and Rogers (1970). No deep
properties of Hausdorff measures are needed in what follows. We require,
however, a slightly more general concept than the s-Hausdorff measure.
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Let h be a real-valued, increasing function on [0,1) with
lim A(t) = h(0) = 0.
Define the h- Hausdorff measure of E by

An(E) = supinf ) h(r;),
+(B) = supint 3 h(r)

where, as above, the infimum is taken over all coverings of F by balls B;
with diameter »; not exceeding §. The measures A} are still Borel regular
measures in R™ (Federer 1969, p. 170); the choice h(t) = t° gives the
s-Hausdorff measure A,.

Our goal is to prove the following two theorems. Recall the convention
that if du = dz, then p is dropped from the terminology; for example, the
(p, n)-capacity of a condenser (E,{2) is denoted simply by cap,(E, ).

2.26. Theorem. Suppose that1l < p < n and that F is a set in R™ of
p-capacity zero. Then the Hausdorff dimension of E is at most n — p.

2.27. Theorem. Let h(t) = t" P when 1 < p < n and h(t) =
(log1/t)!~™ when p = n. Then An(E) < oo implies cap, E = 0 for ev-
ery set E in R™.

The proof of Theorem 2.26 hinges on three real analytic lemmas. Before
proving these, recall the following covering theorem (Stein 1970, pp. 9-10;
Ziemer 1989, Theorem 1.3.1):

2.28. Covering theorem. Let B be any family of balls in R™, with
uniformly bounded diameter. Then there is a countable pairwise disjoint
subfamily {Bi, B, ...} of B such that

oo
U BC U 5B;.
BeB i=1

For s > 0 define a maximal function
M.pf@) =sup ([ 117 da),

where the supremum is taken over all balls B containing y with radius 7.

2.29. Lemma. For f € LP(R™;dx) and t > 0 we have

ATy ER™: My i) > <5 [ 1fPds.
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Proor: Fix t > 0-and write B, = {y € R™: M, ,f(y) > t}. Then for
each y € F; we can find a ball B, containing y with radius r, such that

/B PP de > tPrs.

v

Thus
E.c U By,
yEE,:

and because f € LP(R";dz), the radii r, have an upper bound which does
not depend on y. The covering theorem 2.28 implies that we can find a
subfamily By, Ba, ... of the family {B,} such that the balls B; are pairwise
disjoint and that

E, C USB.- .

Therefore, if we write r; for the radius of B;, we have that
10° 10°*
(o <] 8 g - V4 i 4
AP(E) <10 E,- rf < > E /Bi |fIPdz < # J |fIP dz,

as required. O

2.30. Lemma. Letu € C§°(B(yo,R)) and0 < n—3s <p < n. Then
there is a constant ¢ = c(n,p, s) > 0 such that

lu(y)| < ¢ R™PHoIP M, Vu(y)

for all y € R™.
ProOF: We may assume that yo = 0. With fixed y € R" the function

f(8) = ]i RCL

is continuously differentiable on (0,00), f(0) = u(y), and f(t) tends to 0
as t tends to co. Hence

/0 " f(t)dt = —u(y)

and after a change of variables we arrive at

oo . o0
u(y) = —/ %f u(y+tz)dz)dt = —/ ][ z2:Vu(y+tz)dzdt.
0 B(0,1) ¢ JB(0,1)
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Consequently, we have

oo
lu(y)| < /0 ][B(o ) |Vu(y + tz)|dzdt.

Making the change of variables (z,t) — (z,r), £ = y +tz, r = t, we obtain
for y € B(0, R) the estimate

o0
[u(y)] S/ ][ |Vu| dx dr
0 JB(y,r)

3R oo
/ ( |VulP dz)!/? dr + / ][ |Vu| dz dr
0 B(y,r) 3R JB(y,r)
3R

o0
cf (r*~mr / |VulP dz)/? dr + / |Vul d:c/ " dr)
0 B(y,r) B(0,R) 3R

3R
c(M, ,Vu(y) / rle=m)/P gr 4 R / |Vul| dz)
0 B(0,R)

IA

IA

IA

IA

(Mo, Vul) R + R(f |Oup da)i)
B(0,R)

IA

c(M,,qu(y) Rs—n+p)/p 4 Rl+(s—n)/p (R™* / |Vul? dz)l/”)
B(O,R)

< eM,,Vu(y) R PH/P,

as required. O

2.31. Lemma. Letu € C{(B(yo,R)) and0 < n —3 <p < n. Then
there is a constant ¢ = ¢(n,p, s) > 0 such that

Ay € B, B): ) > ) < R er [ (vupas
B(yo,R)

for all t > 0.
ProorF: If ju(y)| > t, then by Lemma 2.30 we have the pointwise estimate

M, ,Vu(y) > cRMPo/P1¢

for the maximal function. Hence the assertion follows from the weak type
estimate in Lemma 2.29. ]
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PROOF OF THEOREM 2.26: Since cap, E = 0, E is contained in a Gs-set
of p-capacity zero, and hence using the Choquet capacitability theorem 2.5
we may as well assume that E is compact. Further, it suffices to show
that A°(E) = 0 for all s with n —p < s < n (see Lemma 2.25). To this
end, fix an open ball B containing E and choose a sequence of functions
u; € C§°(B), admissible for the condenser (E, B) with

/ |[VujPdz — 0
B

as j — 0o. Then Lemma 2.31 implies
AZ(E) < AP({y € B: |u(w)| > 1/2}) < e /B V[P de,

where c is independent of j. Hence AS°(F) = 0 and the theorem is proved.
a

Theorem 2.26 yields interesting information about weighted capacities
as well:

2.32. Theorem. Suppose that 1 < q < p and that w is a p-admissible
weight with w'/(1-9) € L} (R";dz). Let E be a nonempty set of (p, p)-
capacity zero. Then p < gn and the p/q-capacity of E is zero. In particular,
the Hausdorff dimension of E is at most n — p/q.

PROOF: We may assume that F is compact and contained in a ball B. For
each function ¢ € C§°(B) we have that

/ |Vo|P/9dx < (/ |V<,o|”dy)1/"(/ w/(1=9) dg)la-1/a,
B B B

Thus cap,, ,(E, B) = 0 implies cap,/, E = 0. In particular, it follows that
p/¢ < n, and hence the Hausdorff dimension of E does not exceed n — p/q
by Theorem 2.26. (m]

2.33. Corollary. Let w € A, and define po = inf{q : w € Ag}. If
cap, , E = 0 for a nonempty set E, then p < pon and the p/po-capacity of
E is zero. In particular, the Hausdorff dimension of E is at most n — p/po.

PRroOF: In Chapter 15 we prove that any A,-weight is in A4 for some
g < p (see Theorem 15.13) so that py < p. Now the assertion follows from
Theorem 2.32 because w!'/(1~9) s locally integrable for all ¢ > po. (]
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We point out that Theorem 2.26 remains true also for the value p = 1; the
1-capacity is defined analogously and the proof is the same. Consequently,
in Theorem 2.32 we could allow for g the range 1 < ¢ < p.

The corollary, in turn, has an interesting consequence: if the weight w
belongs to Ay, then cap, , E = 0 implies cap, 4, E = 0 and the Hausdorff
dimension of E is at most n — p. Moreover, if w is any p-admissible weight
such that w!/(1=9) is locally integrable for some 1 < ¢ < p, then for p > ngq
the only set of (p, u)-capacity zero is the empty set.

Now we turn to the proof of Theorem 2.27. The general formulation
with weights in the following lemma is not employed in this book but it
has some independent interest.

2.34. Lemma. Let E be a compact set in R™. If there is a constant
M < oo such that
cap, ,(E,Q) < M < o0

for all open sets Q) containing E, then cap, , E = 0.

PRrOOF: Choose a descending sequence of bounded open sets

019929"'5095=E
1
and choose ¢; € C§°(£;), 0 < ¢; < 1, with ¢ =1 on E and
/n' Vil du < M +1.
By the Poincaré inequality,

/ lpslP dp < ¢ < 00,

where c is independent of i. Because ¢; converges pointwise to a function
1 which is 0 in Q, \ E and 1 on E, we have by the weak compactness of
HY?(Qy; ) that ¢ € Hy®(Qy; ) and that Vi) = 0 a.e. in £, (see Theorem
1.32). If p € C§°(£11) is such that ¢ = 1 on E, then p—¢; € H&”(QI\E; n)
and the weak compactness of the space Hy'?(f; \ E;p) guarantees that
@ — ¥ € HyP(Q \ E; p). Consequently,

cap,.(E, ) < f |VyI|P du =0,

1Y

and the lemma follows. ]
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PROOF OF THEOREM 2.27: Since Ap is a Borel regular measure, we may
assume that E is a Borel set and furthermore, in light of the Choquet
capacitability theorem 2.5, we may assume that E is compact, Let Q2 be
a bounded open set containing E and denote by § the distance from E
to the complement of 2. Fix 0 < € < 1 such that ¢ < 6% then r < &
implies log §/r > 1 log 1/r. Next cover E by open balls B(z;,r;) such that
r; < €/2. Since we may assume that the balls B(x;, ;) intersect E, we have
B(z;,6/2) C Q. Now using the subadditivity and monatoniclty properties
of the capacity (Theorem 2.2) we obtain

cap,(E,Q) < Z cap,(B(z;,7:), Q)
< D cap,(B(zi, i), Be:,6/2)) < eln,p) 3 hlrs),

where in the last step we also used formula (2.13) for p-capacities of spher-
ical condensers together with our choice of e. Taking the infimum over all
such coverings and letting € — 0, we conclude

ca.pp(E, Q) < c(n,p)Ah(E') <oa.

Since 2 was an arbitrary bounded open set containing E, we have by
Lemma 2.34 that
cap, E=0,

as desired. (m]

2.35. Sobolev capacity
Next we present a variant of capacity which is sometimes more convenient
in use than the relative (p, p)-capacity cap, ,(E,).

DEFINITION. For a set E C R™ define
Cpu(B) =i [ (P +|Vup)du,
u R"

where u runs through the set
S(E) = {u € H*?(R™;1): u = 1 in an open set containing E}.

If S(E) is empty, we set C, ,(E) = oo.

The number C, ,(E) is called the Sobolev (p, u)-capacity of E. If du =
dz, then we drop p and speak about the Sobolev p-capacity of E.

The advantages over the variational (p, u)-capacity of a condenser are
clear: no underlying set Q is needed. On the other hand, the extremal
functions for Cp, , are much more difficult to determine.

It is evident that the same number C, ,(F) is obtained if the infimum
in the definition is taken over u € S(F) with 0 < u < 1. Moreover:
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2.36. Lemma. If K is compact, then
C, (K P + |VulP)dyu,
)= int [l + [9u) di

where So(K) = S(K) N CP(R™).

PROOF: Let u € S(K). Since H*?(R"; u) = HyP(R"; 1) (Theorem 1.27),
we may choose a sequence of functions ¢; € C§°(R™) converging to u in
HYP(R™;pu). Let U be an open neighborhood of K such that « = 1 in
U. Let ¥ € C®(R"), 0 < ¢ < 1, be such that ¥ = 1 in (U and ¢ = 0
in an open neighborhood of K. Then it is easily seen that the functions
¥; = 1 — (1 — ;)i converge to u in HVP(R"; ). This establishes the
assertion since ; € So(K). O

We can apply the proof of Theorem 2.2 almost verbatim to conclude:

2.37. Theorem. The set function E — Cp,,‘(E), E C R", is a Choquet
capacity. In particular:
(i) If Ey C E,, then Cp ,(E;) < Cp u(E2).
(ii) If E = JE;, then
1

Cpu(E) < 3 Cpu(Ey).

We have introduced two different capacities, and it is next shown that
for many practical purposes they are essentially equivalent. Suppose that
K is a compact subset of a ball B = B(zo,7). Let n € C§°(B(zo,2r)) be
a cut-off function with 0 <7 < 1,7 =1 on B, and |Vn| < 2/r. Then, if
u € S(K), we have

cap,, , (K, B(zo,2r)) < / |V ()P du
B(z(),21‘)

<@PA+rP) / ([uf? + |Vul?) du.
Ru

On the other hand, if v € C§°(B(zo,2r)) is such that « = 1 in an open
neighborhood of K, we have by the Poincaré inequality that

[ srvumdpsarery [ vupan,
B(zg,2r)
where ¢ = ¢(p, Ci1). By combining these inequalities, we arrive at
(L4¢erP) 1 Cpu(K) < cap,, (K, B(zo,2r)) < 4P(1 +777)Cp u(K).

Since both cap,, , (-, B(zo,2r)) and C, ,(-) are Choquet capacities, we ob-
tain:
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2.38. Theorem. If E C B(zo,r), then
(14¢rP)71Cpu(E) < cap, , (E,B(zo,2r)) < (1 +777)Cp,(E),

where the constant ¢ depends only on p and Cryg.

2.39. Corollary. For E C R" we have C, ,(E) = 0 if and only if
cap, , E=0.

2.40. Corollary. There is a constant ¢, depending only on p and Cyyy,
such that

% Cyp,u (B(2o, 1)) < cap,,, (B(zo,7), B(zo,2)) < ¢ Cp,pu (B(2o,7))

whenever r < 1.

Proor: This follows from Theorem 2.38, because B(zo,7) C B(xo,1) for
each r < 1. ]

Finally if du = dz, we have the following estimate:
2.41. Corollary. If0 < r <1, then

r" P ifl<p<n
Co(Blza,r)) = { (log2)!=" ifp=n,

where the constants in =~ depend only on n and p.

PRrROOF: Combine Corollary 2.40 with (2.13). ]

2.42. Exceptional sets in Sobolev spaces

In the theory of partial differential equations it is desirable to know when a
set is negligible for a Sobolev space. The ensuing two theorems are useful
when removability questions are studied for solutions.

If there is an isometric isomorphism between two normed spaces X and
Y we write X =Y. In particular, if E is a relatively closed subset of €,
then by

Hy?(Qp) = Hy?(Q\ E; p)

we mean that each function u € Hy?(f; 1) can be approximatedin || ||1,p-
norm by functions from C§°(2\ E). Similarly,

HYY(Q;p) = HY?(Q\ E; p)

means that #(E) = 0 and that each function u € HVP(Q2 \ E; i) can be
approximated in || ||; p-norm by functions from C*(Q).
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2.43. Theorem. Suppose that E is a relatively closed subset of Q2. Then
Hy* () = Hy®(Q\ E; p)

if and only if E is of (p, u)-capacity zero.

PROOF: Suppose that C, ,(E) = 0. Let ¢ € C§°(£2) and choose a sequence
u; € HY?(R™; p), 0 < u; < 1, such that u; = 1 in a neighborhood of E
a.nd u; — 0 in HLP(R™; ) Then (1 — u;)¢ has compact support in 2\ E
and hence it belongs to H0 P(Q\ E; n). Moreover, (1 — u;)yp converges to

¢ in HyP(Q\ E; p) so that ¢ € Hy?(Q\ E; ). Hence
Hy*(Qp) € HyP(Q\ E; p),

and since the reverse inclusion is trivial, the sufficiency is established.

For the only if part, let K C E be compact. It suffices to show that
Cpu(K) = 0. Choose ¢ € C§°(2) with ¢ = 1 in a neighborhood of K.
Since Hy?(Q; 1) = HyP(R2\ E; 1), we may choose a sequence of functions
w;j € C§°(R2\ E) such that ¢; — ¢ in HV?(; p). Consequently

Cpu(K) < ,-]i’{.‘o/n (Ie — @il + Vo — Vp;|P) du = 0,

and the theorem follows. [m}

2.44. Theorem. Suppose that E is a relatively closed subset of . If E
is of (p, u)-capacity zero, then

HYY(Q;p) = H'P(Q\ E; ).
ProOF: Since u(E) = 0, the inclusion
HY(Q;p) C HYP(Q\ E; p)

is trivial. For the reverse inclusion, pick u € HV?(Q\ E; ). We may assume
that u is bounded and it suffices to show that u can be approximated in
HY?(Q\ E; 1) by functions from H?(Q; 1). To this end, choose a sequence
of functions v; € HP(R";p), 0 < v; < 1, such that v; = 1 in an open
neighborhood U; of E and v; — 0 in H"P(R";pu). Then the function
u; =(1— 'v,)u belongs to H!*?(Q\ E) (see Theorem 1.24 and Lemma 1.15).
Moreover, it is clear that u; also belongs to H?(U;; p). Thus we conclude
that u; € HLP(§; u) (see the remark after Lemma 1.15). Now it is easy to
see that u; — u in HV?(Q\ E; u), whence u € HP(Q; ) as desired. O
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If w € Ap, Theorem 2.44 is far from being sharp. Indeed, the result then
remsins true if B is of (n — 1)-measure zero. This is an easy consequence
of the ACL-characterization of Sobolev functions if w = 1; the general A,-
case cah be reduced to the unweighted situation as then u € HVP(Q;p)
if and only if u € LP(Q2; x) and the first distributional derivatives of u
belong to LP(Q; p). Note that, by Corollary 2.33, for w € A, the Hausdorff
dimension of a set of (p, p)-capacity zero is always less than n — 1. For a
more thorough discussion of this topic, see Kilpeldinen (1992b).

The space Hy?(€2; 1) consists of functions from H1?(£; 1) that in some
sense vanish on the boundary of Q. The two spaces coincide if the functions
in HYP(Q; u) can be approximated in H''?($; u) by functions that belong
to C§°(Q). This, however, requires that (Q be rather small.

2.45. Theorem. HY?(Q;u) = HIP(Q;p) if and only if [Q has zero
(p, n)-capacity.

Proor: If (Q is of (p, p)-capacity zero, then

HYP(Q;p) = HVP(R™\ (9 1) = HYP(R™; )
= Hy"(R™ ) = Ho(R™ \ 00 ) = Hp* (@ ),

where we used Theorems 2.44, 1.27, and 2.43.
For the only if part we have by Theorem 1.27 that

Hy(R™ p) = H'P(R™ p) C HY? () = Hy” (1) € Hy?(R™; ).

Hence
Hy®(R™ ) = Hy" (% ) = Ho" (R \ (s ),

and 0Q is of (p, p)-capacity zero by Theorem 2.43. m|

We close this chapter with the following lemma that expresses a topolog-
ical property of sets of (p, p)-capacity zero: they cannot separate R™. We
recall that for many weights, e.g. for Ap-weights, this follows from Theorem
2.32.

2.46. Lemma. Suppose that E C R" is a set of (p, p)-capacity zero.
Then CE is connected.

PROOF: Suppose, on the contrary, that there is a partition CE=UuV,
where U and V' are disjoint, nonempty, and open relative to CE. Then
UNV =0and VNU =0. Let F=UNV. Then F C E and hence
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cap,, F = 0. Fix a ball B C R" such that B intersects both CU and (V.
Define a function u in CF by

(=) = wB\D)1  ifzelU
_{-#(15*\_‘7)"1 if z € (V;

note that 6T N CV = @ because E does not have interior points (Lemma
2.10). Then u € HY'P(B\ F; 1) and since F is removable for Sobolev func-
tions (Theorem 2.44), we indeed have u € HV'P(B;p). Moreover, because
u(F) =0,

5 4= /.
Uug = ——ro udy = —— udp + wdp)=0.
B=0® Jp YT 0B o T o v

Thus the Poincaré inequality yields

/]ul"dyﬁc/ |VuPdp =0,
B B

whence v = 0 a.e. in B, an obvious contradiction. Consequently, no parti-
tion of CF is possible, and hence CE is connected. a

NOTES TO CHAPTER 2. “Every analytic problem has its own ca-
pacity” and the essential capacity of this book is the relative first order
variational (p,u)-capacity together with its global counterpart. In clas-
sical potential theory the capacity based on the equilibrium measure is
much used; see Helms (1969), Landkof (1972), or Doob (1984). The non-
linear theory in this book is mostly built on variational principles which
are directly connected with (p, u)-capacity integrals. The Choquet theo-
ry of capacities provides a standard approach to deal with general sets in
R"; see Choquet (1953-54), Landkof (1972, Chapter II), and Doob (1984,
Appendix II).

Another approach to nonlinear potential theory is based on Bessel or
Riesz (or more general) potentials and their associated capacities. This
program has been executed in the papers by Reshetnyak (1969), Meyers
(1970), Maz'ya and Khavin (1972), Fuglede (1971a), and elsewhere. We
refer to Ziemer (1989, Section 2) for a treatment of nonlinear Bessel and
Riesz capacities; a more thorough exposition can be found in the forthcom-
ing monograph by Adams and Hedberg.

In analytic problems good lower bounds for capacities are essential —
upper bounds are ‘usually easy to obtain directly from the definition. The
simple bounds in Lemmas 2.14 and 2.16 suffice for the theory of this book.
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In addition to (2.13) not many p-capacities of condensers are known; for
the 2-capacity, see Landkof (1972, pp. 165-167, 172-173).

The study of the relationship between Hausdorff measures and capacities
has a long history going back to Frostman and Nevanlinna; see Landkof
(1972, Chapter II1.4), and also Carleson (1967). For the subsequent de-
velopment, see Reshetnyak (1969) or Maz'ya and Khavin (1972), and also
Martio (1978/79). The proof of Theorem 2.26 is from Bojarski and Iwaniec
(1983). The idea for the short proof of Theorem 2.27 is similar to that in
Vaisald (1975).

The issue of identifying domains for which HY?((; dz) = Hy'?(Q; dz) as
domains whose complement has zero capacity is well known; see Adams
(1975, Chapter III) or Maz'ya (1985, p. 396).

Most of the weighted results in this chapter are likely to be known to
specialists. The observations concerning the size of sets of zero (p, pu)-
capacity may be new. Weighted capacities and Hausdorff measures have
also been studied by Nieminen (1991).



3
Supersolutions and the obstacle problem

This chapter deals with quasilinear elliptic equations of the form
(3.1) —div A(z,Vu) =0,

where A : R® x R” —» R" is a mapping satisfying certain structural as-
sumptions, given in (3.3)-(3.7) below. In particular, we impose the growth
condition

Az, §) - £ = w(@)IEl?,

where w is a p-admissible weight as defined in Chapter 1. It is advisable
to think of equation (3.1) as a perturbed form of the weighted p-Laplace
equation

(3:2) -4, pu = —div(w(z)|Vulf2Vu) =0,

which is canonically attached to the weighted Sobolev space HP(-;pu).
Solutions of (3.2) can be recognized as local minimizers of the weighted
p-Dirichlet integral

/ Va(z)Pu(c) dz.

More generally, Euler equations of variational integrals

/ F(z,Vu(z)) dz

are prime examples of the equations considered. The connection to the
calculus of variations will be discussed in Chapter 5.

In this chapter we cover the basic regularity theory of nonlinear partial
differential equations of type (3.1). We establish weak Harnack inequalities
for supersolutions and, as a consequence, that a supersolution always has
a lower semicontinuous representative. A large part of the treatment is
devoted to proving various fundamental estimates, which ultimately lead
to a proof of the continuity of the solution to the obstacle problem with
continuous obstacle. Roughly speaking, a solution to the obstacle problem
is a minimal supersolution of equation (3.1) above the obstacle. Solving
the obstacle problem provides a basic tool in nonlinear potential theory.

55
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As always, we assume that 1 < p < oo, that w is a p-admissible weight
in R", and denote by u the measure

p(E)=/Ew(a:)dz.

Let A: R" x R® — R" be a mapping satisfying the following assump-
tions for some constants 0 < a < f < oo:

(3.3) the mapping = — A(z, £) is measurable for all { € R" and
the mapping £ — A(z, ) is continuous for a.e. z € R";

for all ¢ € R" and a.e. z € R™

(3.4) A(z,€)- € > aw(z) |¢]P
(3.5) |A(, )| < Bw() ¢!
(3.6) (Alz,&1) — A(=,£)) - (61— &) >0

whenever £, € R, £ # £ ; and
(57) (2,26 = NP2 AGz, €)

whenever A€ R, A #0.

 Assumption (3.3) guarantees that the composed mapping z — A(z, g(z))
is measurable whenever g is a measurable function. Assumption (3.4) de-
scribes the ellipticity degeneracy of equation (3.8). In view of (3.5) the
map u — Lu defines a continnous operator from L1'P(Q; ) into its dual
via the pairing

(Lu9) = [ @, V) Voda;
Q
indeed,
| A0 Vioda| <p [ 93PVl d
Q Q

<B([ Vup a0 [ (Tglr duyile.
Q Q

The monotoneity assumption (3.6) plays a crucial role in deriving the
existence and the uniqueness of solutions to variational problems. Finally,
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the homogeneity assumption (3.7) ensures that the class of solutions i&
closed under a scalar multiplication.

Many results in this chapter are true in more generality. Assumptions
(3.3)~(3.7) become essential later in this book.

DEFINITION. A function u in H},?(; ) is a (weak) solutian of the equa-
tion '

(3.8) —div A(z, Vi) =0
in Q if
(3.9) /n A(z, Vu(z)) - Vo(z)dz =0

whenever ¢ € C{°(2). We usually write the integral in (3.9) as
/ A(z,Vu) - Vedz.
Q

A function u in H};P(9; p) is a supersolution of (3.8) in ( if
—div A(z,Vu) >0

weakly in £, i.e.
(3.10) / A(z,Vu)-Vepdz >0
Q

whenever ¢ € C§°(f) is nonnegative. A function v is a subsolution of
(3.8) if —v is a supersolution of (3.8). In other words, v € HLP(Q;p) is a
subsolution in Q if (3.10) holds for all nonpositive ¢ € C§°(£2). We often
use the word “solution” to mean a solution of (3.8), and similarly for super-
and subsolutions. .

Appealing to a partition of unity, it is evident that being a solution
or a supersolution of (3.8) is a local property, i.e. a function u is a (su-
per)solution in  if and only if  can be covered by open sets where u i$ a
(super)solution.

We observe the following important property of solutions and supersolu-
tions: if u is a solution (a supersolution) and A,7 € R (A > 0), then Au+7
is again a solution (a supersolution).

It is often desirable to deal with a larger class of test functions than
C§°(R) in (3.9). The following lemma expresses that this can be done,
provided we know a priori that Vu is in L?(; p).
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3.11. Lemma. Ifu € LY?(Q;p) is a solution (respectively, a supersolu-
tion) of (3.8) in Q, then

/ A(z,Vu)-Vopdr =0 (respectively, > 0)
Q

for all ¢ € Hy'P(S; 1) (respectively, for all nonnegative p € HyP(Q; p)).

PROOF: Let ¢ € Hg P( 1) and choose a sequence of functions ¢; €
C§°(R) such that p; — ¢ in HYP(Q; u). If  is nonnegative, pick nonnega-
tive functions ¢; (see Lemma 1.23). Then by the boundedness assumption
(3.5)

|/ A(z,Vu)-Vepdr — / A(z,Vu) - Vo, dz|
Q Q
<8 [ IVl 1Ve - Vil du

Q

< B ([ Vup du)eo ([ 96 - Tiup du)r.
Q Q
Because the last integral tends to zero as 1 — 0o, we have
/ A(z,Vu)-Vepdz = lim / A(z,Vu) - Vp;dz >0,
Q 1— 00 n

and the lemma follows. m}

The proof of Lemma 3.11 implies more than the actual statement. In-
deed, if u is any (super)solution in §2, then (3.10) holds for all (nonnegative)
¢ € Hy?(Q; p) with compact support. Moreover, if u € L?(; ) is a so-
lution of (3.8), then

(3.12) / A(z,Vu)-Vpdz =0
Q
for all ¢ € LyP(Q; ), and if u € LYP(R; i) is a supersolution, then
/ A(z,Vu)-Vpdz >0
Q

whenever ¢ € L(l)’p (€ p) is such that there is a sequence of nonnegative
functions ¢; € C§°(2) with Vp; — Vi in LP(Q; p).

A function u is a solution of (3.8) if and only if u is a supersolution and
a subsolution. To see this, consider the positive and negative parts of a
test function ¢ € C§°(R). They belong to HyP(€;u) and have compact
support, and it follows that the integral in (3.9) is nonnegative for all test
functions ¢; hence (3.9) holds.
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3.13. Quasiminimizers
An important property of solutions of (3.8) is that they are quasiminimizers
of the weighted p-Dirichlet integral

(3.14) / |VulP dp.
Q

To see what this means, let v € HP(Q;u) be a solution of (3.8) and
u—p € Hy?(Q ). Then

/ |VulPdp < a'1/ A(z,Vu) - Vudz
Q Q
-1 LN
=« / A(z,Vu) - Vepdz
o
S E(/ lvulp d#)(P-l)/P(/ |V(p|pd;l,)l/p
@ Ja Q
and thus
(3.15) [wupdusEyp [ 1vopau.
Q @ Ja

In other words, amongst all functions ¢ having the “same boundary
values” as u, i.e. u — p € Hy'P(f; 1), the solution u has the least weighted
p-Dirichlet integral, up to a factor (8/a)P. In particular, if (3.8) is the
p-Laplace equation (3.2), then « = 8 = 1 and u has the least weighted
p-energy among all functions ¢ with u — ¢ € HyP(;p). Similarly, a
supersolution u € HP(f; u) is a quasisuperminimizer, i.e. (3.15) holds for
all functions ¢ with u — @ € Hy'P(; 1) and ¢ > u.

Minimization problems are pursued in Chapter 5.

3.16. Existence and uniqueness of solutions
The next theorem tells us that the Dirichlet problem for equation (3.8) is
solvable with Sobolev boundary values.

3.17. Theorem. Suppose that Q is bounded and that 9 € H?(Q;pu).
There is a unique solution u € HYP(Q;p) of (3.8) in Q with u — ¥ €
Hy? ().

Proving the existence requires the theory of monotone operators and its
full treatment would be a major digression; we refer the reader to Appendix
L. If, however, equation (3.8) arises from a variational integral, a direct proof
is given in Chapter 5. The uniqueness follows from the next lemma which
is the first version of the comparison principle.
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3.18. Lemma. Letu € HYP(Q;pu) be a supersolution and v € HVP(§; )
a subsolution of (3.8) in Q. If n = min(u —v,0) € Hy?(Q; ), then u > v
a.e. in Q.

PROOF: Since
0< / A(z,Vv) - Vndz — / A(z, Vu) - Vndz
Q Q

= —/ (A(z, Vv) - A(z,Vu)) - (Vo - Vu)dz <0,
{u<v}

we have Vi = 0 a.e. in 2 by (3.6). Because n € H&”(Q;p), n=0a.e. in
(Lemma 1.17). The lemma follows. o

3.19. Obstacle problem
Suppose that € is bounded, that 1 is any function in © with values in the
extended reals [—o0, 00|, and that ¥ € HVP(Q; p). Let

Kyo=Kys(Q)={ve HP(Qpu):v>9ae inQ,v—=€ Hy?(Qp)}.

If o = 9, we write Ky 4(02) = Ky(9).
The problem is to find a function u in Ky ¢ such that

(3.20) /n A(z,Vu) - V(v —u)dz > 0

whenever v € Ky y. The function 1 is called an obstacle.

DEFINITION. A function u in Ky ¢(?) that satisfies (3.20) for all v €
Ky,9(R) is called a solution to the obstacle problem with obstacle ¢ and
boundary values ¥ or a solution to the obstacle problem in Ky ().

If u is a solution to the obstacle problem in Ky ,(£2), then u is called a
solution to the obstacle problem with obstacle .

Observe the following convention throughout the book: the notation
Ky,5(Q) tacitly assumes that Q is bounded, for the obstacle problem is
defined in bounded open sets only. Otherwise, we retain the standing
assumption that € is any open subset of R™.

Since u + ¢ € Ky, 5(Q2) for all nonnegative ¢ € C§°(2), the solution u to
the obstacle problem is always a supersolution of (3.8) in 2. Conversely, a
supersolution is always a solution to the obstacle problem in Ky (D) for
all open D € Q. It is also worth while to observe the fact that a solution
u to equation (3.8) in an open set {Q is a solution to the obstacle problem
in K_oo,u(D) for all open sets D € Q. Similarly, a solution to the obstacle
problem in K_q (£2) is a solution to equation (3.8).
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In the case of variational integrals the solution u to the obstacle problem
in Ky,9(Q?) minimizes the corresponding variational integral among the
functions in Ky (f2); in other words, u has the minimal “energy” among
all the functions that lie above the obstacle ¢ and have boundary values ¥
(see Chapter 5). In the general case the solution u to the obstacle problem
in Ky,9(0) quasiminimizes the weighted p-Dirichlet integral in Ky 4(f2),

that is,
[ 1w < By [ (9ol au
Q a’” Ja

whenever v € Ky 3(2). This is easily established in the same manner as
(3.15).

The following simple fact is constantly used in what follows. A function
u € HYP(§; 1) is a solution to the obstacle problem in Ky (12) if and only
if u is a solution to the obstacle problem in Ky ,(D) whenever D C
is open. Indeed, let v € Ky (D). Then the function u — v has a zero

extension to a function in H,?(2; 1) and hence the function
i { u inQ\D
i= )
v inD

belongs to Ky (). Therefore we have
0< / Az, Vu) - V(i — u) dz = / Az, Vu) - V(o — u) dz
Q D

which shows that u is a solution to the obstacle problem in Ky (D).

3.21. Theorem. If Ky 3(Q) is nonempty, there is a unique solution u to
the obstacle problem in Ky 9(2).

The existence is established in Appendix I; see also Chapter 5 for the case
of variational integrals. The uniqueness follows from the next comparison
lemma which tells us that the solution to the obstacle problem in Ky s is
the smallest supersolution of (3.8) in Ky 3.

3.22. Lemma. Suppose that u is a solution to the obstacle problem
in Ky 5(R). If v € HYP(Q;u) is a supersolution of (3.8) in Q such that
min(u,v) € Ky 9(2), then v > u a.e. in Q.

ProoF: The function u — min(u, v) belongs to Hy**(2; 1) and is nonnega-
tive. Since u is a solution to the obstacle problem and v is a supersolution,
we have by Lemma 3.11 that

0< /ﬂ (A(z, Vv) — A(z, Vu)) - V(u — min(u,v)) dz

= / (A(z, V min(u,v)) — A(z, Vu)) - (Vu — Vmin(u,v)) dz < 0.
Q
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Using the monotoneity assumption (3.6) and Lemma 1.17 we infer that
u = min(u, v) as required. o

3.23. Theorem. Ifu and v are two supersolutions of (3.8) in §, then so
is min(u, v).

PRroOF: Fix an open set G € 2 and write s = min(u,v). It suffices to
show that s is a supersolution in G. If s is the solution to the obstacle
problem in X,(G), then sy > s a.e. in G. Moreover, since min(u, sy) and
min(v, so) belong to K,(G), Lemma 3.22 implies that u > 3o and v > s
a.e. in G. Thus s = 3¢ is a supersolution in G. (m]

3.24. Theorem. Ifu is a solution to the obstacle problem in Ky 5(£2),
where 9 and ¥ are essentially bounded above by a constant M, then u is
essentially bounded above by M in Q. In particular, if u is a solution to
(3.8) in Q with boundary values ¥, then

essinf¥ < u < esssup?
Q y)

a.e. in §).

PROOF: Since the function min(u, M) is a supersolution and belongs to
Ky,9(52), the first assertion follows from Lemma 3.22.

To prove the second assertion we only need to note that u is then a
solution to the obstacle problem in K_ 4(2) and —u in K_o,_(R2); the
claim then follows from the first assertion. O

3.25. Lemma. Suppose that u is a solution to the obstacle problem in
Ky,.(R) and that D C § is open. If there is a subsolution v of (3.8) in D
with 9 < v < u a.e. in D, then u is a solution of (3.8) in D.

PROOF: Let G € D be open and let h be the solution of equation (3.8)
in G with h —u € Hy?(G; ). We show that u = h in G, which implies
the desired assertion. To this end, note that the comparison lemma 3.18
implies that h < » in G. On the other hand,

min(h — v,0) = min(u — v,u — k) + (b — u) € Hy?(G; p),

and appealing again to the comparison lemma 3.18, we deduce that h > v
in G. Hence h belongs to Ky ,(G). Because u is a solution to the obstacle
problem also in Ky ,(G), it is the smallest supersolution in Ky ,(G) (Lem-
ma 3.22) and so u < h in G. We conclude that v = h in G, and the lemma
follows. m]
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Lemma 3.25 implies in particular that if u is a solution to the obstacle
problem in Ky ,(2) and if there is a constant ¢ such that ¢y < ¢ < uin an
open set D, then u is a solution of (3.8) in D.

3.26. Basic estimates
Next we establish several basic estimates for supersolutions and solutions
to obstacle problems. In particular, we show that a solution to (3.8) always
becomes continuous after a redefinition in a set of measure zero; the same
is true for a solution to the obstacle problem with continuous obstacle.
We begin with Caccioppoli type estimates. Roughly speaking these esti-
mates provide upper bounds locally for the LP-norm of Vu in terms of the
LP-norm of the solution u.

3.27. Lemma. Suppose that n € C§°(Q) is nonnegative and q > 0.
(i) Ifu is a solution to the obstacle problem in K ., (?) with nonpositive
obstacle v, then

628) [ WP ds < o [ tPTaP da.
Q Q
(i) If u is a supersolution of (3.8) in 2, then
029) [ Woeprds < o [ o PrTalda.
Q ' Q

Here c = pP(B/a)P.

ProoF: We prove only (i); the proof of (ii) is analogous and left to the
reader. Without loss of generality we may assume that 0 < < 1. Let
@ = —utnP. Then g is in Hg 'P(£2; 1) and has compact support in €. Since
u + @ € Ky 4(02), we have

0< / A(z,Vu) - Vedz
Q

= [ w99 (-utn  puter iV de
1]

IA

—a [ 1P du+ o8 [ Vol [V d,
Q Q
and therefore
[t ds <8 [ 1wttt a
Q Q

<p2([ Wwreronp awiie( [ 1vutpop dueDie.



64 3. Supersolutions and the obstacle problem

From this and the fact that [, |[Vut|Pn? du < oo we obtain

/0 VutPr?dy < c /n e PVl dis,

where ¢ = p?(8/a)P. This is (3.28) for ¢ = 0.
Next we observe that the function u — t, where ¢ is a real constant, is a
solution to the obstacle problem in Ky_¢ 4—; hence for t > 0

630 [ V=P dssc [ -0t PIvPda.
Q Q

To complete the proof, we make use of a standard representation theo-
rem: if f is a nonnegative v-measurable function in a measure space X, v
is @ measure in X, then for 0 < ¢ < oo

(3.31) /X fldv = g / #-1y({z : f(z) > t}) dt.
0

If ¢ = 1, equation (3.31) is immediate for simple functions and then it
follows from the monotone convergence theorem for measurable functions.
Thereafter we obtain (3.31) for all 0 < ¢ < oo by changing the variables.
Another proof can be based on the Fubini theorem (Bauer 1990, p. 160).

Now the desired estimate follows by applying (3.31). Indeed, we have by
(3.31) and (3.30) that

/ |9Vt [PrP dp = g / a1 / Vut [P dp dt
Q 0 {u>t}
=q/ t"'—l/ |V (u—t)"|PnP dp dt
0 {u>t}
o o]
<o [Cot [ jw— )t PIOP dude
0 u>t}
o0
< cq/ 71 / [u* [PV I[P dpe dt
0 {u>t}
=c [ o du
Q

as desired. m}

For solutions Lemma 3.27 yields the following estimate.
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3.32. Lemma. Ifu is a solution of equation (3.8) in 2, then
(3.33) [ wirvuprean < o [ oo s
2 Q

whenever 1 € C§°(f2) is nonnegative and q > 0. Here c = pP(8/a)P.

Next we employ the celebrated Moser iteration technique in establishing
two fundamental estimates for supersolutions.

3.34. Theorem. Suppose that B = B(zg,r) is a ball, 0 < A < 1, and
0 < q< oo.

(i) Ifuis a solution to the obstacle problem in Ky, ,,(B) with nonpositive
obstacle ), then

(3.35) esssup u* < (1 — )\)‘f(][ |9 )/
AB B
(ii) If u is a supersolution of (3.8) in B, then
(3.36) esssup [u”| <c(l- x\)_f(][ [u™|? du)'/9.
AB B

Here ¢ = max(px/q(x — 1), %/(x — 1)), x is the number in the Sobolev
inequality ITI, and ¢ = c(p,q, 8/, c,) is a positive constant.

PRroOF: We prove case (i) only, the proof for (ii) being similar. Let
=A+(1-N27¢, ¢=0,1,2,...;

thus ro = 1 and ry4, is the mean value of r, and A. Let n, € C§°(r,B)
be a nonnegative function such that 7, = 1 in 7,41 B and that |Vp| <
4(1 — N)~"124~1, Fix t > 0 and let

wy = |u+ll+t/p,’” .

By using the Caccioppoli estimate (3.28), we obtain
([ 19 auy

A 1wttt dw e + (e d

I/\

IA

e+t ([ It s
Te

IA

(1= 22 (p 4 1) / [P dya) Ve,
TI,B
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where ¢ = ¢(p, 8/a). The weighted Sobolev inequality IIT implies
(][ |we|*P du)t/*P < crtr(][ |Vwy|P du)*/?
"[B 1‘[8
Seo@-NTr2 @) WP,
B

where ¢y depends only on p, 8/a, and ¢,, and x > 1 is from IIL. Now by
setting k = p + ¢ and using the doubling property of u we obtain

( lu+|n~ du)l/"" < ci/" (1- A)-r/n opt/x .p/x (][ |u+|'° d“)ll'c’
re41B r B

where ¢; depends only on p, 3/a, and c¢,. Because this estimate holds for

all K > p, it can be applied with k = k; = px! for all £ = 0,1,2,.... By

iterating we arrive at the desired estimate for ¢ = p:

esssuput < hm(][ |ut| e dp)/xex
AB t—oo JryB

(337) < e(t-N" T2 T2 [Jorty (ﬁ u* P du)t/?

£=0 =0

<e@-Ne 0 (f prpans.

It is important to observe that (3.37) does not hold only in the ball
B = B(xp,r) but also in each ball inside Bj; this is because the constants ¢
and x are independent of ¢ and r. In the following we use the estimate for
the balls B’ C B that are concentric with B. An extrapolation argument
then shows that the exponent p in (3.37) can be replaced by any positive
number q. This is formulated as an individual lemma, which concludes the
proof of Theorem 3.34 because, by Hélder’s inequality, there is no loss of
generality in assuming that ¢ < p.

In the next lemma we interpret

(][ v* dp)/* = esssupwv
E E

for s = oo.

3.38. Lemma. Suppose that 0 < ¢ < p < 8 < o0, £ € R, and that
B = B(zy, ) is a ball. If a nonnegative function v € LP(B; u) satisfies

(3.39) (v’ <c -l v duy
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for each ball B' = B(zq,r') with ' < r and for all 0 < A < 1, then

(f v e -0 vaupe
AB B
for all 0 < A < 1. Here c = ¢(p,q,8,€,¢1,¢4) > 0 and 8 € (0,1) is such that

1 6 1-6
=4 .
P 49 s
PROOF: Since
of v
AB

increases to esssup,gv as s grows to oo, there is no loss of generality in
assuming that s < oo. Then let

3(g) = sup (I—A)é(f o d)1/?
i<ac AB

where § = £(0 — 1)/6. Writing A’ = 2(1+ X) for each ) € (0,1) we have by
(3.39) that

(640) (-0 waw < ca-nief wdu < catg),

where ¢ = ¢(c1, &, 0) >tf Fix 6 > 0 and choose X’ ;?%, 1) such that
29 < 0-X)(f a4,

Next we apply Young’s inequality: "

ab<ea” +e V-V /"-1) " eS 0andr >1.

Since
1=62 +(1-9)2,
q ]

we have

B(g) < (1-N)? (][ vPdp)/P 4+ 6
ANB

=(1- ,\')fi(][ P10 g t/e 4 6

AB
<Q-N sl ool s

A'B NB
< ¢(8,¢) (][ v? d“)l/q +e(1- X)é/(l—9) (][ ° dy,)l/' +6

B B
= c(b,g,¢, c#)(f vl dp) 1+ (1~ »\')ﬁ/(l-*’)(f ot du)/* +
B B

< clb,q,e, cp)(f W dp) e+ ccoB(g) + 6,
B
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where the last two inequalities follow from the doubling property of y and
(3.40). Choosing & = (2¢co)~! and letting 6 tend to zero we obtain

B(g) < c<]{3 v d)/e.

Hence it follows from (3.40) that

(1- A)ﬁ/“-”(f v dp)l* < (f o dja) /e,
AB B

where ¢ = ¢(c1,§,0,9,¢,) > 0. This is the desired estimate and Lemma
3.38 follows. a

Theorem 3.34 leads to the following theorem.

3.41. Theorem.

(i) Each supersolution of (3.8) in Q is locally bounded below.
(ii) FEach solution of (3.8) in ) is locally bounded.
(iii) A solution to the obstacle problem in Q is locally bounded above
provided the obstacle is locally bounded above.

From Theorem 3.34 it follows that if v is a nonnegative subsolution in a
ball B, then

(3.42) esssup v < c(4 v9du)/9
iB B

for all g > 0, where the constant ¢ depends on p, q, 8/, and ¢,. Next we
proceed to show that a nonnegative supersolution u in a ball B satisfies an
important weak Harnack inequality:

(J[ u® dp)'/* < c essinf u,
B 3B

where ¢ and s are positive constants that depend only on the data. For
solutions this together with (3.42) yields the Harnack inequality, which is
discussed later in Chapter 6.

We require some lemmas. The first is a special case of a more general
convexity theorem 7.5.
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3.43. Lemma. If u is a supersolution of (3.8) in  and u > & > 0, then
v = —1/u is also a supersolution in .

PROOF: If ¢ < 0, then u~7 belongs to H;?(; 1) and Vu~9 = —qu~9"1Vu
(Theorem 1.18). Let ¢ € C$°(£2) be nonnegative and write 3 = u2(1-P)p,
Then ¥ € Hg "P(Q; u) with compact support and since % > 0, the homo-

geneity assumption (3.7) yields
0< / A(z,Vu) - Vipdz
Q

=2(1-p) /Q ul~?PpA(z, Vu) - Vudz + /Q w?(~P) A(z,Vu) - Vpdz

IA

/ A(z,u2Vu) - Vopdz = / A(z,Vv) - Vedz
Q Q
as desired. o

3.44. Lemma. Suppose that u is a nonnegative supersolution of (3.8) in
a ball B. Then

(3.45) essinfu > c(1—A)¢ (J[ u™9 dp)~1/e
AB B

whenever 0 < A < 1 and 0 < ¢ < oo, where £ > 0 is as in Theorem 3.34
and ¢ = ¢(p,q, B/, c,) is a positive constant.

PROOF: Let u, = u+ ¢ for e > 0. Then —1/u. is a supersolution by
Lemma 3.43. Hence (3.45) for u. follows from Theorem 3.34 and letting
€ — 0 completes the proof. O

In order to replace the negative exponent —g in (3.45) with a positive
number we need a weighted version of the John-Nirenberg lemma; its proof
is offered in Appendix II.

3.46. John—Nirenberg lemma. Suppose that v is alocally p-integrable
function in Q with
sup ][ |v—vp|dp < co,

B

BES
B ball

vp =][ vdu.
B

Then there are positive constants c¢; and c; depending on co, n, and c,
such that

where

sup ][ e lv=veldy < ¢y
BeQ JB
B ball

Next we show that if u is a positive supersolution, then v = log u satisfies
the hypothesis of the John—Nirenberg lemma.
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3.47. Lemma. Let v > ¢ > 0 be a supersolution of (3.8) in . Then
logu € H2P(; 1) and Vlogu = Vu/u. Moreover, if E C § is measurable,
then

(3.48) /E |Viegul? du < c cap, ,(E,9),

where ¢ = (pB/(p — 1))?.

ProoF: The first assertion is clear (see Theorem 1.18) and it suffices to
establish estimate (3.48) for a compact set E C . Let ¢ € C§°(Q) be
nonnegative with ¢ = 1 in E. Then the function 7 = ¢Pu!~? belongs to
Hg "P(Q; ). Since 7 is nonnegative and has compact support, we have

0 5/ A(z,Vu) - Vndz
Q
= / Az, Vu) - (ppP 1ul"PVyp — (p— 1)u"Pp?Vu)dz
Q
and hence

/ [VulPu™PpP dp < c/ |Vu|P~u!=P|Vp|pP! du
spt ¢

spt

< vupurer due o [ (9o duy,

spt

where ¢ = pB/(p — 1)c. Since ¢ was an arbitrary function, admissible for
the condenser (E,(2), the desired estimate follows. O

By combining estimate (3.48) with the capacity estimate (2.15),
cap, ,(B,2B) ~ u(B)(diam(B))~?,
we obtain:
3.49. Corollary. Let u > e > 0 be a supersolution of (3.8) in Q. Then
(3.50) / VlogulP du < cpu(B)r=?
B

whenever B = B(z,r) is a ball with 2B C Q; here ¢ = ¢(p, B/, c,).

Now we can invoke the John—Nirenberg lemma to obtain a weak Harnack
inequality for supersolutions.
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3.51. Theorem. Suppose that u is a nonnegative supersolution of (3.8)

in Q. Then there is a constant sy = so(n,p, 8/a,c,) > 0 such that for all
0<8< s

(3.52) essinfu > c(1 - \)¢ (][ u® dp)l/*
AB B

whenever B is a ball with 2B C Q and 0 < A < 1. Here c = ¢(n,p, B/e,c,)
and & = max(px/s(x — 1), x/(x — 1)).

PROOF: Let £ > 0 and write v = log(u + ¢). Then the Poincaré inequality
and Corollary 3.49 yield

][ v —vp|Pdp < cr’][ |VolPdp < e,
B B

where 7 is the radius of B. It follows from the John-Nirenberg lemma 3.46
that there are constants ¢; and ¢, such that

(f €o1v d“)(f e—c1? d[l,) = (f ecl("—va)dp,)(f ecl(oa—v) d”)
B B B B
< (][ el eldu)? < .
B

Hence by letting ¢ — 0 we have that

(][ u dp)t/e < C(][ umer dp)He,
B B

Then for all 0 < s < ¢; it holds that
(][ u® dp)'/* < c(][ u?dp)"Y* <c(1 - A)"€essinf u,
JB B AB

where the last inequality follows from (3.45) with the desired £. o

Now we can improve Lemma 3.47:

3.53. Theorem. Let u be a positive supersolution of (3.8) in Q. Then
logu € H, ,lgf (9; 1) and Vlogu = Vu/u. Moreover, if E C ) is measurable,
then

(3.54) /E |Vlegul|P du < ccap, ,(E,Q),
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where ¢ = (p8/(p — 1)a)?. In particular,
(3.55) / ViogulPdu < cu(B)r—?
B

whenever B = B(z,r) is a ball with 2B C Q; here ¢ = ¢(p, B/a, ).

PROOF: As in Lemma 3.47 we may assume that E is compact. Let ¢ > 0
and choose an open set D € 2 such that E C D and

ca.pp,”(E, D)< ca.pp,”(E, Q) +e.

By Theorem 3.51 u > § > 0 in D for somé § > 0 and so Lemima 3.47
implies that logu € HV?P(D;u), Vlogu = Vu/u, and

/E |Vlegulf du < ¢ cap, ,(E,D) < ccap, ,(E,Q) +ce.

The theorem follows. (]

3.56. A sharp form of the weak Harnack inequality

It is often desirable to know how large the exponent s in the weak Harnack
inequality (3.52) can be. Next we show that any positive s which is less
than x(p — 1) will do. Our proof uses a weak reverse Holder inequality for
supersolutions. We start with the following crucial estimate that extends
Lemma 3.47.

3.57. Lemma. Suppose that u is a positive supersolution in Q. If
n € C§°(N) and € > 0, then

[ vt au < e [ wieiaiea,
Y] Q

where c = (pf/ea)?.

PRrROOF: We may assume that 7 is nonnegative. For a positive integer j
write u; = u+1/j. Then v = u; “yP is 4 nonnegative function in Hy (4 )
with compact support. Hence

0_<_/ A(z,Vu) - Vudz
o

=—¢ / A(z,Vu)n’u;'l" -Vujdz+p / Alz, Vu)n””luj's -Vndz
Q Q
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and using the structural assumptions together with the Hélder inequality
we obtain

aE/ [VulPu; '~ *nP dp Spﬂ/ |VulP~tu; e n?P 1| Vn| du
Q Q

<o ([ 19upu e aeVIn( [zl duyil.
Consequently,
/{; |Vu]”uj_1“n" dp<ec /Q u;’—l'E]VnP’ dp,
and the lemma follows. ]

This estimate implies a weak reverse Holder inequality for supersolutions.

3.58. Theorem. Suppose that u is a positive supersolution in 2B, where
B is a ball. If
0<g<s<x(p-—-1),

then

(J[ u dp)t/* < c(f uldp)/9,
B 2B
where ¢ = ¢(n,p, /e, g,3,¢,) > 0.

ProOF: We may assume that u > € > 0 in 2B. Let B = B(zo,r) and
let & > 1 be the smallest integer such that »x~*s < q. For j = 1,...,k
write B; = (1+j/k)B and let n; € C§°(B;) be a cut-off function such that
0<mn; <1,n; =1on Bj_y, and |Vn;| < 4k/r, where By = B. Write
£ =p—1—x”js>0

and

v =y ul=(Fe/p
Now it follows from the Sobolev inequality (III) and Lemma 3.57 that

(. ol <er(f vup e
Bj B;

Scr(][ u? 175 [V [P dp)/?

7
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Because By, = 2B and x~*s < g, we have after k steps that

(f u® du)l/: < c('{ U:P d[.t)l/"
B B,
< c(f uu'ka d;l,)“k/"
By

< c(f i dp)'ls,
2B

where ¢ = ¢(n,p, 8/, q,8,c,) > 0. m]

Combining the weak Harnack inequality (Theorem 3.51) with the weak
reverse Holder inequality (Theorem 3.58), we obtain the following sharp
form of Theorem 3.51.

3.59. Theorem. Suppose that u is a nonnegative supersolution of (3.8)
in Q. If0<s< x(p—1), then

(3.60) (][ u® du)/* < c essinfu
B B

whenever B is a ball with 4B C Q. Here ¢ = ¢(n,p, 3/a,c,,s) > 0.

In general, the bound s < x(p — 1) in Theorem 3.59 is the best possible;
see Section 7.42 (in particular Example 7.47) where we discuss the local
integrability of A-superharmonic functions. In the unweighted case » =
n/(n—p) if p < n and we may choose any x < oo if p > n; thus (3.60)
holds for all positive s with s(n — p) < n(p —1). In particular, it is true for
s=1ifp>2n/(n+1).

As an interesting consequence of Theorem 3.59 we mention that if u is
a positive supersolution of (3.8) in R™, if w = 1, and if p > 2n/(n + 1),
then u is an A;-weight; in particular, u is g-admissible for all ¢ > 1. See
Chapter 15.

3.61. Lower semicontinuous functions
Before we examine the pointwise behavior of supersolutions it is appropriate
to recall some basic facts about lower semicontinuous functions.

A function u: A — R U {oo}, defined on a set A C R", is lower semi-
continuous if the set {x € A: u(z) > A} is open in A for every A € R.
Equivalently, u is lower semicontinuous in A if

lim inf u(y) 2 u(z).
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for every z € A, where

lim inf u(y) = lim inf{u(y): y € B(z,r) N (4\ {z})}.

A function u: A — R U {—o0} is upper semicontinuous if —u is lower
semicontinuous.

Clearly, a real-valued function u is continuous in A if and only if u is
both lower and upper semicontinuous in A.

It is important to observe that a lower semicontinuous function u attains
its infimum on any compact set and hence it is bounded below on compact
sets.

If u;, ¢ € I, are lower semicontinuous functions in A, then u = sup;¢;u;
is lower semicontinuous because

{u> 2} = U{u: > A}.
i€l
In particular, if u; <uy < ... are lower semicontinuous, so is u = lim u;.

We shall constantly invoke the following approximation of lower semi-
continuous functions by continuous functions: if u is lower semicontinuous
in €, then there is an increasing sequence f; of continuous functions in
with

u= hm fj
J—00
in Q. To establish this, let
F={feC®): f<uinQ}.

Choose an exhaustion of 2 by compact sets K3 C Ko C--- C Q, UK; = Q.
Since u is bounded below on Kjj, it is easy to see that 7 # @ and, moreover,
that

u=supF.

Let
{Bk: k=1,2,...}

be an enumeration of all balls B € §? with rational center and radius. For
eachi=1,2,... and k =1,2,... choose a function f;; € F such that

infg, u—1/i if infp, u < o0
fik=1 . e
1 if infp, u =00

in %Bk. Since u is lower semicontinuous, it is easy to see that

u =sup fi

i,k
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in 2. Hence

fi= 8 fik
is the desired sequence.

By using a smoothing procedure (see Section 1.10), the approximating
functions f; above can be chosen to be C'*°-smooth; moreover, replacing
fi by f; —1/j, we have that f; < fj41 <uforall j=1,2,....

Next, for a function u defined in 2 we let

essliminfu(y) = limess inf .
y— r—0  B(z,r)
Then for a lower semicontinuous function

u(z) < liminf u(y) < ess].iininf u(y),

and it is easily checked that if a function u: @ — R U {oo} satisfies
u(z) = ess ].i;ni?f u(y)

for all z in 2, then u is lower semicontinuous in 9.

3.62. Pointwise behavior of solutions
In this section we show that each supersolution has a lower semicontin-
uous representative. Moreover, a solution to the obstacle problem with
continuous obstacle has a continuous representative.

We begin with the following theorem:

3.63. Theorem. Suppose that u is a supersolution of (3.8) in ). Then
u is locally essentially bounded below and there is a lower semicontinuous
representative of u such that

(3.64) u(z) = ess li;ILigf u(y)

for each = € Q.

PROOF: Since u is locally bounded below (Theorem 3.41), by working lo-
cally we may assume that u is nonnegative. It suffices to find a representa-
tive of u which satisfies (3.64), for such a function is lower semicontinuous.
To this end, suppose first that M = supqu < oo and fix z € . Write
B, = B(z,r) and m, = essinfp, u for r so small that 2 B, C 2. The weak
Harnack inequality (3.52) yields for some 0 < s <1

my —my > c(][ (u — m,)* du)/*
B,

> (0 = m)e e (f (o) dyt
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or
0 S][B uvdp — m, < c(M—m,.)l"(m§ -m,)*
< CMI_‘ (my —m,)*,

and since the right hand side tends to zero as r — 0, we have

(3.65) esshmmf u(y) = lim udp

r=0JB(z,r)
for each z € Q. By the Lebesgue differentiation theorem (see (1.3)) the
right hand side of (3.65) equals u(z) a.e., and the proof is complete if u is
bounded above.

The general case follows from the first case, since the functions u; =
min(u, k) are supersolutions of (3.8) and since a locally p-integrable lower
semicontinuous function can be redefined in a set of measure zero so that
(3.64) liolds. Indeed, because u = limg_, o, min(u, k), we may assume that
u is lower semicontinuous, and then by letting i(z) = essliminf,_,; u(y),
we have for a.e. z that

u(z) < liminfu(y) < d(z)
< liminf ][ u(y) du(y) = u(z),
r=0 B(z,r)

where the last equality follows from the Lebesgue differentiation theorem.
Thus & = u a.e. and @(z) = essliminf, ,,i(y). Theorem 3.63 is then
proved. O

3.66. Theorem. Letp > 1+ 1/x, where x > 1 is from the Sobolev in-
equality III. Then each supersolution u of (3.8) has a lower semicontinuous
representative satisfying

u(z) = ess hm inf u(y) = u(y) du(y)

"_'0 B(zx,r

for all z € 2.

PRrOOF: We proceed as in the proof of Theorem 3.63. Fix = € 2 and write
m, = essinfp(; ) u for r so small that B(z,4r) C Q. By Theorem 3.63 we
may assume that m, < M < co. Because x(p — 1) > 1, the weak Harnack
inequality (Theorem 3.59) holds with exponent s = 1; thus

][ (u—my,)dp < c(my —myy) .
B(z,r)
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Since the right hand side tends to zero as » — 0, we have

essliminf u(y) = lim udp
y—z r—0 B(z,r)

for each = € Q. The assertion follows from Lebesgue’s differentiation the-
orem. (m]

In the unweighted case the hypothesis of Theorem 3.66 is satisfied: for p >
2n/(n + 1), because then the Sobolev inequality III holds with

x=¢ 7P
2 ifp>n.

We do not know whether Theorem 3.66 remains true if p < 1+ 1/x.
However, it follows from (3.65) that if u is a locally upper bounded super-
solution, then u has a lower semicontinuous representative that possesses
Lebesgue points everywhere.

Now we prove that a solution to the obstacle problem is continuous if the
obstacle itself is continuous. This property of solutions has an important
bearing on the subsequent development of the theory. In obstacle problems
the set

{z € Q: u(z) = ¥(2)}

is called the coincidence set. The next theorem also demonstrates the fact
that a solution to the obstacle problem is actually a solution to equation
(3.8) in each open set that does not meet the coincidence set.

3.67. Theorem. LetQ be bounded and let ¢: @ — [—00, 00) be contin-
uous. If 9 € HYP(Q; u) is such that ¥ > ¢ a.e. in Q, then there is a unique
continuous solution u to the obstacle problem in K 5(2).

Moreover, u is a solution of (3.8) in the open set {z € Q : u(z) > ¥(z)}.

ProoF: The existence and the uniqueness of the solution u in Ky g have
already been established (Theorem 3.21). Let u be the lower semicontinu-
ous solution given by Theorem 3.63 so that
(3.68) u(z) = esslimilz:f u(y)

”—0
for all z € 2. We show that

(3.69) esslim sup u(y) < u(x)
y—e
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whenever = € . Since u is locally bounded (Theorem 3.41), it then follows
that u is real valued and continuous in 2.

To achieve (3.69), fix €  and € > 0. Since 1 is continuous,

u(z) = essli::luigf u(y) > ess lig}_‘ 1;11’ P(y) = ¢(z)
for all z € 2, and we may choose a ball B = B(z,r) € Q such that
supy < u(z)+e =70

and that
i%fu >ulz)—e =7,

because u is lower semicontinuous. Then estimate (3.35) yields
esssup(u — ) < c][ (v — )t du,
1B B

where ¢ does not depend on r, the radius of B. On the other hand,

][ (u—70)tdp = ][ ( — min(u,y0)) du

B B
s][ (u—m)dp =][ udp — u(z) + e
B B

Since u is locally bounded,

lim udp = u(zx)
r=0/p(z,r)

(see the remark after Theorem 3.66), and the inequalities above imply
esslimsupu(y), < Yo + ce = u(zx) + ce.
¥z
Finally, we arrive at (3.69) by letting € — 0. Thus u is continuous in .

To prove the second assertion, pick a point xq with u(zo) > 9(zo). Then
there are a constant A and an open neighborhood D of z such that

u2A2y

in D. Since the constant function v = A is a subsolution, u is a solution to
equation (3.8) in the open set {z € Q: u(z) > ¥(z)} by Lemma 3.25, and
the proof of Theorem 3.67 is complete. m]
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Because each solution u of equation (3.8) is a solution to an obstacle
problem with continuous obstacle —oco, we know from Theorem 3.67 that
u can be redefined in a set of measure zero so that it becomes continuous.
In fact, solutions of (3.8) are locally Holder continuous, as will be shown
in Chapter 6.

3.70. Theorem. Ifu is a solution of equation (3.8) in §, then there is a
continuous function v in Q such that u = v a.e.

The next theorem characterizes the solution to the obstacle problem in
Ky,5, with continuous obstacle, among all supersolutions in Ky, 3.

3.71. Theorem. Let Q be bounded. Suppose that i: @ — R is contin-
uous, that 9 € HP(Q; p), and that u € Ky, ¢ is a continuous supersolution
in Q. Then u is a solution to the obstacle problem in Ky 9 if and only if u
is a solution of (3.8) in the open set {u > v¥}.

PRrOOF: The necessity was proved in Theorem 3.67. For the converse,
let v be the continuous solution to the obstacle problem in Ky . Since
min(u,v) € Ky,9, we have u > v in Q (Lemma 3.22). On the other hand,
it is not difficult to see that w — v € HyP({u > ®}; ) (the easiest way
to establish this would be the use of Theorem 4.5; however, it also follows
rather straightforwardly from the definition of H& 7). Now the comparison
lemma 3.18 ensures that u < v, and hence v = v is the solution to the
obstacle problem. m]

3.72. Convergence properties of solutions
We close this chapter by establishing some convergence results which will
be used in coming chapters.

3.73. Lemma. Suppose that the vector-valued functions u and u;, © =
1,2,..., belong to LP(Q; u). If '

lim A (A(z,u(z)) — A(z,ui(z))) - (u(z) — ui(z)) dz =0,

i— 00

then u; converges to u weakly in LP(Q; 1) and A(-,u;)w™'/? converges to
A(-,u)w™/? weakly in LP/(P=1)(Q; dz).

ProoOF: Write
L= / (Alz, u(z)) - Az, ui(2))) - (u(z) - ui()) do
Q

fori=1,2,..., and pick a subsequence v; of u; such that

N

(3.74) (A(z,vi(z)) — Alz, u(z))) - (v,(a:) —u(z)) =0
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for a.e. z in ©; note that the integrand is nonnegative by (3.6). Let z € Q
be such that both (3.74) and assumptions (3.3)—(3.6) are valid, that 0 <
w(z) < 0o, and that |u(z)| < co. Let u;; be any subsequence of v; such
that u;; () converges to a point.{ in the extended space R™ U {oo}. Then
|€] < oo since |£| = oo would violate (3.74) in view of the inequality

(A=, us;(2) — Az, u(=))) - (us;(x) — u(z))
> w(z) (alu, (@) — B (ju(@)] us; (@)IP~" + |u(@) P~ |us; (2)]))
> w(@) e (|ug; (@) — ¢ (|us; (@)~ + |ug; (2)])) ,
where ¢ = max(|u(z)], [u(z)|P~!)B/c. From this we also see that
alug 1P < I, + e(Jlug, [P + [lug 1),
where
1711 = ([ 1117wyt
and ¢ = S max(||u||, ||u|[P~!). The above inequality shows that
||u,-j|| <M< o0,

where M is independent of the index ;.
Next, since the mapping h — A(z, £) is continuous, we have

(.A(.’l:,f) - .A(a:,u(z))) ’ (6 - u(:z:)) =0,
and hence u(z) = £ by (3.6). It follows that
,ll.n.}o ug, (z) = u(z)
and

jli{xgo Az, ui, (z)) w1 (z) = A(z, u(z))w™ /P (z)

for a.e. z in Q. Since the LP(f; p)-norms of u;; are uniformly bounded, we
have that the L?/(P~1)(Q; dz)-norms of A(z,u;;)w™'/? are also uniformly
bounded, and it follows from the properties of weak convergence that u;; —
u weakly in LP(Q; u) and

Az, ui, )w /P - Az, u)w™ /P

weakly in LP/(P-1)(Q; dz).

We observe that the weak limits are independent of the choice of the
subsequences v; and u;;, and that the sequence u; is bounded in LP(%; p).
Therefore u; — u weakly in LP(Q2; u) and

Az, u)w P = Az, uyw™ /7

weakly in LP/(P~1)(§); d), as required. o
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3.75. Theorem. Suppose that u; is an increasing and locally bounded
sequence of supersolutions in ). Then u = lim u; is a supersolution of (3.8)
in Q.

PROOF: We may assume that each u; is lower semicontinuous and satisfies
the “ess lim inf” property (3.64). Fix open sets D € G € 2. Since u is
locally bounded, we may clearly assume that © < 0 in G, and it follows from
the Caccioppoli estimate (3.29) that the sequence Vu; is uniformly bounded
in LP(G;u). Thus Theorem 1.32 yields that v € HYP(G;p) and that
Vu; — Vu weakly in LP(G;p). Choose n € C§°(G) such that 0 <9 <1
and n = 1 in D. Write ¢ = n(u — u;) and

L= / (A(z, Vu) - A(z, Vu,)) - (Vu - Vu;) de.
D

Using 1 as a test function for the supersolution u; and applying the Holder
inequality, we obtain

—/ nA(z, Vu;) - (Vu — Vu;) dz < / (v — u;)A(z, Vu;) - Vndz

G G

B[ tu=wplVaP dup ([ [Vul )=/
G G

([ tu=wpdw? o,
G

IA

IA

where the last conclusion follows from the dominated convergence theorem.

Moreover, since
nA(z, Veyw™" € LP*D(G; p),

the weak convergence implies
/ nA(z,Vu) - (Vu — Vu;)dz — 0.
G

Then, since
n(A(z, Vu) — Az, Vu;)) - (Vi — Vu;) >0
a.e. in G, we conclude

(3.76) lim I; =0.

1—00

Now Lemma 3.73 implies that A(-, Vu;)w™'/? converges to A(:, Vu)w~1/P
weakly in L?/(P~1)(D; dz).
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It is now an easy task to show that u is a supersolution of (3.8). Indeed,
if o € C§°(RN), ¢ > 0, is such that spt C D, then Vo € LP(D;u) and
Vow'/? € LP(D;dz). Hence

0 < / A(z,Vu;) - Vodz = / Az, Vu;)w™ P . Vow'/? dz
Q D
—»/ Az, Vu)w VP . Vow'/Pdr = / A(z,Vu) - Vydz.
D o

This concludes the proof of Theorem 3.75. 0

There is a similar result for decreasing sequences.

3.77. Theorem. Suppose that u; is a decreasing and locally bounded
sequence of supersolutions in 2. Then u = lim;_, ., u; is a supersolution.

PROOF: As in the proof of Theorem 3.75 it follows from the Caccioppoli
estimate (3.29) that u € H,,?(Q; p). Pick an open set G € Q and let v be
the solution to the obstacle problem in K,(G). Then v > u and Lemma
3.22 implies v < u; for each i. Thus v = v a.e. in G and therefore u is a
supersolution. ]

Minor modifications to the proofs of Theorems 3.75 and 3.77 reveal that
the same conclusions hold if instead of requiring that the sequence u; be
locally bounded, one insists that the limit function u is in H?(€; ).

The reader is asked to mimic the proof of Theorem 3.75 to obtain the
following theorem.

3.78. Theorem. Let u; € C() be a sequence of solutions of (3.8) in N
such that u; — u locally uniformly in Q. Then u is a solution of (3.8) in Q.

Another way to establish Theorem 3.78 is to modify the sequence by
adding constants in such a way that it becomes increasing (see the proof of
Theorem 16.10); hence the limit function u is a supersolution by Theorem
3.75 and a subsolution by Theorem 3.77.

The chapter is closed by two useful convergence theorems for obstacle
problems.

3.79. Theorem. Suppose that 2 is bounded and that 1; € HYP(Q; ) is
a decreasing sequence such that v; — 1 in HVP(Q; ). Let u; € HVP(Q; 1)
be a solution to the obstacle problem in Ky,. Then the sequence u; is
decreasing and the limit function v = limu; is a solution to the obstacle
problem in K.

PRrOOF: It immediately follows from Lemma 3.22 that the sequence u; is
decreasing. Hence, by the dominated convergence theorem, u; — u in
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L?(Q; u). Next, because each u; is the solution to the obstacle problem,
the quasiminimizing property (3.15) implies

sup/ﬂ |Vu;|P dp < sqpc/n [Vhi|P dp < oo

Hence Vu; — Vu weakly in LP(; 1) and u — ¢ € Hy'P(Q; 1) (Theorems
1.31 and 1.32). Because u > 9 a.e. in §, it suffices to verify that

(3.80) / A(z,Vu)-Vpdz >0
Q

whenever ¢ € Hé"’(Q;p) with ¢ > 1 — u a.e. in Q.
First consider v; = ¢; — 1. Then u+v; —%; € Hg "P(Q; ) and since also
u + v; > 1; a.e., we find that

0> / (A(z, Vu;) — A(z, Vu)) - (Vu - Vu;) de

Q
= / Az, Vi) - V(u + v — ;) dz — / Az, Vus) - Vo; dz

Q Q
- / A(z,Vu) - (Vu — Vu,;)dz
Q
> —/ A(z,Vu;) - Vv, dz — / A(z,Vu) - (Vu — Vu,;) dz.
Q Q

Since Vv; — 0 in LP(Q; 1) and since Vu; — Vu weakly in LP(; 1), the
last two integrals tend to zero as j — oo. Hence

/n (A(z, Vu;) — A(z, Vu)) - (Vu — Vu;) dz — 0,

and so
/ Az, Vu;) - (Vu; — Vu)dz — 0.
o
Moreover, it follows from Lemma 3.73 that
A(, Vu)w™ P o A, Vu)w™t/?
weakly in LP/(P=1)(Q; dz).
To complete the proof of (3.80), fix a function ¢ € HgP(f;u) with

¢ > — u a.e. and write

pi=ptutv;—u;.
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Then ¢; € Hy'?(; 1) and ; > 9; — u; a.e. in Q. Hence
/n A(z,Vu;) - V;dz >0

and we conclude that

/ﬂ A(z,Vu;) - Vedz

= /‘; A(z,Vu;) - Vo, dz +/n A(z,Vu;) - (Vo — V;)dz

> /n A(z, Vu;) - (Vu; — Vu)dz — /{; A(z,Vu;) - Vo, dz.
Since the last two integrals tend to zero as i — oo, we obtain

/ A(z,Vu) - Vopdz

Q

= / w P A(z, Vu) - Vow'/? de
Q

= lim | wYPA(z,Vu;)  Vow!/Pdz

1—00 Q

= lim / A(z,Vu;) - Vodz >0
Q

1—00
as desired. The theorem is proved. ]

3.81. Theorem. Suppose that 2 is bounded. Let v; and u; be increasing
sequences of functions in Q such that v¥; — 1 and that u; is the solution to
the obstacle problem in Ky, ... Then the limit function v = limu; is the
solution to the obstacle problem in K , provided that u € H P(S; ).

PROOF: Let v be the solution to the obstacle problem in KCy ,. Since u
is a supersolution (see Theorem 3.75 and the remark after Theorem 3.77),
it follows from the comparison lemma 3.22 that « > v. The comparison
lemma also implies that v > u;, and hence v > u. We conclude that u = v,
and the proof is complete. a

NOTES TO CHAPTER 3. The fundamental work on quasilinear el-
liptic equations is Serrin (1964). Serrin generalizes the iteration method in
Moser (1961) which has become a standard technique in the theory of par-
tial differential equations. Moser’s idea is behind the proof of Lemma 3.34.
The important works prior to Moser are De Giorgi (1957) and Nash (1958).
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In this connection, see also the monographs Morrey (1966), Ladyzhenskaya
and Ural’tseva (1968), Gilbarg and Trudinger (1983). Supersolutions were
systematically studied in Trudinger (1967). The treatise by Kinderlehrer
and Stampacchia (1980) covers the basic theory of variational inequalities.
The existence of solutions to general nonlinear equations was first estab-
lished in Leray and Lions (1965).

The continuity of solutions to nonlinear obstacle problems with minimal
assumptions was first demonstrated in Michael and Ziemer (1986). They
proved that indeed a weaker assumption than continuity on the obstacle ¥
suffices; a converse to their result was provided in Heinonen and Kilpeldinen
(1988c) and Kilpeldinen and Maly (1992b). Earlier works include Granlund
et al. (1983), where the continuity was achieved in the borderline case p = n
by using a generalization of the concept of monotone functions.

The argument that leads to Theorems 3.63 and 3.67 is an adaptation of
Michael and Ziemer (1986) to the weighted situation; see also Heinonen and
Kilpeldinen (1988a). The sharp weak Harnack inequalities in the unweight-
ed case were first proved in Trudinger (1967). The comparison lemmas
and the convergence theorems are taken from Heinonen and Kilpeldinen
(1988a,c). Lemma 3.38 appears e.g. in Di Benedetto and Trudinger (1984)
and Iwaniec and Nolder (1985). An unweighted version of Lemma 3.73 is
from Maz’ya (1976).

Weighted linear elliptic equations have been investigated in many pa-
pers. See Fabes et al. (1982a), Stredulinsky (1984), Chanillo and Whee-
den (1986), Franchi and Serapioni (1987), Chiarenza et al. (1989), Franchi
(1991), and the references therein.



4
Refined Sobolev spaces

The elements in the Sobolev space H'?(; ) are equivalence classes of
functions which agree a.e. in . In the theory of partial differential equa-
tions it is often necessary to have a more accurate description of functions
in HYP(; u). By using a notion of capacity, the almost everywhere equiv-
alence can be refined. Next we discuss this refinement.

Recall the definition for the Sobolev (p, u)-capacity from Chapter 2: if
E is a subset of R™, then

Cpu(E) = inf / (uf? + [Vul?)dy,
R"

where the infimum is taken over all u € HVP(R™;p) such that u = 1
(equivalently u > 1 a.e.) in a neighborhood of E.

Then E — C, ,(F) is a well-defined monotone, subadditive set function
on the subsets of ; it is a Choquet capacity. In Chapter 2 we covered
these and other properties of Sobolev (p, u)-capacity.

The sets of zero (p, p)-capacity appear naturally in connection with the
theory of the Sobolev spaces H'?(Q;pu), as was shown in Section 2.42.
Recall here that Cp ,(E) = 0 if and only if cap, , E = 0. Also recall
that u(E) = |E| = 0 if E is of (p, p)-capacity zero (Lemma 2.10), while
the converse is not true since a closed set of (p, u)-capacity zero cannot
separate R" (Lemma 2.46).

4.1. Quasicontinuous functions

We show that for each u € H'P(Q; u) there is a function v such that v = v
a.e. and that v is quasicontinuous, i.e. v is continuous when restricted
to a set whose complement has arbitrarily small Sobolev (p, p£)-capacity.
Moreover, this quasicontinuous representative is unique up to a set of (p, 1)-
capacity zero. To be more precise, we first state the definition.

DEFINITION. A function u : @ — R is (p, u)-quasicontinuous in Q if for
every € > 0 there is an open set G such that C,, ,(G) < € and the restriction
of u to Q\ G is finite valued and continuous.

A sequence of functions v; : @ — R converges (p, p)-quasiuniformly in
Q to a function 9 if for every € > 0 there is an open set G such that
Cp,u(G) < € and ¥; — 9 uniformly in 2\ G.

The sequence 9; converges locally (p, u)-quasiuniformly if it converges
(p, n)-quasiuniformly in each open D € Q.

87
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4.2. Lemma. A sequence v; converges locally (p, u)-quasiuniformly in
if and only if for every € > O there is an open set G C Q with C, ,(G) < e
such that the sequence converges uniformly on every compact subset of
Q\G.

ProoF: The condition is clearly sufficient. For the converse, fix € > 0 and
exhaust 2 by open sets Dy € D; € -+ € @ with UD; = Q. For each
i =1,2,..., choose an open set G; with C, ,(G:) < 2% ¢ such that ¥;
converges uniformly on D; \ G;. Let G = UG;. Then C, ,(G) < € and if
K is a compact subset of @\ G, K is contained in D; for some i. Because
K C D;\ G C D;\ Gi, the sequence 9; converges uniformly on K. O

For the following theorem recall that a property holds (p, 1)-quasievery-
where, or simply q.e., if it holds except on a set of (p, u)-capacity zero.

4.3. Theorem. Let p; € C(Q) N HYP(Q; 1) be a Cauchy sequence in
HYP(Q; 1). Then there is a subsequence @y, which converges locally (p, p1)-
quasiuniformly in § to a function u € H?(Q; u). In particular, u is (p, p)-
quasicontinuous and ¢, — u pointwise (p, p)-quasieverywhere in Q.

PROOF: Suppose that a locally quasiuniformly convergent subsequence can
be selected. Then it clearly converges (p, 1)-quasieverywhere to a (p, u)-
quasicontinuous function u. Moreover, u € HYP(Q; u) because H'P(Q; )
is a Banach space.

Thus it suffices to show that a locally quasiuniformly convergent subse-
quence can be found.

Since ¢; is a Cauchy sequence in H}P(; ), there is a subsequence,
denoted again by ¢;, such that the series

Z/ ZJP(I‘PJ w1l + [Vo; = Vi lf)du

j=1

converges. Let D € Q be an open set. If ¥ € C§°() is such that 3 =1
on D, then the series

2; [ 27 00tes = el + 9 les = s

=

converges, and thus for every € > 0 there is a j. such that

S [ 27e; - ess)P + IVl — prra ) <.

J=je
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On the other hand, for the open set
E; ={z e D:|pj(x) — gjt1(z)| > 277}
we have

Cpu(Ej) < / 27 (p(p; — 341 + [V ($(5 — p41))IP) .

Put
e o]
E,. = U E;.
J=e
Then we have by the subadditivity of the capacity that

[e <]
Cpu(Ee) < Z Cpu(Ej) <e.

J=Je
Moreover, for j. < j <k
k—1
loj —prl < Y 27! < 217
l=j

in D\ E., and this means that ¢; converges uniformly in D\ E..

Next, fix € > 0 and choose an exhaustion of 2 by open sets D; € Dy €
-+ € Q2 with UR2, Dy = Q. Let ¢? denote the sequence ;. Then for each
k > 1 we can choose a subsequence ¢} of cp;?_l such that go{" converges
uniformly in Dy, \ Ey, where Ej is an open set with Cp ,(Ex) < 2 % &. Let
E = UEy. Then C, ,(E) < ¢, and if F C Q\ F is a compact set, we have
that F C Dy \ Ej for all sufficiently large k. Thus the diagonal sequence
@m converges uniformly on F, hence locally (p, p)-quasiuniformly in Q. O

Theorem 4.3 implies:

4.4. Theorem. Suppose that u € HVP(Q; i). Then there exists a (p, p)-
quasicontinuous function v € H'?(Q; p) such that u = v a.e.

Thus each u € HP(Q;p) has a (p, u)-quasicontinuous representative.
This fact is important in the theory of Sobolev spaces and especially in the
theory of partial differential equations, where it is often desirable to know
the accurate pointwise behavior of solutions. We analyze quasicontinuous
functions a bit more and show later (Theorem 4.12) that the quasicontinu-
ous representative is essentially unique: any two quasicontinuous functions
that coincide almost everywhere coincide quasieverywhere. This result is
surprisingly difficult to establish. First we prove a useful theorem which
characterizes functions in H'?(Q; u) that can be approximated by C§°(2)
functions in H1P(§; p).
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4.5. Theorem. Suppose that u € HY?(Q;pu). Then u € HyP(Qp) if
and only if there is a (p, p)-quasicontinuous function v in R™ such that
v=u a.e in Q and v =0 q.e. in (9.

PRoOF: Fix u € Hy?(2; 1) and let p; € C$°(R2) be a sequence converging
to u in H"?(Q;u). By Theorem 4.3 there is a subsequence of ¢; which
converges (p, p)-quasieverywhere in R™ to a (p, 1)-quasicontinuous function
v such that v = u a.e. in 2 and v = 0 q.e. on 0. Hence v is the desired
function.

To prove the converse, assume first that Q is bounded. Because the
truncations of v converge to v in H'P(Q;u), we may assume that v is
bounded. Let )

E={z€d: v(z)# 0}

and choose open sets G; such that E C G,
CP:I‘(Gj) - 0’

and v|g, is continuous. Pick a sequence p; € H“P(R™;pu) such that
0 < p; <1, p; =1 everywhere in G;, and

[, e+ 190, du 0.
Then by Theorem 1.24
w; = (1 —p;)v € HYP(Qp).

Moreover, lim,_,, w;(z) = 0 for y € Q. Thus w; € Hy'?(Q;p) (Lemma
1.26), and clearly w; — v in LP(Q;p). By the dominated convergence
theorem

([ 19 = Vo > = ([ (960l duy
L Q
<( / [0V ;[P dp)'/P + ( / l;VolP du)t/?P — 0.
@ Q

So w; — v in HV?(; 1), and hence v € H&’P (2 ). The proof is complete
in case 2 is bounded.

Assume that © is unbounded, let A; = B(0,5 +1) \ B(0,j — 1), j =
1,2,..., and choose functions ¢; € C§°(4;), 0 < ¢; < 1 such that

Y iz =1

i=t
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for each z € R™; i.e. p; is a partition of unity subordinate to the covering
A;. Then vp; € Hg’p (Aj N Q; 1) by the previous part of the proof. Fix
¢ > 0 and choose 9; € C§°(A; N Q) with

;= vsllap < 270 He.

Then ¢ = ¥, 9; € C*(R"), ¢ = 0 in (R, and

¥ —vllp <UD % —v ) il <e/2.
J J
Now choose j such that

( p[P )t/ + ( / V[P du)/? < /2.

CB(0,5)

Then n = Z]=1 P € C$ () and
llm = lh,p < ( / [IP du)'/? + ( / |VYIP du)'/? < /2.

Hence
[ln—vlhp<e

which shows that v € Hy*P(€; 1). The theorem is proved. m}

We discuss the uniqueness of a (p, u)-quasicontinuous representative of
a Sobolev function. A global version of Theorem 4.3 is presented first.

4.6. Theorem. Suppose that ¢; € C(R") N HY?(R"; u) is a Cauchy
sequence in HVP(R™;p). Then there is a subsequence of ; converging
(p, p)-quasiuniformly in R™ to a function u € HVP(R™; ).

ProoF: The proof of Theorem 4.3 applies almost word for word; the only
difference is that no exhaustion is needed: the set D and the function %
are replaced by R™ and 1, respectively. a

‘We denote by
QM = QUP(R™; )
the set of all functions u € H»P(R™;u) such that there is a sequence
@; € C(R™)N HYP(R™; u) converging to u both in H?(R™; u) and (p, p)-
quasiuniformly in R™.

It is immediate that the functions in Q!'P are (p, ut)-quasicontinuous, and
for each v € HVP(R™; u) there is u € Q? such that u = v a.e. (Theorem
4.6). We soon show that, conversely, each (p, 1)-quasicontinuous function
v of HP(R"; 1) belongs to Q7.
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4.7. Lemma. Letu € QYP, Ifu > 1 (p,p)-g.e. on E, then
Cou(E) < [ (ul +19up) .

Proor: Fixe € (0,1). Let p; € C(R")nHi*P(R*‘,u) be such that ¢; — u
both in HVP(R™; 1) ahd (p, 4i)-quasiuniformly in R™. Choose an open set
G with Cp,(G) < € and ; — u uiiformly on (G. Let

E ={z€E:iu(z) >1}

and
={z € R": pj(z) >1—¢}.

Then G; is opén and
El\GCGj for j > j. .
Consequently, for 7 > j.
Cpu(E) = Cpu(Er) < Cpu(Gj) + Cp,u(G).

Since min(1, (1 —€)~!p;) =1 in G, we have

Coul@3) < W=7 [ (I3l + V),
and hence by letting j — oo we obtain

Cpu(E) < (1— &) /R (l? + [Vul?) du+e.

The lemma follows. (]

Next we refine Theorem 4.6.

4.8. Lemma. Suppose that u; € QP converge in H?(R™; 1) to a
function u € QVP. Then there is a subsequence of u; which converges to u
(p, n)-quasiuniformly in R™.

Proor: The proof is very similar to that of Theorem 4.3. Passing to a
subsequence we may assume that

22"’/ (Juj — P + |Vu; — Vu|P)dp < oo.
j=1
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Ej = {=z: |uj(z) ~ u(z)| > 277}

and _
E.= U E;,
j>k

we have by Lemma 4.7 that

Cpui(Er) < Z Cp,u(E;)
>k
<3527 [ (= up + 193~ V) du =0
Jzk R»

as k — oo. Since u; converges uniformly to u outside E, the desired (p, u)-
quasiuniform convergence is established. o

For the proof of the uniqueness of a quasicontinuous representative we
still need a lemma; to prove it we use results from Chapter 3.

4.9. Lemma. Suppose that G; are open sets with C, ,(G;) — 0. Then
for (p, n)-q.e. = there is an index j = j(z) and a positive number ro = ro(z)
such that

#(G; N B(a,m) < 3H(B(z,7))

for all r < ry.

PROOF: Since the problem is local, there is no loss of generality in assuming
that all G; are contained in a ball B. Fix j and let u; be a solution to
the obstacle problem in K,; 0(4B) for A(z,§) = w(z)|¢|P~2¢, where X,
is the characteristic function of G; (see Theorem 3.21). Choose a lower
semicontinuous representative of u; that satisfies

(4.10) lim u; dp = uj(x)
70/ B(z,r)

for each z € 4B (see Theorem 3.63 and equation (3.65)).
We first show that

(4.11) /B |Vu;|P du = cap, ,(G;,4B).
4
The inequality > is immediate. To achieve the reverse inequality, exhaust

G; by compact sets K; € K; € - -+ € Gj, UK = G}, and let v, be the solu-
tion to the obstacle problem in Ky, o(4B) for A(z,£) = w(z)|€[P~2¢, where
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fi is the characteristic function of K. Since vy minimizes the weighted
p-energy among all functions in Ky, o(4B) (see Section 3.13), we have

LB |VvelP dp < cap,, ,(Kk,4B) < LB [Vu;l? dp.

By Theorem 3.81 we have that vz — u; a.e. in 4B. So it follows that
Vv, — Vu; weakly in LP(4B;p) (Theorem 1.32), and hence

/ [Vuj|Pdp < liminf/ |V [P dp
4B k—oo Jup
< kl-l—-molo ca'pp,p(Kk:4B) = ca'pp,u(Gj,4B)

by the weak lower semicontinuity of norms (see Remark 5.25) and by The-
orem 2.2. So (4.11) is proved.

Let then n € C§°(3B), 0 < n < 1, be a cut-off function with n =1 on
2B. To show that nu; € Q'?, choose an increasing sequence ¥y, € C$°(4B)
that converges pointwise to u;. Let s be the continuous solution to the
obstacle problem in Ky, (4B) with A(z,£) = w(z)|¢|P~2¢ (Theorem 3.67).
Since ¢x < sp < u; everywhere in 4B (Lemma 3.22), we have that s
increases to u; pointwise in 4B. Since u; € Ky,(4B), the minimizing
property of solutions to obstacle problems again guarantees

/ IVskl"dug/ Vu, P du < oo
4B 4B

Hence sy is a bounded sequence in H''P(3B; u1), and it follows that Vs; —
Vu; weakly in LP(3B;p) (Theorem 1.32). Using the Mazur lemma 1.29
we easily select a sequence of convex combinations §; of sx’s such that
§; — u; both in H?(3B; ) and pointwise in 3B. Now 73; € H'"?(R™; 1)
is continuous and 73; — nu; both in HYP(R™; u) and pointwise in R™.
Consequently, nu; € Q1'? (Theorem 4.6).

Now we are ready to conclude the proof. Because of (4.11), we obtain
from the equivalence of the two capacities (Theorem 2.38) and the Poincaré
inequality that

[ sl 4 190m)P) du < (G,

where the constant c is independent of j. Hence a subsequence of nu;
converges to zero (p, u)-quasiuniformly (Lemma 4.8). So for (p,p)-q.e. =
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we may choose an index j = j(z) such that nu;(x) < 1/2. Hence by (4.10)

. w(@NBr) _ . -
limsup ——————* < limsup p(B(z,r uj dp
r—;op II»(B(Z,"')) r—»Op ( ( ’ )) G;nB(z,r) !
< lim nu; dp
r~0/py)
1
=1muj(z) < 5

for (p,)-q.e. z € 4B. On the other hand, nu; = 0 outside 3B. This
completes the proof of the lemma. O

4.12. Theorem. Ifu and v are (p, p)-quasicontinuous and u = v a.e. in
), then u = v (p, p)-quasieverywhere in .

PROOF: We may clearly assume that v = 0. Choose open sets Gj, j =
1,2,..., such that u]ch is continuous and that

Cpu(Gj) — 0.

For (p, p)-q.e. = €  there is an index j = j(z) such that
1
”’(Gj n B(z,'r)) < 5#‘(3(1: "'))

for all » > 0 small enough (Lemma 4.9). Fix such a point z. Then z ¢ G;
because G; is open. Moreover, since u = 0 a.e., each neighborhood of z
contains a point y from CGj with u(y) = 0. Since “IBGj is continuous, we
conclude u(z) = 0. The theorem is proved. O

Combining Lemma 4.7 and Theorem 4.12 we obtain

4.13. Corollary. Suppose that E C R™. Then
Cou(B) =inf [ (uP +[Vul")d,
R

where the infimum is taken over all (p, u)-quasicontinuous u € HYP(R™; i)
such that v =1 (p, p)-q.e. on E.

Theorems 4.4 and 4.12 imply that each v € H 1""(Q 1) has a “unique”
quasicontinuous version.
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4.14. Theorem. Suppose that u € HYP(Q;u). Then there exists a
(p, p)-quasicontinuous function v such that u = v a.e.

Moreover, if ¥ is another (p, p)-quasicontinuous function such that u = %
a.e., then v = ¥ (p, pu)-quasieverywhere.

We could define the refined Sobolev space H'P(Q; ) which consists of
equivalence classes of (p, u)-quasicontinuous functions in H»P(; u). The
obstacle problem as discussed in Chapter 3 can be studied by using the
refined space H1?(R; 1). However, we do not pursue this.

NOTES TO CHAPTER 4. In the classical case du = dx and p = 2
the existence of quasicontinuous representatives is due to Deny (1950).
The refined Sobolev spaces were later investigated by Deny (1954) and
Deny and Lions (1953-54); instead of the Sobolev spaces W1P(R™), so-
called potential spaces L!'"»(R") were used. Calderén (1961) showed that
these are the same spaces. Major contributions to the subject are made
by Aronszajn and Smith (1956, 1961), by Federer and Ziemer (1972), and
by Maz’ya and Khavin (1972). The refined properties of functions in the
unweighted Sobolev space W1P(() are studied in great detail in the book
by Ziemer (1989); see also Evans and Gariepy (1992).

In general, the methods used to prove the capacitary properties of func-
tions in WP(Q) apply rather easily to the weighted spaces HP(Q;u).
The proof for Theorem 4.3 is taken from Frehse (1982); Theorem 4.5 in
the unweighted case was originally proved by Bagby (1972); the proof for
Theorem 4.12 follows the idea in Maz'ya and Khavin (1972).



5
Variational integrals

In this chapter we introduce a class of varjational integrals whose Euler
equations satisfy assumptions (3.3)-(3.7). Thus variational integrals pro-
vide abundant examples of the equations we consider in this book. We in-
vestigate the relationship between the minimization problem and the Euler
equation and give a simple proof of the existence of solutions by applying
direct methods of the calculus of variations. The results of this chapter are
not used in the rest of the book; however, it makes the somewhat abstract
approach of Chapter 3 easier to comprehend.

5.1. Variational integrals

Suppose, as always, that w is a p-admissible weight and that du(z) =
w(z)dz. Let F : R® x R® — R be a variational kernel satisfying the
following assumptions for some constants 0 < ¥ < § < oo:

(5.2) the mapping z — F(z, ) is measurable for all £ € R™;
for a.e. z € R

(5-3) Tw(@)P < F(z,€) < bw(z)]P, {eR",

(5.4)  the mapping & — F(z,£) is strictly convex and differentiable,
and
(5.5) F(z,X¢) = |\PF(z,£), A\e R, £ €R".
The strict convezity of £ — F(z,£) means that
F(z,t6 + (1 - t)é2) < tF(z,61) + (1 - t)F(z, &)

whenever 0 < t < 1 and & # €. Note also that a convex function is

differentiable if and only if it is continuously differentiable (Roberts and

Varberg 1973, p. 117). Thus by (5.4) the mapping £ — F(z,£) is in fact

continuously differentiable for a.e. z. The usual gradient of F' with respect

to the second variable, which exists for a.e. z, is denoted by V. F(z, ).
The convexity assumption (5.4) also implies a useful inequality.

97
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5.6. Lemma. Forae € R"
(5.7) F(z,6) = F(z,63) > VeF(z,&2) - (& — &2)
whenever £, & € R™, & # &.

Proor: Fix ¢ € R™ such that £ — F(z,§) is strictly convex and differen-
tiable. Then

F(z,& + (6 — &) = Fz, (1 - )62 + t61) < (1 — )F(z,&2) + tF(z, 1)
for 0 < t < 1, and setting £ = §; — £, we obtain
F(z,6 +t€) — F(z,&2) <t(F(z,& + &) - F(=,£)).
Subtracting V¢ F(z, £;) - (€) from both sides and dividing by ¢ we have
F(z,& +t€) — F(z,6)

t _VEF(I1£2)'€
<F(z,& +&) - F(z,6) — VeF(2,62) - €.
The left hand side goes to zero as t — 0, and the lemma, follows. m]

Suppose that F is a measurable set and that u € H, ,lo’f (2 ) for an open
neighborhood (2 of E. Then the variational integral

(5.8) Ir(u, B) = /E F(z, Vu(z)) dz

is well defined. The value of Ir(u, E) lies in the interval [0,00] and it
is finite if and only if Vu € LP(E;pu). For short, we write F(x, Vu) for
F(z, Vu(z)).

Associated with variational kernel F(z,¢) = w(z)|{|P is the variational
integral

Ir(u, E) = / IVl da,
E

called the weighted p-Dirichlet integral or the weighted p-energy. If p is the
Lebesgue measure, dp = dz, then Ir(u, E) is simply called the p-Dirichlet
integral; if, in addition, p = 2, it reduces to the classical Dirichlet integral

/ |Vu|?dz.

The (local) minimizers of the classical Dirichlet integral are exactly har-
monic functions. We next pursue this analogue in a more general setting
and establish that the variational integral in (5.8) gives rise to an equation
of the type

—div A(z,Vu) =0
as its Euler equation, where the mapping A(z,{) = V F(z,§) satisfies the
structural assumptions in Chapter 3. :
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5.9. Lemma. Suppose that F is a variational kernel satisfying (5.2)-
(5.5) and let A(z,€) = V¢F(x,£). Then A satisfies assumptions (3.3)~(3.7)
with a = v and 8 = 2P6.

PRrOOF: We are free to define A(z,¢) arbitrarily for those z for which
¢ — F(x,€) is not continuously differentiable. Let z € R™ be such that F
satisfies (5.3)—(5.5). Then the kth coordinate of A(z, £) equals

zl—l»r{alo z(F(xﬂf + ek/i) - F(zys)))

this demonstrates the measurability of the mapping = — A(z,£). More-
over, since £ — F(x,£) is continuously differentiable (see the remark after
(5.5)), A satisfies (3.3).

To establish the remaining assumptions (3.4), (3.5), and (3.6), we make
use of the basic convexity inequality from Lemma 5.6:

(5.10) F(z,61) - F(z,6) > A(z,€) - (66— &), & #¢.

Estimate (3.4) follows at once from this and (5.3) by choosing & = 0. To
obtain (3.5), fix £; we may assume that £ # 0, since it follows from (5.3)
and (5.4) that A(z,€) = 0 if and only if £ = 0. Write

_ A=,9)
Y7 A=, 6)]

and apply (5.10) with & = £ + |€]v to conclude

€Il Az, &) = A(z,8) - (&1 — &) < F(z,€+ [{|v) — F(=,¢)
< F(z, €+ [€lv) < 2P6w()[EIP -

The monotoneity inequality (3.6) is obtained by adding (5.10) to the
inequality

F(m,f)—F(z,£1)>A(z,§1)-(£—§1), E#él:

which is (5.10) with the roles of ¢ and &; interchanged.
Finally, to prove (3.7) note that differentiation of the equality

F(z,X¢) = |\PF(2,£)
with respect to ¢ yields
AVeF(z, X)) = |APVeF(z,£)
which takes the desired form
Az, X)) = I)\\P"Z AA(z,€), A#0.

The proof of Lemma 5.9 is now complete. m]
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The homogeneity assumption (5.5) allows us to use Euler’s theorem for
homogeneous functions and conclude that for a.e. z € R™

(5'11) VQF(Q, 6) 5 =pF(:L‘,£)

for all £ € R™. Equality (5.11) is easily proved by differentiating equation
(5.5) with respect to A and then evaluating the result at A = 1.

5.12. Minimization problems and the Euler inequality

We next show that minimizers of the variational integral Ir(u,(2) are so-
lutions to the corresponding Euler equation, and vice versa. In general
obstacle problems it is advisable to treat the Euler equation as an inequal-
ity.

5.13. Theorem. Suppose that K C LYP(Q;u) is a convex set and that
u € K. Then

(5.14) Ir(u,) = min{Ir(v,0): v € K}
if and only if

(5.15) /Q VeF(z,Vu)- (Vv - Vu)dz >0
for allv e K.

Proor: That (5.15) implies (5.14) is an easy consequence of the basic
convexity inequality (5.7). Indeed, for v € K

V¢F(z,Vu) - V(v —u) £ F(z,Vv) — F(z, Vu)

a.e. in Q. Integrating this we obtain from (5.15) that
0< / VeF(z,Vu) - V(v —u)dz < Ip(v,Q) — Ir(u, Q)
Q

and (5.14) follows.

The proof for the converse is slightly more difficult. Fix v € K and set
p=v—u Let 0<e<1 Thenu+ep=(1—-¢€)u+evisin K since K is
convex. Hence

Ir(u, Q) < Ip(u +ep,Q)

and therefore

(5.16) / F(z,Vu +eVy) - F(z, ?u)

€

dz >0.
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Because

lin}) F(z,Vu +eVyp) — F(z,Vu)
e— 14

= V¢F(z,Vu) Vo

for a.e. z € 1, (5.15) follows from the Lebesgue dominated convergence
theorem provided that we find an L!-majorant, independent of ¢, for the
integrand in (5.16).

To this end, write

AF = F(z,60 +e&1) - F(z, &)
By the mean value theorem there is an €' € (0,¢) with
AF[e =& - VeF(z, o +€'61).

Setting £o = Vu and §; = Vg we deduce from Lemma 5.9 that for a.e.
T€N

|AF/e| < c(p, )w(z)(|Ve|[VulP~™ +|VoIP) = g(z) .
Since u and ¢ are in L1'(Q; u), Holder’s inequality implies that g € L*(Q)
is the desired majorant. The theorem is proved. (m]

DEFINITION. A function u € HYP(Q;p) is called an F-eztremal in Q with
boundary values 9 € HYP(Q; p) if u — 9 € HyP(Q; 1) and

IF(U, Q) S. IF(‘U, Q)

whenever v — 9 € Hy'P(Q; ). A function u € H,P(; ) is called a (free)
F-eztremal in Q if u is an F-extremal with boundary values u in each open
set D € Q.

It is immediate that an F-extremal with boundary values is a free F-
extremal. We also have:

5.17. Lemma. Suppose that u € LYP(Q; u) is a free F-extremal in Q.
Then
Ir(u, Q) < Ip(v,)

whenever v — u € LyP(; p).

ProoF: Fix v such that v —u € LyP(Q;u) and let p; € C(R) be a
sequence with Vi; converging to V(v — u) in LP(Q; ). The convexity
inequality (5.7) implies that

F(z,Vu+ Vy;) < F(z,Vv) + Ve F(z, Vu + Vo;) - (Vu + Vg; — Vo).
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Since u is a free F-extremal, we obtain by Lemma 5.9 that
Ir(u,Q) < Ip(Vu + Ve;,Q) < Ip(v, Q)+
c (/ﬂ |Vu + V;|? d;z)("'_l)/”(/Q |Vu + Vg, — VolP dp.)l/p ,

where c is independent of j. Because Vu+Vp; converges to Vv in LP(Q; ),
it follows that
Ir(u,9Q) < Irp(v,Q)

as desired. O

5.18. Theorem. A function u € H,lo’f (Q; ) is an F-extremal in §2 if and
only if

(5.19) —divV¢F(x,Vu) =0

in §, that is
/ VeF(z,Vu) - Vodzr =0
Q

for all p € C§°(9).

PROOF: We may assume that  is bounded and u € H'?(Q; ). Then the
claim follows from Theorem 5.13 if we choose

K={ve H"»(Qu): u—v € Hy?(p)}.
O

Equation (5.19) is called the Euler equation of the variational integral
Ir. In some cases it takes a simple appearance. For instance, as alluded
to in Chapter 3, for the weighted p-Dirichlet integral

/ IVulP du

the Euler equation is the weighted p-Laplace equation
— div(w(z)|Vu[P~2Vu) =0,
which in the unweighted case reduces to

—div(|Vu|P~2Vu) = 0.
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5.20. F-superextremals with obstacles
We formulate the obstacle problem in terms of variational integrals; this
makes the essence of the problem clearer.

DEFINITION. Suppose that © is bounded. Let ¢:  — [—o00,00] be an
arbitrary function and call it an obstacle. Further, let 9 € HYP(Q; ) be a
“boundary function”, and as in Chapter 3 write

Kys(Q) = {ve H'P(Q;p): v—9 € HyP(Q ) and v > 9 ae. in Q}.

A function u € Ky () is called an F-supereztremal with obstacle 1 and

boundary values 9 if
Ir(w, Q) < Ir(v,Q)

for all v € Ky 9(2). Thus v minimizes the variational integral Ir(v,Q)
among all functions v which, roughly speaking, coincide with ¥ on the
boundary 952 and lie above the obstacle 3. Naturally, this problem makes
sense only if Ky 3(€2) is nonempty. Moreover, as in Chapter 3 we assume
that the notation Ky 3(Q2) includes the assumption § is bounded.

A function u € H;P(Q;p) is called a (free) F-superestremal in Q if u
is an F-superextremal with both obstacle and boundary values u in each
open set D € Q.

Then F-extremals can be interpreted as F-superextremals with 1 iden-
tically —oo.

The following theorem shows that this obstacle problem is a special case
of what we considered in Chapter 3.

5.21. Theorem. Suppose that ¢ : Q — [—o00,00] and ¥ € H*P(Q; ).
Then a function v € Ky, 9(f2) is an F-superextremal with obstacle 1) and
boundary values 9 if and only if u is a solution to the obstacle problem in
Kys(Q) with A= VF.

ProoF: This follows from Theorem 5.13 by choosing K = K, (). O

Theorem 5.21 enables us to apply the results of Chapter 3 to F-su-
perextremals. For example, while F-superextremals are not continuous in
general (see Chapter 12), an F-superextremal with continuous obstacle is
always continuous by Theorem 3.67.

5.22. Existence of F-superextremals

The preceding discussion shows that the existence of F-superextremals and
F-extremals can be derived from the general theory of monotone operators;
see Chapter 3 and Appendix I. However, the direct methods of the calculus
of variations provide a conceptually easier approach. We explore this route
and establish the existence of F-superextremals with obstacles. Our proof
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is not the most general but it is elementary; it relies on the homogenejty
assumption (5.5) for the kernel F. ) ‘
In the space LP(; u; R™) we employ not only the usual norm

= (. e s
but also the F-norm, defined by

[lu||lF = (/n F(z,u(z))dz)/? .

Recall that we usually write LP(Q; u) for LP(Q; u; R™).

5.23. Lemma. The F-norm || - || is a norm in LP(; ), equivalent to
I 1l

Proor: By (5.3) and (5.5) only the triangle inequality calls for a proof.
To establish it, let u,v € LP( u) and write ||u|lr = s, |[v|lr = ¢, and
r = s+ t. We may assume that s, > 0. Now

ut+v s,u t v
A

and the convexity of F yields

u+v
r

L] u t v
F(:L‘, ) < ;F(za ';) + ;F(.’D, ?)

for a.e. £ € . Integrating and using the homogeneity assumption we
obtain

r“’/ F(z,u+v)dz < is""/ F(z,u)dz+£t"’/ F(z,v)dz
Q r 0 r Q

_ s -:—t =1,
which implies
lle +vllr <|lu|lr +[lv|lF
as required. The equivalence of || - ||, and || - ||F follows from assumption
(5.3). u]

Note that by using Lemma 5.23 we easily infer that
lim IF(uJ"Q) = IF(uvﬂ)
J—Om

as soon as Vu; — Vu in LP(Q;p); we already used this in the proof of
Lemma 5.17.

The use of the F-norm in LP(;u) leads to a simple proof for the fol-
lowing fundamental lower semicontinuity theorem.
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5.24. Lower semicontinuity theorem. Suppose thatu, u; € L}P($; )
are such that Vu; converge to Vu weakly in LP(Q; p). Then

Ir(u,Q) ]imianF(uj,Q) .
j—oo
ProOF: By Lemma 5.23, the sequence Vu; converges to Vu weakly in

LP(Q; p) equipped with the F-norm || - ||r. By the weak lower semiconti-
nuity of norms (see Remark 5.25 below)

[|Vul|lp < liminf ||Vu;||F,
j—oo
which is the desired result. ]

5.25. REMARK. In the proof of 5.24 we used the weak lower semiconti-
nuity of norms: if z; — z weakly in a normed space (X, || - ||), then

timinf [a;1| 2 1]
This is a well-known consequence of the Hahn-Banach theorem (Dunford
and Schwartz 1958, Lemma I1.3.27; Yosida 1980, p. 120).

5.26. Theorem. Suppose that K C L}P(Q; i) is a nonempty convex set
such that
VK = {Vu: v e K}

is a closed subset of LP(§); p). Then there is u € K such that
Ir(u,) = min{Ir(v,R): v € K}.
PROOF: Let u; € K be a minimizing sequence, i.e.
Ip(u;, Q) — Iy = inf{Ip(v,Q): v € K}.
Since K # @, 0 < Iy < 0o, and we may assume that
Ir(u;, Q) <L +1
for all j. Thus (5.3) implies that

/ [VujlPdp < M < 0,
Q

where M is independent of j. Thus a subsequence which we still denote
by Vu; converges weakly in LP(§2; 1) to a function g. Next we invoke the
Mazur lemma 1.29 and infer that a sequence of convex combinations of
functions Vu; converges strongly to g in LP(Q; ). Since VK is closed and
convex, g € VK and hence there is u € K with Vu = g. Now the lower
semicontinuity theorem 5.24 implies that

Iy < Ip(u,Q) < liminf I'r(u;,Q) = Io,
J—’m

and so u is the desired minimizer. m]
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5.27. Theorem. Suppose that ) is bounded, that ¢: @ — [—o0, 00], and
that 9 € HVP(Q; ). IfKy,9(RQ) # 0, there exists a unique F-superextremal
with obstacle 1 and boundary values 9.

PROOF: Since the set Ky 9 = Ky () is a nonempty convex subset of
L1?(; ), the existence follows from Theorem 5.26 if we show that

VK ={Vv:v €Ky}

is closed in LP(£; p). To accomplish this, let u; € Ky, s be a sequence such
that Vu; converges to a function g in LP(£; p). Since uj —uy € Hy?(Q; ),
the Poincaré inequality (1.5) implies that

/lu,-—ukP’duSC/ |Vu; — Vug|P du.
Q Q

It follows that u; — ¥ is a Cauchy sequence in Hy**(f; 1) and it converges
to a function v € HyP(; ) with Vo = g — V9. We show that u = v+ €
Ky, which implies that VK is closed because Vu = g. We already know
that u —9=v € Hé’p(Q; 1), whence it suffices to verify that u > ¢ a.e. in
Q2. This follows by selecting a subsequence of u; — 9 that converges a.e. to
v. Thus u € Ky » and the existence part is thereby established.

For the uniqueness, suppose that u;,u; € Ky 5 are two distinct mini-
mizers. Since v = (u; + u2)/2 € Ky, 5 and since the set {Vu; # Vu,} has
positive measure, the strict convexity of F implies

1
Ir(v,Q) < E(IF(ulaQ) + Ir(ug, Q) = %‘J% Ip(u,Q).

This contradiction completes the proof. O
If we choose 9 = —o0 in Theorem 5.27, we obtain the existence of F-
extremals.

5.28. Theorem. Suppose that Q is bounded and that 9 € HVP(; p).
Then there exists a unique F-extremal u in  with u — 9 € Hol’p (2; ).

In Theorem 3.71 the solutions to obstacle problems with continuous ob-
stacles are characterized in terms of solutions and supersolutions of the
equation

—div A(z,Vu) = 0.

Now, in light of Theorem 5.21 F-superextremals are supersolutions with
A =V, F. Thus we have:
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5.29. Theorem. Suppose that Q is bounded, that ¢:  — R is continu-
ous, that ¥ € HYP(Q; u), and that u € K, () is a free F-superextremal.
Then u is an F-superextremal with obstacle 1 and boundary values ¥ if
and only if there is a continuous function v in € such that v = u a.e. and
v is a solution to the equation

—div V¢F(z,Vv) =0

in the open set {v > }.

5.30. Variational F-capacity

The variational (p, u)-capacity was studied in Chapter 2. We close this
chapter by introducing an extension of this concept, a capacity where the
kernel |£|Pw(z) is replaced by a kernel F satisfying the assumptions in
Section 5.1.

DEFINITION. If K is a compact subset of (2, the F-capacity of the condenser
(K,9Q) is

capp(K,Q) = inf/ F(z,Vu)dz,
?)
where the infimum is taken over all u in
W(K,Q)={ueCP(N):u>1in K}.

The F-capacity is extended for an arbitrary set £ C 2 by using the Cho-
quet device as in Chapter 2, namely

capp(E, Q) = inf sup capp (K, ),
K

where U runs through all open subsets of Q containing F and K runs
through all compact subsets of U.

By (5.3) the F-capacity is equivalent to the (p, u)-capacity:
'yca.pp’“(E, Q) < capp(E,N) < §cap, ,(E,Q)

whenever E C ; the (p, p)-capacity is obtained by choosing F(z,&) =
w(z)[€|P. It is clear that the properties of the F-capacity are similar to
those of the (p, pu)-capacity; in particular, they have the same sets of ca-
pacity zero. However, the F-capacity provides a precise tool for studying
the variational integral Ip.

The capacity theory of Chapter 2 can be developed for F-capacities as
well; we list here some of the results whose proofs are similar to the proofs
of the corresponding theorems in Chapter 2, and are therefore omitted.

The first theorem shows that the F-capacity is a Choquet capacity.
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5.31. Theorem. The set function E — capp(E,Q), E C Q, enjoys the

following properties:
(i) If Ey C E», then capp(Es, Q) < capp(Es, Q).

(ii) IfQy C §2 are open and E C Q, then capp(FE, Q) < capp(E, Q).

(iii) If K, and K, are compact, then

capp(K1 U K3,9) + capp(K1 N K3, Q) < capp(K;, Q) + capp(K2,0Q).

(iv) If K; C Q is a decreasing sequence of compact sets and K = (K,
j

then
capp(K,Q) = lim capp(K;, ).
j—oo

)
(V) fEsCE,C---CE= |JE; CQ, then
j=1

capg (E: Q) = J]inc}o capp (Ej) Q) .

(vi) If E=JE; C Q, then
J

capp(E,Q) < Z capp(E;,Q).
J

Proor: The proof of Theorem 2.2 applies essentially word for word.

The F-capacity also satisfies the properties of Theorem 2.6.
5.32. Theorem. IfE;, CQ CE, CSy C... and Q = U;Q;, then

o 1-
capp(Eq, Q) < (Z ca.pF(Ej,Qj)l/(l P)) P
J

PRrOOF: Mimic the proof of Theorem 2.6.

]

DEFINITION. Suppose that K C 2 is compact. We call a continuous func-
tion u € LYP(Q; p) in Q an F-capacitary function for the condenser (K, )

if
(i) capp(K,Q) = Ir(u,Q),
(i) wis F-superextremal in {2,
(i) v =1in K, and
(iv) limz_yu(z) =0 for all y € 6Q.

Note that the F-capacitary function is an F-extremal in Q \ K. The
concept of F-capacitary function will be generalized in later chapters, where
we also give conditions for its existence; see in particular Theorems 9.34,

9.35, and 9.38.
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NOTES TQ CHAPTER 5. The variational problems in this chapter
beloiig to so:called regular problems, i.e. the kernel F(z, ) is convex in the
second variable; this is closely related to the monotonicity of the mapping
A(z,§) = V¢F(z,€). Roughly speaking, the regularity makes it possible to
apply lower semicontinuity theorems in proving the existence of minimizers,
and the strict convexity takes care of the uniqueness.

Lower sernicontinuity results for general variational integrals are widely
studied; they play a crucial role when the direct methods of the calculus of
variations are applied. For modern treatments of the subject, see Morrey
(1966) and Giaquinta {1983). Our elementary proof for the lower semi-
contintity is taken from Kilpeldinen (1985) and it cannot be generalized
to variatioral kefnels which do not satisfy a homogeneity assumption like
(5.5). in general, it is required that the variational kernel be convex with
respect to Vu (Dacorogna 1982; Morrey 1966; Reshetnyak 1967c).

In the unweighted case for p > n (in fact, for p > n — 1) the existence
proof for superextremals with continuous obstacles can be based on the use
of monotone fungtions (Granlund et al. 1983; Martio 1975). This idea goes
back to Lebesgue who used monotone functions in solving the Dirichlet
problem in the plane, see Morrey (1966, 4.3).
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A-harmonic functions

It was established in Chapter 3 that each weak solution of the equation
((6.1) —divA(z,Vh) =0

can be redefined in a set of measure zero so that it becomes continuous
(Theorem 3.70).

DEFINITION. A function h: Q — R is said to be A-harmonic in Q if it is
a continuous weak solution of (6.1) in 2. We use the notation

H(Q2) = Ha(R2) = {h: his A-harmonic in Q}.

* We emphasize that throughout this book A denotes a mapping which
satisfies assumptions (3.3)—(3.7).

A-harmonic functions and their more general offspring, .A-superharmonic
functions which will be introduced in Chapter 7, constitute the main ob-
ject of study in this nonlinear potential theory. The prefix “nonlinear” is
justified, as A-harmonic functions generally do not form a linear space.
However, we can compensate somewhat for this lack of linearity by using
the immediate fact that Ah and h + X\ are A-harmonic whenever h is A-
harmonic and A is a real constant; this holds because A depends only on «
and Vh, and A is homogeneous in Vh.

This chapter covers the most fundamental properties of A-harmonic func-
tions. We start with an important inequality.

6.2. Harnack’s inequality. Let h be a nonnegative A-harmonic func-
tion in Q). Then there is a constant ¢ = ¢(n,p,8/a, c,) > 0 such that

(6.3) suph < cinfh
B B

whenever B is a ball in  such that 2B C Q.

ProoF: We may assume that h > 0 in Q. If 4B C 2, we deduce from the
weak Harnack inequalities (Lemma 3.34 and Theorem 3.51) that

(6.4) suph < c(][ h* du)'/* < cinfh,
B 2B B

where ¢ = ¢(n,p, 8/a,c,) > 0.

To prove the general case, observe that if 2B C 2, then any two points
on B can be joined by a chain of balls By, Bs,..., By such that 4B; C Q
and B; N B;y; # 0, where N is an absolute constant. A repeated use of
(6.4) in the balls B; implies the desired result. - m}

110
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The requirement 2B C 2 in Harnack’s inequality 6.2 is chosen just for
convenience; in fact, as the proof shows, we could assume AB C Q for any
A > 1, but then the constant ¢ depends also on .

It is crucial to notice the uniformity in Harnack’s inequality (6.3): the
constant ¢ does not depend on the size of the ball. This fact will be in
constant use throughout this book. We also have that

suph < cinfh
K K

for all nonnegative A-harmonic functions h in a domain Q and compact
K C §; the constant ¢ depends only on n, p, 8/a, c,, K, and Q.
Harnack’s inequality quickly leads to the strong maximum principle.

6.5. Strong maximum principle. A nonconstant A-harmonic function
in a domain § cannot attain its supremum or infimum.

PRrOOF: If u(zg) = maxqu = M, then the function v = M — u is non-
negative and A-harmonic in Q. Since v(zo) = 0, it follows from Harnack’s
inequality that v = 0 in Q. The minimum is treated similarly. ]

The uniform Harnack inequality can be iterated to obtain the local
Hoélder continuity of .A-harmonic functions.

6.6. Theorem. Suppose that h is A-harmonicin Q. If0 <r < R < oo
are such that B(zg, R) C §, then

(6.7) osc(h, B(zo,r)) < 2" (%)'c osc(h, B(zo, R)),

where « € (0, 1] depends only on n, p, 8/e, and c,.
ProOOF: Let 0 < p < R. We use the abbreviations B(p) = B(zo,p),

M(p) = supp(,) h, and m(p) = infp(,)h. By applying the Harnack in-
equality to the .A-harmonic function h — m(p) we obtain

(6:5) M(%) = m(p) < co (m(5) ~m(p)),

where ¢y = co(n,p,B/a,c,) > 1. Set A = (cp — 1)/cg. We claim that

(6.9) osc(h, B(g)) < A osc(h, B(p)).

To achieve (6.9) suppose first that

m(£) - m(p) < &5 (M(p) — m(p)).
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Then (6.8) yields

osc(h, B(%)) = M(5) —m(p) +m(p) ~ m(5)

< (eo = 1)(m(£) —m(p)) < Aosc(h, B(p)).

Also, if
m(£) = m(p) > 5 (M(p) — m(p),

then

osc(h, B($)) < M(p) = m(p) = (m(5) ~ m(p))
< A(M(p) — m(p)).
Thus (6.9) always holds.

To complete the proof, we iterate (6.9). Choose the integer m > 1 such
that 2™~! < R/r < 2™. Then (6.9) implies

osc(h, B(r)) < A™! osc(h, B(2™ 7)) < A™! osc(h, B(R)).
Set x = (—log A)/(log 2) < 1 and obtain
r " —K(gm—1\—k __ g—kprm—1
(5) 2 2@ = 27am,

whence x
osc(h, B(r)) < 2" (%) osc(h, B(R)),

which is the desired estimate. ]

The Holder continuity estimate (6.7) has two immediate consequences,
Liouville’s theorem and an equicontinuity property of .A-harmonic func-
tions.

6.10. Liouville’s theorem. If h is a bounded A-harmonic function in
R™, then h is constant.

6.11. Corollary. Ifh is a nonnegative A-harmonic function in R™, then
h is constant.

PRrROOF: If h is A-harmonic and nonnegative in R", it is bounded by Har-
nack’s inequality, and hence constant by Liouville’s theorem. O
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A stronger version of Liouville’s theorem follows from Theorem 6.6.
Namely, if h is A-harmonic in R™ with

LG

T—00 Ia:l"

where & is the Holder continuity exponent in (6.7), then h is constant.

We recall that a family F of real-valued functions in § is equicontinuous
in Q if for each z € 2 and € > O there is a § > 0 such that |z —y| < §
implies |u(z) — u(y)| < € for all u € F.

6.12. Theorem. Every locally uniformly bounded family of A-harmonic
functions in ) is equicontinuous in 2.

We next record two important convergence theorems; the first is a refor-
mulation of Theorem 3.78.

6.13. Theorem. Let h;, i =1,2,..., be a sequence of A-harmonic func-
tions in Q such that h; — h locally uniformly in Q. Then h is A-harmonic.

6.14. Harnack’s convergence theorem. Suppose that h;, ¢ =1,2,...,
is an increasing sequence of A-harmonic functions in a domain Q. Then
the function h = lim;_, h; is either A-harmonic or identically +oo in 2.

PRrOOF: If h(z) < oo for some z € Q, it follows from Harnack’s inequality
that h is locally bounded in Q. Thus the sequence h; is equicontinuous
(Theorem 6.12), and by Ascoli’s theorem it converges locally uniformly.
Then h is A-harmonic by Theorem 6.13. ]

As another application of Harnack’s inequality we next show that an .A-
harmonic function that is bounded below has a limit at an isolated bound-
ary point; the limit value need not be finite.

6.15. Lemma. Let U be either a punctured ball B(zg, 7o) \ {0} or the
complement of a closed ball. If h € H(U) is nonnegative, the limit

lim h(z) € [0, 0]

Ty

exists. Here zg = oo if U is the complement of a ball.
PROOF: We prove only the case U = B(zg,r0)\ {zo}; the proof for zg = oo

is completely analogous. Write

M = lim sup h(z)

T2
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and
m = liminf h(z).
T—zg
We may assume that m < oo. Fix ¢ > 0. Then there is a radius r; > 0 such
that b > m — e on B(zg,71) \ {zo}, and hence the .A-harmonic function
v = h — m + ¢ is positive in B(zo,71) \ {zo}. Pick a sequence z; tending
to o such that
v(zi) > mln(M - mvi)
and that
|:L‘,'+1 - zol < I:L‘,' - .’Bol < 7‘0/2.

Since each sphere of a ball of radius 7 can be covered by N = N(n) balls
of radii 7/2, we deduce from the Harnack inequality that

v > cmin(M — m, 1)

on 8B(zo, |z; — Zo|), where the constant ¢ > 0 is independent of i. Now an
application of the maximum principle in the annulus

{:t: I:L‘,'.H —:l)ol < I:L'—:Eol < I:L‘,’ - Iol}

shows that
v > cmin(M — m,1)

there. Consequently,

e =liminf v(z) > (M — m),
T— g
which yields M = m as desired. ]

6.16. Boundary continuity of .A-harmonic functions

We demonstrated in Chapter 3 that if Q is bounded and 9 € HY?(Q; ),
then there exists a unique .A-harmonic function h in Q such that h — 39 €
Hg"’ (€% ). Suppose now that ¥ is continuous on {2 and that z; is a bound-
ary point of Q. A fundamental problem of potential theory is: when does
lim,_,z, h(z) exist and equal ¥(zo)? For the Laplace equation this problem
has a long and colorful history; it was finally settled by Wiener (1924b) and
in his resolution surfaced what is now called the Wiener criterion. This
device has become one of the central concepts of modern potential theory.
We adopt the following form of the Wiener criterion: we say that a set E
is (p, p)-thick at z¢ if

1
E N B(xo,t), B(xo, 2t))\ 1/(»p-1)
(6.17) /(caPp,p( (20, t), B(=o, ))) /e=Ddt _

cap, , (B(zo,1), B(zo, 2t))_ t
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It is next shown that if 0Q is (p, u)-thick at zo, then the solution k to
the Dirichlet problem described above has limit J(zg) at zo. In fact, we
give an estimate for the modulus of continuity of A at a boundary point in
terms of Wiener type integrals. In Theorem 6.31 below we give a geometric
criterion that implies the (p, p)-thickness of the complement of a ball or
the complement of a polyhedron.

For brevity, we write

_ capp,“(E N B(z,1), B(z,2t))
ol B = = (B, 1), B, 20)

for the capacity density function in (6.17).

6.18. Theorem. Suppose that  is bounded. Let 9 € HP(Q;u)NC(Q)
and let h be the unique A-harmonic function in Q with 9 —h € Hy?(; ).
If zo € 89, then for 0 < r < p it is true that

osc(h, Q(r)) < osc(d, 992 N B(zo,2p))
P
+ osc(d, 89) exp(—c/ (pp,“(zo,[:Q, t)l/(P—l) ?),

.
where Q(r) = QN B(zo,r) and ¢ = ¢(n,p, B/a,c,) > 0.

Customarily, the boundary regularity is first proved for domains with
a nice boundary. This fact is then used in proving the general Wiener
criterion. In our approach we treat all open sets simultaneously.

Some preparatory work is in order. We first define the .A-potential of
a compact set as follows. Let 2 be bounded and K C Q a compact set.
Furthermore, let ¢ € C§°(f2) be such that ) = 1 on K. The A-harmonic
function v in @\ K withu—¢ € Hé P(Q\ K;p) is called the A-potential
of K in Q and denoted by

R(K, Q) = RA(K, Q).

Because u — 9 has a zero extension in H 1”’(R“; 1), we tacitly assume that
R(K,Q) is a quasicontinuous function in HyP(Q;pu) with R(K,Q) = 1
everywhere on K (see Theorem 4.5). In particular, if cap, , K > 0, then
R(K, Q) is not identically zero in 2 \ K. The deﬁmtlon of R(K,Q) is
independent of the particular choice of v, for if 1/1 is another such function
and @ € H(Q\ K) is such that @ — ¢ € HyP(Q \ K;p), then u — @ €
HyP(Q\ K; 1) and by the uniqueness we have u = % in 2\ K.

Although the definition for the A-potential here slightly differs from the
one given later in Chapter 8, the concept is the same (Lemma 8.5).
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The following sharp capacity estimate is crucial in many applications,

6.19. Lemma. Suppose that Q is bounded, K C §) is compact, and
u=R(K,Q). f0<vy<1land K,={z €Q: u(z)>~}, then

1 -
z7p ! capp,p(K‘nn) < ca'pp,p(K9 Q) < c,yp ! ca'pp,y(K“nQ)’

where ¢ = (8/a)P*!.

PROOF: Before starting the proof, we remark that if we knew a priori
that u is continuous on {1, the proof would be much easier. At this point,
however, there is no guarantee for such an assumption even in the case
when 2 and K are smooth.

We begin by establishing the double inequality

6200 Gy [ Vil du<orp K< [ (VuPda.
a {u<r} {u<}

Because we have defined u to be 1 on K and because u is continuous in
2\ K, the set K, is closed in 2 and K C K,. However, K, need not be
compact in 2.

Fix ¢ > 0 and exhaust K, by compact sets C; C C; C --- C K, with
K C C;. Let uj € C§°(Q) be a function such that 0 <u; <1, u; =1 on
Cj, and

/n |Vu;|P dp < cap, ,(Cj,92) +e.

Now
min(y ™y, 1) - u; € Hy?(2\ Cj; )

(cf. Theorem 4.5) and hence the function min(y~u, 1) can be approximated

in HY?(S; ) by functions which are admissible for the condenser (Cj,2);
therefore
e, (G < [ [Vupdu.
\C;

The second inequality of (6.20) follows from this because the capacities
cap, ,(Cj, ) converge to cap, ,(K,,?) (Theorem 2.2). Moreover, this
shows that cap, ,(K,, ) is finite.

To establish the first inequality of (6.20), note that by the above rea-
soning the sequence u; is bounded in H&"’ (%; ). Hence using the weak
sequential compactness of Hy'?(€; 1) (Theorem 1.31) and the Mazur lemma
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1.29, it is not difficult to construct a sequence vy, consisting of convex com-
binations of the functions u; such that v; is admissible for-the condenser

(Ck, ), that vy converges in Hy®(€; 1) to a function v, and that
/r; |Vo|P dp < cap,, ,(Ck, Q) + €

for all k =1,2,.... This implies
/ﬂ |Vo[Pdp < cap, ,(K4,9) +¢.

Now using Theorem 4.3 we may assume that v is (locally) a (p, p)-quasiu-
niform limit of a subsequence of v;, so that v is quasicontinuous and equals
1 g.e. on K.,. Therefore

u—v € HyP(Q\ Ky p)

by Theorem 4.5, and the quasiminimizing property of A-harmonic functlons
(3.15) implies

(é)"’/ |[VulPdp < 7"/ |Vo|P dp < 4P cap,, , (K4, ) + 7.
@ Jak, Q\K, ’

Thus (6.20) follows.
Next, employing (6.20) and the fact that u is A-harmonic in Q \ K, we
have

cap, ,(K5,Q) < 7""/ [VulPdp < a'l*y"’/ A(z,Vu) - Vudz
{u<} {u<}
=a7! 1"”/ A(z,Vu) - Vmin(u/v, 1) dz
=a! 1"”/ A(z, Vu) - Vudz
< év“” / |VulP dp
] Q
Bp+1 1-
< (E)’H- 71 pca'pp,p(K) Q),
where we also utilized Theorem 4.5 which guarantees that

min(u/y,1) - v € HP(2\ K; ).
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Similarly,

ca.pp’p(K,Q)S/ |VulP du
Q

< l/ Az, V) - Vude = — [ Az, Vu)- Vuds
@ Jo Y J{u<y}
p / B -
< — VulP dp < (£)PH1P 1 ca, K,,Q).
<o {u<7}| [Pdp < (S)7H177 7" capp u(Ky, Q)
The lemma follows. o

If A(z,&) = w(z)|£|P~2¢, then o = B = 1, and we have the equality

cap, ,({u > 7}, Q) =" "Pcap, ,(K, Q)

for the (p, u)-potential u of K in Q. Note also that using the F-capacity
defined in Chapter 5 the double inequality of Lemma 6.19 becomes an
equality

capp({v > 7}, Q) = 7l_p capp(K,Q),

where v is the F-extremal in 2 \ K with boundary values 1 on K and 0
on 89; this follows from Euler’s theorem for homogeneous functions (see

(5.11)).

The first important application of Lemma 6.19 is an estimate which
relates the values of an .A-potential to a capacity density formula.

6.21. Lemma. Let K C B = B(zo,r) be a compact set. If u =
R(K,2B), then

cap, ,(K,2B) ) 1/(p-1)

(6.22) u(z) Z ¢ (Capp,#(B: 2B)

for all z in B. The constant c > 0 depends only on n, p, 8/a, and c,.

PRrROOF: Let M and m denote, respectively, the maximum and minimum
of u on the sphere {z € R™ : |z — 7| = 2r}. We may assume that
M > 0. By using a covering argument and the Harnack inequality we infer
that M < c¢m with ¢ = ¢(n,p, B/a,c,). Thus it follows from the previous
lemma that

cap, ,(K,2B) < cMP1 ca.ppm({u > M},2B)
<emPlcap, ,({u > M},2B).
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Next, by the comparison leinma, 3.18 and the maximum principle, the set
{u > M} is contained in B so that

cap,,,({u > M},2B) < cap,,, (5 B,2B).
Finally, since
. 3
cap,,u(B,2B) = r?u(B) % cap,, ,(5 B, 2B)

(Lemma 2.14), estimate (6.22) follows from the comparison lemma. ]

Using the method in the proof of Lemma 6.21 we obtain two other capacity
estimates. Let K be a compact subset of B = B(zo,7), A > 1 and u =
R(K,AB). Then there is a constant ¢ = ¢(n,p, B/, A, c,) > 0 such that

(6.23) u>c (——capp’“(f{’ AB) )1/(p—1)
cap,, ,(AB, AB)
in B, where X = 1(1+ \). This follows from the proof of Lemma 6.21
by replacing 2 with A and % with A. The constant ¢ can be chosen to be
independent of X if A > 2. Moreover, if A < 2, one can replace A by 1 in
(6.23).
Also, for & € 8B(zo, Ar) it holds that

b

cap, ,(K,AB)\1/(»-1)
(624) u@) <o (25 g)
P\

where the positive constant ¢ depends on n, p, 3/a, c,, and A; the constant
cis independent of A if A > 2. To prove (6.24), let m = minyp, 5,y u. We
have by Lemma 6.19 that

cap, ,(K,\B) > emP1 cappm({u >m},AB) > cmP™! cap, ,(B,AB),

and hence (6.24) follows because by Harnack’s inequality m > cu(z).

Next we construct an .A-harmonic barrier at a thick boundary point.
Recall the convention stated before Lemma 6.19: the A-potential R(K, 2)
is defined pointwise in Q and R(K,2) =1 on K.
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6.25. Lemma. Let zy € 99, p > 0, and
u =1 - R(0Q N B(zo, p), B(xo,2p)) .

Then for all T < p

i d
(6.26) u< exp(—-c/ ¢p,"(zo,[jg,t)l/(ﬂ—l) _tf)

r

in B(zo,r), where the constant ¢ > 0 depends only on n, p, 8/a, and c,.

PROOF: Abbreviate B = B(zo,2p). Fix r < p and let k be the integer
with 2=%p < r < 21=%p. Then write for : = 1,2,...

v =R(0QN27'B,2!~B)

and )
a; = @y u(o, 0,2t %p).

Since e* > 1 + t, estimate (6.22) implies that
v > ca:/(p'_l) >1- exp(-ca:/(p-l)) in27'B,

where ¢ = ¢(n,p,8/a,c,) > 0. Next, let vy = u. Then 1 —u; = v; and
therefore ° 1
u; < exp(—cal/® V) in §B

or
- 1
exp(ca)/ Py, <1 im 3B

Define u; recursively by

1/(p-1)
-1

u; = exp(caq; Jui—1,

1 =2,3,..., where c is the constant of (6.22). We show by induction that
u; < exp(—cal/®V) in27'B.
If this is true for u;_;, we have
u; <1 in2"7*B.
On the other hand, since u; = 0 q.e. in B\ , Theorem 4.5 impl.iés that

min(1 — u; — v;,0) € HoP(2'7 BN Qp).
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Since both 1 — u; and v; are A-harmonic in 2!7*B N Q, the comparison
lemma 3.18 ensures .
1—wu;>v; in27'B.

In conclusion,
ui <1-v; <exp(—ca}/®™V) in2~'B

foralli=1,2,.... We obtain

k
u< exp(—cz al/®™ Dy in 27kB.

i=1

Since it easily follows from the doubling property of the measure p that

g L. /-1 9 S~ 1/
‘Pp,p(zO: )t) ? = CZ a; )

T i=1

(see Lemma 12.10), we arrive at (6.26) as B(zo,r) C 27 *B. O

PROOF OF THEOREM 6.18: We may obviously assign the value of J at &,
to be 0. Fix p > 0 and let u be the function of Lemma 6.25. Write

sy =umax¥+ max 9.
an 80nB(z0,2p)

To show that = min(s;,h) — h isin H&’p (Q(2p); 1), we apply Theorem
4.5. Indeed, as we may assume that u is quasicontinuous in R® ahd u = 1
on 0B(xo,2p), we have s; > maxsqod > h on 8B(zg,2p) N ). Moreover,
since h has a quasicontinuous extension in R™ which coincides with 9 q:e.
on 8%, it follows that s; > ¥ = h q.e. on 82N B(zo, 2p). Hence n =0 q.e.
on 8(Q(2p)) and, therefore, n € Hy?(A2p); 1)-

Since both 3; and h are A-harmonic in Q(2p), the comparison lemma
3.18 implies 3; > h in (2p). Similarly, by setting

8y = min Y+« min?d
—_— I
80NB(xo,2p) o

we obtain s; < h in Q(2p). In conclusion,

osc(h,(r)) < sup s; — inf s,
Q(r) Q(r)

< osc(¥, 89 N B(zo, 2p)) + osc(¥, 8N) sup u,
Q(r)

which, by virtue of Lemma 6.25, establishes Theorem 6:18. m]
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DEFINITION. A boundary point zo of a bounded open set 2 is said to
be (Sobolev A-)regular if, for each function ¥ € HV?(Q;u) N C(N), the
A-harmonic function h in Q with h — ¢ € Hy'P(f; 1) satisfies

lim h(z) = 9(z0).

T—To

Furthermore, we say that a bounded open set § is regular if each z¢ € 99
is regular.
Theorem 6.18 implies that thick boundary points aré regular:

6.27. Theorem. Suppose that  is bounded and that 0Q is (p, p)-thick
at zo € Q. If ¥ € HYP(Q; 1) N C(Q) and if h is the A-harmonic function
in Q with h — 9 € Hy?(Q; ), then

z]ini h(z) = 9¥(zo).

In other words, z¢ is an A-regular boundary point of Q.
Proor: This actually follows from the proof of Theorem 6.18. We showed
there that under the assumption ¥(zo) = 0,

55<h<s

in B(zg,2p) N . Since both s; and |sz| can be made as small as we please
near zo, the result follows. O

6.28. Corollary. If the complement of Q is (p, u)-thick at each point on
9N, then Q is regular.

The following theorem generalizes Corollary 6.28 for solutions to obstacle
problems.

6.29. Theorem. Let Q be bounded, let ¢ € C(R), and let ¥ € C(Q) N
HYP(Q; ) be such that 9 >+ in Q. If u is the continuous solution to the
obstacle problem in K s(f2), then

lim u(z) = J(=zo)

z—x0
whenever 0Q is (p, u)-thick at zo € 8.
PROOF: Suppose that 0Q is (p, u)-thick at zo € Q. We first show that

(6.30) limsup u(z) < ¥(zp).
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Suppose that the open set U = {z € Q : u(z) > ¥(z)} is nonempty and that
2o € 8U. Since u = ¢ on U N Q and since u — ¥ € HyP(; p), it follows
from Theorem 4.5 that u — ¥ € H& "P(U; p). Alternatively, the conclusion
u—9 € HyP(U; ) can be seen as follows: since (u — 9)* € HyP(; ),
there are nonnegative smooth functions ¢; in C§°(Q) converging to (u—29)*
in Hy®(S; p); the functions min(¢;, (u — ¥)*) are compactly supported in
Q and they converge to (u — )t = u — ¢ in HyP(U; 1) by Corollary 1.22.

The function u is the unique solution of (3.8) in U with u—¥ € HY?(U; u)
(Theorem 3.67). Since U C 2, the set LU is also (p, p)-thick at zo € 8U,
and hence Corollary 6.28 yields

z]i.nélo u(z) = 9¥(z0).
z€U

This proves (6.30).

To complete the proof let h be the unique continuous solution to (3.8)
in Q with h — 9 € HYP(; ). It follows from the comparison lemma 3.18
that u > h in . Thus

liminfu(z) > lim h(z) = ¥(zo)
T— T I—T0

by Corollary 6.28. Combining this with (6.30) we conclude the proof. O

We next give a practical condition which guarantees the regularity of
for all mappings A. The problem of regular boundary points is pursued
further in Chapter 9, where we discuss the question from the potential
theoretic point of view.

We say that a set E has a corkscrew at € E if there are constants
¢ >1 and 1o > 0 such that the ball B(z,r) contains a ball B(y,r/c) C E
whenever 0 < r < r9. The complement of a bounded open set 2 is said to
satisfy a corkscrew condition if [ has a corkscrew at each boundary point
z € 90.

It is easy to see that if a bounded open set (2 satisfies an exterior cone
condition, i.e. if for each boundary point = € 9 there is a closed truncated
cone in 0Q with vertex at z, then Q satisfies a corkscrew condition.

6.31. Theorem. If the complement of  has a corkscrew at zo € 99,
then (Q is (p, u)-thick at zo. In particular, if the complement of 2 satisfies
a corkscrew condition, then § is regular.

PRroOF: It suffices to show that the Wiener criterion (6.17) holds at zq €
9. For all r positive and small enough, B = B(zg,r) contains a ball
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B(y,r/c) which does not intersect Q with ¢ > 1 independent of r. There-
fore, using the Poincaré inequality as in Lemma 2.14 and the doubling
property of u we obtain

capy, . (CQ n B(:to, 1'), B(.’Do, 27‘)) > capy, (B('ya r/c), B(:l:o ) 27))
> capy ,(B(y,r/c), B(y, 3r)) > cr~Pu(B(y, 3r))
> er Pu(B(zo,7)) 2 € capy (B(zo,T), B(zo,2r)).

This means that

ca.pp,“(CQnB(zo,r),B(m0,2r)) > ¢>0
Ca'pp,p(B(z()y ’I”), B(ZOa 21‘)) -

for r small enough, so the assertion is proved. O

It is an easy exercise to show that if there is a constant ¢ > 0 and a
sequence of radii r; tending to 0 such that B(zo,r;) \ 2 contains a ball
B(y;,r;/c) for all j, then zq is regular.

DEFINITION. A bounded open set  is called a polyhedron if 8Q = 8Q and
if 8 is contained in a finite union of (n — 1)-hyperplanes.

It is easily seen that a domain 2 can be exhausted by connected poly-
hedra P, € P, € -+ € Q, UP; = Q. Indeed, first exhaust 2 by domains
D, € Dy € --- € Q. Then cover 5_,» by a finite union Q of open cubes
Qj:; € Djyq such that each Qj, intersects D;. Letting

Pj=int§

we obtain the desired exhaustion. Consequently, each open set can be
exhausted by polyhedra.

Simple geometry shows that polyhedra and balls satisfy a cone condition;
therefore their complements satisfy a corkscrew condition, and we arrive
at the following corollary.

6.32. Corollary. All polyhedra and all balls are regular. In particular,
every open set can be exhausted by regular open sets.

We next show that points of positive (p, u)-capacity are regular. This
fact is not surprising, but the proof is somewhat involved. However, if
w =1 and p > n, then estimate (2.13) implies

o(z0,02,8) >c>0

for all Q and all zy € 852, where 0 < t < 1 and ¢ = ¢(n,p) > 0; so the
following theorem in that case follows from Corollary 6.28.
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~

6.33. Theorem. Suppose that cap,, ”{a:o} > 0. Then {zo} is (p, p)-thick
at 9. In particular, if zo € 80, then z, is a regular boundary point of Q.

PROOF: Suppose that {zo} is not (p, u)-thick at zo. Then we may choose
a ball B = B(zg,r) such that

[o o)
1/(p-1) . 1

j=1
where .
a;j = p(zo, {zo},2777)
(see Lemma 12.10) and the constant ¢o = co(n,p, /e, ¢,) > 0 is the con-
stant ¢ of (6.24) with A = 2.
Abbreviate B; = 27/B and let
uj = R({zo},ZBj)
be the A-potential of {zo} in 2B;. Because lim;_.z, u;(z) = § exists by
Lemma 6.15, because cap,, , {zo} > 0, and because u; is quasicontinuous
by definition, we see that u; is continuous in 2B; and 6§ = u;(zo) = 1.
Observe also that lim;_,, u;(z) = 0 for all y € 82B;, since each such y is a
regular boundary point of 2B \ {zo}.
We have by (6.24) that

(6.35) uj < coal/(p V' on 8B;.

Now we iterate (6.35). Let

b _60a1/(P 1)

and
_Yi-1—b

u =t
where vo = u;. Then it follows, by induction, from Lemma 1.26 and (6.35)
that min(u;41 —v;,0) € Hy*?(B;j\{zo}; ) and hence the comparison lemma
3.18 implies v; < uj4; in B;. Therefore,

J Jj
w <v+b S'U2+b2+blSvj+2bksuj+l+zbk in Bj.

k=1 k=1
Now (6.35) and (6.34) imply

3j
uy < bjn1 +zbj <
k=1

for j =1,2,..., and hence

on 3Bj+1

N =

. 1
hglznoful(z) < 5 <1=wu(20)
which contradicts the continuity of u;. The theorem follows. O



126 6. A-harmonic functions

Theorem 6.18 also implies the following boundary Hélder continuity es-
timate.

6.36. Corollary. Suppose that Q is bounded, that zo € 9, and that
@(x0,002,8) >co>0for0<t < p.

If9 € C() N HY?(Q; p) and if h is the A-harmonic function in Q with

h—9 € HyP(Q;p), then for0 <r < p

(6.37) osc(h, Q(r)) < osc(d, 30 N B(xo, 2p)) + osc(¥, 8N) (%)‘s ,

where 6§ = 6(n,p, /e, co,c,) > 0 and Q(r) = QN B(zo, ).
We need a version of Corollary 6.36 where it is not required that h belong
to HLP($; ).
6.38. Theorem. Suppose that (2 is regular, that zo € 952, and that
(0,00, t) > o >0for0<t < p.
If h is an A-harmonic function in §, continuous on 2, then for 0 < r < p

(6.39) osc(h, Q(r)) < osc(h, 82N B(zo, 2p)) + osc(h, ON) (%)6 ,

where § = §(n,p, /e, co,c,) > 0.

ProoF: This follows from Corollary 6.36 by an approximation. Indeed, by
the Tietze extension theorem we first extend the function h to a continuous
function h: R® — R with & = h on §. Next we choose a mollifier 5 €
C§°(B(0,1)), 0 <7 <1, such that [, ndz = 1. Then the convolutions

pj(z) = /R . i"n(Gy)h(z — y) dy

are in C*°(R™) and converge to h uniformly on 2 (see Section 1.10). Now
let h; be the unique .A-harmonic function in Q with h; — ¢; € H&"’ (2 p)-
By Corollary 6.36 it suffices to show that the sequence h; converges to h
uniformly on €.
To this end, fix € > 0. Since h; = ; — h uniformly on 9%, there is an

index j. such that

h—e<hj<h+e
on 9Q for j > je. Thus there is an open D € 2 such that the same
inequalities hold on 2\ D. Therefore, min(h + ¢ — h;,0) and min(h; — (h—
€),0) belong to HyP(D; ), and it follows from the comparison lemma 3.18
that

h—e<hj<h+e
on § for j > j.. Hence h = lim h; uniformly on 2, and the theorem is
proved. O
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It was left open in Chapter 2 whether a closed ball has the same capacity
as its interior. It %easily follows from the Wiener estimate (6.37) that

(6.40) ca.pp,u(f, ) = cap, ,(B, )

whenever B € §Q is a ball.

6.41. Boundary Hélder continuity of .4-harmonic functions

We conclude this chapter with an investigation of global Hélder continuity
of A-harmonic functions. More precisely, we consider the following prob-
lem: suppose that A € C() is A-harmonic in a bounded open set Q and
that h satisfies the Hélder condition

(6.42) |h(z) - h(y)| < Mz - y/°

for all points « and y on the boundary of . Is it then true that k satisfies
a similar inequality for all points x and y on the closure Q? In general, the
answer is negative. An example given by Krol’ and Maz’ya (1972) shows
that a solution to the p-Laplace equation

—div(|VA[P~2Vh) =0

with boundary data in C°(R") may fail to satisfy (6.42) for any § > 0 in
a neighborhood of a boundary point. In their example the domain has a
sharp inwardly directed spine and p € (1,n — 1].

Therefore, to obtain a positive conclusion we need to place an additional
constraint on 2.

DEFINITION. We say that (S satisfies a (p, u)-capacity density condition if
for some ¢y > 0 and 79 > 0,

cap, (€2 N B(=o, 7), B(zo, 2r))
cap, , (B(zo, 1), B(zo,2r))

(6.43)

whenever 0 < r < o and o € 8. We also say that (Q is uniformly
(p, p)-thick.

As an example we observe that [ satisfies a (p, u)-capacity density
condition if 0 has a corkscrew in a uniform sense at each point on the
boundary. We use condition (6.43) again in Chapter 11 in connection with
A-harmonic measures.
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6.44. Theorem. Suppose that {2 is bounded and that ({2 satisfies a (p, u)-
capacity density condition with constants ¢y and ro < 1. Let h € C(f2) be
A-harmonic in Q. If there are constants M > 0 and 0 < § < 1 such that

(6.45) Ih(z) — h(y)| < M|z — yl°
for all z, y € 62, then
(6.46) h(z) - h(y)| < My|z —y|*

for all z,y € Q. Moreover, & = 6;(n,p, B/, c,,8,co) > 0 and one can
choose M; = 80 Mry~? max(1, (diam Q)?).

Theorem 6.44 follows easily from a Wiener estimate on the boundary
and the following elementary lemma.

6.47. Lemma. Suppose that Q is bounded and that h € C(Q) is A-
harmonic in ). If there are constants L > 0 and 0 < v < 1 such that

(6.48) |h(z) — h(zo)| < L|z — zo|”
for all z € 2 and z, € 8%, then
(6.49) |h(z) — h(y)| < Li|z —y|™

for all z,y € Q. One can choose y1 = min(y, k), where & is the Hélder
exponent in (6' 7); and L, = 20Lma.x(1, (dla,m Q)‘Y—‘h )

PROOF: It is clearly enough to prove (6.49) for z, y € 2. We consider two
separate cases.

Case (i): |z —y| < 1 dist(x,80). Choose zo € 9 such that |zo — z| =
dist(z, Q) = r. Then if z € Q is such that |z — 2| < §, we have

|h(z) = h(2)] < |h(z) = h(zo)| + [R(z0) — h(2)]
< L|z — zo|" + L|zg — 2"

<+ &< i,
2 2
Therefore by the Hélder continuity estimate (6.7)

) = h) < 2= My el Bz, r/2)

<20L|z —y|*r~"r".
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If ¥ < K, then |z — y|*r~* < |z — y|"r~7, and hence
|h(z) — h(y)| <20 L|z - y|".
If ¥ > &, then 7% < (diam 2)"~*, and hence
|h(z) - h(y)| < 20 L(diam Q)" "|z — y|".

Consequently, (6.49) is proved in case (i).
Case (ii): |z — y| > 1dist(z,892). Let again zo € 80 be such that
|zo — z| = dist(z, 8Q). We have
Ih(z) — h(y)| < |h(z) = h(zo)| + |h(zo) — h(¥)]
< Lig — zo|" + Llzo — y|" < Lz - 2o|” + (| — zo| + |z - 3])7)
SL2z-y|" +3"c—y|") < SLjz -y,

and the lemma follows. m]

It is clear from the proof that Lemma 6.47 is valid (with obvious modifica-
tions) for any function u, continuous on 2, that satisfies a Hélder continuity
estimate similar to (6.7).

PROOF OF THEOREM 6.44: It is no loss of generality to assume that
minh = 0. Observe that the minimum and the maximum of h on { are
attained on the boundary 8Q. If o € 892 and z €  with r = |z — 7| <
2 < 1, the boundary Hélder estimate (6.39) with p = r'/2 yields

|h(z) — h(zo)| < M 4/27%/2 4 max hre
< Lymin(é/2.c1) !
where ¢; = ¢1(n,p, B/a,cy,c0) > 0 and
L = 4M max(1,diam Q) > 4 max(M, maxh).
Thus, for |z — zo| < 2, we have
|h(z) = h(zo)| < Lz — zo|",

where T= m(5/2) C1) = 7("11” ﬂ/ay C”,Co) > 0.
On the other hand, if |z — zo| > r3, then

|h(z) — h(zo)| < 2maxhry?|z — x|

< Lry?|z - zo|",

where L and « are as above.
The conditions of Lemma 6.47 are thus met, and the theorem is proved.
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NOTES TO CHAPTER. 6. Harnack’s inequality for solutions to non-
linear elliptic equations was first proved in Serrin (1963, 1964). Our proof
that Harnack’s inequality implies the Hélder continuity of solutions is the
standard one, which first appeared in Moser (1961). It is simple but does
not give good estimates for k. Sharp Hélder estimates for p-harmonic func-
tions in the plane were found by Iwaniec and Manfredi (1989). A different
proof for the Holder continuity can be given in the (unweighted) borderline
case p = n (Granlund et al. 1983). The convergence theorem 6.14 was
proved in Heinonen and Kilpeldinen (1988a) but must have been known
before that.

The equivalence of the Wiener test and the boundary continuity for lin-
ear elliptic equations with measurable coefficients was first established by
Littman et al. (1963). They demonstrated that the regular points are the
same as the regular points for the Laplacian, thus extending the fundamen-
tal work of Wiener (1924a). In the nonweighted case Theorem 6.18 was
proved in Maz’ya (1976). For a general treatment, see Gariepy and Ziemer
(1977). In the unweighted case Maz'ya’s result admits the converse. This
was established by Lindqvist and Martio (1985) when p > n—1 and recent-
ly by Kilpeldinen and Maly (1992b) for all p > 1. For weighted nonlinear
equations the converse is still open. For a good account of this and related
problems, Adams (1992).

The work of Littman et al. (1963) was extended to linear weighted equa-
tions by Fabes et al. (1982b); see also Biroli and Maxrchi (1986). For weight-
ed nonlinear equations Theorem 6.18 appears to be new; see, however,
Stredulinsky (1984). Our proof is similar in spirit to Maz’ya’s except that
we treat all open sets simultaneously; that is, no a priori results in polyhe-
dra are required.

The boundary Hélder continuity of .A-harmonic functions (in the un-
weighted case) belongs to folklore although there seems to be nothing in
print. It would be interesting to know if one can choose §; = min{é, <}
in domains that are sufficiently smooth, say, balls. A similar problem for
harmonic functions has been studied by Hinkkanen (1988). The uniform
thickness condition (6.43) has been employed in many analysis papers; see
e.g. Pommerenke (1984), Lewis (1988), and Jones and Wolff (1988).

Harnack’s inequality does not imply the unique continuation property:
“If u is A-harmonic in a domain  and u = 0 in an open nonempty subset
of Q, then u = 0 throughout Q.” Planar A-harmonic functions have the
unique continuation property (Bers and Schechter 1964; Aronszajn et al.
1962). The unique continuation for .A-harmonic functions is not known
even for the unweighted p-Laplacian when n > 2 and p # 2. It is known to
fail for certain linear and nonlinear equations included in our studies (Pli§
1963; Miller 1974; Garofalo and Lin 1986; Martio 1988a).
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A-superharmonic functions

To develop a potential theory, it is necessary to define superharmonic func-
tions.
DEFINITION. A function u: 2 — R U {00} is A-superharmonic in § if

(i) u is lower semicontinuous,

(ii) u # oo in each component of 2, and

(iii) for each open D € 2 and each h € C(D) N H(D) the inequality
" uw> hon 8D implies u > h in D.

We write S(2) = S4(52) for the class of all A-superharmonic functions
in Q. A function v in  is called A-subharmonic in Q if —v is A-super-
harmonic in §2; the class of all .A-subharmonic functions in 2 is denoted by
-S(9).

It is well known that in the case of the Laplacian, i.e. A(z, &) = ¢,
this definition is one of the equivalent characterizations of superharmonic
functions, often defined via a super mean value property (Doob 1984, p.
22; Helms 1969; Radé 1949). The definition for .A-superharmonic functions
does not have a local character. However, A-superharmonicity is a local
property as we shall see in Theorem 7.27.

In this chapter, we first study general properties of A-superharmonic
functions. Among other things, we establish the comparison principle and
the minimum principle, and introduce the Poisson modification of an A-
superharmonic function. In the second half of the chapter we investigate
the connection between .A-superharmonic functions and supersolutions of
equation (3.8). It is remarkable, and vital to our theory, that locally
bounded .A-superharmonic functions are supersolutions; in particular, they
belong locally to HYP(;u). Conversely, each supersolution has an A-
superharmonic representative. To summarize, A-superharmonic functions
could be characterized as the closure of (pointwise defined) supersolutions
with respect to upper directed monotone convergence. It is important to
notice that, in general, there are .A-superharmonic functions, necessarily
unbounded, which do not belong locally to H»'P(Q2; 1) and thus are not su-
persolutions; singular solutions are constructed in Section 7.38. The afore-
mentioned interplay between supersolutions and .A-superharmonic func-
tions enables us to characterize removable sets for .A-superharmonic and
A-harmonic functions as well as to establish integrability properties of .A-
superharmonic functions.

131
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We begin with some elementary remarks. Although S(2) is not, in gen-
eral, closed under addition, we have

7.1. Lemma. Ifu is A-superharmonic, then Au + 7 is A-superharmonic
whenever A and 7 are real numbers and \ > 0.

The following two lemmas are easy to prove. The first describes the
lattice property of S(§?) and the second reveals that S(Q2) is closed under
both upper directed and locally uniform convergence.

7.2. Lemma. Ifu and v are A-superharmonic in 2, then the function
min(u,v) is A-superharmonic.

7.3. Lemma. Suppose that u;, ¢t = 1,2,..., are A-superharmonic in Q.
If the sequence u; either is increasing or converges uniformly on compact
subsets of ), then in each component of ) the limit function u = lim;_, oo u;
is A-superharmonic unless u = oo.

Next, we give a version of the fundamental convergence theorem. It will
be refined further in Chapter 8.

7.4. Theorem. Suppose that F is a family of A-superharmonic functions
in Q, locally uniformly bounded below. Then the lower semicontinuous
regularization s of inf F,

s(z) = }13% Bl(li,fr)(mf F),

is A-superharmonic in €.

PROOF: Since F is locally uniformly bounded below, s is lower semicon-
tinuous. Fix an open set D € Q and let h € C(D) N 'H(D) be such that
h < son 8D. Then h < u in D whenever u € F. It follows from the
continuity of h that A < s in D, and the lemma is proved. O

Theorem 7.4 above can be used to give a quick proof for the following
convexity theorem.

7.5. Theorem. Letu :Q — (a,b), —00o < a < b < 00, be A-super-
barmonic. If f : (a,b) — R is concave and increasing, then f ou is A-
superharmonic.

If u is A-harmonic, then f ou is A-superharmonic if f is merely concave.

Proor: If f: (a,b) — R is concave and increasing, then for all ¢ € (a,b),
f@)=inf{M+0: A0 €R,A>0, s+ 0 > f(s) for all s € (a,b)};

this is the usual definition for concave functions in terms of the supporting
lines. Now if u is A-superharmonic, then Au + o is A-superharmonic and
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hence fou is A-superharmonic because it is a lower semicontinuous infimum
of a family of A-superharmonic functions.

If f is only concave and u is A-harmonic, then in the definition of f we
have A € R, and the same reasoning applies. 0

The open interval (a,b) in Theorem 7.5 can be replaced by the half open
interval (a,d]. Indeed, the case where u is A-harmonic is immediate by the
maximum principle. If f : (a,0] — R is concave and increasing, then f
is continuous. Then, if we choose a sequence by, € (a,b) that increases to
b, we see that f o u is A-superharmonic as it is an increasing limit of A-
superharmonic functions f o min(u, bx).

In the subharmonic counterpart of Theorem 7.5 it should be assumed
that f is convex and increasing or that f is convex and u is .A-harmonic.

The nonlinear potential theory of A-superharmonic functions rests on
the validity of the following comparison principle.

7.6. Comparison principle. Suppose that u is A-superharmonic and
that v is A-subharmonic in Q. If

7.7 limsup v(y) < lim 'z u(y)

y—z y—

for all x € 92, and also for = oo if 2 is unbounded, and if both sides of
(7.7) are not simultaneously co or —oo, then v < u in Q.

ProOOF: Fix z € Q and € > 0. Choose a regular open set D € (2 such
that z € D and that v < u + € on 8D (Corollary 6.32); because of (7.7) a
sufficiently large D will do. Then let ¢; € C*(2) be a decreasing sequence
converging to v on D. Since 8D is compact and u + ¢ is lower semicon-
tinuous, ¢; < u + € on 8D for some ¢. Consequently, if we let h be the
A-harmonic function in D such that A is continuous up to the boundary of
D and coincides with ¢; on 8D, then v < h < u+ € on 8D and therefore
v<h<u+ein D. By letting € — 0 we obtain v(z) < u(z), as desired.
0

7.8. Lemma. A function h is A-harmonic if and only if it is both A-
superharmonic and A-subharmonic. That is,

H(Q) = S(Q) N -S(Q).
PRrOOF: By the proof of the comparison principle an A-harmonic function

is both A-superharmonic and .A-subharmonic. To establish the converse,
let u € S(2) N —S(£2). Then u is continuous and it suffices to show that
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u € H(B) whenever B € Q is a ball. Thus fix a ball B €  and € > 0.
Choose ¢ € C™(R™) such that

lu—o| <e

on B. Let h. be the A-harmonic function in B, continuous on B, with
h. = ¢ on 8B. Then
he —e<u<h.+e¢

on 8B, and since u is A-superharmonic and .A-subharmonic, the same
inequalities hold in B. Thus h. converges to « uniformly on B as € — 0,
whence u € H(B) (Theorem 6.13), as desired. o

As in classical linear theories, A-superharmonic functions are much more
flexible to deal with than A-harmonic functions. The following pasting
lemma, which is used many times in this book, demonstrates this flexibility.
See also Section 7.29.

7.9. Pasting lemma. Suppose that D C Q is open, that u is A-super-
harmonic in 0, and that v is A-superharmonic in D. If the function

_{m.in(u,v) inD
Tl inQ\D

is lower semicontinuous, then it is A-superharmonic in .

PROOF: Let G € 2 be open and h € C(G) N'H(G) be such that h < s on
8G. Then h < u in G. In particular, since s is lower semicontinuous,

fm h(y) < u(a) = s(s) < lipinf o(y)
y€EDNG y€EDNG

for all z € DN G. Thus

lim h(y) < s(z) < liminf s(y)
yEDNG yEDNG

for all z € 3(DNG), and the comparison principle implies h < s in DNG.
Therefore h < s in G and the lemma is proved. (m]

In the definition we require that an .A-superharmonic function u not be
identically oo in any component of (2. We shall see in Chapter 10 that the
set where u takes the value co cannot have positive (p, u)-capacity. Before
that, the following weaker result is needed.
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7.10. Lemma. If u is A-superharmonic in ), then the set {z € Q :
u(z) < oo} is dense in Q.

PrOOF: We may assume that  is a domain. Suppose that there is a ball
B € Q such that « = oo in B. Pick y € Q with u(y) < oo and choose
a connected polyhedron D €  containing B and y. Then 0(D \ B) is
(p, p)-thick at each point of its boundary and therefore D \ B is regular
(Corollaries 6.28 and 6.32). Consequently, we may choose a function A in
C(D\ B)NH(D\ B) taking the value 0 on D and 1 on 8B. If m = infxu,
then m > —oo because u is lower semicontinuous. By the comparison
principle ih < u —m in D \ B for each integer i. Since h(y) > 0 by the
minimum principle, we have

lim zh(y) = 0o.
i—00
This contradicts the inequality
ih(y) < u(y) —m < oo,
and the lemma follows. 0

7.11. Corollary. Ifu € S(R), then u € S(D) whenever D C 2 is open.

Lemma 7.10 leads to the strict minimum principle for .A-superharmonic
functions.

7.12. Theorem. A nonconstant A-superharmonic function u cannot
attain its infimum in a domain Q.

PROOF: Suppose that u(z) = m = infqu and that u(y) > m. Then
u > m in an open set D. Let v; = i(u — m). Since v;(z) = 0, the function
v = lim;_, , v; is A-superharmonic in  (Lemma 7.3). On the other hand,
v = oo in D which contradicts Lemma 7.10. O

7.13. Poisson modification

The Poisson modification carries the idea of local smoothing of an .A-super-
harmonic function. Suppose that u is .A-superharmonic in 2 and that
D e 0 is a regular open set. Let

up =inf{v: v € S(D),limigf v(y) > u(z) for each z € 8D}
y-ﬁ

and define the Poisson modification P(u,D) of u in D to be the function

v inQ\D
up inD.

P(u,D) = {
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7.14. Lemma. The Poisson modification P(u,D) is A-superharmonic in
2, A-harmonic in D, and P(u, D) < u in Q.

Proor: Clearly P(u,D) < u in Q. Next, choose an increasing sequence
¢; € C°(R™) which converges to u in D. Let h; be the unique function
in C(D) N H(D) such that h; = p; on dD. The sequence h; is increasing
by the comparison principle, and hence Harnack’s convergence theorem
implies that the function

h = lim h,‘

t—00
is A-harmonic in D; note that h < u so that Lemma 7.10 ensures that h is
finite somewhere. Since

lim inf h(z) > lim ¢:(y) = u(y)

for y € 3D, it follows that K > P(u,D) in D. On the other hand, the
comparison principle implies that h; < P(u, D) in D for all i and therefore
P(u,D)|p = his A-harmonic in D. This reasoning also shows that P(u, D)
is lower semicontinuois, and hence A-superharmonic by the pasting lemma
7.9. m]

In fact, in the proof above we gave an equivalent way to define the Poisson
modification of v in D. Namely, in D P(u, D) is the limit of any increasing
sequence of functions h; € H(D) N C(D) such that the boundary values of
h; increase to u.

7.15. Supersolutions and A-superharmonic functions

Next we study the relationship between .A-superharmonic functions and
supersolutions of equation (3.8). We begin by showing that a supersolution
is always A-superharmonic.

7.16. Theorem. Suppose that u is a supersolution of (3.8) in Q@ with

(7.17) u(z) = ess li;rLiEf u(y)

for each z € Q. Then u is A-superharmonic.

PROOF: Since u is locally essentially bounded below (Theorem 3.41), u >
—o00, and the lower semicontinuity of u follows from (7.17). Moreover, since
u € H ,lo’f (£2; 1), it cannot be identically oo in any component of 2. Finally,
let D € 2 be open and let i € C(D) N 'H(D) be such that h < u in 8D.
Fix ¢ > 0 and choose an open set G € D such that u+ & > hin D\ G.
Since the function min(u + € — h,0) has compact support, it belongs to
H}®(G; ). Hence the comparison lemma 3.18 implies u +¢ > h a.e. in G,
hence a.e. in D. By (7.17) this inequality holds at each point in D. The
theorem is proved since € was arbitrary. m]
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We proved in Theorem 3.63 that each supersolution u can be redefined
in a set of measure zero such that the “ess lim inf” property (7.17) holds.
Thus we obtain:

7.18. Corollary. If u is a supersolution of (3.8) in Q, then there is an
A-superharmonic function v in Q such that v = u a.e.

It follows from Theorem 7.22 below that an .A-superharmonic represen-
tative of a supersolution is unique.

Next we show that .A-superharmonic functions can be approximated lo-
cally from below by continuous supersolutions (which are .A-superharmonic
by the previous discussion). A global approximation is established later in
Chapter 8.

7.19. Theorem. Suppose that u is A-superharmonic in Q and that D €
Q is an open set. Then there is an increasing sequence of supersolutions
u; € C(D) N HY?(D; ) such that u = lim;_,o,u; in D. Moreover, the
functions u; are A-superharmonic in D.

ProoF: We assume without loss of generality that D is a polyhedron.
Choose an increasing sequence of functions ¢; € C*°(R") converging to u
in D and let u; be the solution to the obstacle problem in K, (D). Then
u; € C(D)N HY(D; ) and u; = ¢; on 8D (Theorems 3.67 and 6.29). We
show that u; is the desired sequence.

To this end, note that the minimal property of the solution to the ob-
stacle problems (Lemma 3.22) implies that the sequence u; is increasing.
Moreover, in light of Theorems 3.67 and 7.16, each u; is A-superharmonic
in D and A-harmonic in the open set U; = {z € D : u;(z) > ¢;(z)}. Since

lminf u(z) > u(y) > @i(y) = lim u;(z)
Ty Ty

for all y € AU;, the comparison principle implies that u > u; in U;. Hence
u > u; in D. Thus
u= lim ¢; < lim u; <u
1—00 1—00

in D, and the proof is complete. O

By Theorem 3.75 the limit of a locally bounded and increasing sequence
of supersolutions is again a supersolution. Thus we obtain:

7.20. Corollary. If u is A-superharmonic in Q@ and locally bounded
above, then u € H,lo’f (Q; 1) and u is a supersolution of (3.8) in Q.

Applying Corollary 7.20 to the A-superharmonic functions min(u, ), ¢ =
1,2,..., we have by virtue of the remark after Theorem 3.77:
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7.21. Corollary. If an A-superharmonic function belongs to H.,P(; ),
it is a supersolution of (3.8) in Q.

To make the picture complete, we next show that A-superharmonic func-
tions share the important “ess lim inf” property of supersolutions.

7.22. Theorem. Ifu is A-superharmonic in §2, then
u(z) = essliminf u(y)
y—e

for each = € Q.

7.23. Corollary. Suppose that both u and v are A-superharmonic in
Q. Ifu=v a.e. in §, then u(z) = v(z) for all z € N.

For the proof of Theorem 7.22 we require the following lemma.

7.24. Lemma. Suppose that u is A-superharmonic in Q and u = 0 a.e.
in Q. Then u(z) = 0 for each z € ().

PROOF: Because u is lower semicontinuous it is nonpositive. Thus, by lo-
calizing the problem, we may assume by Corollary 7.20 that u € H}'P(Q; p).
It suffices to show that « = 0 in a given ball B € Q. Let v = P(u, B) be
the Poisson modification of u in B. Sinceu—v € H(} 'P(Q; p) is nonnegative
and since v is a supersolution in Q (Corollary 7.20), we have

a/ |Vv|”dp.5/ A(z,Vv) - Vvdz
Q Q
S/ A(z, Vv) - Vudz = 0;
Q

note that Vu = 0. Thus Vv = 0 in Q and hence v = 0 a.e. in Q. By
continuity v(z) = 0 for all ¢ € B. This establishes the desired result since
v<uin 0. ]

PROOF OF THEOREM 7.22: Fixz € Q. If
A = essliminf u(y),
y—o
then
A > liminf u(y) > u(z)

by the lower semicontinuity of u. To establish the reverse inequality, pick
7 < A. Then there is a radius 7 > 0 such that B = B(z,r) C 2 and u > v
a.e. in B. According to Lemma 7.24, the .A-superharmonic function

v = min(y,7) — ¥

is identically 0 in B. In particular, u(z) > v and the lemma follows since
v < A was arbitrary. O
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It is convenient to collect the results of this section as follows.

7.25. Theorem.

(i) If u is a function in H.P(Q;p), then u is A-superharmonic if and
only if u is a supersolution of (3.8) with

(7.26) u(z) = ess ].i:’IL ijznf u(y)

for each z € Q.
(ii) Ifu is A-superharmonic and locally bounded, then u is in H};P(; ).
(iti) If u is A-superharmonic in 2, then (7.26) holds everywhere in .
(iv) Ifu is a supersolution of (3.8), then (7.26) holds a.e. in §, and there
is an A-superharmonic function v in Q such that v =u a.e.

For an A-superharmonic function u the truncations min(u,7) are su-
persolutions of (3.8). Thus, roughly speaking, the class S(Q2) of all A-
superharmonic functions in §2 can be described as the closure of (pointwise
defined) supersolutions of (3.8) with respect to upper directed monotone
convergence. We show in Theorem 7.39 that if cap, ,{z} = 0, then there
is an A-superharmonic function u, defined in a neighborhood U of z, such
that u does not belong to H,lo'f (U; u). Therefore, in general, the class of
A-superharmonic functions is larger than the class of supersolutions. Ob-
serve that an A-superharmonic function u in H},?(£; p) need not be locally
bounded (see Theorem 7.48 below).

The definition of an A-superharmonic function is not local; it requires
testing in all open sets D € Q. However, Theorem 7.25 reveals the local
nature of A-superharmonic functions. This is difficult to establish directly.

7.27. Theorem. A function u is A-superharmonic in Q if and only if
each = € Q) has a neighborhood D C Q such that u|p is A-superharmonic
in D.
PROOF: Since we may assume that u is bounded, the statement reduces to
the corresponding property of supersolutions. This, in turn, follows easily
by using a partition of unity. a
We alert the reader that Theorem 7.27, which is by no means trivial,
will be used often in this book and most of the time without an explicit

reference. As the first application, we present another version of the pasting
lemma.

7.28. Lemma. Suppose that @ = DUG, where D and G are open sets.
Let u € S(D) and v € §(G) be such that v < v in D N G. If the function

{v on Q\ D
s =

v inD
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is lower semicontinuous, it is A-superharmonic in (2.

PROOF: Because min(u,v) = u in DNG, it follows from the pasting lemma
7.9 that s is A-superharmonic in G. Therefore s is A-superharmonic both
in D and in G, and hence in GU D = §) by Theorem 7.27. n)

7.29. Extension of A-superharmonic functions

Now we proceed to show that each .A-superharmonic function u € () is
locally a restriction of an entire A-superharmonic function % € S(R"). In
general, there does not exist a similar extension property for .A-harmonic
functions; for example, an ordinary harmonic function is real analytic and
hence its values in a domain () are already determined by its values in any
ball B C Q.

7.30. Theorem. Let E C R™ be a compact set such that R" \ E is
connected and that E is (p, u)-thick at each point on E. If u is A-super-
harmonic in a connected neighborhood S of E, then there is an A-super-
harmonic function s in R™ such that s =u on E.

We first prove an auxiliary result.

7.31. Lemma. Let E C R™ be a compact set such that R™ \ E is
connected and that E is (p, p)-thick at each point on E. Then there is a
function

veEC(R")NSR")NHAR"\ E)

such that v =0 in E and that v < 0in R"\ E.

ProOOF: Let B; be a sequence of concentric open balls containing E such
that B; € B;41 and U;B; = R™. Fix a point yo € B;. Let u; be the A-
harmonic function in the open set B; \ E, continuous up to the boundary,
such that u; = 0 on 8F and u; = 1 on 8B;; because B; \ F is regular, u;
can be found. Define

vi= —
T uiy)
Then v; is a negative A-harmonic function in B; \ E with v;(yo) = —1.

It follows from Harnack’s inequality that the sequence v; is locally bound-
ed, and hence equicontinuous by Corollary 6.12. Thus Ascoli’s theorem
together with Theorem 6.13 implies that a subsequence vj converges lo-
cally uniformly to a nonpositive .A-harmonic function v in R™ \ E with
v(yo) = —1. The maximum principle then implies that v < 0.

Next we show that there is a constant ¢ > 0 such that

cv; Kv<0
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in B1 \ E. To achieve this, first use Harnack’s inequality to infer that
vr > —c on the sphere B;, where ¢ > 0 is independent of k. Then
the comparison principle yields vx > cv; in B; \ E and so cv; < v < 0.
Consequently,

lim v(z) =0

T—=yY

for y € OE. Finally, define v to be 0 on E, take a look at the pasting lemma
7.9, and concludé that v is the desired A-superharmonic function in R™.
i

PrOOF OF THEOREM 7.30: Let v be the A-superharmonic function pro-
vided by Lemma 7.31. Since v has a negative limit value at infinity (Lemma
6.15); the comparison principle guarantees that there is ¢ < 0 such that

V={z:v(z)>c} €N.
We may assume that > 0 on V. Choose open sets W and U such that
EcWweUeV

and that U\ E is regular. If h = v — ¢, then there is a constant A-> 0 such
that Ah > P(u,U \ E) on 8W. Thus the pasting lemma 7.9 implies that

. [ min(Ah, P(u,U\ E)) inV\W
_{P(u,U\E) in W

is A-superharmonic in V. Moreover, since min(\k,§) = § in V \ W and
lim §(z) = lim Ah(z) =0
z—y T—y

for y € 8V, the second version of the pasting lemma (Lemma 7.28) implies

that the function
{ A inR"\V
S =
§ iV
is A-superharmonic in R™. Moreover, since s = u on FE it is a desired A-
superharmonic extension of u. ]

If E is a closed ball, then the assumptions of Theorem 7.30 are clearly
satisfied. Lemma 7.31 is later employed in a situation where E is a point of
positive (p, 1)-capacity; then the function v can be regarded as a singular
solution in the complement of a point (cf. Theorem 6.33).

It is easily shown that the connectedness assumption of R™ \ E cannot
be ignored. For example, let B be an open ball and let 2 = 2B\ B be an
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annulus; then Q is regular and hence there is a function h € H(2) N C(Q)
such that h =0on 8B and h = 1 on 82B. Choose numbers 1 < A\; < A3 <
2 such that h > 3/4 on 8\;B and h < 1/4 on 8\1B. If we let E be the
closed annulus A\, B \ \; B, then there does not exist any .A-superharmonic
function u in R™ with u = h on E, because u > mingy,pu > 3/4 in A\;B
by the comparison principle.

7.32. Removable sets

We next show that sets of (p, u)-capacity zero are removable for both posi-
tive A-superharmonic functions and bounded .A-harmonic functions. These
results are sharp.

7.33. Lemma. Let E be a relatively closed set in § of zero (p, u)-capaczty
Ifu is a supersolution in Q\ E and u € H, o’f (9; 1), then u is a supersolution
in Q. In particular, if u € H,of(ﬂ, p) is A-harmonic in Q\ E, then u has a
continuous representative which is A-harmonic in Q.

PROOF: Since the problem is local, we may assume that u € H?(Q;p).
Let ¢ € C§°(R2) be nonnegative. Since E has zero (p, u)-capacity, we have
Hy?(Qp) = HyP(\ E; u) (Theorem 2.43) and so ¢ € HyP(Q\ E; p).
Thus, since |E| = 0 (Lemma 2.10), it holds that

0< / A(z,Vu)-Vepdz = / A(z,Vu) - Vedz,
O\E o

as desired. ]

7.34. Lemma. Let E be a relatively closed set in Q of zero (p, p)-
capacity and let u be a supersolution in Q \ E. If each point z € ENQ
has a neighborhood U C ) such that u is bounded in U \ E, then u is a
supersolution in 2.

PrOOF: If we show that u € H,lgf (9; 1), the previous lemma implies the
claim. Let B be a ball such that 2B € 2 and u is bounded in 2B. It
suffices to show that u € HP(B;u). We may assume that u < 0 in 2B.
Since C,,,(E) = 0, we may choose a sequence of functions ¢; € C§°(R")
such that 0 < ¢; < 1, that ¢; = 1 in a neighborhood of E N 2B, and
that ¢; — 0 in HVP(R"; i) (see Corollary 2.39 and Lemma 2.36). Then
let n € C§°(2B) be a nonnegative function such that n = 1 in B. Now it
follows from the Caccioppoli estimate (3.29) that

[ 1Vulln - gl du < sup o [ 1901~ )P da
2B\E 2B\E 2B
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Consequently, since n(1 — ;) converges to n in H}'P(2; 1), we conclude
/ |[VulPdp < ¢ < o0,
B\E

and hence u € HVP(B\ E;u). On the other hand, since E has zero (p, p)-
capacity, we have HY?(B \ E;u) = HV?(B;p) (Theorem 2.44), and the
lemma follows. O

The next theorem extends a well-known result of classical potential the-
ory.
7.35. Theorem. Let E be a relatively closed set in Q of zero (p, u)-
capacity. If u is A-superharmonic in Q \ E with liminf,_,; u(y) > —oo for
allz € ENQ, then o

u(z) = ess ﬁgﬂgf u(y), z€Q,

defines an A-superharmonic function in Q.

ProoF: If uy = min(u,k), k =1,2,..., then u; is a supersolution of (3.8)
in by the previous lemma and Corollary 7.20. According to Theorem
7.16 the representative of uy defined by

up(z) = ess li!r,nigf uk(y)

is A-superharmonic in Q. The theorem follows by letting k — oo. m]

The following theorem is an obvious corollary to Theorem 7.35.

7.36. Theorem. Let E be a relatively closed set in Q of zero (p, p)-
capacity. Then each bounded A-harmonic function h in Q \ E can be
extended to E so that the extension is A-harmonic in Q.

The removability theorems 7.35 and 7.36 are sharp. In fact, let B be a
ball and C € B a compact set such that cap, ,(C,B) > 0. If 1 — h is the
restriction to B\ C of the A-potential of C in B, then by the minimum
principle every A-superharmonic extension k of h in B satisfies h > 1 in
B. This, however, is untenable because by Lemma. 6.19 h(z) < 1 for some
zin B\C.

In linear potential theories one usually allows an exceptional set in the
comparison inequality (7.7) and still retains the same conclusion. Easy
examples show that a singleton of positive capacity cannot be ignored. It
is not known if a point of (p, u)-capacity zero can be neglected in general.
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However, the connection between .A-superharmonic functions and superso-
lutions enables us to prove the following weaker result, which is often useful
in practical situations. Of course, it would be desirable to dispense with
the imposed integrability assumption.

DEFINITION. We say that a set E C Q has zero (inner) (p, p)-capacity
relative to Q if for each compact subset K of E we have

i [ (o +[VoP)du=0,

where the infimum is taken over all ¢ € C(R2 U K) N HVP(Q; 1) such that
p=1on K.

By using the Sobolev capacity we easily infer that if cap, , E = 0, then
E has zero (p, p)-capacity relative to . The converse is not true, as easy
examples quickly confirm.

7.37. Lemma. Suppose that Q is bounded and that E C 9N has zero
(p, p)-capacity relative to Q. Let u € S(2) and v € —S(R) be bounded
such that

limsup(y) < limint u(y)

y—z

for all z € 8N\ E. If either u € LYP(Q; u) or v € LVP(Q; i), then v < u in
Q.

PROOF: Since for each € > 0 the set

{z € 8Q: liminf u(y) + ¢ > limsup v(y)}
y—z y—z

is open on 912, we may assume that F is compact. By symmetry, we may
also assume that u € HVP(Q; p).
Now we may choose a decreasing sequence of functions ¢; € C(QUE)N
HYP(Q; u) such that
0 < ¢; <M =sup|ul +sup|o|,
that ¢; = M on E, and that

llpill e () — O

Indeed, we may choose a sequence of nonnegative functions ¢; € C(Q U
E) N HY?(Q; p) such that ¢; = M on F and that ¢; — 0 in H"P(Q; p).
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Then let ¢; = min(M,@;) and let, for ¢ > 1, @i, = min(ep;, @;), where
the index j is chosen so large that

. - 1
(| min(e:, @) a1-p(a5m) < Sll@illareu) ;

this is possible because min(p;, ;) — 0in H?(Q; 1) as j — oo by Lemma
1.22.
Then write
i =u+

and let u; be the A-superharmonic solution to the obstacle problem in Ky, .
By the “ess lim inf” property (7.22) we have that u; > 9; in Q. Hence

lim sup v(y) < lim ilf ui(y)

y—z y—=

for all z € 8 and for each 7, and by the comparison principle u; > v. By
virtue of Theorem 3.79, the sequence u; converges to u a.e. Therefore, by
appealing again to the “ess lim inf” property, we infer that « > v in Q, and
the lemma follows. [m)

7.38. Singular solutions

Next we examine the behavior of .4-harmonic functions near an isolated
singularity.

7.39. Theorem. Suppose that Q is bounded and that =y € Q. If
cap, ,{zo} = O, then there is a function v € S(Q) NH(Q \ {zo}) such

that

lim u(z) = oo = u(zo)
Tz

and that
lim u(z) =0
T—Y

at each regular boundary point y € 2. Moreover, u ¢ H,lgf (€ 1) and so
it is not a supersolution of (3.8) in 2.

PROOF: Suppose first that u € S(2) N H(Q\ {z0}) with

lim u(z) =oo.

T—x(

Ifu € H, ,lo'f (9 p), it would follow from Lemma 7.33 that u can be extended
to be A-harmonic in . This is impossible because u is unbounded near
Zg.
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Now we construct the desired function u. We may assume that 2 is a
domain. Let B = B(zo,7) € Q2 be a ball and B; = !B, i = 1,2,....
Choose a function ¢ € C§°(f) such that ¢ = 1 in B and let h; be the
A-harmonic function in Q \ B; such that h; —p € Hy?(22\ B;). By setting
h; =1 in B; we have h; € S(2) N H(Q \ B;). Define
" maxsphi
Then u; € S(Q) N H(\ B;) and it follows from the Harnack inequality
that the sequence u; is locally bounded in 2 \ {zo}; hence {u;: ¢ > j} is
equicontinuous in 2\ B; (Corollary 6.12). Now we easily find a subsequence
of u; that converges locally uniformly in Q \ {zo} to a function u € H(Q\
{z0}) (Theorem 6.13). Moreover, u € §(f2) by the removability theorem
7.35.

It follows from the comparison lemma 3.18 that 0 < u; < u; in 2\ B.
Thus 0 < u < u; in 2\ B and

lim u(z) =0
Ty

Ui

whenever y is a regular point on 91.
To complete the proof, we show that

im u(z) =o00.

T—To
First note that the limit lim,_,, u(z) exists (Lemma 6.15). Suppose that
this limit is finite so that u is bounded near zo. Then Theorem 7.36 implies
that u is A-harmonic in  and hence v < u; in Q by the comparison
principle. We show that this leads to a contradiction. Let D; € Q2 be an
increasing sequence of regular domains invading §2 and let

v; = P(ul,Dj).
Then v; € Hg'p(ﬂ;u) and v < v; < u; in Q. Moreover, v; decreases to an

A-harmonic function v in Q. Since u; —v; € Hy'P(€; 1) is nonnegative, the
quasiminimizing property of .A-superharmonic functions 3.13 implies

/|Vv,-|pdp§c/ |[Vu|Pdp < oo
Q Q

Then it follows from the weak completeness of Hy*(f; 1) (Theorem 1.32)
that v € HyP(Q; 1) and necessarily v = 0 in . Because 0 < u < v, u
vanishes identically in Q. This contradicts the inequality « > ¢ > 0 on 8B,
which is a consequence of the Harnack inequality.
In conclusion, we have
Jim, u(e) =,

and the proof is complete. m]
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The assumption that cap, ,{zo} = 0 in Theorem 7.39 is necessary be-
tause the existence of a singular solution requires that cap, ,{zo} = 0.
This phenomenon will be investigated in more detail in Chapter 10, where
we show that if cap, ,{zo} > 0, then each A-superharmonic function is
necessarily finite at zo. However, in that case we could call the A-potential
of {zo} a singular solution since z, is not a removable singularity.

The next theorem describes the growth of singular solutions.

7.40. Theorem. Let u be an A-subharmonic function in a punctured
ball B\ {zo}, B = B(zo, R), such that limsup,_,, u(z) < 0 for all y € 8B.
Then either u < 0 everywhere in B\ {zo} or

. 1 -1
liminf My (r) ( cap,, . (B(zo,r), B)) /"™ >0,

where M(r) = maxpp(z,,r)u for r < R.

Proor: If u(z') > 0 for some z’' € B, then the maximum principle implies
M,(r) > 0 for each r < |z'| = r', and we may thus assume that ' < R/2.
The comparison principle yields

u(z') < My(r)wr(2'),
where w, = R(B(zo,r), B) is the A-potential of B(zo,r) in B. Let

1 .

= min w,.
8B(zo,r')

Then the set K' = {z € B : w,(z) > m'} contains B(zo,r') by the maxi-
mum principle; in particular, we obtain from Lemma 6.19 that

cap,, ,(B(zo,7), B) ) 1/(p-1)
cap, ,(K', B)
< ( Capp'#(B(:L’o,'l‘), B) )1/(1’-1)
cap,, ,(B(zo,1'), B)
1/(p-1
¢ (capy,,(B(o,7), B)) /-1

m'Sc(

IA

where cis independent of 7. Finally, since w,(z') < em’ for r < r'/2 by Har-
nack’s inequality, the theorem follows by combining the above estimates.
O

For solutions we have an upper estimate as well.
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7.41. Theorem. Suppose that h is A-harmonic in a punctured ball
B\ {0}, B = B(zo, R), such that lim,_,, h(z) = 0 for all y € 8B. If
h(z1) =1 for some point =, on the sphere 8B(xy, R/2), then

1
- capp’”(B(zo,r), B)I/(l_”) < h(z) < ccap,, , (B(o, r),B)l/(l"’)

for |z — zo| =r < R/4, where ¢ = ¢(n,p, B/a,c,) > 0.

PROOF: Let w, = R(B(zo,r), B). If M, and m, are, respectively, the
maximum and the minimum values of h on the sphere 8B(zo,7), then it
follows from the comparison principle and the potential estimates (6.24)
and (6.22) that

capy, , (B(zo,r), B) ) 1/(p-1)
cap,, (3B, B)

<ccap,, (B(zo,7), B) 1@-1

< wolar) < o

and ) he)
z 1/(p-1)
i — 2 wy(z1) 2 ¢ cap,, (B(:z:o,r),B) .
The theorem follows because M, < ¢m, by Harnack’s inequality. m]

More explicit estimates for the growth of singular solutions can be ob-
tained from the capacity estimates in Chapter 2. For example, let w =1
and let h be as in Theorem 7.41. Then

h(z) = |z|P~™/-1) | 1<p<n,

and

1
h(m)’~'logm, p=n,

for |z| < R/2.

7.42. Integrability of A-superharmonic functions
An A-superharmonic function is by definition lower semicontinuous, and
hence locally bounded below. However, as shown in Theorem 7.39, an A-
superharmonic function in 2 need not be locally bounded above nor is it
necessarily in H, ,lc;f (€2 ). This section is devoted to integrability questions
for A-superharmonic functions.

In what follows % > 1 is the number appearing in the Sobolev inequality
II1. We first prove a lemma about general Sobolev functions.
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7.43. Lemma. Let Q2 be bounded and let u be a nonnegative, a.e. finite
function on ). Suppose that for all k =1,2,...

min(u, k) € Hy?(Q; p)
and
(7.44) / |V min(u, k)|P dup < Mk
Q

for some constant M, independent of k.
(i) 0 < q < xp/(x(p—1)+ 1), then

/ |V min(u, B)| 9P~ dy < c,
Q

where ¢ = ¢(p, cu, g, M, p(2), diam ).
(i) If0 < s < x(p —1), then

/ udp < o0o.
Q

PRrROOF: We first prove (i). It follows from the Sobolev embedding theorem
(III) and (7.44) that

EPu({k <u<2k}) < / min(u, 2k)*P dp
{k<u<2k}

< / min(u,2k)*Pdp < ¢ (/ |V min(u, 2k)[P du)
Q Q
< c(MEk)*.

Using the Holder inequality we obtain
/ |V min(u, 2k)|9P~1) dy
{k<u<2k}

< u({k < u < 2k)) T / IV mmin(u, 2k)[P dyu) 1?77
{k<u<2k}

<ckm,
where ¢ = ¢(p, g, ¢y, M, p(§2), diam ) > 0 and

_glp—-1)y ap-1) . xp-1)+1
p )+ - =(p-1)(¢————— - - %) <0.

p=x(1-p)(1
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Hence for k < 2¢

[ 19 minga, I~ dy
Q

£
<[ min ey [ |V min(u, 2/)[7~1) gy
{u<1} 1 Y {297 1<u<27}
<M+c ZZ"” <c,
Jj=1

where ¢ = ¢(p, g, c,, M, u(R2), diam()), and (i) follows.
To prove (ii) we proceed similarly. As in (i) it holds that

p({k < u < 2k}) < kP

and using the Holder inequality and the Sobolev inequality (III) we obtain
/ wdp<p{k<u< 2k})l_"/"p(/ min(u, 2k)*P du)*/ *P
{k<u<2k)} Q

< cka(p-l)/p—x(p—l)(/ |V min(u, 2k)|P du)*/?
(o}

< ck*(P=V/p=x(p=1)+s/p

Since p; = s(p —1)/p — #(p — 1) + s/p = s — #(p — 1) is negative, we have

/udu<u(9)+2/ dp

2-"—1<u<2-"}
<u(Q)+ec 22"”' < o0,
j=1
and the proof is complete. O

DEFINITION. Suppose that u is a function in Q such that min(u,k) €
H, of (9; p) for all nonnegative integers k. Then we define the weak gradient
of u to be the function

Du = lim Vmin(u,k).
k—oo

Since for k > j we have V min(u, k) = V min(u, j) a.e. in the set {u < j},
the weak gradient Du is an a.e. defined function. Moreover, Du is defined
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for all A-superharmonic functions (Corollary 7.20). If u € H,lo’f (4 ),
then Vu = Du. .In particular, if w'/(1=P) is locally integrable and Du is
locally integrable (with respect to the Lebesgue measure), then Du is the
distributional gradient of u (see Section 1.9).

The main result of this section is that for an .A-superharmonic u the
weak gradient Du is in LIP™(Q; ) for some ¢ > 1. We start with a

loc
global result, where u van.isims on the boundary.

7.45. Theorem. Let u be a nonnegative A-superharmonic function in a
bounded open set ) such that

min(u, k) € Hy?(Qp), k=1,2,....
Then Du € LIP~1)(Q; ) for each q with

xp
0 2 ___
SU< oD +1

Moreover, if 0 < s < x(p — 1), then u is in L*(Q; p).

ProOOF: We show that u verifies the hypotheses of Lemma 7.43, from which
the assertion follows. Let

ap = / A(z,Du) - Dudz.
{k—1<u<k}

Then
) | min(u, k)P dis < 2,
{k—1<u<k} «

and if we show that the sequence ay is decreasing, we have that
. a1
[ 19t kP au< £,
Q 22

which is the desired estimate (7.44).
To this end, let
ve=(1-|u—-k)*.
Then v € Hy'P(§; 1) is a nonnegative function, and since min(u, k + 1) is

a supersolution in H'P(Q; 1), we have

05/ A(z,Vmin(u, k + 1)) - Vogdz
o

=/ A(z,Du) - Dudz —/ A(z,Du) - Dudz
{k—1<u<k} (k<u<k+1}
=0k — Qk+41 -

In conclusion, ag4+; < ar and the theorem is proved. m}
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For general A-superharmonic functions we have a local version.

7.46. Theorem. If u is A-superharmonic in Q, then u € L}, .(; 1) and
Du € LI (Q; u) whenever 0 < s < x(p — 1) and

loc

xp
0<g< —mm——.
1 x(p—-1)+1

PROOF: Let B be a ball with 2B € Q. It suffices to show that both |ul®
and |Du|9P~1) are p-integrable in B. Since m = infpu > —o0o, we may
replace u with u—m+1 and thus assume that u > 1 in 2B. Now the Poisson
modification P(u,2B\B) is .A-harmonic in the annulus 2B\ B. Hence there
is an .A-harmonic function h in 2B\ £B such that h is continuous up to
the boundary, h € H*?(2B \ $B; ), h =0 on 82B, and h = P(u,2B \ B)
on 8%3. It follows from the comparison principle and the pasting lemma
7.9 that the function

P(u,2B\B) on —%—E
v= —
h in2B\ 3B

is A-superharmonic in 2B. Moreover, since v = u in B and since the trun-
cations min(v, k) belong to Hy**(2B; ), the assertion follows from Theorem
7.45. a

AN ALTERNATIVE PROOF FOR THEOREM 7.46: Let B be a ball such that
4B C Q. We may assume that u > 0 in 4B. For k = 1,2,... write
upr = min(u,k). Then u; is a supersolution in 2 and hence the weak
Harnack inequality (Corollary 3.59) implies for 0 < s < »(p — 1) that

/ updp < c(essi%fu)‘ < 00,
B

where the constant c is independent of k. Letting k¥ — oo we obtain
u® € L1(B; ), as desired.

The integrability of the weak gradient Du follows from this result com-
bined with the estimate in Lemma 3.57. Indeed, if

»p

1<¢g< ——m——
=1 x(p—1)+1
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and if € > 0, we have by Lemma 3.57 that

/ |Vuk|‘*"(?‘1)du
B

=/ |Vuk|q(P‘1)u;(1+€)(P—l)q/Puscl-Fe)(p—l)q/pd”

B

< (/B|Vuk|”u;1'edp)q(’_l)/P(/I;ug“)q(l’-l)/(r—q(p—l))dﬂ)(p—q(p—l))/p
Sc(/w up—l—ed#)q(p—l)/p(/; u(1+€)q(P_1)/(P—q(P—l))du)(p—q(p_l))/p.

Now the last two integrals are finite if we choose 0 < € < p — 1 such that

(1+e)(p—1) B
p—ap—1) <x(p-1).

An L9(B; p)-estimate for |[Du[?~! is obtained by letting k — oo. o

7.47. EXAMPLE. We display an example which shows that the integra-
bility results are sharp. Let v > 0 and w(z) = |z|”. Then w is p-admissible
for all p > 1 and

p0=inf{q21:weAq}=1+%;

see Section 1.6. Let p < n + v and A(z, ) = w(z)|¢|P~2%¢. If
1
u(z) =/ t dt,
||

where § = (1 —n — v)/(p — 1), then it is an easy task to check that u is
A-harmonic in the punctured space R™\ {0}, and A-superharmonic in R"
if we set u(0) = co. Moreover, if B = B(0,1) and § < —1, then

! 5 dt
/ w'dp=c / g6ty 22 ¢ oo
B 0 t

if and only if
n+y

Y+n—p
If § = —1, then let so = 0o, and it follows that (for all p < n +7)

/u’du<oo
B

(P—-1)=s0.
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if and only if s < sp. Similarly, we have that
! ) dt
Ty et
B 0

if and only if
n+y

n+vy-—1
Now let us figure out what we obtain from Theorem 7.46. Theorem 15.23
implies that in order to apply Theorem 7.46 we may choose any

q< =qo-

n n+y
x < = =K
n—p/pp n+v-—p
Thus
/u‘du<oo
B
if +
nr+vy
s<—(p—-1)=s
n+7_p(P ) 0
and
/ D" dy < oo
B
if
Kp .
A SR f
-1 F1 @ Up<n+t+y
q< p
— =q 1fp=n+’)’.
p—1

Consequently, these examples show that Theorem 7.46 is sharp.

In the unweighted case Theorem 7.46 claims that for an .A-superharmonic
function u, both |u|* and |Du|? are locally integrable whenever

=) ifp<n
0<s<{ P

n—p
00 ifp>n

n—1

0<g< .
p ifp>n.
Note that Du is locally integrable if p > 2 — 1/n and hence Du is the

distributional gradient of u. These results are sharp for p < n, because the
function u defined in Example 7.47 is, essentially,

|z|P=m (=) ifp < n
(o) = { |
— log |z| ifp=mn.
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Then v is p-superharmonic in R™, i.e. A-superharmonic when (3.8) is the
p-Laplace equation
—div(|Vulf~2Vu) = 0.

A direct computation with v shows that if p < 2 — 1/n, the distributional
derivatives of v do not exist as functions in any neighborhood of the origin.
However, for p > n, the above integrability results are not sharp in
the unweighted case because then it follows from the Sobolev embedding
theorem that A-superharmonic functions are continuous and hence locally
bounded. Consequently, they belong to Ho? (£2; dz) by Theorem 7.25.

loc
We close this chapter by establishing a useful result asserting that logu
is in H, ,lo’f_.’ (Q; p) whenever u is a positive A-superharmonic, although u need
not belong to HyP(Q; p).

7.48. Theorem. Suppose that u is a positive A-superharmonic function
in Q. Thenlog u is a supersolution of (3.8). In particular, logu € H,lc;f(ﬂ; o)
and the estimate

/E |VlegulPdp < c cap, ,(E,Q)

holds whenever E C Q is measurable; here ¢ = (pfB/a(p — 1))?.

PROOF: Because t — logt is concave and increasing for t > 0, the function
log u is A-superharmonic (Theorem 7.5). So it suffices to show that logu €
H,lo’f(Q;u) (Theorem 7.25 and Theorem 3.53). To this end, let B be a ball

with 2B C § and let ux = min(u,k), k = 1,2,.... Then logu is bounded
below in B, and for 0 < s < x#(p — 1), we have that

/ [log ulP dp < c/ u®dp < 0o
B B
Theorem 7.46). By Lemma 3.47, log uy, belongs to H-P(Q; 1) and
loc
/ |Vloguk|Pdp <c,
B

where the constant ¢ < oo is independent of k. Hence the sequence log uy
is bounded in H'?(B;pu), and we infer from the weak compactness of
HYP(B; ) that logu € HY?(B;u) (Theorem 1.32). The theorem follows.

a
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NOTES TO CHAPTER 7. Quoting Doob (1984, p. 794): “F. Riesz
inaugurated the systematic study of superharmonic and subharmonic func-
tions”. See Riesz (1926, 1930) and Radé (1949).

The definition of superharmonic functions in terms of harmonic func-
tions is the standard approach of axiomatic potential theory. In con-
nection with nonlinear partial differential equations, this definition was
first given by Granlund et ol (1983). Papers by Granlund et al. (1982,
1985, 1986), Lindqvist (1986), and Lindqvist and Martio (1985, 1988) dis-
play the early results and applications of A-superharmonic functions. The
proof of Theorem 7.5 is from Gardiner and Klimek (1986). The gener-
al (unweighted) form of Theorem 7.25 was first proved in Heinonen and
Kilpeldinen (1988a), where also removability results for .A-superharmonic
functions were established. The removability theorem 7.36 and the behav-
ior of singular solutions can be found in Serrin (1964, 1965). The extension
of A-superharmonic functions was considered in Kilpeldinen (1989). The
integrability of A-superharmonic functions was first studied in Lindqvist
(1986) and our second proof for Theorem 7.46 is from there; the other
approach is that of Kilpeldinen and Maly (1990).



8
Balayage

The theory of balayage (sweeping) fits naturally into the nonlinear frame-
work; it can be thought of as a basic form of the obstacle problem. In
this chapter we first introduce the balayage of a function, and the rest is
devoted to the proof of the fundamental convergence theorem.

We first recall that the lower semicontinuous regularization 4 of any
function u: F — [—o00, 00] is defined by

i(z) =lim inf w.
r—0 ENB(z,r)

Then @ < u on E. If u is locally bounded below, then 4 is lower semicon-
tinuous; indeed, i is the greatest lower semicontinuous minorant of u.

DEFINITION. Let 9 :  — (—00,00] be a function that is locally bounded
below, and let

¥ = 3¥(Q) = BY(Q A)
= {u: u is A-superharmonic in Q and u > ¢ in Q }.

Then the function
RY = R¥(Q) = R¥(; A) = inf &Y
is called the réduite and its lower semicontinuous regularization
RY = R¥(Q)) = R¥(O; A)

the balayage of 9 in Q.

If &Y is empty, then R¥ = co. However, to exclude this trivial case, we
assume hereafter that ®¥ is nonempty.

We proved in Theorem 7.4 that the lower semicontinuous regularization
of the infimum of a family of A-superharmonic functions such as ®¥ is A-
superharmonic. Hence we have:

8.1. Theorem. The balayage R¥ is A-superharmonic in .

DEFINITION. If u is a nonnegative function on a set E C 2, we write
v =&% RY=RY and RY%=RY,

157
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1/)_{11. on F
“1lo onQ\E.

The function R}f; is called the balayage of u relative to E. Furthermore, if
u = ¢, a constant, we write R, = R}, etc. Especially, we call the function
R}, the A-potential of E in Q.

A-potentials will play an important role in the further development of
the theory and their properties will be examined thoroughly in this and
subsequent chapters. This definition extends the one used in Chapter 6
(see Lemma 8.5 and Theorem 9.33).

The fundamental convergence theorem in nonlinear potential theory reads
as follows.

where

8.2. Fundamental convergence theorem. Suppose that F is a non-
empty family of A-superharmonic functions in Q. Let § be the lower semi-
continuous regularization of the function s = inf F. If F is locally uniformly
bounded below, then § is A-superharmonic in §) and § = s except on a set
of (p, p)-capacity zero.

We have already seen in Lemma 7.4 that the function § is A-superhar-
monic. To show that § = s quasieverywhere, we require several lemmas;
some of them are used in later chapters as well. In particular, the first
topological lemma is often employed.

Recall that a family & of functions defined on the same set is downward
directed if for each u,v € U there is s € U with s < min(u,v).

8.3. Choquet’s topological lemma. Suppose that E C R™ and that
U = {uy: v € I} is a family of functions u : E — [—00,00]. Let u = inf Y.
IfU is downward directed, then there is a decreasing sequence of functions
v; € U with limit v such that the lower semicontinuous regularizations i
and v coincide.

ProOOF: We first show that there is a countable subset J of I such that
the lower semicontinuous regularization of

inf{u,: y€ J}

coincides with 4. For this, let By, B;,... be an enumeration of all balls in
R™ with rational center and radius such that each ball appears infinitely
many times in the sequence By, Bs,.... For k=1,2,...,let By, = By N E;
we assume that Ey # 0. Choose z; € F), such that

. 1
u(zg) < %fu + %
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provided the infimum is not —oo; otherwise choose z) € Ej with u(zg) <
—k. Next let v, € I be an index with

1
Uy (k) < w(@k) + ¢

if u(zk) > —oo; if u(zk) = —oo, make an obvious modification. Now the
set J={yx € I: k=1,2,...} is countable and for s = inf{u,: vy € J} we
have 5
il{:lfs <t (k) < i}glfu + %
for all k = 1,2,... if u(zx) > —oo; if u(zy) = —oo, then infg, sp < —k.
Because each set E N B(z,r) with # € E contains infinitely many of the
sets Ey, it follows that
§<u

in E. The reverse inequality is trivial and hence § = 4 as desired.

To complete the proof, let v; = v,, and for j = 2,3, ... choose a function
vj € U such that

vj < min(v;_1,u,,).
Then v; is the desired decreasing sequence because
u < lim v; <s.
j—oo

]

8.4. Lemma. The balayage R‘é is A-harmonic in @\ E and coincides
with R}, there. If, in addition, u € S(f2), then R% = u in the interior of E.

PROOF: Observe first that if v; and v, are in ®%, then so is min(vy, v3).
Hence the family ®% is downward directed and we may invoke Choquet’s
topological lemma. 8.3: there is a decreasing sequence of functions v; € ®%
with the limit v such that

9(2) = R ()

for all z € Q.

Next, pick a ball B CC 2\ E and let s; be the Poisson modification of
v; in B, where v; is the sequence obtained above. Then s; is A-harmonic
in B, s; € ®%, and s;41 < 5; < v;. Hence

Ry < s=lims; <limv; =v
and we conclude that A
v _ -
E =S
in B. This establishes the first assertion because § = s is .A-harmonic in

B by Harnack’s convergence theorem. The second part of the lemma is
immediate since u is lower semicontinuous and u € ®%. O
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Next we prove that for compact E and bounded 2 the ,A-potential R};
coincides with the A-potential of Chapter 6. The case where Q is not
necessarily bounded is treated in Theorem 9.33.

8.5. Lemma. Suppose that K is a compact subset of a bounded open
set 0 and that u = RL(R) is the A-potential of K in Q. Let ¢ € C$°(R)
be such that ¢ =1 on K. Then u|q\k is the unique A-harmonic function
in Q\ K withu— ¢ € HyP(Q\ K; ).

PROOF: First exhaust CK by polyhedra D; € D; € -+ € CK such that
00 C D,. Then let Q; be an exhaustion of {2 such that §; are polyhedra,
QW ENNE: - €N and Q\ D, C Q. We may assume that ¢ =1 on
Q\ D; and that ¢ € C§°(Q;). Let then h;; be the A-harmonic function
in Q; N D; with h;; — ¢ € Hy'?(Q; N Dj;p). Now h;; can be extended
continuously to R™ by setting h; ; = 1 on Q;\D; and h; ; = 0in ;. Hence
we have by the pasting lemma 7.9 that h; ; is A-superharmonic in ;. By
the comparison principle h;; < h;y1,; < 1 so that Harnack’s convergence
theorem and Lemma 7.3 imply that

hj = lim h;;

is A-harmonic in 2N D; and A-superharmonic in Q. Moreover, h; =1 on
Q\ D; and hence
hy > Rk(9) = u.
Since each of the functions h; j quasiminimizes the (p, p)-energy, we ob-
tain

/ |Vh; j|Pdp < c/ [VelPdu.
unD; Q\K

Therefore h; ; — ¢ is a bounded sequence in Hy'?(2 N Dj; p) and the limit
function h; — ¢ is in Hy'P(2 N Dj;p) (Theorem 1.32). Since h; is A-
harmonic, we similarly conclude that the sequence h; decreases to an A-
harmonic function h in Q \ K and that h — ¢ € HyP(Q\ K; p).

To complete the proof, we show that h = u in Q \ K. Since h; > u on
N D;, we have h > u. On the other hand, if we pick a function v € &}
and fix € > 0, then

1+ep>1

on 8D; N for some j. Therefore
(L+e)w>hi;

in Q;n D; and hence
A+4+ev>hy
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in 2N D;. We conclude that
1+ev>h
in 2\ K. Letting ¢ — 0 and taking the infimum over all v € &, we obtain
Ry >h

in Q\K. Since u = R}, in Q\K (Lemma 8.4), we have u > h. Consequently,
u = h and the lemma is proved. ]

Lemma 8.5 can be used to establish the existence of the capacitary func-
tion for a condenser (K, §2), where K is a compact subset of Q.

8.6. Theorem. Suppose that K is a compact subset of a bounded open
set  and that u = RL() is the A-potential of K in Q. Then

cap, ,(K,Q) < /Q |VulPdp < (g)p cap, . (K, Q).
In particular, if A(z,¢) = w(z)|¢|P~2¢, then
cap, ,(K,Q) = /n |VulPdp.

PROOF: Let ¢ be in C§°(1) such that ¢ = 1 on K. Since u—¢p € HyP(; )
by the previous lemma, u can be approximated in H'P(Q; 1) by functions
that are admissible for the condenser (K,2), so that the first inequality
readily follows.

The second inequality holds because u is A-harmonic in 2\ K and there-
fore quasiminimizes the weighted p-energy with the constant (8/c)?; see
3.13. m}

We extend Theorem 8.6 for more general condensers in Theorems 9.35
and 9.38.

8.7. Lemma. Let K be a compact subset of a bounded open set . Then
R} =1 (p, p)-quasieverywhere on K.

ProoF: If K C Q' C Q, then
Rk (@) S Ri(Q) <1

in ' and hence it is no loss of generality to assume that € is a polyhedron.
Fix v € (0,1). If )
K,={z € K: Ri(z) <7},
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then K., is compact and
v=Rjg <Rk <«
on K.,. Since Q is a polyhedron, CQ is (p, u)-thick at each point of 9Q;
hence
lim v(y)/y =0
y—z
for all z € 9 (see Theorem 6.27). Note that v/ is .A-harmonic in 2\ K,
and ¢ — v € HyP(R\ K,; ) for any ¢ € C°(Q), ¢ = 1 on K., (Lemma
8.5). Moreover,
v/y<1,
and it follows from the comparison principle that
v/y<s
in  whenever s € Q}(q. Consequently,
v/y<w
which is possible only if v = 0. It follows from Theorem 8.6 that
cap, ,(K,,Q) =0.
Because the capacity is countably subadditive, we find
cap, ,{z € K: Ri(z) <1} =0,

and the lemma follows. [m]

8.8. Lemma. Suppose that u is a nonnegative A-superharmonic function
in a ball B. If K is a compact subset of B, then

lim R%(B)(z) = 0
for all y € 8B.

PROOF: Let v € %, let By € B be an open ball containing K, and let D
be the annulus _
D=B\By.
Replacing v by its Poisson modification in a narrow annulus containing
8By, we may assume that
v< M < oo
on 8By. Let h be the unique A-harmonic function in D with boundary
values 0 on 8B and M on 8B;. Then the A-superharmonic function
_ { v in By
" | min(v,h) inD
belongs to ®% by the pasting lemma 7.9. Hence 0 < R% < sin B and the
lemma follows. m]
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Recall that a boundary point zo of a bounded open set 2 is (Sobolev)
regular if
zlim h(z) = ¥(zo)
—Zo

whenever ¥ € C(Q) N HY?(Q; u) and h is the A-harmonic function in 0
with h — 9 € H&’p (% p); moreover, § is regular if all its boundary points
are regular (Chapter 6).
8.9. Lemma. Suppose that o is a boundary point of a bounded open
set Q. If
R%\Q(ZB)(:E()) =1

whenever B is a ball with rational center and radius containing zo, then
xo Is a regular boundary point.
PROOF: Let ¥ bein C(Q)NHP(; ) and let h be the A-harmonic function
in @ with h — 9 € H&”’ (Q; ). There is no loss of generality in assuming
that 9(zp) = 0 and that max|J| < 1in Q.

Fix € > 0. Choose a ball B with rational center and radius such that
zg € B, 8(2B)NQ # Y, and |[J| < € in 2B N Q. Then define

. 1- B\Q(ZB)-I-E in2BNQ
l+e¢ ‘elsewhere in Q2.

It is clear from the pasting lemma 7.9 and Lemma 8.8 that u is .A-super-

harmonic in . Since u > ¥ in 2, an appeal to Lemma 1.25 shows that the

function
min(h — ¥,u — ¥) = min(h, u) —

belongs to H& 'P(Q; 1). Because u is a supersolution, we conclude from the
comparison lemma 3.22 that v > h a.e. in 2, and because u and h are
continuous the inequality actually holds everywhere in Q. In conclusion,

limsup h(z) < hm u(z) =e.

T—To

Similar reasoning reveals that —u < h in 2, whence
liminf h(z) > — lim u(zx) = -
T—Tg T—T0

Since € was arbitrary, we obtain

lim h(z) =0 = ¥(=o),
T—rx0

as desired. m}
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The fact that quasievery boundary point is regular is classically called
the Kellogg property. We next establish it for bounded sets. The general
case is treated later in Theorem 9.11, after a discussion of regular boundary
points in arbitrary open sets.

We say that a boundary point of (2 is irregular if it is not regular.

8.10. Theorem. The set of irregular boundary points of a bounded open
set has (p, u)-capacity zero.

PROOF: Let © be bounded and let E C 89 be the set of all irregular
boundary points. In view of Lemma 8.9 we can choose a countable collec-
tion of balls B; such that each z in E belongs to some B; with

RL \(2Bi)() <1.

Thus F is a subset of the countable union

Uz B:\a: RL _(2B;)(z) <1},

B:\Q

and hence of (p, u)-capacity zero by Lemma 8.7. The theorem follows. 0O

We require one more lemma before we turn to the proof of the funda-
mental convergence theorem.

8.11. Lemma. Suppose that u is nonnegative and A-superharmonic in
Q and that E C 2 is compact. Then the set

S={z€Q: RL(z) < R(z)}

has (p, p)-capacity zero.

PROOF: As in the proof of Theorem 8.10 the claim follows from Lemma
8.7 if we show that each z € S is contained in a ball B = B, with rational
center and radius such that

BnE(ZB)(:v) <1

note that S C F by Lemma 8.4. To this end, pick z € S and choose A with
R(z) < A < u(z). By the lower semicontinuity of u,  is contained in a
ball B with rational center and radius such that v > A in 2B C Q. This
means that

ARy (2B)(z) = (2B)(z) < Ri(z) < A,

BnE

as required. o
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PROOF OF THEOREM 8.2: In light of Lemma 7.4 it suffices to show that

§ = s quasieverywhere. We may assume that F is downward directed;
indeed we may replace F with

where Fy = F and
F; = Fj—1 U {min(u,v): u,v € F;_1}.

Next, by applying Choquet’s topological lemma 8.3 we may assume that
F consists of a decreasing sequence of A-superharmonic functions s; with
s = lim s;. Since the capacity is subadditive, it suffices to demonstrate that
the set

Sj={m€Q:§(z)+§<s(m)}

has zero (p, p)-capacity for each positive integer j. To reduce the problem
further, fix j and let K C S; be compact; since S; is a Borel set and hence
capacitable (Theorem 2.5), it suffices to show that cap, ,K = 0.

To this end, let D € Q be an open neighborhood of K. We may assume
that § is nonnegative in D. Writing v = § + 1/, we observe that each s;
belongs to ®% (D), and hence that Ry (D) < § in D. This implies

. 1
”K(D)<§+;=v= k(D)

on K, and hence it follows from Lemma 8.11 that K is of (p, u)-capacity
zero. This completes the proof of Theorem 8.2. ]

The fundamental convergence theorem implies the following extension of
Lemma 8.7.

8.12. Corollary. Suppose that E is a subset of Q. Then RL(Q) = 1
(p, k)-quasieverywhere on E.
We close this chapter by establishing a regularity result for the balayage;

it leads to a corollary which slightly improves Theorem 7.19.
First we require a lemma which generalizes Lemma 8.4.

8.13. Lemma. Suppose that there is an A-subharmonic function v in
an open set D C  such that ) < v < RY¥(Q) in D. Then the balayage
R¥(Q) is A-harmonic in D and coincides with R¥ () there.

PROOF: Let G € D be regular. Choose a decreasing sequence u; € ®¥(12)
which converges to a function u with @ = R¥ (see Choquet’s topological
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lemma 8.3). Then the Poisson modifications P(u;,G) belong to $¥(Q)
since

P(’U.j,G) Z’UZ¢

in G. Now P(uj,G) decreases to an A-harmonic function h in G with
4 < h < uin G. By continuity, h = @ as required. 0O

8.14. Theorem. If 4 is continuous in ), then RY is continuous and
RY > in Q. Moreover, R is A-harmonic in the open set {RY > 1}.

PROOF: It is obvious that R¥ > 1 in Q. To prove the continuity, fix zo € 0
and & > 0. Since R¥(zo) > (zo), we may choose a ball B = B(z,70) € 0
such that

R +e2y(e)+5 2

on B. Let v = P(R¥ +¢, B). Since v is A-harmonic in B, the minimum
principle yields v > ¥(z¢) + £/2 > 9 in B. On the other hand, since
RY > 1 in Q, we have v > 9 in Q and hence v € Y. Thus v > R¥ in Q
and we obtain

limsup R¥(z) < zlin: v(z) = v(zo) < R¥(z0) + €.
—xo

T—To

Since & was arbitrary and since the balayage RY is lower semicontinuous,
RY is continuous at zg.

If R¥(z0) > 9(x0), then there is A € R with R¥ > A > 4 in a neighbor-
hood of zo. Thus R? is A-harmonic there by Lemma 8.13 and the proof is
complete. m}

8.15. Theorem. Suppose that u is A-superharmonic in §). Then there
is an increasing sequence of continuous A-superharmonic functions u; in Q
such that u = limu;. Moreover, each u; is a supersolution of (3.8).

PROOF: Since u is lower semicontinuous we may choose an increasing se-
quence of continuous functions f; € C(Q2) with u = lim f;. Then we easily
verify that u; = Rf{(Q) is the desired sequence (see Theorem 8.14 and
Corollary 7.20). O

NOTES TO CHAPTER 8. The modern theory of balayage is based on
Brelot (1945) but the idea goes back to Gauss. Poincaré coined the term
“balayage”. The fundamental convergence theorem in its present form
for ordinary superharmonic functions is due to Brelot (1938) and Cartan
(1945). See Doob (1984) for a historical account.
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In the nonlinear potential theory the method of balayage was first stud-
ied in Lehtola (1986) in an axiomatic setting. Heinonen and Kilpelidinen
(1988b) introduced the balayage as a tool to study .A-harmonic functions;
the fundamental convergence theorem 8.2 in the unweighted case was proved
there. The definition for the balayage is the same as in linear theories but
the proofs are different for the most part. This chapter is taken from
Heinonen and Kilpeldinen (1988b, c) and Kilpeldinen (1989).

For the ordinary superharmonic functions it is well known that if 0Q is

nonpolar, then R R

RY(Q) = Q%(Q),
where Q¥ is defined similarly to R¥ but the infimum is taken over the
family of all superharmonic functions that lie above 1 quasieverywhere.

In the (unweighted) nonlinear theory this is only known to be true if Q2 is
bounded and Q¥ € H?(Q; dz); see Heinonen and Kilpeldinen (1988c).
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Perron’s method, barriers, and resolutivity

Perron’s method is a method to solve the Dirichlet problem in a given
open set with arbitrary boundary data. Perhaps surprisingly, there are
no difficulties in extending this important method to the nonlinear theory.
In this chapter we study general Perron solutions, boundary regularity in
terms of barriers, and resolutivity.

As usual, we assume throughout this chapter that Q is an open subset
of R®. However, we make the convention that if { is unbounded, then
the point at infinity belongs to the boundary of €. All topological notions
are therefore understood with respect to the compactified space R" =
R™ U {o0}. This convention allows a unified treatment of the Dirichlet
problem for all open sets 2. We also recall that the functions in C(E),
EC ﬁn, are assumed to be continuous and real valued. Thus each function
in C(99) is bounded, even if  is unbounded.

9.1. Perron solutions

DEFINITION. Let f: 89 — [—00, 0] be a function. The upper class Uy of
f consists of all functions u such that

(i) u is A-superharmonic in 2,
(ii) u is bounded below, and
(iii) liminf,_,y u(z) > f(y) for all y € 89.
The lower class Ly is defined analogously via A-subharmonic functions:
v € Ly if
(i) v is A-subharmonic in 2,
(ii) v is bounded above, and
(iii) limsup,_,, v(z) < f(y) for all y € 89.
Obviously, v € Ly if and only if —v € U_;.
DEFINITION. The function

Hf = Hf(ﬂ) =inf{u: w € Uy}
is the upper Perron solution and
H; = H;(Q)=sup{u: u€ Ly}

the lower Perron solution of f in Q. If Uy = @ (or Ly = 0), then we
naturally set H; = oo (and H 7 = —0o0, respectively).

168
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Then H = -H_ ¢ and the comparison principle yields H s < ﬁf; re-
quirement (it) is imposed to guarantee this. Moreover, it is immediate that
Hy < H,if f < g, and for A € R it holds that

ﬁ/\=A=EX7
Ff+A=ﬁf+A, and E_f_,_,\:ﬂf-l-z\

Furthermore, if A > 0 or if A > 0 and f is finite valued, we have

Hys=XH;, H,;=)H;,
and H_)‘f = —/\ﬂf.

We also obtain from the comparison principle that if h is a bounded
A-harmonic function in 2 such that the limit

f(y) = lim h(z)
exists for each y € 99, then
Ff =h= ﬂf )

thus the Perron solution agrees with the classical solution to the Dirichlet
problem, provided the latter exists. It should be observed that if h is not
bounded, then the existence of the limit

1) = m h), yeon,

is not enough to guarantee that H; = h; for a counterexample consid-
er a singular A-harmonic function in the punctured ball B(0,1) \ {0} if
cap, {0} = 0.

The following result is fundamental in potential theory. Its proof is
classical.

9.2. Theorem. Let D be a component of Q2. Then one of the following
alternatives is true:
(i) Hj is A-harmonic in D,
(i) Hf=ooin D,
(i) Hy = —oo in D.
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A similar statement is true if H is replaced by H f-

PROOF: If the upper class is not empty, it has the property that min(u,v) €
Yy and P(u,G) € Uy whenever u, v € Uy and G € Q is regular. Hence
‘the conclusion follows from Choquet’s topological lemma as in the proof
of Lemma 8.13. Indeed, let u; € Uy be a decreasing sequence converging
to a function u such that the lower semicontinuous regularizations of u
and H; are equal in D. Then pick a regular domain G € D and consider
the Poisson modifications P(uj, G). Now P(uj,G) € Uy and by Harnack’s
convergence theorem the limit function

lim P(u;,G)
j—oo

is either A-harmonic or identically —oco in G. It is easy to see that this
leads to the desired result. O

For the next theorem recall that a family F of functions from a set E
into [—o00, 00] is downward directed if for each pair f, fo € F, there is an
f € F with f < min(fy, f2).

9.3. Theorem. Suppose that F is a downward directed family of upper
semicontinuous functions f: 8§ — [—o00,00). If g = inf F, then

H,=inf{H;: f € F}.

PRrROOF: Write h = infzH;. Since g < f for f € F, we have H; < h in
Q. To establish the reverse inequality, fix € > 0 and let u € Uy. Since the
functions in F are upper semicontinuous, the sets

{y € 892: lilegynfu(a:)+e>f(y)}, feF,

form an open covering of 892. Since 952 is a compact set in R", and since
F is downward directed, we find a function f € F such that

li;n_‘igf u(z) +€ > f(y)

for all y € 8Q. In other words, u + & € Uy and hence u + ¢ > I-_If > h.
Consequently,

Hy+e>h,

and since € > 0 was arbitrary,

Hy>h,

as desired. m}



9. Perron’s method, barriers, and resolutivity 171

9.4. Corollary. Let f;j: 8 — [—00,00) be a decreasing sequence of
upper semicontinuous functions and f = lim f;. Then

Ty = lim Ty,

J—o0
9.5. Regular boundary points
In Chapter 6 we termed a boundary point zo of a bounded open set 2
Sobolev regular if
mlinzl h(z) = I(zo)
—Zo

whenever ¥ € HY?(Q; 1) N C(Q) and h is the A-harmonic function in ©
with h — 9 € Hg"’ (% p). Traditionally, and more correctly, regularity is
defined in connection with Perron solutions.
DEFINITION. A boundary point zo of an open set 2 is called A-regular, or
simply regular, if .

lim H¢(x) = f(zo)

z—Tq
for each continuous f: 82 — R. A point is irregular if it is not regular. If
all boundary points of 2 are regular, then 2 is a regular open set.

If © is bounded, then these two definitions for regular boundary points
coincide as we shall see in Theorem 9.20. Since _I_I-f = —H_, we arrive at
the same concept of regularity if we replace the upper Perron solution by
the lower Perron solution. We emphasize that it is not required that Q be
bounded, nor that zo be a finite boundary point.

It easily follows from the removability theorem 7.36 and the maximum
principle that § has no finite regular boundary points if cap,, , 2 =0;in
fact, all Perron solutions are constants in this case (see Theorem 10.13).

The next lemma is the first step in showing that regularity is a local
property.

9.6. Lemma. A boundary point z¢ of 0 is regular if and only if
im H¢(x) = f(o)

T—T
for each bounded f: 82 — R, continuous at xq.

PROOF: Only the necessity calls for a proof. Let zo € 82 be regular and
fix e > 0. Let U be an open neighborhood of zq such that |f ~ f(zo)| < € on
UnNdN. Then choose a continuous function g: Q2 — [f(zo)+¢,sup | f| +€]
such that g(z9) = f(z0) + € and g = sup|f| + £ on 82\ U. Now g > f on
02 and hence we have

limsup H j(z) < zlin;oﬁg(z) = g(zo) = f(z0) + €.

T—T()
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Similarly, we see that
liminf Hy(z) > f(zo) — €.
=g

Thus we conclude .
z]itn::o Hf(z) = f(l‘o) )

and the lemma is proved. ]

9.7. Barriers

One of our goals in this chapter is to characterize regular boundary points

in terms of barriers. This is a well-known device in linear theories and the

definition here is similar.

DEFINITION. A function u is said to be a barrier (relative to ) at z¢ if
(i) u is A-superharmonic in 2,

(ii) Bminf,_yu(z) > 0 for each y € 80\ {xo}, and

(iil) limg.q, u(z) = 0.

By the minimum principle a barrier is always nonnegative and only R™
admits a barrier that is not strictly positive: the zero function is a barrier
at oo relative to R™. Moreover, it is clear that if u is a strictly positive
barrier relative to  at zo and Q' is an open subset of  with z, € 8§,
then u is a barrier relative to '.

If capp,p(CQ) = 0, then no finite boundary point has a barrier; in fact,
in view of the removability theorem 7.35, the existence of a barrier would
violate the minimum principle. If cap, ,(B,R") > 0 for some ball B, there
always is a barrier at co. If cap, ,(B,R") = 0 and capp,u(CQ) = 0, then
0o does not have a barrier relative to ) unless 2 = R", cf. Theorem 9.22
below.

9.8. Theorem. A boundary point zo of an open set § is regular if and
only if there is a barrier relative to §) at .

If @ = R™, Theorem 9.8 is immediate as the only boundary point g = oo

of R™ has the zero function as a barrier; moreover, oo is a regular boundary
point of R™ because Hy = A for all A € R.
PROOF OF THE SUFFICIENCY PART OF THEOREM 9.8: We may assume
that Q is a proper subset of R™®. Let u be a barrier at ©op. Then u > 0
by the minimum principle. Let f: 2 — R be continuous and assume
without loss of generality that f(xo) = 0. Let € > 0 and choose an open
neighborhood U of zo such that 8U N # @ and that |f| < € in U N 0.
Fix A > max |f| and write

{A in R*\U
v =
A min(y,m) nUNQ,
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where

=inf{u(z) : 2 € 8UNQ} > 0.
Then v is A-superharmonic in (U U by the pasting lemma 7.9. Moreover,
v + € is in the upper class Uy, and hence

limsup H(z) < limsupw(z) +e=¢.

T—20 T—T)

Similarly, —(v + €) is in the lower class £y, and we obtain

liminf Hy(z) > hmmf H(z) > hmmf(—v(:v) —€)=—¢

w—eg
Since &€ was arbitrary, we have

lim Hy(z) =0 = f(zo),

smeig
as desired. o

A look at the above proof reveals that the function v is a barrier relative
to CU U Q at ;. Thus the existence of a barrier is a local property:

9.9. Proposition. Let G C 2 # R"™ be an open set and let x5 € QN AG
be such that U N G = U N Q for some open neighborhood U of zq. Then
there is a barrier relative to § at zq if and only if there is a barrier relative
to G at xg.

For the proof of the necessity in Theorem 9.8 we need to extend some of
the lemmas from Chapter 8. Keep in mind that regularity is now defined
in terms of Perron solutions.

9.10. Lemma. A boundary point zo € Q \ {oo} is regular if

B\Q(ZB)(Q:O) =1
whenever B is a ball with rational center and radius containing zo. In
particular, if 0Q is (p, u)-thick at z, then x is regular.

Proor: The proof of Lemma 8.9 applies almost verbatim. Just replace
¥ by a function f € C(89) and h by Hy, and note that the function u
belongs to U; and the function —u to £;. The second assertion follows
from Lemma 8.5 and Theorem 6.27. (]

It is shown in Theorem 9.17 below that the condition in Lemma 9.10
actually characterizes regular boundary points.
Now we have the general form of the Kellogg property.
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9.11. Theorem. The set of finite irregular boundary points of an open
set Q has (p, p)-capacity zero.

PRrooF: The assertion is derived from Lemma 9.10 as Theorem 8.10 is
derived from Lemma 8.9. m}

9.12. Corollary. A point zo € R™ with cap,, “{:z:o} > 0 is always regular.

It is important to know that each component of the complement of a
closed set of positive (p, u)-capacity has a finite regular boundary point.

9.13. Theorem. Suppose that () has positive (p, p)-capacity and that
G is a component of ). Then there is a point zg € 8G \ {o0} which is
regular relative to G.

ProoF: The boundary of G is of positive (p, p)-capacity, since CG is of
positive (p, p)-capacity. For if cap, , G = 0, then CG, being of positive
(p, p)-capacity, must have an interior point and hence (&G has at least two
components. However, this is impossible since a set of (p, u)-capacity zero
does not separate R" (Lemma 2.46). Therefore cap, , G > 0 and the
assertion follows from Theorem 9.11. m]

Before completing the proof of Theorem 9.8 we present another version
of the extension lemma 7.30.

9.14. Lemma. Suppose that u is A-superharmonic in a neighborhood
of a closed ball B C Q. If (Q has positive (p, u)-capacity, then there is an
A-superharmonic function @ in Q such that @ = u in B and @ is bounded
below.

ProoF: Since it suffices to show that u has a desired extension to the
component of @ which contains B, we may assume that 2 is connected.
Choose a ball By € Q such that u € §(By) and that B € By. We may
assume that v > 0 in By and replace u by its balayage v = R;(Bo).
Then v = u in B and lim,_,, v(z) = 0 for all y € 0B, (Lemma 8.8). Let
m = mingv. Then the set

K = {z € By: v(z) > m}
is compact and contains B. Now put

{Ff in Q\ K
8§ =

m in K,

where f =m in K, f = 0 on 89, and the Perron solution _H—f is taken in
Q\ K. To show that lim,_,, s(z) = m for all y € K, pick 3 € U;. Then §



9. Perron’s method, barriers, and resolutivity 175

is nonnegative and § > v in By \ K by the comparison principle; note that
v is A-harmonic in By \ B. Thus

liminf s(z) > m
Ty

for all y € 0K and, consequently,

lim s(z) =m
z-—‘y

for all y € K. Now the pasting lemma 7.9 yields that s € S(Q)NH(Q\ K).
By Theorem 9.13, there is a point y on 99 such that lim,_,, s(x) = 0.
Hence it follows from the maximum principle that s < m on 8By. Thus
for M = maxgp, s and § = m/(m — M) > 0 we have

§(s—m)<-m=v-—m

on &By. By the comparison principle the same inequality holds in By \ K.
Therefore, invoking the second version of the pasting lemma (Lemma 7.28),
we observe that the function

{'v in K
§(s—m)+m mQ\K

U=

is the desired .A-superharmonic extension of u. O

PROOF OF THE NECESSITY OF THEOREM 9.8: Suppose first that zg # oo
is a regular boundary point. It follows from the removability theorem 7.35
and the comparison principle that cap,, , CQ > 0. Indeed, if cap, Lo =o,
pick f € C(R") such that 0 < f < 1, f(zo) = 0, and f(co) = 1. Because
each u € Uy () actually belongs to Us(R™) (Theorem 7.35), it follows from
the comparison principle that Ff > 1, an obvious contradiction.

If cap, ,{zo} > O, then {xo} is (p, u)-thick at zo (Theorem 6.33) and the
existence of a barrier is provided by Lemma 7.31. Thus we may assume
that capp'u([:ﬂ \{zo}) > 0. Then choose a ball B = B(z, 7o) so small that
the complement of 2 U 2B has positive (p, u)-capacity. Define

(ro — |z — mo|)*
To

flz) =

and write
v = R¥(2B).
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Then 0 < v < 1, v is continuous in 2B, and lim,,,v(x) = O for each

y € 2B (see Theorem 8.14 and Lemma 8.8). Moreover, since v is A-

harmonic in the set {f < v}, it follows from the maximum principle that
=1 only at zg.

Next pick a compact set K C [(Q U 2B) of positive (p, u)-capacity and
let D = (K. We use Lemma 9.14 and infer from the pasting lemma 7.9
that there is a bounded .A-superharmonic function @ in D such that v and
# coincide in B and that # < 1—¢ < 1in D \ B for some ¢ > 0. If we
define

(y) = liiniynf o(z)

for y € K, then the function w = 1 — Hy is A-harmonic in Q and
lim, , w(z)=0by Lemma 9.6. Moreover, since ¥ € U3, we havew > 1—;
hence

lim inf w(z) > 0
Ty

for y € 80\ {zo}. Thus w is a barrier relative to Q at x.

Suppose then that zp = oco. If cap, uCQ = 0, choose a continuous
boundary function f such that 0 < f <1, f(co) =0, and f = 1 somewhere
on 8N; note that the case when 2 = R™ is trivial. Because the point at
infinity is regular, we may choose a nonconstant function u from the upper
class Uy with 0 < u < 1. By the removability theorem u is indeed A-
superharmonic in all of R"; hence u > 0 in R". If B is a ball, then the
balayage R%(R™) of v = u —inf u is the desired barrier because it has limit
0 at infinity (Lemma 6.15).

Now we are free to assume that cap, , CQ > 0. In that case the proof
is similar to the case where o was finite, and we leave the details to the
reader.

Theorem 9.8 follows. m]

A particularly useful consequence of Theorem 9.8 and Proposition 9.9 is
the fact that regularity is a local property.

9.15. Corollary. Let  and G be proper open subsets of R™ and let
zo € N N OG. If there is an open neighborhood U of z¢ such that

UnQ=UnNG,

then z, is regular relative to Q if and only if it is regular relative to G.

We also have:
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9.16. Corollary. Suppose that D C Q@ # R™ is open and that zy €
NN AD. If x4 is regular relative to ), then o is regular relative to D.

Now we combine some characterizations for the regularity. Keep in mind
that a point of positive (p, p)-capacity is always regular.

9.17. Theorem. Suppose that zo € 92\ {oo} is such that cap, ,{zo} =
0. Then the following are equivalent:

(i) zo is regular.
(i) There is a barrier at z, relative to Q.
(i) IfU € V are bounded open sets with xo € U, then

R%\Q(V)(zo) = u(zo)

whenever u € S(V) is nonnegative.
(iv) For all balls B containing o it holds that

R (2B)(z0) = 1.

ProOF: The equivalence of (i) and (ii) is the content of Theorem 9.8.
To prove that (i) implies (iii), let f; € C(R™) be an increasing sequence
such that im f; = v in U and f; =0 in 8V. Define

_ { Hy(V\T\Q) inV\T\9Q)
! fi inU \ Q.
It follows from Corollary 9.15 that
fi(ao) = Jim ¢;(z) < liminf B3 (V)(@) = R o (V)(zo).
Hence
u(zo) < RU\Q(V)(:BQ).
The opposite inequality is trivial and (iii) follows.
That (iii) implies (iv) is trivial; Lemma 9.10 shows that (iv) implies (i),

and the loop is complete. ]

Next we study the behavior of an .A-superharmonic function in a neigh-
borhood of a finite regular boundary point zo of 2 with cap, ,{zo} = 0.
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9.18. Theorem. Let x5 # oo be a regular boundary point of 2 such
that cap, ,{zo} = 0. If u is A-superharmonic in a neighborhood of z,
then
hﬂ.lz%f u(z) = u(zo) -
z€lo
PROOF: Suppose, on the contrary, that there is an .A-superharmonic func-
tion u in a neighborhood of zy such that

(9.19) lizrg‘iz%f u(z) > u(xo) .
zeln

By adding a constant and truncating we may assume that u € H*?(3B; 1)
for some ball B centered at zo and that u = 1 in (Q N B\ {z¢}. Then
choose a function f € C*®°(R™) such that f = 1 in B and f < u on the
sphere 92B. It follows from the generalized comparison lemma 7.37 that
H; <uin 2B\ (BnlQ), where H; is the Perron solution in 2B\ (Bn(Q).
We thus have

1= lim Hy(z) < ].i}girgfu(z) =u(ze) < 1,
zédj z€EN

where the second equality follows from the “ess lim inf” property (Theorem
7.22). This is a contradiction, and the theorem follows. m]

The above theorem may be called Cartan’s lemma. It is well known that
property (9.19) characterizes regular boundary points in classical potential
theory; in general, this question is open in weighted nonlinear potential
theory (see Notes to this chapter).

9.20. Theorem. Suppose that Q is bounded and that zo € 8. Then
zq is regular if and only if =g is Sobolev regular.

Proor: By Theorem 9.17 it suffices to show that zg is Sobolev regular if
and only if R
R1§\9(2B)(1’0) =1

whenever B = B(zo,r) is a ball. That this condition implies Sobolev
regularity was proved in Lemma 8.9.
Let then zo be Sobolev regular and let B be a ball that contains zy. By
Lemma 8.5 we have
Rlﬁ\n(zB)(zo) = lim R%\Q(2B)(a:) =1,

T

z€EN

and the theorem follows. (m]
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9.21. Bounded, nonconstant 4-superharmonic functions

It is an old issue to try to classify the Riemann surfaces or Riemannian
manifolds which carry nonconstant bounded superharmonic functions; the
reader who is familiar with that theory recognizes the following results,
when restricted to the classical Laplacian case.

It is clear that there exists a positive, nonconstant A-superharmonic
function in R™ exactly when there is a bounded, nonconstant .4-super-
harmonic function in R™. It turns out that the existence of such functions
depends on whether or not the point at infinity is regular for the Dirichlet
problem (relative to all unbounded open sets).

9.22. Theorem. The following are equivalent:
(i) The point at infinity is a regular boundary point for each unbounded
Q

(ii) The point at infinity is a regular boundary point for the complement
of a closed ball.

(iii) There exists a nonconstant bounded A-superharmonic function in
R".

(iv) cap, ,(B,R™) is positive for each ball B.

(v) cap, ,(B,R") is positive for some ball B.

PROOF: It is trivial that (i) implies (ii). To prove that (ii) implies (iii), let
Q = (B for a ball B such that the point at infinity is regular for Q. Then
Q is regular by the fact that B is (p, u)-thick at each of its points. Thus
there is an A-harmonic function h in Q, continuous on § with boundary
values 1 on OB and 0 at co. Extend h to B by setting h = 1 there. This
gives a nonconstant A-superharmonic function h in R™ with 0 < h <1.

For the implication (iii)=>(iv), let u be a bounded, nonconstant .A-super-
harmonic function in R™®. We may suppose that infu = 0. Pick an open
ball B C R" and observe that m = mingu > 0. If cap, ,(B,R") =0, we
can exhaust R™ by concentric balls B € B; € By € ... such that

ca.pp'p(F, B;) — 0.

Let now u; be the A-potential R%(Bj). Then u; is A-harmonic in B; \ B
and an appeal to the Harnack convergence theorem shows that u; increases
to an A-harmonic function h in R™\ B. Since h < u/m, we deduce that h
is not constant; note that h(z) —» 1 as z — y for all y € 9B.

On the other hand, we have by the quasiminimizing property 3.13 that

B —
/B: |Vu;lPdp < (;)[-)’J capp,“(B,Bj){

7
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and hence the sequence Vu; is bounded in LP(R"; 1). Since u; converges
to h, we infer from Lemma 1.33 that h € LY?(CB; 4) and that Vu; — Vi
weakly in LP(CB; ). Thus the weak lower semicontinuity of norms (Remark
5.25) yields

/ [VRIPdu < h'minf/ |Vu;|P du
(B J—oo JOB

By s B By =
< (a) jlingocapp,”(B,B,) =0.

Consequently, h is constant in EF, which is a contradiction. Therefore
C&pmuCE;Rﬁ):>0,

and (iv) follows.
Assertion (iv) clearly implies (v).
To establish the last link, we show that (i) follows from (v). For this,
suppose that
capp'u(f, R*)=6>0

for a ball B. We show that oo has a strictly positive barrier v relative to
R™. Then v is a barrier at oo relative to each unbounded open set and
assertion (i) follows from Theorem 9.8.

To this end, for j = 1,2,... let B; = (j + 1)B and let u; be the A-
potential RIE(B_,-). Then u; increases to an .A-harmonic function u in (B.

We first show that u is not constant. Indeed, we see as in the proof of (iii)
=> (iv) above that Vu; — Vu weakly in L?(CB; p). Thus by the Mazur

lemma 1.29 there is a sequence i; of convex combinations of u;’s,

J J
ij=Y Aejuk, P Mkj=1, Ae;20,
k= k=1

such that Vi; — Vu in LP(CB; u). Thus if u is constant, there is an index
Jjs such that

Aﬁ |V |Pdp < 6.
But the function #;, is admissible for the condenser (B, Bj,), whence
5> ca.pp'u(F, Bj,) > ca,ppm(ﬁ, R"),

contrary to our assumptions. We conclude that u is not constant.
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To complete the proof we invoke Lemma 6.15 and the minimum principle
and infer that
zlinolou(z) =infu<1.

Because

lim u(z) =1

=y
for all y € 8B, it follows that if we set w = 1 on B, then u is .A-super-
harmonic in R™. Hence v = u —inf u is the desired positive barrier relative
to R at co. Thus (i) follows and the theorem is proved. O

If Q is fixed, Theorem 9.22 takes the following form:

9.23. Theorem. Suppose that oo is an irregular boundary point of
an unbounded open set G. If @ C R™ is open, then the following are
equivalent:
(i) capy, Ca > o.
(ii) There exists a bounded A-superharmonic function u in Q such that
u is nonconstant in each component of 1.
(iii) cap,,,(B,Q) is positive for each ball B € 2.
(iv) cap, ,(B,R) is positive for some ball B € Q.

ProOOF: The proof is quite similar to that of Theorem 9.22. Note that
since sets of zero (p, p)-capacity do not separate R™ (Lemma 2.46), we may
assume that Q is connected. The proofs for (i) = (ii) = (iii) go essentially
as in Theorem 9.22; we only need to note that there is at least one regular
point of Q \ B on 89, whenever B €  is a ball, and that polyhedra can
replace the balls B; in the exhaustion argument. The implication (iii) =
(iv) is trivial.

To prove the remaining implication (iv) = (i), observe first that neces-
sarily

cap, ,(B,R") =0

because oo is an irregular boundary point of G (Theorem 9.22). Then fix

€ > 0 and choose a function ¢ € C(R™), 0 < ¢ <1, such that ¢ =1 in
B and that

/ |VplPdu < €.
If cap,, CQ = 0, then cap, , K = 0, where K = spty N CQ. Now we

can choose a function 7 € Cg°(R") such that 0 < 7 < 1,7 =1ina
neighborhood of K, n =0 on B, and

/ |VnlPdu <e.
R'l
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Then ¥ = (1 — 1)y is admissible for the condenser (B, Q) and hence

ca.pp,#(F, Q) S/Q |V|P du

< 2”'1(/ [VelP du +/ [Vn|? du)
R" Rﬂ
< 2P¢,

Since e was arbitrary, this violates the assumption that cap, u(E’ Q) > o0;
consequently [Q cannot be of zero (p, p)-capacity.
The theorem is proved. a

In the unweighted case (w = 1) Theorem 9.22 reveals that there exists a
nonconstant bounded .A-superharmonic function in R™, or that the point
at infinity is regular for each unbounded 2, if and only if 1 < p < n. This
is due to the fact that cap,(B,R™) > 0 for some ball B if and only if
1 < p < n (see Example 2.12).

9.24. Resolutivity

It is natural to ask which one of the two Perron solutions Ff and H sis the
“correct” solution to the Dirichlet problem. In classical potential theory it
is known that H; = H # for all bounded Borel measurable functions on 8.
In the nonlinear case, this problem of resolutivity is largely open. We next
show that the Perron method gives a satisfactory solution to the Dirichlet
problem when the boundary function is continuous.

DEFINITION. We say that a function f : 8Q — [—o00, 0] is (A-)resolutive
if the upper and the lower Perron solutions H; and H; coincide and are
A-harmonic in Q.

The resolutivity of f does not imply that
Jim H{(z) = f(y)

for y € 992. However, the converse is trivial; more precisely, if there exists
a bounded A-harmonic function A in Q such that

lim h(a) = /(1)

for all y € 81, then it follows from the comparison principle that f is
resolutive. In particular, if Q is regular, then continuous functions on 99
are resolutive. If Q is not regular, the resolutivity of continuous functions
is not immediate.
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9.25. Theorem. If the complement of Q has positive (p, u)-capacity,
then every continuous f: 8Q — R is resolutive.

If cap,, CQ = 0 and if there exists a nonconstant bounded A-super-
harmonic function in R™, then each boundary function, finite at infinity, is
resolutive (Theorem 10.13(ii)). On the other hand, if Q is a proper subset
of R™ with cap,, , 02 = 0 and there exist no nonconstant bounded A-super-
harmonic functions in R™, then a resolutive function on 852 is necessarily
constant (Theorem 10.13(i)); in particular, not all continuous functions
are resolutive. Thus, in light of the Kellogg property (see Theorem 9.13)
and Theorem 9.22 we may reformulate Theorem 9.25: if Q has a regular
boundary point, then real-valued continuous functions on 952 are resolutive.
As noted above, if 2 does not have any regular boundary points, then no
nonconstant function of 89 is resolutive.

In preparation for the proof of Theorem 9.25, we establish some results of
independent interest. We begin with the following theorem which connects
the balayage to the obstacle problem.

9.26. Theorem. Let f be a continuous real-valued function in R" and
let w = R¥(Q). Then u is continuous, v > f, and

lim u(z) = f(zo)

£ ()

whenever 2o € 9Q \ {00} is a regular boundary point.
If, in addition, f € LYP(Q;y), then u € LYP(Q;pu), u — f € Ly (O p),
and
/ A(z,Vu)-Vepdz >0
Q

whenever ¢ € HyP(Q; p) with ¢ > f —u ace.

PROOF: Since f is continuous and hence bounded, u € C(f) is bounded
and v > f (Theorem 8.14). To prove the boundary limit assertion, let s
be a barrier at zo. Fix € > 0 and let B be a ball centered at xy such that
0B N #0 and that |f(z) — f(zo)| < € for all z € B. Since

inf{s(z) : x € BN Q} >0,
there is A > 0 such that
o(z) = { min(As(z) + e+ f(zo),sup|f]) z€BNQ
sup | f| z€Q\B

is lower semicontinuous and hence .A-superharmonic in Q with v > f in Q
(the pasting lemma 7.9). Then

limsupu(@) < lim v(z) < f(z0) + ¢

L=
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and since u > f, we obtain

lim u(z) = f(=o),

£— g

as desired.

Next, suppose that f € L?(Q; ) and let D; € D2 € ... € {2 be regular
open sets (for example, polyhedra) such that U;D; = Q and let u; be the
A-superharmonic solution to the obstacle problem in D; with both obstacle
and boundary values f. Since v € H?(Q; ) and u > f, we obtain from
Lemma 3.22 that u; < uy < ... < u. Thus v = lim u; is A-superharmonic
in Q and u > v > f. On the other hand, the definition for balayage implies
u < v so that u = v. Since u; — f € HyP(Q;u) (by setting u; = f on
Q\ D;) and since

/ |Vui|”dp5c/ [Vflpd/,tS{:/lVfl"du<oo
D; D; Q

by the quasiminimizing property, we deduce that Vu;—V f converges weak-
ly to Vu—V f in LP(Q; i) and, therefore, that u—f € L(lj’p (9; 1) (see Lemma
1.33).

To complete the proof, fix ¢ € H&’p(ﬂ;u) with ¢ > f—u a.e. in Q.
If ¢; € C§°(Q) is a sequence that converges to ¢ in H'P(Q; i), then the
functions n; = max(p;, f — u) have compact supports and thus belong to
Hé’p(Q; ). Moreover, n; — ¢ in HVP(Q; 1) (see Lemma 1.22). Then fix j
and choose an index i; such that sptn; C D;;. Since u is the solution to
the obstacle problem in Ky ,(D;,) by Lemma 3.81, we have

/ A(z,Vu) - Vnjdz = / A(z,Vu) - Vn;jdz > 0.
Q D;;
Because u € L"?(Q; 1) and n; — ¢ in H'P(Q; p), it follows that
/ A(z,Vu) - Vpdz = lim / A(z,Vu)-Vn;dz >0,
Q j=oe Jq

as desired. Theorem 9.26 is proved. m]

9.27. REMARKS. (a) Let f and u = Rf(f) be as in the previous theorem.
If, in addition, Q is bounded and f € HY?(Q; i), then v € HP(Q; 1) and
u—f € H&’p (% ). To see this, let u; be as in the proof of Theorem
9.26 and note that u; — f € Hg”’ (Q; 1) converges weakly to u — f as the
L?(Q; p)-norms are uniformly bounded.
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(b) The continuity assumption in Theorem 9.26 can be relaxed to an
extent. Namely, assume that f is bounded above and that zo € 89 \ {00}
is regular. If f is continuous at o and if Rf > f in B(zo,r) N Q for some
r > 0, then

lim R/ () = f(0).
w—ag

Moreover, the second part of the claim remains true under the assump-
tions: f € LYP(Q; ), f bounded above, and for all open D € Q the A-
superharmonic solution v to the obstacle problem in X(D) lies above f
everywhere in D. Observe that, for example, each lower semicontinuous f
verifies the last condition.

These are easily established by repeating the argument used to prove
Theorem 9.26.

(c) Suppose that u and f are as in Theorem 9.26. If Q is unbounded and
oo is a regular boundary point of each unbounded open subset of 2, then

Jim u(z) = f(c0).

The proof is a slight modification of the proof of Theorem 9.26.

The next theorem gives a solution to the Dirichlet problem with Sobolev
boundary values in unbounded open sets.

9.28. Theorem. Suppose that the complement of Q has positive (p, p)-
capacity and that f is in C(R") N LY?(Q; ). Then f is resolutive and
Hy— f € LyP( ).
PROOF: As in the proof of Theorem 9.26 let w = Rf(Q) and let D; be an
exhaustion of Q by regular open sets. Write u; for the Poisson modification
P(u,D;) of uin D;. Then u > u; > up > ... > Hy, and hence the limit
function h* = lim u; is \A-harmonic in Q with h* > Hf. Moreover, a minor
modification to the proof of Theorem 9.26 shows that Vu; converges weakly
to Vh* in LP(Q; u) and hence that f — h* belongs to L(l,”J (4 ).

A similar construction applied to the .4-subharmonic function v = —R~f
provides an .A-harmonic function h, satisfying

v<h <H;<H;<h*

in Q and f — h, € LYP(Q; ).
Because h* — h, € Ly?(; ), we have

/ (A(z, Vh*) — A(z, Vh.)) - (VA* — Vh.)da = 0
Q
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by (3.12), and it follows from the strict monotonicity of A that, in each
component Qg of Q, h* = h, + c for some constant ¢. To complete the
proof, we show that ¢ = 0. Since cap, , C2 > 0, Qg has a finite regular
boundary point o (Theorem 9.13) and therefore by Theorem 9.26

lmsup h,(z) < limsup h*(z) < z]i.lﬂ, u(zx)
T—xQ T—To

z€Qo z€00 z€Q
= f(20) = lim v(e) <liminf h.(z) < liminf h*(z).
z€Q z€Qo z€SQ
This shows that ¢ = 0, and the proof is complete. m]

9.29. Corollary. If f € C(Q) N HY?(Q; 1) and if Q is bounded, then
Hy-feH" ().

In particular, Hy is the unique A-harmonic function with Sobolev bound-

ary values f.

PROOF: By the Tietze extension theorem we may assume that f € C(R").

Proceeding as in the proof of Theorem 9.28, we obtain that u; — f converges

weakly to Hy — f in H(}’p(ﬂ; p)asRf —fe Hé'p(Q;p) by Remark 9.27.
An alternative proof can be based on the generalized comparison prin-

ciple (Lemma 7.37). Namely, if h is the A-harmonic function in Q with

h—fe H;'p(ﬂ; 1), we have that

lim A(z) = f(y)
z—y

for g.e. z € 99 by the Kellogg property. Lemma 7.37 then guarantees that
h < u for each u in the upper class U;. Similarly we infer that A > v for
each v in the lower class £;. This means that

h < Hf = .Iif <h,
as required. o

Before the proof of Theorem 9.25 we require one more lemma, which
shows that the mapping f + H is continuous in the topology of uniform
convergence.

9.30. Lemma. If f; are real-valued resolutive functions on 8Q such that
fi = f uniformly, then f is resolutive and lim Hy, = Hy.

PRroOOF: For given positive € we have that |f; — f| < € for 7 large enough,
and hence _ _
Hf—ESHf'. =Efi Sﬂf+s.
This implies . .
e B = By =

and since Ff is finite, it is also .A-harmonic. The lemma follows. m]



9. Perron’s method, barriers, and resolutivity 187

PROOF OF THEOREM 9.25: By the Tietze extension theorem we may as-
sume that f is continuous on R". Furthermore, we may assume that
f(oo0) = 0. Since f can be approximated uniformly by smooth functions ¢,
with compact support in R" and since ¢;’s are resolutive (Theorem 9.28),
the claim follows from Lemma 9.30. ]

We close this section with the following simple observation.

9.31. Proposition. Let Q be regular. If f is bounded and lower semi-
continuous on 8N, then f is resolutive in .

PROOF: It suffices to show that H; > H;. Let f; be an increasing sequence
of continuous functions that converges to f on 9. Since 2 is regular, we
have that

ﬁ;n_égfﬁf(w) > lim H, (2) = fi(y)

for all y € 0Q. Because f; — f it follows that H; belongs to the upper
class Us. Hence H; > H;y, as desired. ]

9.32. Perron solutions and .A-potentials

In this last section of the present chapter we apply the general Perron
method and provide generalizations to results in Chapter 8. First we con-
nect A-potentials to Perron solutions.

9.33. Theorem. Suppose that E is a relatively closed subset of Q and
that u € S(R) is nonnegative. Let f be a function such that
f= { u ondENSQN
“1l0 ondn.
Then R _
B(Q) = Hi(Q\ E)
inQ\E.
If, in addition, f € C(2) N LY?(Q; ), then H; — f € LyP(Q\ E;p). In
particular, if Q is bounded, then Hy — f € HYP(Q\ E;p).
ProoF: That H; < fl}: in © \ E is immediate. To prove the reverse
inequality, pick v € Uy and define
{ min(u,v) inQ\FE
8 =

U on E.

By the pasting lemma s € S(f2). Thus s > R} and hence v > RY in O\ E.

This establishes the first assertion.
The remaining assertions follow from Theorem 9.26 and Corollary 9.29.
[m]
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9.34. Theorem. Suppose that u € S() is nonnegative and F € Q.
Then R

lim Rg(z)=0

2—'#0
whenever z, is a regular Poundary point of 2.

In particular, lim, , Ry(z) =0 (p,n)-g.e. on 0N

ProoF: Choose a polyhedron D € 2 with E € D. Employing the Poisson
modification in a neighborhood of 8D, we find a function v € ®%() such
that v is bounded on 8D. Then

0< Rp < Ry
and the assertion follows because by Theorem 9.33

lim I:Z”B(a:) =0

T—yY

whenever y € Q is regular, and because (p, p)-q.e. point on 99 is regular
by the Kellogg property. ]

We close this chapter with a study of capacitary functions. We establish
the existence of the capacitary function for an arbitrary condenser, provided
its capacity is finite. This extends Theorem 8.6.

9.35. Theorem. Suppose that E C  is such that cap, ,(E,Q) < oco.
Let u be the (p, u)-potential of E in Q, that is
u=Rp(Q4) with A€ =w(@)El%.

Then u € Ly?(Q; 1) and
/ |VulP dp = cap, ,(E, Q).
Q

In particular, if Q2 is bounded, then u € Hy?(; ).

PRrOOF: Because the only restriction placed on the sets E and 2 is that
the capacity cap, ,(E,) be finite, the proof is somewhat awkward with
several approximations.

Let U be an open set in  with cap, ,(U,Q) < oco. Exhaust U by
polyhedra U; € U; € --- € U. Fix j and let v; be the (p, u)-potential
v = R%Tj (). We first show that

(9.36) /n |Vv;[P dp = cap, ,(U;, Q).
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By Theorem 9.33, v; —p € Ly?(Q \TUj; ) whenever ¢ is admissible for the
condenser (U;, Q). Since v; is (p, u)-harmonic in @\ U;, we have

cap, ,(U;,9) < /n [Vv;[P du < /n [Vl du,

and (9.36) follows by taking the infimuni over all such ¢.
Noting that

/Q [Vv;|P dp = capm,(ﬁj,ﬂ) < cap, ,(U,Q) < o0,

we see that Vo; — VRY, weakly in LP(Q; 1) (Lemma 1.33). Mazur’s lemma
implies that for each 7, VR,IJ can be approximated in LP(Q; 1) by gradients
of functions that are admissible for the condenser (U;, ). Hence by the
lower semicontinuity of norms (see 5.25)

cap, ,(U,Q) = J]iIEo capp’u(U,-,Q) < /r; |VRY|P du

j—oo

= cap, ,(U,Q).

<lim inf/ﬂ |V;[P dp = J]inolo ca.pp,,,,(ﬁj, Q)

Thus the assertion of the theorem is proved if E = U is open.

To treat the general case, suppose that E is an arbitrary subset of
with

cap, ,(E,Q) < oo.

There is no loss of generality in assuming that Q is a domain. Let ¢; €
Cg° () be an increasing sequence of nonnegative functions that converges
pointwise to Ri,; in © and let U C 2 be a nonempty open set containing E
such that cap, ,(U,Q) < oo. Replacing, if necessary, p; with (1 — &;)¢p;,
where €; decreases to zero, we are free to assume that ¢; < R}J in Q.

Fix an integer j and exhaust Q by polyhedra D; € D; € --- € Q.
Because the A-potentials R}, p; () increase to RL(Q) and A-potentials
are lower semicontinuous, we find an index %; such that

Rbop,, () > @5

note that R}m p; (€2) > 0 for large i and that the support of ; is compact.
Now let U; = U N D;;. Similarly, since ij (Dy) increase to ij () (as
k — o0), there is k; such that

Ry, (Di) 2 ¢;
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in Dy for k > k;. Write
vk = Ry, (D),
u; = R¥(Q),

and R
ujk = R (Dy).

Then vjx increases to fibj () as k — oo, and extending v as zero to
Q\ Dy we have

/n |Vv; k[P du = cap,, ,(Uj, Dx) — cap,, ,(U;, Q) < co.

Hence we obtain from Lemma 1.33 that Vuv;r — Vfibj (92) weakly in
L?(Q; p). Moreover,

lim Uj e = Uj -

k—oo

Since vj, — ujk, k > kj, is nonnegative and belongs to H}P(Dy; ), the
(quasi)minimizing property implies that

/ |V lP dﬂS/ |V; k[P dus .
Q Q

Hence Vv;x — Vu;  converges weakly in LP(Q; 1) to VR,IJJ, () — Vu,, and
consequently

0< / Az, Vu;) - (Vvje — Vujp)dz — / Az, Vu;) - (Vfibj —Vu;)dz
Q Q
as k — oo. Thus
/ [Vu;|Pdp < / IVRY,|P du = cap,, ,(Uj, Q) < cap,,,(U, ) < oo;
Q Q

recall that A(z,£) = w(z)|£|P~2¢ here. Since u; increases to u = R}g, it
follows from Lemma 1.33 that Vu; converges to Vu weakly in LP(; i)
and that u € LP(Q; 1) (if © is bounded we have that u € HyP(; p) by
Theorem 1.32). Moreover, we infer from the weak lower semicontinuity of
norms that

/n [VulP dp < li-fl‘l’%’l‘}f./n |Vu;|?Pdu < j]_j_.rgo cap,, ,(U;, Q) = cap, ,(U,9).
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Finally, taking the infimum over all open neighborhoods U of E in Q we
obtain

/ﬂ |VulP du < cap,, ,(E, Q).

To prove the reverse inequality, let 0 < € < 1. Then U, = {u > 1 —¢} is
open and contains the set

E={z€E:u(z)=1}.

Then ca.pp,#(E, Q) = cap, ,(E,Q) by the fundamental convergence theo-
rem. If U € U, is a polyhedron, we have by (9.36)

/Q |VR%1-|” dp = capp’ﬂ('ﬁ, Q).

But since we already know that the (p,u)-potentials u and R;T are in
LyP(; p), it easily follows that

) u . —
min(1, —) = R e LgP(Q\ D).
Since Rlﬁ is (p, p)-harmonic in Q \ U, we obtain

(937)  cap,,(T,Q) = / VRLP du < (1-e)~" / Vul? du.
Q Q
Thus by taking the supremum over all polyhedra U in U, we have
capp,p(E,Q) < capp,”(Ue,Q) <(1- e)"’/ |VulPdu.
Q

We now let £ — 0, thus concluding the proof. O

A corresponding result holds for general A-potentials.

9.38. Theorem. Suppose that E C ) is such that cap, ,(E,Q) < co. If
u = RL(Q;.A) is the A-potential of E in 2, then

cap, ,(E,Q) 5/{; |VulPdp < (g)" cap, ,(E, Q).

PRrOOF: We leave the proof as an exercise for the patient reader. The proof
closely follows that of Theorem 9.35. When proving the estimate (9.37),
let R:7 be the (p, p)-potential (not the A-potential) of U and obtain (9.37)
as above. o
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NOTES TO CHAPTER 9. Much has been said and written about the
long and interesting history of the Dirichlet problem for harmonic functions.
We do not attempt to repeat it here but refer to Doob (1984) and Monna
(1975). Brelot (1939) removed the early ambiguities in Perron’s method
(also known as the PWB method after Perron, Wiener, and Brelot) and
the modern treatments more or less follow his work.

After some preliminary work, Perron’s device readily applies to nonlinear
problems. The first work on this seems to be by Granlund et al. (1986)
although the approach there is different from the one presented here. For an
earlier work, see Beckenbach and Jackson (1953). Most of this chapter is an
adaptation of Kilpeldinen (1989) to the weighted case. For the unweighted
nonlinear equations the Kellogg property can be derived from the work by
Hedberg (1972) and Hedberg and Wolff (1983). In the situation of Theorem
8.10 a simpler proof is available, as observed by Kilpeldinen (1989). The
Kellogg property, as well as other topics, in homogeneous groups has been
considered by Vodop’yanov (1989). For a further discussion of the Dirichlet
problem, see Kilpeldinen and Maly (1989).

For a long time it was an open problem whether the Wiener criterion
characterizes regular boundary points. In the unweighted case this was
proved by Lindgvist and Martio (1985) for p > n — 1, and recently a com-
plete solution was given by Kilpeldinen and Maly (1992b). It is not known
whether the same is true with weights; the methods in the aforementioned
papers do not seem to extend to the general situation. For the weighted
linear equations the answer is affirmative as shown by Fabes et al. (1982b);
this also follows by using the methods in Chapter 12.

Barriers in the nonlinear potential theory have been studied by Lehtola
(1986), Granlund et al. (1986), and Kilpeldinen (1989). The resolutivity of
continuous functions in the borderline case p = n was proved by Lindqvist
and Martio (1985) and later in all (unweighted) cases by Kilpeldinen (1989).

The existence of bounded nonconstant .A-superharmonic functions on
manifolds has been studied by Holopainen (1990, 1992) and Holopainen
and Rickman (1991). The classic reference here is Ahlfors and Sario (1960).



10
Polar sets

We have seen in the previous chapters that a set of (p, u)-capacity zero often
plays the role of an exceptional set. Such a set is removable for bounded A-
harmonic and .A-superharmonic functions. The set of irregular boundary
points is of (p, u)-capacity zero. Moreover, H&’p Q) = HYP(Q\ E; )
exactly when F is a relatively closed subset of  with (p, u)-capacity zero.
In this chapter we give a potential theoretic characterization for those sets
as polar sets. This is a well-known topic in classical potential theory.

DEFINITION. A set F in R™ is called A-polar, or simply polar, if there is
an open neighborhood Q of F and an .A-superharmonic function » in Q
such that © = co on E.

It follows from Lemma 7.10 that an A-polar set cannot have interior
points but we can say much more: the main result in this chapter asserts
that E is A-polar if and only if E has (p, u)-capacity zero. In particular,
the A-polarity depends only on p and u.

The second theorem implies that the above definition, a priori a local
one, could be given globally. Namely, for each A-polar set E there is an
entire A-superharmonic function » in R™ such that v = oo in FE; besides,
things can be arranged in such a way that u is finite at any prescribed
point in the complement of E.

We begin by stating the principal theorems of this chapter.

10.1. Theorem. Let E be asetin R™. Then the following are equivalent:
(i) E is A-polar. ,
(ii) There is an open neighborhood 2 of E such that if u is nonnegative
and A-superharmonic in 2, the balayage R}, vanishes identically in
Q.
(iii) E is of (p, u)-capacity zero.
(iv) There is a nonnegative lower semicontinuous function f such that

fe H"»(R";u) and f =oco on E.

10.2. Theorem. Suppose that E C R™ is A-polar and that =, ¢ E.
Then there is an A-superharmonic function v in R™ such that w = oo in E
and u(zy) < oo.

10.3. Corollary. A-polarity depends only on p and p, not on A.
10.4. Corollary. A countable union of A-polar sets is A-polar.

193
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Our proof for 10.1 will go
(i) = @) = @) = @) = @),

and in the proof of the last implication we show, in effect, that Theorem
10.1(iv) implies the conclusion in Theorem 10.2. Each of the implications
will be stated as an individual lemma.

10.5. Lemma. Suppose that u is nonnegative and A-superharmonic in
Q and that E C Q.
(i) If E is A-polar, there is an open neighborhood V of E, V C , such
that R%(V) has a zero in each component of V.
(i) If RL(Q)(z) = O for some = € R, then RL(Q) = O in the z-
component of (2.

PROOF: Since 0 < R’;J < R%, the minimum principle implies (ii). To prove
(i), let U be an open neighborhood of E and let v be an A-superharmonic
function in U such that v = oo on E. We can choose V' to be the open set
QNn{z € U:v(z)> 0} Then v > R%(V) for each positive A\. Because
v is not identically co in any component of V (Lemma 7.10), the lemma
follows. m]

10.6. Lemma. Suppose that u is a positive A-superharmonic function
in Q and that E C Q. If RE(Q2) =0, then cap, , E = 0.

Proor: This follows immediately from the fundamental convergence the-
orem 8.2. O

10.7. Lemma. Ifcap,,E = 0, then there exists a nonnegative lower
semicontinuous function f in HYP(R™;u) such that f = oo in E.
PROOF: Fix a positive integer k and write B = B(0,k), E' = EN 3B.
Choose for each ¢ = 1,2,... an open neighborhood U; of E’ such that
U; C 3B and that.

cap, , (Ui, B) < i,

Let ¢; = fi},‘, (B) be the (p, p)-potential of U; in B; then @; € Hy'?(B;p)
and

[ Ve du=cap, v, B) <i

(see Theorem 9.35). Moreover, if we set ¢; = 0 on (B, then ¢; is lower
semicontinuous and by the Poincaré inequality (1.5) we have

"‘Pi”l,? S Ci_za
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where ¢ = ¢(n,p, ¢y, k). This means that the sum 9 = ), ¢; has finite
norm in HYP(R™; u); moreover, 9y is nonnegative, lower semicontinuous,
and Y =ocoon E'=EN %B. Finally, choose positive numbers Ay, A, ...
such that

F= Mt
k=1
is the desired function. The lemma is proved. O

We are now in the position where the implications (i) = (ii) = (i) =
(iv) in Theorem 10.1 are established. Next we are going to complete the
loop by proving that (iv) implies the conclusion in Theorem 10.2. The
following lemma is the main step.

10.8. Lemma. Suppose that u € HP(Q;p) is A-superharmonic and
that €2 is bounded. Let M € R, E C R", and

v=inf{s € HY?(Qu)NS(Q): s >uinQ,s>M on ENQ}.

If there exists a nonnegative lower semicontinuous function f in HVP($); 1)
such that f = oo on E, then the lower semicontinuous regularization © of
v coincides with u in Q.

PRrROOF: Clearly u < % in Q. Write ¢; =u+j7'f, j =1,2,..., and let v;
be the A-superharmonic solution to the obstacle problem in Q with both
obstacle and boundary values 1);. Then the lower semicontinuity of 1; and
the “ess lim inf” property of A-superharmonic functions (Theorem 7.22)
imply that v; > 4; in Q. In particular v; = co on E N Q so that v; > v.

We invoke Theorem 3.79 and deduce from it that vo = lim v; coincides
a.e. with u, whence

u(z) = essliminf u(y) = ess li;n iilf vo(y) > li;n inf v(y) > 9(x)
y—z — —z

for each z € Q. It follows that ¥ = u as desired. ]

ProOF OF THEOREM 10.2: Suppose that the set E satisfies (iv) of Theo-
rem 10.1 and let 2o ¢ E. We construct an entire A-superharmonic function
u in R™, finite at 29 and oo on E. This proves Theorem 10.2 because we
have just established that each A-polar set E has property (iv).

Write D] = B(I0,2j), BJ = B(.’l:o,z—j), and EJ' = (E n DJ) \ Bj, ] =
1,2,... Then E = U;E;. We construct a sequence of .A-superharmonic
functions u; inductively as follows. Let u; = 0 and write

vy = inf{s € HYP(D3;u) N S(D3): u; <s < 2in D;,s=2on E.}.
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Then 92 = u; in D3 by the previous lemma; moreover, since u; is A-
harmonic in By, also vy = 95 is .A-harmonic there (see the proof of Lemma
8.4). Thus we may choose an A-superharmonic function u; in D3 such that
u; <up £2in Dy, ug =2 on Ey, and uy(xp) < %. Moreover, replacing u,
by its Poisson modification in B; we may select us so that it is .A-harmonic
in B3. By invoking the extension theorem 7.30 and truncating if needed,
we may assume that uy; < 2 is A-superharmonic in all of R™. Then it
follows that u; € HP(R™; u) (Corollary 7.20).

Now suppose that the functions ui, ug, ..., uj—; have been selected for
7 > 3. Let

vj = inf{s € H"?(Dj41; p)NS(Dj11): uj—1 < 8 < jin Dj1q, s = jon E;}.

Because 9; = u;_; and because u;_; is A-harmonic in Bj, we find a func-
tion u; such that u; is A-superharmonic in Dj4;, uj—1 < u; < jin Dy,
uj = j on Ej, and uj(xo) < uj_1(z0) + 277, Again by replacing u; by
its Poisson modification in Bj4; and extending we may assume that u;
is A-harmonic in Bjy; and .A-superharmonic in R™. Moreover, we may
assume that u; < j and therefore that u; € H,lo’f (R™; p).

To complete the proof, we observe that uj % < ujpk41in Dj, k=1,2,...,
whence u = lim u; is A-superharmonic in R™. Further, v = oo on E and

u(zg) <Y 277 < o0

e

1l
-

J

as required.
The proofs for Theorems 10.1 and 10.2 are now complete. m]

As an application of Theorem 10.1 we prove the following result.

10.9. Theorem. If u is A-superharmonic, then u is (p, pt)-quasicontinu-
ous.

PRroOF: First note that u is finite (p, )-quasieverywhere by Theorem 10.1.
We may assume that u is nonnegative. Thus replacing v with arctan u, we
may in light of Theorem 7.5 (see also the remark after it) assume that
u is bounded; therefore it belongs to H,lo’f (9 ). Choose an increasing
sequence of continuous A-superharmonic functions u; in 2 which converges
to u (Theorem 8.15). Let D € 2 be an open set. Because the functions
u; are bounded supersolutions, it follows from the Caccioppoli estimate
(3.29) that the sequence u; is bounded in HP(D; p); hence it converges
to u weakly in HP(D; i) (Theorem 1.32). Appealing to the Mazur lemma
1.29, we find for each k a sequence of convex combinations vj; of the
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functions uj, j > k, such that vj, — u in HV?(D;pu) as j — oo. For
fixed k we can now choose a function v, € C(D) N HYP(D;pu) such that
ur < ¥r < uand

1k — wll g (pi) < 1/k.

Because a subsequence of v, € C(D) converges to u pointwise and locally
quasiuniformly by Theorem 4.3, it follows that u is quasicontinuous. m}

We next show that if 2 has regular boundary points, the construction in
the proof of Theorem 10.2 can be refined so as to lead to a nonnegative A-
superharmonic function in Q, infinite in a given A-polar set contained in
2 and finite in a prescribed point. Recall that we include oo in 89 if Q is
unbounded. We begin with the following lemma similar to Lemma 10.8.

10.10. Lemma. Suppose either that cap, , CQ > 0 or that oo is a regular
boundary point of each unbounded open set. Let f € LY?(§; 1) be bounded
and lower semicontinuous and g; a decreasing sequence of bounded lower
semicontinuous functions in HP(R™; u) such that g; — 0 in H*?(R™; p).
If there is a compact set K C Q such that spt g; C K and f is continuous in
1\ K, then the lower semicontinuous regularization 9 of the limit function
v = lim Rf+93 (Q) coincides with the balayage u = Rf(().

PROOF: Let f; = f + g; and
v; = Rfj .

Then v; > f; since f; is lower semicontinuous, and hence referring to
Theorem 9.26 and to Remark 9.27 we infer that v; € L}P(; u) and v;—f; €
Ltl,‘p (Q; ). Now the same argument that was used in the proof of Theorem
3.79 shows

(10.11) / A(z,Vv) - Vepdz >0
Q

whenever ¢ € H&'P(Q;p) is such that ¢ > f —v.

We next show that (10.11) holds with ¢ = u — v. For this exhaust Q by
regular open sets D; € Dy € --- € Q, Up Dy = 1, such that K C D;. Since
f and f; are lower semicontinuous, it is easy to see that RS (Dy) increases
to u and Rf1(Dy) increases to vy as k — co. If we define both Rf(D;) and
R71(Dy) to be f in Q\ Dy, then

RY(Dy) - f € Hy®(Dieyi; 1)

and R
RN(Dy) - f € Hy"(Diti; 1)
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for all = 0,1,2,... by Theorem 9.26. Consequently, it follows from the
quasiminimizing property that both sequences VR/(D;) and VRN (D)
are bounded in LP(€; ). Denoting ¢ = min(v, R/ (Dy)) we have that
¢r — v in Q, and hence VR (Dy) — Vi, converges weakly in LP(S; 1) to
Vu — Vv as k — 0o (Lemma 1.33). Because Rf (Di) — @ > f —v in Q we
infer from (10.11) via the weak convergence that

0< kllrrolo/n Az, Vv) - V(RS (Dy) — i) dz = /n Az, Vv) - V(i — v)dx.

Similarly, since o — Rf(Dj) is nonnegative and belongs to H&’p (1)
and since u is a supersolution in L'P(Q; 1) we obtain

/ A(z,Vu)- V(v —u)dz > 0.
Q

Hence
02> / (A(z,Vv) — A(z, Vu)) - (Vv — Vu) dz.
Q

Since the integrand is nonnegative a.e., it follows that
/ (A(z, Vv) — Az, Vu)) - (Vv — Vu)dz =0,
Q

and so Vu = Vv a.e. in Q by (3.6). Consequently, if G is a component of
2, then v — u = ¢ =constant a.e. in G. Because there is a regular point
zo € G (Theorem 9.13), we have by Remark 9.27 that

0 < ¢ < limsupv(z) — lim u(z) < lim v;(x) — f(xo) = 0.
z—zo T—To T—xq

Thus v = v a.e. in Q. Because 9 = v a.e. by the fundamental convergence
theorem, ¥ = u a.e. and hence everywhere in  (Corollary 7.23). The proof
is complete. O

It is easy to see that Lemma 10.10 still holds if instead of assuming that
f is continuous in 2\ K we assume that f is continuous in (2 U R) \ K,
where R is the set of the regular boundary points of .

Now we can prove:

10.12. Theorem. Suppose either that cap, , CQ > 0 or that o is a
regular boundary point of each unbounded open set. If E C §), then the
following are equivalent:
(i) F is a polar set.
(i) Ifzo € Q\ E, there exists a nonnegative A-superharmonic function
u in Q with v = o0 in E and u(xp) < oo.
(iii) If f is a nonnegative function in 2, tbenRé =0.
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PrOOF: The implications (ii) = (iii) and (iii) = (i) are trivial (note that
one may choose f = oo in (iii)). Thus it suffices to show that (i) implies (ii).
The proof of this is similar to the corresponding assertion in Theorem 10.2.
Fix a ball B = B(zg,r) € {2 and exhaust Q by open sets D; € D, € ...
such that B € D;. Write B; = j~'B and

Ej=En(D;\Bj).

We construct a sequence of A-superharmonic functions u; inductively. Let
uo = 0 and suppose that u;_; € S(f) is chosen such that 0 <wu;_; <j—1,
uj—1 € LMP(Q; ) is continuous in QU R and in B; where R is the set of
the regular boundary points of Q, u;_; = j —1in E;_;, and

j—1
uj_1(zo) < Z 27k,

k=0

Now we select u; as follows. Since E; C D;\B; is A-polar, we may choose a
decreasing sequence of lower semicontinuous functions gx; € H*?(R"; p)
such that gx; — 0 in H"?(R™;p), 0 < gk; < J, gr; = j in Ej, and
spt gk,; C Dj+1 \Bj+1. If

vk = RU-1H94(Q),
then uj_y <wpj < j, vkj —uj_1 € Lé'p(Q;u), Vg,; is continuous in
(QUR)\ (Dj+1\ Bjt1),

and vx; = j in E;. Moreover, by Lemma 10.10 the lower semicontinuous
regularization of lim_,oo vk, equals uj_;. Since u;_; is continuous in
Bj1, it follows that vy ; — u;_; locally uniformly in Bj;;. Thus we may
choose an index k; such that for u; = vg,,; we have

i
uj(%o) < wjma (o) +277 <Y 278,
k=0

Since the constructed sequence is nonnegative and increasing and since
the limit lim;_,o u; = oo on E, the function u = lim;_,, u; is the desired
A-superharmonic function as

oo
u(zp) < 22"" < oo.
k=0

The proof is complete. m]
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We close this chapter by observing that the Perron method is interest-
ing only if the complement of €2 is nonpolar. Recall that oo is a regular
boundary point of every unbounded open set exactly when there exist non-
constant bounded A-superharmonic functions in R® (Theorem 9.22).

10.13. Theorem. Suppose that cap, , (2 =0andlet f : 80 — [—oo, 0]
be a function.

(i) If there are no nonconstant bounded A-superharmonic functions in
R", then H; = sup f and H; = inf f.

(ii) If there exist nonconstant bounded A-superharmonic functions in
R", then H; = H; = f(o0).

PROOF: First note that each function in Uy can be extended uniquely to
R"™ as an A-superharmonic function.

If all bounded A-superharmonic functions in R™ are constants, the as-
sertion follows directly from the removability theorem 7.35.

Consider then the alternative that there are nonconstant bounded A-
superharmonic functions in R”. We show that Hy = f(00), for then also

Hy=-H_;=—(—f(c0)) = f(c0).

By the minimum principle H; > f(00), so that there is no loss of generality
in assuming that f(co) < co. Let A > f(oco) and fix z € Q. By Theorem
10.12 there exists a nonnegative A-superharmonic function v in R™ such
that u = oo in 0Q and u(z) < 0o. Then H_»(z) < eu(z) for any positive
e, and we conclude that Hy(z) < X in Q. Since A > f(oco) was arbitrary
and since Hy; > f(co), assertion (ii) follows. O

NOTES TO CHAPTER 10. Polar sets are the small sets of poten-
tial theory. They were introduced by Brelot (1941). Later Cartan (1945)
characterized polar sets as sets of zero capacity.

In the nonlinear (unweighted) theory polar sets were first considered by
Lindqvist and Martio (1988); they proved the essential parts of Theorem
10.1 in the p = n case. For all p > 1 Theorem 10.1 appeared in Heinonen
and Kilpeldinen (1988b). Theorem 10.2 was proved by Kilpeldinen (1989),
while Theorem 10.12 is new even without weights. Classical results here
are due to Evans, Deny, Choquet, and others. See Doob (1984, p. 795) and
Helms (1969, pp. 269-271) for historical remarks.

It is not known in the nonlinear theory whether there is, for a given
Gs-set E C R™, an A-superharmonic function u in R™ such that £ = {z €
R": u(z) = oo}.

The quasicontinuity of classical superharmonic functions (Theorem 10.9)
follows from Fuglede (1971a). '
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A-harmonic measure

In classical potential theory harmonic measure provides an important tool
for many applications. In this chapter we study a similar concept, termed
A-harmonic measure, in the A-potential theory. Although the nonlinearity
ruins its measure character, the .A-harmonic measure can still be used to
estimate .A-harmonic functions. It is also a substitute for the ordinary
harmonic measure in the theory of quasiregular mappings, as we shall see
in Chapter 14.

We begin with the definition. Let E be a set on the boundary 9 of Q2
and let xg be the characteristic function of E. The upper class Ug of F is
the upper class U, ,, which consists of all functions u such that

(i) u is A-superharmonic in Q,

(ii) » >0, and

(iii) liminf,_,, u(z) > x&(y) for all y € 3Q.

We recall that if © is unbounded, then the point at infinity is included in
the boundary of Q and (iii) is assumed to hold also for y = oo.

DEFINITION. The function
w=w(E,Q;A) = Fu =inf Ug

is the A-harmonic measure of E with respect to Q.

Theorem 9.2 together with the facts that 1 € Ug and u > 0 for each
u € Ug implies that w is A-harmonicin Q and 0 <w < 1.

We also use the following convention throughout the remainder of this
book: if E C Q and ENQ is a relatively closed subset of 2, we denote

w(E, Q% A) =w(ENJ(Q\ E),Q\ E; A)

unless a specific reference to the open set @\ F is required.

If Q is regular and F is closed, we have alternative characterizations for
the A-harmonic measure w(E,Q; A). Let H(E,Q) = H4(E,f) denote the
class of all nonnegative functions u € C(Q) such that

(a) u is A-harmonic in 2, and
(b) u>1onE.

Let S(E,Q) = S4(E,Q) C C(Q) be a similar class of .A-superharmonic
functions, i.e. condition (a) is replaced by

(a") uis A-superharmonic in Q.

201
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11.1. Theorem. Suppose that ) is a regular open set. If E is a closed
subset of 85), then the A-harmonic measure w = w(E,Q; A) can be char-
acterized by the following equivalent ways:
(a) w=inf{u:u € H(E,Q)}
(b) w=inf{u:u € S(E,Q)}
(c) w = limHy, uniformly on compact subsets of ), where f; is any
decreasing sequence of continuous functions converging pointwise to
XE on 0Q.

PROOF: Let v; = inf H(E,Q), v; = inf S(E,Q), and v3 = lim Hy,. First
observe that
H(E,Q) C S(E,Q) C Ug,

and so
w<lva <.

Further, since (2 is regular, each of the functions H, is actually continuous
on () and greater than or equal to 1 on E. Thus

w<vy<wv 3.

Now by Corollary 9.4, v3 = w, and the convergence is locally uniform
in Q because the sequence Hy, is decreasing and the limit function w is
continuous. This completes the proof. m|

In light of Corollary 9.4 the assumption that 2 is regular is superfluous
in Theorem 11.1(c); for if F is closed, there is a decreasing sequence of
continuous functions converging pointwise to xg.

In classical potential theory, i.e. in the case A(z,¢) = &, p = 2, and
du = dz, harmonic measure is defined as a probability measure arising in
the Dirichlet problem. Suppose first that 2 is a regular open set. Then
for each z € Q the mapping f — H(z) is a positive linear functional
on C(0Q), and by the Riesz representation theorem there is a measure w®
defined on Borel subsets of 95} such that

(11.2) Hy(x) = /mfdw’.

It follows from Theorem 11.1 that w®(E) = w(F, Q; A)(z) for each closed,
hence Borel, subset E of 2. Thus the harmonic measure can be used to
solve the Dirichlet problem via the representation in (11.2). Even if Q is
not regular, the mapping f — H(z) is a positive linear functional and
representation (11.2) is valid. Indeed, the only assumption required is that
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2 be Greenian, that is the complement of Q is nonpolar; see Doob (1984,
pp- 114-115). It is not hard to see that in this case also we obtain the
A-harmonic measure w(-,; A) for A(z,&) =¢£.

It is clear that the Riesz representation theorem can be used to define the
A-harmonic measure whenever equation (3.8) is linear. This is the case,
for instance, when

Az, §) = 8(z)¢,

where 8(z)¢ - £ ~ w(z)|¢]? and p = 2. These measures are often called
elliptic harmonic measures. In the A-potential theory the mapping f —
Hj(z) is, in general, nonlinear and no representation like (11.2) is possible.

We next establish some basic properties of .A-harmonic measures.

11.3. Theorem.
(a) (Monotonicity) If E; C E, C 89, then

w(EBr, Y A) < w(Es, 5 A).
(b) (Carleman’s principle) If E C 8Q; N 89, and if Q1 C N2, then
w(E)Ql;'A) < w(E’ QZ; A)

in 91.
(c) IfC, D C3; D ... are closed subsets of 82 and C = ﬂ C;, then

lim w(C;, Q% A) = w(C, Q5 A)

uniformly on compact subsets of Q.

PROOF: Property (a) follows immediately from the definition. Property
(c) follows from Theorem 11.1 and the remark after its proof.

To prove (b), let u belong to the upper class Ug(22) with respect to Q5.
Then u|q, belongs to the upper class Ug(2;) with respect to £2;, and hence
for every z € O

w(E,Qy; A)(z) < inf{u(z): v € Up(Q)} = w(E, Q; A)(z),
and (b) follows. O

Although the A-harmonic measure need not be subadditive, it behaves
well with respect to complements, at least for nice sets.
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11.4. Theorem. IfE C 912, then
w(E,Q;A) >1-w(0Q\ E,QA).
Moreover,
w(E,Q;A)=1-w(80\ E,Q; A)
if and only if the characteristic function of E is resolutive in 2.

PROOF: Let f = xg be the characteristic function of E. Then

wOQ\E, Q% A)=H,_y=1-H;
>1-H;=1-w(E,QA),

and the equality holds if and only if H; = H 5 m|

Because bounded semicontinuous functions are resolutive in regular open
sets by Proposition 9.31, we obtain

11.5. Corollary. IfQ is regular and K C 89 is compact, then
w(K, Q5 A) =1-w(00\ K,Q; A).

Often the A-harmonic measure w(E, 2; A) is vaguely described as an A-
harmonic function with boundary values 1 on E and 0 on 8\ E. Although
this is not generally true, it is useful to observe the following boundary
behavior of w(E,; A). The theorem is a direct consequence of Lemma
9.6.

11.6. Theorem. Let zo be a regular boundary point of Q. If zo has a
neighborhood V such that V N8 C E, then

lim w(E,Q; A)(z) =1.

T—zrq

Similarly, if zo has a neighborhood V such that VN 8Q N E = @, then

lim w(E,; A)(z) =0.

We recall some simple criteria which will be sufficient to conclude that
zo is a regular boundary point of Q. For instance, if 2 is piecewise smooth,
say a polyhedron, then € is always regular (Corollary 6.32). Further, if
dp = dz, then for p > n — 1 it suffices to have a nondegenerate continuum
C c (Q with z, € C (Maz’ya 1985, p. 392), and for p > n every point
zo € 99 is of positive p-capacity and, therefore, regular. Lemma 11.21
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below provides a quantitative estimate for the boundary behavior in the
situation of Theorem 11.6.

Next we relate the .A-harmonic measure to the .A-potential and to the
capacitary function of a condenser. Suppose that F is a relatively closed
subset of  and denote

w=w(E,Q%GA)=w(ENJQ\E),Q\E,A).

Set w(z) = 1for z € E and let & be the lower semicontinuous regularization
of win Q. If u belongs to the upper class of E in Q\ E, then after putting
u =1 on E it follows from the pasting lemma that min(u,1) is A-super-
harmonic in 2, and we obtain from Theorem 9.33 the following result:
11.7. Theorem. The function & equals Rk, the A-potential of E in 2.
In particular, w = RL in Q\ E.

Now we have by Theorem 9.35 and by Theorem 11.7 the following;:
11.8. Corollary. Suppose that A(z,£) = |¢|P~26w(z) and that E is a
compact subset of ). Then the (p, p)-capacity of the condenser (E,) is
obtained by

cap, ,(E,Q) = /n . [Vw[Pdp,

where w = w(E, Q; A) is the A-harmonic measure of E in Q.

The A-harmonic measure is the minimal nonnegative .A-harmonic func-
tion with “boundary values” 1 on the E. This extremal property is useful in
estimating other .A-harmonic or .A-superharmonic functions. A typical ex-
ample is the following estimate which yields, for instance, the two-constant
theorem for quasiregular mappings (see Chapter 14).

11.9. Theorem. Suppose that E C 0Q and let w = w(E,Q; A). Ifv is
an A-subharmonic function in Q with
{ M ifyeE

i <
msupv(#) S\ L ity e o0\ E,

Ty

where M > m, then
v(z) < (M —m)w(z) +m

for all z € Q.
ProOOF: If M = m, then the claim v < M follows directly from the com-
parison principle. If M > m, then the function v; = (v —m)(M —m)~! is
A-subharmonic in Q with
{ 1 ifyekFkE

L <
msWpn(®) S| o iy eon\E.

T—Y
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Therefore, if u is any function from the upper class Ug, then

lim sup v (z) < liminf u(z)

Ty =Y
for each y € 99Q2. Thus by the comparison principle v; < u in  for all u in
UEg, and we obtain the required inequality v; < w. m]

Theorem 11.9 implies:

11.10. Corollary. Suppose that v is A-subharmonic and bounded above
in Q. If w(E,Q; A) =0 and if

limsupv(z) < m

=Y

for all y € 0\ E, then v < m in Q.

For linear equations Corollary 11.10 provides an improved version of the
comparison principle: sets of zero harmonic measure can be neglected when
comparing solutions on the boundary. It is not known whether this is true
in general.

We illustrate the use of Theorem 11.9 by establishing the Phragmén—
Lindel6f principle for A-subharmonic functions. This principle lies be-
hind various geometric and analytic estimates which together constitute
Phragmén-Lindel6f type theorems. (Observe that a similar reasoning was
used in Theorem 7.40.)

Fix g € Q, and for R > 0let Qg = QNB(zo, R), Eg = 8B(xo, R)NINR.
Then Qg is a bounded open set and Eg a compact subset of 9Qg. Write
further wg = w(Eg, Ng; A).

11.11. The Phragmén-Lindel6f principle. Suppose that v is A-
subharmonic in an unbounded domain Q with limsup,_,,v(z) < 0 for
each y € 2 NR". Then either v < 0 in Q or

M(R) = sup{v(z) : z € 8B(xo, R) NN}
grows so fast that
(11.12) li;tninf M(R)wg(z) >0

for each x € Q.

PROOF: Suppose that v(yp) > 0 for some yo € Q2. We deduce from the
maximum principle and from the condition limsup,_,,v(z) < 0 for y €
N NR™ that

M(R) = sup{v(z) : z € Qr}.
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Hence Theorem 11.9 yields v < M(R) wg, for R so large that yo € B(xo, R).
Thus (11.12) follows for x = y,.

Next if x € Q, then for R > R, Harnack’s inequality gives a constant
¢ which is independent of R such that wgr(yo) < cwr(z). Hence (11.12)
follows for each z in . O

In certain situations some quantitative estimates for M(R) in Theorem
11.11 are available; see Granlund et al. (1985), Lindqvist (1985), and
Heinonen et al. (1989b). In the classical harmonic case there is an exten-
sive literature of growth estimates of subharmonic functions in unbounded
domains; see Hayman and Kennedy (1976) and Hayman (1990).

11.13. Sets of A-harmonic measure zero

DEFINITION. A set E C 89 is of A-harmonic measure zero (with respect
to Q) if w=w(E,Q; A) =0.

Note that by the minimum principle w = 0 if and only if each component
of Q2 contains a point x with w(z) = 0.

For general A it is a difficult and largely open problem to determine
which sets are of A-harmonic measure zero. The following criterion is far
from being necessary.

11.14. Theorem. Suppose that cap, , CQ > 0 or that oo is a regular
boundary point of each unbounded open set. If E C 99 is A-polar, then
w(E,Q; A) = 0.

PRrOOF: Fix z € Q2. Since F is A-polar, it is contained in a Borel A-polar
set, and by the monotonicity of .A-harmonic measure we may assume that
E itself is a Borel set. Thus by Choquet’s capacitability theorem (Theorem
2.5) there is an open set §2; containing 2 U E such that cap, , €, >oif
cap, , CQ > 0. In the other case we may choose 2; = R". By Theorem
10.12 there is a nonnegative A-superharmonic function » in §; such that
u = oo on F and u(x) < oo. Now the restrictions Au|n belong to the upper
class Ug whenever A > 0. Consequently, 0 < w(z) < Au(z), and the desired
result follows by letting A — 0. a

In classical potential theory a set E on the boundary of the unit ball of
R™ is of harmonic measure zero if and only if the (n — 1)-measure of E is
zero. A-polar sets are, in general, much thinner. For example, if F is polar
in the classical theory, then the Hausdorff dimension of E is at most n — 2.

It is important to notice, however, that in Theorem 11.14 the conclusion
w = 0 is essentially independent of 2, and in this respect Theorem 11.14
is the best possible. To be more precise, consider a bounded open set §2
and a compact subset E of . By Theorem 11.7 the A-harmonic measure
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= w(E,Q; A) coincides with the .A-potential RL(€2;.A) in @\ E. It then
follows from Theorem 10.1 and Theorem 11.14 that w = 0 if and only if
E is A-polar or, equivalently, F is of (p, u)-capacity zero. Hence Theorem
11.14 cannot be improved in this situation. In the next theorem, after an
appropriate definition, we rephrase this more succinctly.

DEFINITION. A set E in R™ is of absolute A-harmonic measure zero if
w(ENdN,Q;4)=0

for all bounded open sets 2.

11.15. Theorem. A Borel set E is of absolute A-harmonic measure zero
if and only if it is A-polar.

PROOF: Suppose first that F is A-polar, and let 2 be a bounded open set.
As a subset of an A-polar set, the set E N 8 is A-polar and hence by
Theorem 11.14

w(ENoN,A;Q) =0

as required.

To prove the converse, let E be of absolute .A-harmonic measure zero
and let K be a compact subset of E. Fix a ball B such that K is contained
in B. Then Q = B\ K is open and K; = KNdN C ENON = E;. Since E
is of absolute A-harmonic measure zero, we obtain from the monotonicity
of A-harmonic measures that

w(K1, % A) <w(E,Q;A4)=0.

But now we are back in the situation of Theorem 11.7 which shows that
the A-potential of K in B vanishes. It then follows that cap, , K = 0
(Theorem 10.1), and since K was an arbitrary compact subset of E, E
has the inner (p,p)-capacity zero. Because E is a Borel set, and hence
capacitable by the theorem of Choquet, we have that cap, , E = 0. Thus
E is A-polar (Theorem 10.1). O

In particular, Theorem 11.15 together with Theorem 10.1 implies that
Borel sets of absolute A-harmonic measure zero are exactly the sets of
(p, p)-capacity zero. Thus to be of absolute .A-harmonic measure zero is
independent of A; this concept depends only on p and the weight w. For
sets of A-harmonic measure zero the situation is not so simple in general;
it is possible to construct sets F on the boundary of the unit ball of R
and linear operators div.A with p = 2 and du = dz such that F has zero
(n — 1)-measure, and hence F is of zero harmonic measure in the classical
case, while at the same time w(FE, B; A) > 0; see Caffarelli et al. (1981).
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An interesting problem is to characterize those linear operators div.A for
which the associated .A-harmonic measure is absolutely continuous with
respect to the surface measure on the boundary of a ball; for the latest
developments here, see Fefferman et al. (1991) and the references therein.
Even though it is possible for a set to be of zero .A-harmonic measure for
one A and positive for another A* of the same type, it is still reasonable
to seek conditions which guarantee that w(F,Q;.A) = 0 for all A. We turn
our attention to sets of zero .A-harmonic measure on the boundary of a
regular open set 2. We recall again that if Q is unbounded, then E C 92
may contain the point at infinity. A simple but useful lemma is needed.

11.16. Lemma. Suppose that Q is regular and that E is a closed subset
of Q. Then w = w(E,Q; A) =0 if and only if

supw(z) < 1.
zEN

PRrOOF: Write A = sup,¢q w(x). Since Q is regular at each boundary point
y € 0N and since E is closed, Theorem 11.6 yields

lim w(z) =0
T—y

for every y € 90\ E. Now we can apply Theorem 11.9 with v = w, M =},
and m = 0, and conclude that w < Aw. If A < 1, this is possible only if
w=0. ]

If the mapping
E - w*(E) = w(E,Q; A)(x)

is a measure for fixed x € Q and if w*(E;) =0 for i = 1,2,..., then also
w®(UE;) = 0. For nonlinear equations very little is known in this respect.
However, the following result can be established.

11.17. Theorem. Suppose that Q is regular and that E,, E; C 89 are
closed sets of A-harmonic measure zero. If Ey N E; = 0, then E, U E5 is of
A-harmonic measure zero.

Proor: Recall that topological notions on 89 are taken with respect to
the extended space R

By considering the components of 2 separately, we may assume that §2
is connected. Write w = w(E; U E3,Q; A) and suppose that w > 0. We
first show that E; U E; # 9. Noting that the theorem is trivially true if
E; =0, we pick zo € E,. Suppose that E; U E; = 8Q. Since E; N E, = 0,
there is a neighborhood U of zy such that U N 8Q C E;, and an appeal
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to Theorem 11.6 shows that lim, = w(E,$;A) = 1. This contradicts the
assumption w(E,Q;.A) = 0, and thus Ey U E5 # 850.

For 0 < t < 1 consider the open set A; = {z € Q : w(z) > t}. By
Lemma 11.16 we have that supw = 1 and hence A; # 0. Because w
satisfies the maximum principle and because lim__, w(z) = 0 for every
zo € 0N\ (E1 U E;) by Theorem 11.6, it is easy to see that for ¢ close
enough to 1 there is a component A of A; such that either A C QU E; or

A C QU E,. Assume, for instance, that A C QU E;. Write
w(z)—t ifz€A
”(‘”)={o fze\A.
Now v is A-subharmonic in 2 by the pasting lemma 7.9, and it satisfies
0 ifyedQ\E
{ 1 ifye E;.

To complete the argument we apply Theorem 11.9 with M = 1,
0, and conclude that v < w(E;,Q;.A) = 0. This means that A =
contradiction, and the theorem follows.

lim sup v(z) <

Ty
y @
a

It is not known whether the conclusion of Theorem 11.17 holds if the sets
E, and E, intersect. However, Avilés and Manfredi (1992) have proved a
result in this direction for the unweighted p-Laplacian.

Next we seek metric conditions for sets of .A-harmonic measure zero. We
begin with the following lemma which is a slight generalization of Lemma
11.16.

11.18. Lemma. Suppose that 2 is regular and that E C 9Q is closed.
Then w = w(E,Q; A) = 0 if and only if there is a sequence of neighborhoods
U; of E and a constant A\ < 1 such that

(1) nUi NQ =40, and
(ii) for each i and z € QN OU;, w(x) < A.

PROOF: Since the condition is clearly necessary, only the converse calls for
a proof. By Lemma 11.16 it suffices to show that

{11.19) w(x) <A

for each z € Q. Fix z € Q and choose an index i such that = ¢ U;. If
z € 8U;, then (11.19) is part of the hypothesis, and hence we may assume
that z € Q\ﬁ;. Next, let V be the z-component of 2 \ﬁi and let y € V.
If y € Q, then y € 8U; and hence w(y) < A; if y ¢ §, then y € 8N\ E and
by Theorem 11.6 we have lim,_,, w(z) = 0. Consequently, lim,_., w(z) < A
for each y € 8V and thus the comparison principle yields w < Ain V. In
particular w(x) < A and (11.19) follows. o
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Recall that 0 satisfies a (p, u)-capacity density condition, or is uniformly
(p, p)-thick, if for some co > 0 and 7 > 0 it holds that

(11.20) cap, ,(B(zo,) N, B(zo,2r)) > co capy, ,(B(zo,r), B(zo, 2r))

for all zg € 8%, zo # 00, and 7 < ry. This condition was already employed
in Chapter 6. If (Q is uniformly (p, u)-thick, then every finite boundary
point of  is regular. It is good to keep in mind that CQ satisfies (11.20),
for instance, if it has a corkscrew in a uniform sense at each finite boundary
point (see Chapter 6). In particular, complements of polyhedra are always
uniformly (p, u)-thick. In the special case duy = dr and p > n—1 thereis a
particularly amenable sufficient criterion for the uniform thickness: CQis
uniformly thick if each boundary component is a continuum with diameter
greater than some fixed positive constant (see Maz’ya 1985, p. 392).

The (p, p)-capacity density condition can be used to estimate w both
from above and from below in a neighborhood of a boundary point zg.

11.21. Lemma. Suppose that Q satisfies the (p, p)-capacity density
condition with constants ¢y and 9. Let E C 8Q and z¢ € 99, x¢ # oo. If
for some r, 0 < r < 19, B(zo,2r) does not intersect E, then

w(z) =w(E,QA)(z) <A< 1
for each = € B(zg,r) N Q. Furthermore, if B(xg,2r) N 8Q C E, then
w(z) >26>0

for each z € B(zg,7)NQ. The constants \ and é§ depend only onn, p, 8/c,
cu, and cp.
PROOF: We prove the first inequality only; the proof for the second as-
sertion is analogous. Set v = 1 —w. Then v is A-harmonic in  and
0 < v < 1. Now all finite boundary points of Q are regular, and hence
if we set v(z) = 1 for z in 0Q N B(xo,2r), then v is continuous and A-
superharmonic in B(zg,2r) by Theorem 11.6 and by the pasting lemma.

Next let C = [Q N B(xo,r) and let w = RL(B(zo,2r); A) be the A-
potential of C in B(zp,2r). Then v > u in B(zo,2r), and thus Lemma
6.21 implies

cap,, ,(C,2B) )1/(P~1)

cap,, ,(B,2B)
for a.e. z € B = B(xo, ), where the constant ¢; depends only on n, p, 8/a,

and c,. Since v is continuous in 2 and since 02 is uniformly (p, p)-thick,
we obtain

(11.22) v(z) > u(z) > cl(

1-w(z) =v(z) > clccl,/(p_l) >0
for each z € BN, as desired. a
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We introduce the quasihyperbolic metric in a domain and use it to give
metric conditions for sets of A-harmonic measure zero. The quasihyper-
bolic metric is closely related to the hyperbolic (Poincaré) metric in planar
domains; in fact, it easily follows from the Koebe one-quarter theorem that
these two metrics are comparable in any simply connected proper subdo-
main in the plane.

DEFINITION. Let D be an open, proper subset of R™. The quasihyperbolic
distance of  and y in D is the number

kp(z,y) =inf/ d(z,8D)™ds,
9

where the infimum is taken over all rectifiable curves v joining z to y in D;
if no such curve exists, then z and y belong to different components of D,
and we set kp(z,y) = oco. Here d(z,A) = dist(z, A) is the distance of the
point 2 from the set A.

It is easy to see that kp defines a complete metric in each component of
D and that this metric generates the usual Euclidean topology.

11.23. Theorem. Let Q be a bounded domain whose complement is
uniformly (p, p)-thick and let E be a closed subset of Q. Suppose that
there exist M < oo and a sequence of neighborhoods U;, i = 1,2, ..., of E
such that

(@) NU;nQ =0, and

(b) ;or each i and z € 8U; N there is y € 8Q with kpg(x,y) < M.
Then w = w(E, ; A) = 0.
Proor: The ingredients of the proof are: Harnack’s inequality, the poten-
tial estimate (6.22), and Lemma 11.18. Since 2 is bounded, we may assume

that the (p, u)-capacity density condition (11.20) holds for all r < diam(2).
We show that

(11.24) w(@)<A<1

for each z € 8U;NQ, i =1,2,.... Then Lemma 11.18 yields the conclusion
w=0.

To this end, fix i and let z € 8U; N Q. Write D = CE and choose
y € 00\ E with kp(z,y) < M. Let v be a rectifiable curve in D joining z
to y with

(11.25) /d(z, dD)'ds <M +1.
v
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Next choose points z;, 23, ..., 2 on vy and radii r1, 7o, ..., 7x inductively
as follows. Set z; = z and 7y = d(z1, E)/4. Assume that 2, z,, ..., z; and
71, T2, - .., T; have been chosen and let y; denote the part of v from z; to y.
IfaﬂﬁB(z,,rJ/Z) # 0, we set k = j and stop. If QN B(z;,7;/2) = 0, then
we choose 2;4; to be the last point where -y; meets the sphere 8B(z;,r;/4)
and let rj;1 = d(2;41,F)/4. Since y € 89\ E, this process ends after a
finite number, say k, of steps.

We obtain an upper bound for k in terms of M. Assume that k > 2. Fix
j=1,2,..., k—1 and let 7; be the part of v from z; to z;4;. Pick 2’ € E
such that

4‘I‘j = d(Zj,E) = IZ,‘ - z'| .
Then for z € v; N B(z;,;) we have
d(z,E) <|z=2'|<|z—zj| + |z; — 2'| < rj + 4r; = 5r;
and thus
1
d(z,E 'ld.sz/ d(z,E)"lds > L= —.
i =5 7i0B(25,75/4) 20’": B
Therefore
/d(zE) 1ds>2/ d(z, By ds » F1
’ 20
j=1v"7
and we obtain from (11.25) that
k< 20M +21.
By the construction there is zo € 8Q N B(zk,7x/2). Moreover,
B(z0,3rk)NE=10
because 4ry = d(2k, E). It then follows from Lemma 11.21 that
(11.26) v(z)=1-w(z)2c¢1 >0

for each 2z € B(xo,3r/2) N Q. Consequently, (11.26) holds for each z €
B(zk, ) N Q.

To complete the proof, set B; = B(zj,r;/4) for j = 1,2, ..., k. Then
for j < k—1, 2B; C , whence Harnack’s inequality together with (11.26)
yields

c < mf v<supv<c mf v<- <c'2"1infv,
BN Br_1 B,

where c; = c2(n, p, B/, c,). Therefore, since k < 20M + 21, we obtain

wz)=1-v(z) <1 —igfv <1- clcé'k <1 —clcz_zo(MH) <1.
1

This is the required estimate (11.24) and the proof is complete. O
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Theorem 11.23 can be applied to several practical situations. To give a
specific example, we consider porous sets on the boundary of a ball.

A set E on the boundary 8B of the unit ball B = B(0,1) is said to be
§-porous with respect to OB, § > 0, if there is a sequence r; of positive
numbers converging to 0 such that for eachx € Eandi =1,2,... the
ball B(z,r;) contains a ball B(y, ér;) with y € 8B and B(y,ér;) N E = 0.

11.27. Theorem. Suppose that E is §-porous with respect to the bound-
ary of the unit ball B. Then w = w(E, B; A) =0

PROOF: First note that the complement of B satisfies a (p, u)-capacity
density condition. Because E is 6-porous, E is é-porous as well, and we
may assume that E is compact.

In order to use Theorem 11.23, let U; = E + B(0,7;),1 =1, 2, ...; that

is,
= U B(z,7),
z€E

where the sequence r; is as in the porosity condition. We may clearly
assume that r; < 4 for each 7. Then U; is a neighborhood of F and
NU; = E C 8B. Next fix 7 and let £ € 8U; N B. Since E is compact, this
means that £ € 8B(zg,r;) for some zo € E and that d(z,E) = r;. The
porosity condition gives a point y € 8B such that B(y,ér;) N E = § and
B(y, ér;) C B(zo,r;). Write z; = (1 — r;)zo and let the curve v = v Uy
consist of two curves v; and 7, such that v; is the shorter circular arc
joining z to z; on &B(xp,r;) and on the plane determined by z, x;, and
0, whereas -y, is the straight line segment from z; to y. Then « joins z to
y in 0E. It easily follows from elementary geometric considerations that
d(z,E) > r; for each z € v, and that d(z, E) > §/2r; for each z € vy,. The
lengths of y; and v, satisfy I(vy;) < 7r; and I(v2) < 2r;. Thus

d(z,E)_lds+/ d(z,E)'ds

a4t Y2

kgp(z,y) < / d(z,E)"'ds =

<7

=M.

%IA

Hence the conditions of Theorem 11.23 are met, and therefore
w=w(E,B;A)=0.
The theorem follows. ]

A quintessential porous set is the Cantor ternary set on the boundary of
the unit disk in the plane. In general, many fractal type constructions in
R™ result in porous Cantor type sets.
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If E is a set on the boundary of the unit ball B, we say that E is of
total harmonic measure zero if w(E,B; A) = 0 for all mappings A. In
particular, no restriction on p or w is imposed. Then Theorem 11.27 says
that porous sets are sets of total harmonic measure zero. Although one
can show that the Hausdorff dimension of a é-porous set does not exceed a
constant y(n,8) < n — 1, there are, for any € > 0, porous sets on B with
Hausdorff dimension greater than n — 1 — e. On the other hand, if E is of
total harmonic measure zero, then the (n — 1)-measure of E is zero because
classical potential theory is included in our presentation. Wu (1992) has
recently improved Theorem 11.27 for p-harmonic measures in dimension
two.

Sets of total harmonic measure zero cannot be characterized in terms of
Hausdorff dimension. This was first discovered in connection with quasi-
conformal mappings. In particular, on the boundary of the unit disk B
in the plane there are, for each v > 0, compact sets E whose Hausdorff
dimension is less than vy but w(FE, B; A) > 0 for certain linear operators
div A in the unweighted case. See Tukia (1989), Martio (1989b). For n > 2
or p # 2 these questions are open. It seems that in order to find character-
izations for sets of total harmonic measure zero, some other means should
be found.

NOTES TO CHAPTER 11. Harmonic measure was used in function
theory long before it was given a name. The monograph by Nevanlinna
(1953) inspired much of the future research, and the discoveries of Lévy,
Kakutani, Doob, and others linked the harmonic measure to probability.
See Doob (1984).

The harmonic measures for operators — div A first found their applica-
tions in the theory of quasiconformal mappings in the plane; important
works include Beurling and Ahlfors (1956), Pfluger (1955), Caffarelli et al.
(1981), @Bksendal (1988). Granlund et al. (1982, 1985) were the first to con-
sider the nonlinear situation with applications to quasiregular mappings;
they also introduced the nonlinear Phragmén-Lindelof principle. Further
applications were given by Heinonen et al. (1989b) and Lindqvist (1985);
see also Miklyukov (1980). Sets of absolute harmonic measure zero in
the classical case and their function theoretic applications can be found
in Nevanlinna (1953). Sets of \A-harmonic measure zero in the nonlinear
situation were first studied by Granlund et al. (1982), and Theorem 11.17
was proved by them in the unweighted p = n case; for recent progress re-
lated to Theorem 11.17, see Avilés and Manfredi (1992). Maz'ya (1976),
Heinonen and Martio (1987), Martio (1987, 1989a), Heinonen (1988b), and
Wu (1992) have given analytic and metric estimates. Gehring and Pal-
ka (1976) introduced the quasihyperbolic distance; its main use has been
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elsewhere in geometric function theory, see Vuorinen (1988). Contrary to
the classical harmonic case —Au = 0, where deep information is available
(Carleson 1985, Makarov 1985, Bourgain 1987, Jones and Wolff 1988), the
structure of the sets of A-harmonic measure zero is largely unknown for
nonlinear equations — div.A = 0.
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Fine topology

The fine topology was introduced to potential theory by Henri Cartan in
1940 as the weakest topology on R™ making all superharmonic functions
continuous. Classical fine topology has found many applications; its con-
nections to the theory of analytic functions and probability are well known.
In this chapter we study a similar concept in the framework of .A-super-
harmonic functions. We establish that the fine topology associated with
A-superharmonic functions can be characterized by means of a Wiener
criterion.

DEFINITION. The A-fine topology 74 is the coarsest topology on R™ mak-
ing all A-superharmonic functions in R™ continuous.

An A-superharmonic function u satisfies —0o < u < oo, and here the
interval (—o0, 00] is endowed with the usual topology. Topological concepts
with respect to the A-fine topology are equipped with the phrase “.A-fine”
or “A-finely”, e.g. A-finely open, A-fine neighborhood.

Since A-superharmonic functions are lower semicontinuous and since
S(R™) is closed under truncations, the A-fine topology 74 is the coars-
est topology on R™ making all locally bounded .A-superharmonic functions
continuous. Thus the A-fine topology could be defined as the coarsest
topology making all supersolutions of equation (3.8),

—div A(z,Vu) =0,

continuous; then, of course, one should consider representatives which sat-
isfy the “ess lim inf” property (see Theorem 7.25).

12.1. Lemma. The A-fine topology is finer than the Euclidean topology.

ProOF: We fix a ball B = B(zo,r) in R™ and show that B contains a
nonempty A-finely open set U such that zo € U. Because 3B is (p, u)-
thick at each of its points, there is a function v € S(R") N H(R" \ 1B)
such that v =0 in 1B and v < 0 in (1B (Lemma 7.31). Since v has a limit
at infinity by Lemma 6.15, it follows from the maximum principle that the
A-finely open neighborhood {z: v(z) > maxgp v} of z¢ is contained in B.

a

217
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In general, the A-fine topology is strictly finer than the Euclidean topolo-
gy. For example, if there exists a sequence x; — z such that each singleton
{=z;} is A-polar or, equivalently, of (p, u)-capacity zero, then there exists
a function u € S(R") such that u(z;) = 1 for all j but u(z) = 0 (Theo-
rem 10.2). Hence u is discontinuous at z and 7.4 is strictly finer than the
Euclidean topology. Note that {z} may be nonpolar.

In the case of the p-Laplacian,

—div(|VulP~2Vu) =0,

the fine topology coincides with the Euclidean topology if and only if p >
n. This is due to the example above and to the fact that bounded p-
superharmonic functions are locally in the Sobolev space HYP(-;dz), and
hence continuous for p > n by the “ess lim inf” property and by the usual
Sobolev embedding theorem.

Since 74 is finer than the Euclidean topology, it is a Hausdorff topology.
A natural subbase of 74 consists of the sets of the form {u > A} or {u < A}
where u € S(R™) and A € R... So a base of 74 is formed by finite intersec-
tions of the sets of this type. It is often convenient to use a neighborhood
base of a point z, consisting of the sets

(12.2) f,f] {z € B: uj(z) < A},
=1

where k is an integer, A > 0, B is a ball centered at zp, and each u; is
a locally bounded A-superharmonic function in R™ with u;(zg) = 0. We
show that (12.2) gives a neighborhood base of z,. Indeed, because the sets

{z € B:ui(z) <A} ={u; <A}NB
are A-finely open, formula (12.2) defines an A-fine neighborhood of .
Moreover, if U is an A-fine neighborhood of zg, we find locally bounded

functions v; € S(R"™) and constants A\; > 0, j = 1,2,...,mym +1,...¢,
such that v;(zo) = 0 and

m L
Ty € ﬂ{v,-</\j}n n {'Uj>/\j}CU.
i=1 j=m+1
By lower semicontinuity we may pick a ball B = B(zo,r) such that

_ £
Bc N {vi>A}.
j=m+1 ’
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Now by letting u; = ,\J.‘lvj we have u;j(zo) = 0 and

m _ 1 m £
o€ N{zeB:y; <z} N{w;<ANIn N {v;>A}CU
i=1 27 =1 j=m+1

as desired.

The sets in (12.2) are Euclidean compact and A-finely closed. This fact
can be used for example to show that 74 is completely regular and Baire.
To prove the first property is an easy exercise and for the latter the reader
is asked to mimic the classical argument as in Doob (1984, p. 167). We
recall that a topological space X is completely regular if for every point z
in X and for every open neighborhood U of « there is a continuous function
fon X,0< f<1,suchthat f(z) =0and f =1 on X \ U. Further, X
is Baire if the intersection of any sequence of open dense sets is dense. We
do not need these concepts in this book.

Let C = C4 be the smallest convex cone that is closed under min-
operation and contains all A-superharmonic functions in R™. That is,
C is the intersection of all sets C’ with the properties

(i) S(R™) c ', and
(i) u,v € C' and XA > 0 imply that u + v, Au, and min(u,v) belong to
c'
The family of all A-finely continuous functions in R™ is one of the sets C'
that satisfy (i) and (ii) above, and therefore 74 is the coarsest topology on
R™ making all functions in C continuous.

12.3. Lemma. Suppose that 2} C R" isopen. Then the topology induced
by 74 on € is the coarsest topology in Q2 making all functions in S()
continuous.

PROOF: It is enough to show that for u € S(f2) the sets
{u < A},

A € R, are A-finely open. Fix ¢ € {u < A} and choose a ball B €
centered at z. By the extension theorem 7.30 there is v € S(R™) such that
v =u in B. Thus

z€{v<A}NnBC{u<A}

which establishes the claim. m}

12.4. A-thinness

Classical fine topology can be used to characterize the regular boundary
points for the Dirichlet problem. Namely, z € 9 is irregular in the po-
tential theory of the Laplacian if and only if = is an isolated point of (2
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in the pertinent fine topology. We next pursue this problem in the general
A-potential theory and prove that irregular boundary points are always
A-finely isolated; as to the converse statement, a point of positive (p, p)-
capacity can be A-finely isolated on the boundary but it is never irregular
(Corollary 9.12). If an A-finely isolated boundary point has (p, u)-capacity
zero, then we know in some cases that it is irregular but a complete solution
to this problem is open in the weighted case (see Notes to this chapter).

In Chapter 9 we proved that a boundary point zo of  is irregular if {x}
is A-polar and there is an A-superharmonic function u in a neighborhood
of zg such that

liminf u(z) > u(zo).
ze0Q\{z0}

See Theorem 9.18. It is natural to adopt the following definition:

DEFINITION. A set E is A-thin at z9 ¢ E if there exists an .A-super-
harmonic function u in a neighborhood of zq such that

lim inf u(z) > u(zo) .
z€EE

We use the convention that if zo ¢ E, then the limit inferior is co. In light
of the extension theorem 7.30 we may always assume that v € S(R").

12.5. Theorem. If a set E is A-thin at zo ¢ E, then [E is an A-fine
neighborhood of z;.

PRrROOF: Choose a function v € S(R") with

lim inf u(z) > v > u(zo).
zEE)

Then there is a ball B = B(z,r) such that

u(z) > v
whenever £ € EN B. Because the A-fine neighborhood {z € B: u(z) < v}
of o is contained in CE, the claim follows. a

12.6. Theorem. A finite irregular boundary point of Q0 is an A-finely
isolated point of (.

PRrOOF: Let zo € 80\ {00} be irregular. By Lemma 9.10 we find a ball B
such that zo € B and

u= ﬁ%\ﬂ@B)(:co) =1-6§<1.
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Moreover, by the fundamental convergence theorem 8.2 the set
E={zeB\Q: u(z) <1}\ {zo}

has zero (p, u)-capacity. Hence there is an .A-superharmonic function v in
R", positive in B, such that v(z¢) < § and v|g = oo (Theorem 10.2). It
follows that the set

{z € B: u(z) + v(z) < 1}

is an A-fine neighborhood of z, that does not intersect 02\ {zo}. O

It is clear that a boundary point = € 9Q of positive (p, u)-capacity may
be A-finely isolated on (€, though it is regular. In general it is not known
whether a regular boundary point z of Q is an A-fine accumulation point
of 0Q if cap, ,{x} = 0. The answer is known to be affirmative in the
unweighted case or if equation (3.8) is linear. Further, in Theorem 12.21
below we show that if {zo} has positive (p,u)-capacity, then a set E is
A-thin at z, if and only if CE is an .A-fine neighborhood of zo. See Notes
to this chapter.

12.7. (p, u)-thinness

The Wiener test provides another way to generalize the classical concept
of thinness.

DEFINITION. A set E is (p, u)-thin at zo if

_ cap,, ,(E N B(zo, t), B(zo, 2t)) 1/(p-1) dt
WP,I-‘(E1 130) - / ( Ca.pp’ﬂ(B(:l:o,t), B(Zo’zt)) ) 1 <
0

As in Chapter 6, we say that E is (p, u)-thick at zo if E is not (p, u)-thin
at zg.

It was proved in Theorem 6.33 that if zo € E and cap, ,{zo} > 0, then
E is (p,u)-thick at zo. On the other hand, if o € E \ E, then E can
be (p, u)-thin at zo even if cap, ,{zo} > 0. For example, if p < n and
—n <y < p—n, then w(z) = |z|7 is a p-admissible weight and each point
except the origin has (p, u)-capacity zero while cap,, ,{0} > 0 (see Example
2.22). Therefore, if E consists of a sequence z; # 0 converging to 0, then
E is (p, p)-thin at x.

In Chapters 6 and 9 we demonstrated that if the complement of § is
(p, p)-thick at zo € 89, then zo is regular. In other words, 0 is (p, u)-thin
at each finite irregular boundary point zo € 81; this is an analogue of
Theorem 12.6.

The main goal of this section is to establish that (p, u)-thinness charac-
terizes the A-fine topology:
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12.8. Theorem. A set U is an A-fine neighborhood of a point z; if and
only if zg is in U and the complement of U is (p, u)-thin at zo.

Theorem 12.8 has interesting corollaries, which we discuss in the next
section.

For the proof some auxiliary results are required. In many cases the
Wiener integral W), ,(E, o) is conveniently replaced by a handier concept,
the Wiener sum:

ca E N B(zg,277), B(zg, 2 77))\ 1/(p-1)
(129 WanlBron) = 2 ( Zifp(,u(B(zc(,,;—n,;(zi,31-3'» n
12.10. Lemma. There is a constant ¢ = ¢(n,p,c,) > 1 such that
¢ W, u(E, z0) < WE,(E, z0) < c(ao/ P~ + W, ,(E, z0))
for all E C R"™ and zq ¢ E, where

_ cap,, ,(E N B(zo, 1), B(xo, 2))
ca,pp'”(B(:L‘o, 1)1 B(:Do, 2))

In particular, W, ,(E, o) is finite if and only if W2, (E, o) is finite.

PRrOOF: If t < s < 2t, then we have by Lemmas 2.16 and 2.14
ca'pp,p(E n B(z‘o, t)s B(an Zt)) &~ ca'pp,p(E n B(xoi t)) B("”Oa 23))
and
cap,, ,(B(zo,t), B(xo,2t)) = cap,, ,(B(zo, 3), B(z0,23)),

where the constants in = depend only on n, p, and c,. Thus for
271 <t <27

it holds that

cap,, ,(E N B(zo, t), B(xo, 2t))
cap,, ,(B(zo,t), B(xo,2t))
< ccappm(E N B(xo, ?‘j), B(zo, 21""))
ca.pp‘“(B(:ro, 2-7), B(zo, 21-7))
< ccap‘,,M(E N B(zo, 2t), B(xo, 4t))
cap,, ,(B(zo, 2t), B(zo; 4t))
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This implies

1
(B, o) = / (ca.pp,u(E N B(a:o,t),B(zo,Zt)))l/(p—l)ﬂ
PH Capy (B(:Bo, t)1 B(z()? 2t)) t

= i / Capp’"(E N B(zo,1), B(zo, 2t))) 1/(p=1) dt
cap,, ,(B(zo, 1), B(zo, 2t)) 1

. rcap, ,.(E N B(zo,277), B(zo, 2" ))) V-1

cjz=; ( capp‘”(B(a:o, 2-7), B(zo, 21 7))

= chf”(E, zo) .

Jj=0 9-1—j

IA

Similarly

+ CWPy#(E: IO):

cap, ,(E N B(zo,1), B(zo, 2))) 1/(p-1)
capy, ,(B(zo,1), B(z0,2))

and the proof is complete. O

W;fp(Ei 1:0) < C(

12.11. Lemma. Suppose that E C R™ and that zo ¢ E.

(i) If E is (p, u)-thin at zq, there is an open neighborhood U of E such
that U is (p, u)-thin at zq.

(ii) If E is a Borel set and (p, u)-thick at zo, there is a compact set
K C EU{xo} such that K is (p, pu)-thick at z.

PROOF: (i) Let B; = B(zo,2'~7). Since V; UV, is (p, u)-thin at zo if both
V1 and V; are, we may assume that EN9dB; = 0. Then let Uy = R" and for
each j =1,2,... choose an open U; C B; NU;_; such that E; = ENB; C
U; and that

(ca.pp“(U],B, 1))1/(p—1) (ca.pp “(E,,BJ 1))1/(p—1) gmi-1
cap,, y,(B]’BJ 1) cap,, y( J 1)
Then letting

U= UUj\Bj+)

j=0
we have that E C U, U is open, and
cap (Uj,Bj 1) 1/(p—1)
wZ U, < pi T A At
Il( :EO) Z (Capp“(B],BJ 1))
< me(E,zo) +1<o00.
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Thus U is the desired neighborhood of E.
(ii) Again let B; = B(zo,2'~7). Since the sets E N B; are Borel,

cap, ,(E N Bj, Bj_;) = sup cap, ,(K, Bj-1),

where the supremum is taken over all compact K C EN B; (Theorem 2.5).
Now for each j choose a compact K; C EN B; such that

(C&pp’”(Ej,Bj_l))l/(P—l) < (Ca.pp’#(Kj,Bj_l))l/(P_l) + o
cap, ,(Bj, Bj-1) ~ \cap, .(Bj, Bj-1)

Then K = (JK; U {zo} is the desired compact set. m}
J

12.12. Theorem. Suppose that zo ¢ E. If E is A-thin at xo, then E is
(p, p)-thin at zg.

ProoF: The following proof could be simplified if cap, ,{zo} = 0 (cf.
Theorem 9.18 and Lemma 12.11). To present a proof that covers all pos-
sibilities, we need to modify the argument used in the proof of Lemma
6.25.

We can assume that 2o € E. Since E is A-thin at zo, there is u € S(R™)
such that

lim inf u(z) > 1> u(ze) > 0.
z€EE
Let B = B(zo,7) be a ball such that x > 0in B and u > 1in EN B. Now
if U is the open set
U = {z € B: u(z) > 1},

we have for the A-potential v = R%m 3 p(B;A) that
0 < v(zp) <1

and
vlyngp =1.

Write B; =277B, j =0,1,2,.... If
8; = Riynp, (Bj-1;4),

it follows from the capacity density estimate Lemma 6.21 by approximating
that

(12.13) 85 > ca; /P > 1 — exp(—ca;}/P71)
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in Bj, j =1,2,...; here ¢ = ¢(n,p, B/, c,) > 0,

_cap, ,(UNB;,Bj_)
ca‘pp,y(th Bj—l)

a,j y

and the approximation involves an exhaustion of U N B; by compact sets.
Now we proceed as in the proof of Lemma 6.25. Lettingv; = 1—v = 1—9;
we have by (12.13) that

vy < exp(—ca; V/P1)
in By. Then write for j = 2,3,...
vj = exp(caj—1 /P V), 4,

where c is the constant in (12.13). Then 1 —v; € S(Bj_1) is nonnegative
in Bj_; and 1 —v; =1in B; NU. Hence

1—v; >s; >1— exp(—ca;}/(P~V)

or
vj < exp(—ca;'/(P71)

in B;. It follows that
J
1-v=v < exp(—cZakl/(”"l))
k=1
in Bj. Since 1 — v(zg) = § > 0, we have
J
zakl/(""l) < —cllogé < o

k=1

for each j. By letting 7 — oo we see that U, and hence E, is (p, p)-thin at
zo. The theorem is proved. a

Before we take up the proof of Theorem 12.8, we record a consequence
of the basic capacity estimate in Lemma 6.19.
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12.14. Lemma. Suppose that B = B(zo,r) is a ball and that E C 1B
is an open set. Ifu = R}E (B; A) is the A-potential of E in B, then

cap, ,(E, B) ) 1/(p-1)
ca.pp‘“(%B,B)

min u < c(
8B(z0,p)

whenever p € (§, 5), where ¢ = ¢(n,p, 8/a,c,) > 0.

PRrROOF: Fix p € ({,%) and let ¥ = mingp(g, ) u. Then it follows from the
minimum principle and Lemma 6.19 by approximating that

capy, ,(B(o,p), B) < cap, ,({v > 7}, B) < (o/B)"*'y' P cap, ,(E, B).

Since the doubling property of u implies that

1
ca’pp,p,(B(zO’ p)! B) =~ ca‘Pp,p(EBa B)’

where constants in ~ depend only on =, p, and ¢, (Lemmas 2.14 and 2.16),
the assertion follows. O

PROOF OF THEOREM 12.8: Suppose first that U is an A-fine neighborhood
of £o. The base construction at the beginning of this chapter gives A-super-
harmonic functions uy,...,ur € S(R™) and a ball B = B(zq,) such that

k —
zo € N{z€B:uj(z) <1} CU
j=1
and u;(zo) = 0. Then (U N B is contained in

ij{.'z:eB: u;(z) > 1}

Jj=1

which is a finite union of sets that are A-thin at zo. By Theorem 12.12
each set
{z € B: uj(z) > 1}

is (p, u)-thin at zo; hence the union is (p, u)-thin at zo, and we deduce that
CU is (p, p)-thin at zo. This proves the first part of the theorem.

The converse is more involved. Suppose that E = QU is (p, u)-thin at
zo € U. We may assume that E C B(xo, ;) and, by Lemma 12.11, that E
is open. Let

D= {J (B0 Bleo,279) \ Blao, 5277))

j=1
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.o 15 . —, 10__.
r=U ((En B(zo, 1727\ B0, 72 3)) .

Then D and D' are open sets that are (p, u)-thin at zo. Moreover, E C
DU D'. We construct an A-superharmonic function vg in a neighborhood
B of zg such that v = 1 in DNB; and that vo(z) < %; then Theorem 12.5
implies that (D is an A-fine neighborhood of z,. A similar construction
shows that also 0D’ is an A-fine neighborhood of zo, and this is sufficient
because CDNCD' cCE =U.

To start the construction, write B; = B(zo,277), D; = DN B; and let
uj = R}, (Bj_1; A) be the A-potential of D; in Bj_1,j =1,2,.... If S; is
the sphere 82 B;41, then S; C B; \ Bj41 and

dist(S;,D) _ 1
—_—— > = .

dist(S;,z0) ~ 7 >0

Thus S; can be covered by N balls B such that 2B’ lies in B; \ D and the
number N depends only on n. Therefore, since u; is A-harmonic in B;\ D,
it follows from the Harnack inequality and Lemma 12.14 that

capp,”(E n Bj,Bj_l))l/(p—l) _3

12.15 u; <c
( ) 7= ( capy, ,(Bj, Bj-1)

)
on S; with constant ¢ = ¢(n,p, /e, c,). Now we choose j in such a way
that -
1
bj < -.
Z 7 9

J=Jo

For notational simplicity we assume that jo = 1. We show that
vo = u; = R}, (Bo; A)

is the desired function. Since D; = D N B; is open, u; = 1in Dy, and it
suffices to show that u;(z¢) < 1/2. To this end, let

v _ul—b1
Tiob

and . q
{ min(vy,uz) in §B;
81 =

V1 lnBo\%BQ
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Since v; < 0 on S; by (12.15), the function s, is lower semicontinuous and
it follows from the pasting lemma 7.9 that s; € S(Bp). Moreover, v; is the
minimal function in S(By) lying above

_%o—b
'¢1_ l—bl )

where 7 is the characteristic function of D;. Therefore s; > v; in By. In
particular, us > v; in %Bz and hence

vo—by = (1—b1)vy Sup < b

on S;. We continue recursively. Write

Since also vx < 0 on Sg, the function

. . 7
. { min(vk, Ug41) 0 gBr4r
k = N 7
Vg in Bo \ §Br+1

is A-superharmonic and greater than vy in By. Thus
vk < Up1 < bt
on Sk and hence
Vk—1 — br = (1 = be)vk < b1
on Sg41. By recursion we obtain

k+1

Vo SZb]

j=1
on Sk41- Since vp is lower semicontinuous, we have that
- 1
vo(z0) < limnf infvo < ;bj <3

as desired. Theorem 12.8 is thereby proved. m]



12. Fine topology 229

12.16. (p,u)-fine topology

We define the (p, 1)-fine topology 7p,, to be the collection of all sets U such
that CU is (p, p)-thin at each point of U. Then it is an easy task to prove
that 73, , is a topology, and Theorem 12.8 implies:

12.17. Theorem. The A-fine topology 7.4 coincides with the (p, u)-fine
topology 7p .. In particular, 74 depends only on the structure of A, not
on A itself.

We sometimes write 7,,, instead of 74 and use the expressions “(p, s)-
fine” and “(p, u)-finely”.

12.18. Corollary. A point z, is an A-fine accumulation point of a set
E if and only if E\ {zo} is (p, u)-thick at zo.

12.19. Corollary. An A-polar set is A-finely isolated.

12.20. Corollary. Suppose that E is an A-finely compact set. Then
only finitely many points of E are A-polar.

Note that Corollary 12.19 also follows from Theorem 10.2.

If a limit point =g of a set E is nonpolar, then we have the following
characterization which is not known in general if zy is polar, i.e. if x5 has
zero (p, u)-capacity; see Notes to this chapter.

12.21. Theorem. Suppose that cap, ,{zo} > 0 and that E C R™ is a
set with zo ¢ E. Then the following are equivalent:
(i) E is A-thin at z.
(ii) CE is an A-fine neighborhood of z,.
(iii) F is (p, u)-thin at zo.

PRroOOF: We already know that (i) implies (ii) (Theorem 12.5) and that
(i) implies (iii) (Theorem 12.8). To complete the loop we show that (i)
follows from (iii). We may assume that zo € E. Choose an open set U that
contains F and is (p, u)-thin at 2y (Lemma 12.11). Let u be the A-potential

u= R%}an (Bk—l) )

where By = B(z,27%) and k is a positive integer, to be fixed later. We
show that
1 = lim inf u(z) > u(zo).
zeU
If not, then
’lt(.’l!o) =1,
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whence u is continuous at zp. In particular, u can be approximated in
Hy®(Bj_1; u) by functions that are admissible for testing the (p, u)-capac-
ity of the condenser ({zo}, Bxk—1) (cf. Chapter 4). We deduce

cap, ,({zo}, Br—1) < / |VulPdp < (g)’ capy,, (U N Bk, Bk-1),

By

where the last inequality follows from Theorem 9.38. On the other hand,
since U is (p, pu)-thin and since {zo} is (p, p)-thick at zo (Theorem 6.33),
we find an integer k such that

ap,,, ({20}, Bi1) > (2 cap, (U0 B, Buy).

This contradicts the previous inequality, and the theorem follows. O

If U is an A-fine neighborhood of a point zq, then U cannot have zero
(outer) n-measure. To see this, choose an open neighborhood V of (U'\ {zo}
such that V is (p, p)-thin at zo. Approximating V N B(zy,r) from inside by
compact sets we obtain from the Poincaré inequality (1.5) and the capacity
estimate (2.15) that

w(V N B(zo,r)) <e cap,, ,(V N B(zo, ), B(xo, 27))
p(B(zo,7)) ~  capyu(B(zo,r), B(xo,2r))

By Lemma 12.10 we have that

(12.22)

<oy, (V. Blao, 27), Blao, 2777Y) _
=% ~cap,, ,(B(zo, 2-7), Blo, 2-771))

and so the capacity estimates (2.15) and (2.17) imply that the right hand
side of (12.22) converges to zero as r — 0. Hence (V has u-measure density
1 at zo. Thus U cannot be of n-measure zero because 0V C U. In fact, the
argument shows that the u-density of a (p, p)-finely open set is 1 at each
of its points. Hence 74 is smaller than the p-density topology, where a set
U is defined to be open if the complement of U has zero u-density at each
zel.

If p is the Lebesgue n-measure and p = 2, then 74 is the fine topology
of the Laplacian. Observe that the equation

—div A(z, Vu) =0

may still be nonlinear.
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If all singletons are A-polar, then each countable set is .A-finely closed.
Since A-fine neighborhoods cannot have zero p-measure, no countable
nonempty set is A-finely open. Thus it is easily seen that if singletons
are A-polar, then

(a) (R™,74) is not separable,

(b) a sequence x; converges to z in 74 if and only if z; = z for all but

finitely many j,
(c) no point has a countable A-fine neighborhood base; consequently,
(R™,74) is not metrizable.
As noted earlier, in the unweighted case it follows from the Sobolev em-
bedding theorem that for p > n the p-fine topology 7p,4- coincides with the
Euclidean topology. Hence statements (a)-(c) do not hold in general.

12.23. A-fine limits
We conclude this chapter by studying .A-fine limits. Two lemmas are need-
ed.

12.24. Lemma. Suppose that a set E is (p, p)-thin at zo. If B is a ball
containing xo, then

1]_.i£%ca.pp,u(E N B(zo,r),B) =0.
PRrOOF: Since
cap, ,(E N B(zo,r),B) < capp,“(ﬁ(:co,r),B) — ca.ppiﬂ({zo}, B)

as r — 0 (Theorem 2.2), the claim is trivial if cap, ,{zo} = 0. Thus we
assume that cap, ,{zo} > 0. Moreover, invoking Lemma 2.16 we see that
it suffices to find some ball B with

cap,, ,(E N B(zo,r), B) = 0.

We are going to use the proof of Theorem 12.8. We reduce the situation a
little more by assuming that F is open and write for r > 0

D) = (B0 Blzo,r) 0 Blao, 279)) \ Blzo, 5277 7).
j=1

Observe that D(1) is the set D in the proof of Theorem 12.8; similarly de-
fine sets D'(r) corresponding to D’ there. Then by using the subadditivity
of the (p, p)-capacity we deduce that it is sufficient to verify that

cap,,,(D(r), B) = 0
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for some ball B containing z,.
To show this, let B be the ball By in the proof of 12.8 and write

U; = RID(2_.)(B; A) .

It follows from the proof of 12.8 that

1
ui(zo) < 3

for all i = 1,2,.... Furthermore, functions u; decrease to a function u that
is A-harmonic in B\ {zo}. Because u; < 1/2 uniformly near B (Theorem
6.18 and Lemma 8.5), the maximum principle implies that « < 1/2 in B.
Since cap,, ,{zo} > 0, we obtain from the fundamental convergence theo-
rem that u is A-superharmonic in the whole of B, and hence the functions
u; and u are (p, u)-quasicontinuous in B by Theorem 10.9. Then fix € > 0

and choose an open set G C B such that
Cpu(G)<e

and that the restrictions to B\ G of functions u and u; are continuous. Let
1—

Then K is a compact subset of B\ G and the continuous functions u;|x
decrease to the continuous function u|g. Therefore the convergence is
uniform on K. Since

U —u >

N =

on D(27%), it follows that for i large enough D(27*) N K = @, and so
D(27%) CG.
Now we have by Theorem 2.38 that
ca,pp,”(D(Z_“),B) <c¢Cpu(G) < ce,

where ¢ > 0 is independent of i and e. This completes the proof. (|
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12.25. Lemma. If the sets Ej, j = 1,2,..., are (p, u)-thin at zo, then
there is a sequence of radii r; > 0 such that

U (B 0 B(zo,r,))
ij=1

is (p, p)-thin at zg.
PrOOF: Fix j and choose ¢ such that for F; = E; N B;

sz,:u(F'hzO) < z—j’

where B; = B(zo,2'~%); this is possible by Lemma 12.24. The Hélder
inequality implies
cap, , (UF ap: 1 : 1)1/(p D < anppp (F; 0 By, B )1/(p—1)

j=1

if p>2and

2Py (UF; 0 By, Biy) /%7

oo

Z] z—p Z ]ca.pp,”(FjﬂBk,Bk_l))l/(P_l)

i=1

if 1 < p <2 Thusr; =2~ gives the desired sequence and the lemma
follows. (m]

12.26. Theorem. Suppose that a set E is not (p, u)-thin at zo ¢ E and
that g: E — [—o00, 00| is a function. Then

Tpu~ z]i,lgo 9(z) =
z€EE

if and only if there is a (p, p)-fine neighborhood V of =y such that

Jim  g(e) =
z€ENV

Proor: For simplicity we assume that A € R. If

Tp,u- zIHI}o g(z) =
z€E



234 12. Fine topology

then the set
E;={z € E: |g(z) - \| > 1/j}

is (p, p)-thin at zp for each j = 1,2,.... By Lemma 12.25 we find a
sequence of radii r; such that

Eo = j":Gl(Ej A B(zo, 1))

is (p, p)-thin at zo. Then V = (E,, is the desired (p, u)-fine neighborhood.
To prove the converse, fix € > 0. We can pick a § > 0 such that

lg(z) - Al <e

whenever £ € ENV N B(zg,§). The proof is complete as V N B(xg, §) is a
(p, 1)-fine neighborhood of zp. a

12.27. Corollary. A function g : R™ — [—o00, ] is (p, p)-finely continu-
ous at z, if and only if there is a set E such that E is (p, u)-thin at 2o ¢ E
and that g|pg is continuous at z.

NOTES TO CHAPTER 12. The history of fine topology began in
a 1940 letter from Cartan to Brelot who had just initiated the study of
thinness of a set. For classical treatments we refer to Doob (1984), Helms
(1969), and Constantinescu and Cornea (1972). An excellent historical
survey can be found in Fuglede (1988). Density and fine topologies in
analysis are discussed in Lukes et al. (1986) and Lukes and Maly (1992).

The fine topology was first generalized to nonlinear theories by Meyers
(1975) and his definition was via Wiener type integrals; see also Adams
and Meyers (1972). Subsequent papers on fine topology and nonlinear po-
tential theory include Adams and Hedberg (1984) and Hedberg and Wolff
(1983); see also an earlier work by Fuglede (1971a). Adams and Lewis
(1985) showed that in the unweighted case the fine topologies are arcwise
connected. Connectedness properties are discussed further in Heinonen et
al. (1990), where the quasi-Lindel6f property of (p, dz)-fine topologies is
proved; the latter follows also from Fuglede (1971a). The connection be-
tween the A-fine and (p, dz)-fine topologies (Theorem 12.8) was established
in Heinonen et al. (1989a). The estimation techniques used in the proof
of Theorem 12.8 have their origin in Lindqvist and Martio (1985). The
weighted theory as presented here is all new.

In the linear case there exists a rich theory of harmonic functions on
finely open sets; the pioneering work is due to Fuglede (1971b, 1972, 1988).
Kilpeldinen and Maly (1992a) have initiated a study of supersolutions to
nonlinear equations in finely open sets.
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One of the open problems in the weighted nonlinear potential theory is
to find out whether an A-finely isolated boundary point is irregular for the
Dirichlet problem. This is known in the unweighted case (Heinonen et al.
1989a; Kilpelainen and Maly 1992b); in particular, Theorem 12.21 holds in
that case.



13-
Harmonic morphisms

Many theorems about analytic functions or holomorphic mappings in sev-
eral dimensions can be proved by only using the fact that these mappings
preserve harmonic functions. This has led to an axiomatization of that
property: a mapping f : X — Y between two harmonic spaces is called
a harmonic morphism if u o f is harmonic in X whenever u is harmonic
in Y. In the present chapter we study a similar problem for .A-harmonic
functions. We introduce ®,-harmonic morphisms in the general weighted
theory and study potential theoretic properties of these mappings. In the
next chapter we investigate a special class of morphisms, namely quasireg-
ular mappings, and apply the results achieved in this chapter.

Let 2, denote the class of all mappings A: R* x R® — R™ that satisfy
conditions (3.3)-(3.7) with common exponent p € (1,00). We understand
throughout this chapter that A and A* are mappings in 4, and denote by
w, w* and p, p* the corresponding weights and measures.

DEFINITION. A continuous mapping f: @ — R™ is called an (A*, A)-
harmonic morphism if u o f is A*-harmonic in f~*(Q') whenever u is A-
harmonic in an open set €. The mapping f is called an A -harmonic
morphism if it is an (A*, .A)-harmonic morphism for some A and A* in 2.

Recall that a mapping f: R™ — R™ is a similarity if there is a constant
A > 0 such that

|f() - f@)] = Alz — 9]

for all z, y € R™. A similarity f is always of the form f(z) = AO(z) + b,
where O: R® — R™ is an orthogonal linear transformation and b € R™. It
is not difficult to see that every similarity is an 2,-harmonic morphism. In-
deed, it is an (A4, A)-harmonic morphism for the (unweighted) p-Laplacian,
ie. A(z,£) = |¢|P72¢. If p = n, then each Mobius transformation is an
(A, A)-harmonic morphism for the n-Laplacian. On the other hand, it is
easy to construct examples of mappings A such that neither the dilation
f(z) = Az, X € R\ {0}, nor the translation f(z) =z +b, b€ R™\ {0}, is
an (A, A)-harmonic morphism.

If we consider the Laplace equation, i.e. A(z,£) = ¢, then f: @ - R™ is
an (A, A)-harmonic morphism in a domain @ C R" if and only if

(i) f is analytic or antianalytic in Q for n = 2, and

(i) f is the restriction to §2 of a similarity for n > 2

236
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(Gehring and Haahti 1960; Fuglede 1978; Ishihara 1979). The difference
between cases (i) and (ii) is preserved in the unweighted nonlinear theory:
when p = n, the role of analytic functions is taken by quasiregular map-
pings, and when p # n, similarities are replaced by a subclass of quasireg-
ular mappings, called mappings of bounded length distortion. This is the
subject of Chapter 14.

13.1. Basic properties of 2,-harmonic morphisms
In this section we show that an (A*, A)-harmonic morphism f: @ — R" is,
under some additional assumptions, either an open mapping or constant in
each component of 2. This leads to a maximum principle for 2,-harmonic
morphisms. We show that morphisms preserve superharmonic functions as
well. In the end we discuss Liouville type theorems for morphisms.

We begin with a result about homeomorphic ?,-harmonic morphisms.

13.2. Theorem. Let f be a homeomorphism of  onto Q. If f is an
(A*, A)-harmonic morphism, then f~! is an (A, A*)-harmonic morphism.
In particular, f induces a one-to-one mapping u — uo f of H (') onto
Ha- (52).

PROOF: Let v € H4+(€), where Q; is open in R™. To prove the first
assertion, we must show that u = v o f~! is A-harmonic in Q) = f(Q; N
Q). (Note that ' and Q] are open because f is a homeomorphism.) To
accomplish this, it suffices to verify that u € H4(B’) whenever B’ is a
ball whose closure is contained in j. Since balls are regular and since
u is continuous on &B’, we may choose an A-harmonic function u; in
B', continuous on B’, with w = u; on 8B’. Then u; o f is A*-harmonic in
f~Y(B') and agrees with v on the boundary of f~!(B’). It follows from the
uniqueness that u; o f = vin f~!(B’) and, consequently, u = vof~! =u; is
A-harmonic in B’ as desired. Thus f~! is an (A, A*)-harmonic morphism.

The second assertion is now immediate, and the theorem follows. O

Recall that a mapping f: 2 — R™ is open if f(A) is open for every open
A C 2. We also say that f is open at a point z if f(U) is a neighborhood
of f(z) for every neighborhood U of z. Clearly f is open if and only if it
is open at each point z in .

DEFINITION. A mapping f: Q — R™ has the Radd property if f~1(y) has
no interior points whenever y € R™.

Every open mapping has the Radé property but the converse is false;
consider, for example, a projection onto a coordinate axis.

13.3. Theorem. Suppose that f: @ — R" is an (A*, A)-harmonic
morphism satisfying the Radé property. Let zo € 2 and suppose that
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f(zo) has a neighborhood U such that points in U are all A-polar. Then
f is open at zg.

PROOF: Assume, on the contrary, that f is not open at z¢ so that there
are arbitrarily small balls B which are centered at o and whose images
f(B) are not neighborhoods of f(z;). Choose a ball B = B(z,r) € Q
such that f(zo) € 8f(B) and that

f(B) € B' = B(f(z0),r') €U

for some ' > 0. Fix a point zp € B with f(z0) # f(Z0); note that by the
Radé property f is not constant in B.

Let y; € B'\ f(B), i = 1,2,..., be a sequence of points converging to
f(zo) and let u; be a singular A-harmonic function in B’ \ {y;}. More
precisely, let u; € H(B'\ {y;}) be nonnegative such that lim,_,, u;(z) =0
for each y € B’ and that

ui(y) = lim ui(2) = oo.

For the construction of u;, see Theorem 7.39. Since f(zp) # yi, we may
assume that u;(f(z0)) = 1 for each i. It then follows from Harnack’s
inequality that for each compact set K C B’ \ {f(zo)} there is an index
ig such that the sequence u;, ¢ > 1g, is uniformly bounded, and hence
equicontinuous on K (Corollary 6.12). By Ascoli’s theorem we may select
a subsequence of u; which converges locally uniformly in B’ \ {f(z0)} to
an A-harmonic function uo (Theorem 6.13). Because u;(f(z0)) = 1 for all
i, we easily infer from the boundary estimate (6.37) that uo(z) — 0 as z
tends to any boundary point of B’; therefore ug is not constant. Since ug
is nonnegative, the limit

z_}iff?zo) uo(2) = uo(f(xo0))

exists (Lemma 6.15). If this limit were finite, uy would have an .A-harmonic
extension to B’ (Corollary 7.36) which is impossible because ug is noncon-
stant and tends to zero on the boundary. Thus uo(f(zo)) = oo.

Now consider the functions v; = u; o f; they are A*-harmonic in B
because y; ¢ f(B). Since v; is nonnegative and v;(z9) = 1, it again follows
that a subsequence of v; converges locally uniformly in B to an A*-harmonic
function vy. On the other hand, we have that vg = up o f in B and hence
that vo(zo) = uo(f(z0)) = oo, an obvious contradiction. Thus f is open
at zo and the proof is complete. m]
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To prove a version of Theorem 13.3 in the case when points are not
necessarily A-polar, we introduce a concept of strong nonpolarity.

DEFINITION. A point zg is said to be strongly non-A-polar if

cap, ,({zj},R™ \ {zo}) — o0

as j — oo whenever z; is a sequence converging to .

Of course, strong nonpolarity depends only on p and p but we prefer the
above terminology.

If z, is strongly non-A-polar, then {zo} has positive (p, u)-capacity and,
moreover, T cannot be a cluster point of A-polar points. More generally,
using Theorem 12.21 one can easily show that z is in the A-fine closure
of any set E with =y € E, if xo is strongly non-A-polar. If du = dz,
then points are strongly non-A-polar if and only if p > n; this can be seen
from the estimates in Chapter 2. It is possible, however, for a point zy to
be nonpolar but not strongly nonpolar; for example, choose 1 < p < n,
w(z) = |z|? for —n < v < p —n, and z¢ = 0 (see Example 2.22).

13.4. Theorem. Suppose that f: @ — R™ is an (A*, A)-harmonic
morphism satisfying the Radé property. Let zo € 2 and suppose that
f(=o) is strongly non-A-polar. Then f is open at zy.

ProOF: The proof is reminiscent of the proof of Theorem 13.3. Suppose
that f is not open at zo, and let B = B(zo,r) € Q, B’ = B(f(zo),r'),
and zp € B be as in the proof of Theorem 13.3. Next choose a sequence
y; € B'\ f(B) converging to f(zo) and let u; be the A-potential of the
singleton {y;} in B’ \ {f(20)}. Note that {f(20)} and {y;} are nonpolar if
r' is sufficiently small. Hence for all : = 1,2,...

lim wu;(z)=0
z— f(z0) ()

and u;(y;) = 1.

We claim that u; converges in B’ to the A-potential of the set {f(zo)} in
B'\{f(20)}. To see this, observe first that the quasiminimizing property of
A-harmonic functions together with the monotonicity of (p, p)-capacities
implies that

/ Vaul? dp < M < oo,
Bl

where M is independent of i. Thus if u;(f(zo)) < A < 1 for infinitely many

i, the functions
u; — A
s = max (750,0)
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are admissible for the condenser ({y;}, B’ \ {f(z0), f(20)}) and hence

M0 > [ Vsl du > cap,, ({0} R\ (S}

Since the right hand side of this inequality tends to oo as ¢ tends to infinity
by the strong nonpolarity of f(zo), we have a contradiction. Therefore

Lim ui(f(zo)) = 1.

By using the equicontinuity and Ascoli’s theorem we thus deduce that u;
converges to an A-harmonic function ug uniformly in compact subsets of

B'\ {f(z0), f(20)} and that

Im = =1.
, i uo(y)

We also infer from Theorem 6.33 and the boundary estimate (6.37) that
up(y) tends to 0 as y tends to f(2o) or to a point on the boundary of B’;
s0 ug is the required A-potential of {f(zo)} in B’ \ {f(20)}.

Similarly, u; o f converges in B\ f~!(f(20)) to an .A*-harmonic function
vg. Since vg < 1 and vp(zg) = 1, the maximum principle implies vg = 1 in
the zo-component of B\ f~!(f(z)). This is, however, impossible because

l.i_zg vo(z) =0

for all y € f~1(f(20)). The theorem follows. O

Now suppose that f:  — R™ is a nonconstant (A*, A)-harmonic mor-
phism in a domain Q and suppose that = € Q is such that either f(x)
is strongly non-A-polar or for some neighborhood U of f(z) points in U
are all A-polar. Then the proofs for Theorems 13.3 and 13.4 show that
f(z) € int f(A) for every neighborhood 4 of a point y € 8f~!(f(z)) N .
Note that the set 8f~2(f(z)) N Q is nonempty because f is nonconstant.
In other words, for each domain A C Q either f(A) is a point or an open
set. This property of morphisms deserves to be formulated in the following
theorem.

13.5. Theorem. Suppose that f is a nonconstant (A*, A)-harmonic mor-
phism in a domain Q. If either all points are A-polar or all points are
strongly non-A-polar, then f(f) is an open set.

Theorem 13.5 does not assert that f(U) is open whenever U C Q is open;
it says that f(U) is either open or a point. In Theorem 13.10 below we
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show that if points are all A-polar, then f is an open mapping. It is not
known whether nonconstant 2,-harmonic morphisms are open mappings
in general.

There exist nonconstant continuous mappings f: @ — R™ such that
for each open set U C €, f(U) is either open or a point and f~!(y) has
nonempty interior for some y € R™, i.e. f does not satisfy the Radé prop-
erty. To display an example in R?, define first g;: R — R by

1+t t€(—oo0,—1)
a®)={0  te[-1,0)
t t € [0, 00).

Then define g: R? — R? by g(z) = (g1(z1),z2) for ¢ = (z1,72) € R?
and let h(z) = (r,¢) be the mapping r = |z1|, ¢ = z2/z; in the polar
coordinates (r,) of R%2. Then f = hog: R? — R? has the required
properties. Note that A: R> — R? is a continuous, open mapping, which
maps the z2-axis to 0; thus f maps the strip {(z1,z2) € R?: ~1 < z; <0}
to 0.

Theorem 13.5 implies the following maximum principle for 2,-harmonic
morphisms.

13.6. Theorem. Suppose that f: @ — R™ is an (A*, A)-harmonic
morphism and that either all points are A-polar or all points are strongly
non-A-polar. Then for each z € Q it holds that

|f()| < limsup |£(y)|-
y— o0

Moreover, if ) is a domain and if f is nonconstant, then the above inequality
is strict.

We next show that morphisms preserve superharmonic functions as well,
excepting the trivial case when f is constant in a component. Namely, if
f=b€R"in Q, an A-superharmonic function u may satisfy u(b) = oo,
and then u o f is identically oo in 2.

13.7. Theorem. Suppose that f: @ — R" is an (A*,.A)-harmonic
morphism and that u is A-superharmonic in an open set . If either f
is nonconstant in each component of Q or u takes only finite values, then
uo f is A*-superharmonic in f~1(').

PROOF: Let D be a domain, compactly contained in f~1(€'). It suffices to
show that uo f is A*-superharmonicin D. Choose an increasing sequence of
continuous A-superharmonic functions u; converging to u in £’ (Theorem
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8.15). Let s; = = u; — 1/i. Since s; is continuous, there is r; > 0 such that
for each z € f(D) the ball B(z,r;) is compactly contained in ' and that

1

. . V)< —

(13.8) osc(s;, B(z,r;)) < G+

Pick a finite cover B; ; = B(zj,7:), j = 1,..., ki, of f(D) and let
sij = P(si, Bi;)

be the Poisson modification of s; with respect to B; ;. Then

v; = min s8;;
* i=1,..,k; -

is a continuous .4-superharmonic function in §2’. We claim that v; is an in-
creasing sequence with limit u. To see this, note first that by the maximum
principle and by (13.8) we have

1
0 < s; — 8;; <osc(s;, By j) < m

Therefore, for each j = 1,...,k; and j' = 1,..., k41 it holds that

i1,y = 8ij 2 Sitlj ~ 8i
= 8i41,j/ — Si+1 + Siy1 — 8§
1 1

2 G061 TG D Y

Thus v; is increasing, and since also |v; —s;| < 1/i(i+1), we conclude that

hm Vi=u.
1—00
Fix i and z € D. Let By,...,B; be all the balls of the form B;; that
contain f(z). By the continuity of f, the point =z has a neighborhood
U € D such that f(U) C By forall £ =1,...,k. Since P(s;,By) < s;, we
obtain
viof= l_nilinkP(se,Bz) of

in U. Since each P(s;, B;) is A-harmonic in B, and since f is an (A*, A)-
harmonic morphism, P(s;, B;) o f is A*-harmonic in U. As a minimum of
a finite number of .A*-harmonic functions, v; o f is A*-superharmonic in U.
Thus v; o f is A*-superharmonic in D. Because v; o f increases touo f in
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D, uo f is A*-superharmonic in D provided it is not identically oco there
(Lemma 7.3). Thus the proof is finished if u takes only finite values.

Now suppose that f is not constant in the D-component of { and that
wo f =ooin D. Then f(D) is an A-polar set. Because f assumes at
least two distinct values in the D-component of §2, we may assume, by
choosing D large enough, that f(D) \ {y} is nonempty for some y € f(D).
By Theorem 10.2 there is an entire .A-superharmonic function s in R™
such that s = oo on f(D) \ {y} but s(y) < oco. Replacing u by s in the
construction earlier in this proof, we find A*-superharmonic functions s;o f
which increase to so f in D. Since s(y) < oo and y € f(D), so f is A*-
superharmonic in D. On the other hand, we have that s o f = oo in the
nonempty open set D\ f~!(y), which is impossible because polar sets have
no interior points. The theorem follows. |

We have the following consequence of Theorem 13.7.

13.9. Theorem. Suppose that f: @ — R™ is an (A*,.A)-harmonic
morphism which is nonconstant in each component of Q. If E C R™ is
A-polar, then f~1(E) is A*-polar. In particular, f(U) is never A-polar for
open U C .

Proor: If E is A-polar, there is an entire .A-superharmonic function u in
R"™ such that u = co on E. Since uo f = oo on f~1(E) and since, by
Theorem 13.7, u o f is an A*-superharmonic function in 2, the assertion
follows. O

Since an A-polar set cannot contain any nonempty open set, Theorem
13.9 implies that a nonconstant (.A*, A)-harmonic morphism has the Radé
property whenever points are A-polar. Thus we obtain from Theorem 13.3
the following result.

13.10. Theorem. Suppose that (2 is a domain and that f: @ — R" is
a nonconstant (A*, A)-harmonic morphism. If points are A-polar, then f
is an open mapping.

In classical potential theory a function u in  is called hyperharmonic if
in each component of §2 u is either superharmonic or identically infinite.
Employing a similar definition for A-superharmonic functions we may re-
state Theorem 13.7: If f: @ — R™ is an (A*, A)-harmonic morphism and
if u is A-hyperharmonic in ', then uo f is A*-hyperharmonic in f~1(Q').
We do not employ the notion of hyperharmonicity in this book.

Theorem 13.9 states that the preimage of a polar set is polar under
nonconstant morphisms. The following result demonstrates a similar phe-
nomenon for nonpolar sets.
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13.11. Theorem. Suppose that f: § — R" is an (A*, A)-harmonic
morphism. If a Borel set E C R™ is not A-polar, then f~1(E) is not
A*-polar.

PROOF: Since E is a Borel set of positive (p, u)-capacity, it contains a
compact set of positive (p, u)-capacity, and we may assume that F itself is
compact. Now by the Kellogg property (Theorem 9.13) Q' = R™\ E has at
least one regular boundary point z, with respect to A. If {z} is A-polar,
there must be another regular boundary point of ' and hence a positive
A-harmonic function » in Q' such that u(y) approaches 0 as y approaches
o inside . If {xo} is not A-polar, the existence of a similar function u is
guaranteed by Lemma 7.31.

Suppose that f~1(E) is A*-polar; then f~!(E) is of zero (p, u*)-capacity
and hence removable for A*-superharmonic functions that are bounded be-
low (Theorem 7.35). Because v = u o f is a positive .A*-harmonic func-
tion in the open set 2\ f~1(E), it can be extended to a nonnegative
A*-superharmonic function v in Q by setting

v(z) = ess h;r_ljglf v(y)

for z € f~(E). It follows, however, that v(z) = 0 for € f~!(z,), which
violates the minimum principle. The theorem follows. m]

We close this section by establishing two nonexistence theorems for har-
monic morphisms. The first is an immediate consequence of Theorem 13.9
which implies that images of nonpolar points cannot be polar. It is not
known whether a nonconstant (A*,.A)-harmonic morphism can map an
A*-polar point to a point which is not A-polar.

13.12. Theorem. Suppose that points are A-polar and that there is
z € R™ which is not A*-polar. If § is any connected neighborhood of ,
then there are no nonconstant (A*, A)-harmonic morphisms f : § — R™.

Theorem 13.12 is quite interesting in light of the following example. Let
A be any mapping with constant weight w = 1, and let A* be a mapping
with weight w*(z) = |z|%, where 1 < p < n and —n < § < p —n. Then
there are no nonconstant (A*, A)-harmonic morphisms f : R® — R™. In-
deed, by Example 2.22, cap,, ,.({0}) > 0, while every singleton is A-polar.
On the other hand, for each 1 < p < n and § > p — n the quasiconfor-
mal mapping f(z) = |z|*/(®~P) is an (A*,.A)-harmonic morphism where
A(y, €) = |€[P~%¢ and A*(z,€) = [2[°|€[P~3¢ (see Chapter 15).

Next we establish the following Picard type theorem for morphisms.
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13.13. Theorem. Suppose that f: R® — R" is an (A*, A)-harmonic
morphism. If f omits a non-A-polar set, then f is constant. In particular,
if no point is A-polar and f is nonconstant, then f is onto.

PROOF: Suppose that f is nonconstant. We first claim that £ = f(R")
is dense in R™. If this is not the case, then elementary geometric consid-
erations reveal that we can find two disjoint open balls B; and B; in the
complement of E together with two distinct points z; and z; such that
z; EOENOB; fori=1,2. For 0 <t <1 let

Q2 =R" \ {tFl U t?z}

and let, for i = 1,2, z! be the point on the boundary of tB; closest to z;.
Then z% and % both are regular boundary points of ; (Theorem 9.10) and
we can find .A-harmonic functions u; in ; such that 0 < u; < 1 and that u,
has limit O at z¢ and 1 at . The uniform Wiener type boundary estimate
of Theorem 6.18 guarantees that there is ¢ < 1 such that u;(z;) < 1/2 and
uy(z2) > 1/2. Consequently, with this choice of ¢, the function v = u;0 f is
nonconstant, bounded, and .A*-harmonic in R®, contradicting Liouville’s
theorem. Thus F is dense in R™.

Next, since f is continuous, E as a countable union of compact sets is a
Borel set, and the Choquet property of (p, u)-capacities implies that there
is a closed set FF C R™ \ E such that F has positive (p, u)-capacity. Thus
by the Kellogg property (Theorem 9.13) @' = R™ \ F has at least one
regular boundary point zo with respect to .A. We have two possibilities:
either {z} is A-polar or it is not. In the first case there must exist anoth-
er regular boundary point y, of ', and hence also a bounded .A-harmonic
function u in ' such that u(y) approaches different limits when y approach-
es xg or Yo inside Q'. Because zo and yo lie on F, the composition u o f
is nonconstant, bounded, and A*-harmonic in R™, again a contradiction.
Finally, if {z} is not .A-polar, it follows from Lemma 7.31 and Theorem
6.33 that there is a positive A-harmonic function u in the complement of
zo with limy_,, u(y) = 0. Consequently, u o f is a nonconstant positive
A*-harmonic function in R", which is impossible by Harnack’s inequality.
The theorem follows. ]

As a corollary we obtain Liouville’s theorem.

13.14. Liouville’s theorem for harmonic morphisms. If f: R"* —
R™ is a bounded (A*, A)-harmonic morphism, then f is constant.

13.15. Morphisms, Radé’s theorem, and the A-harmonic measure
A classical theorem of Radé says that if a continuous mapping f: @ — R?
is analytic in Q\ f~(zo), then f is analytic in Q. There is a plethora of
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generalizations of this theorem in the literature; see Notes to this chapter.
Before we present an extension of Radé’s theorem we establish a remov-
ability theorem for 2,-harmonic morphisms.

13.16. Theorem. Suppose that C is a relatively closed A*-polar set
of Q and that f: @ — R" is a continuous mapping which is an (A*, A)-
harmonic morphism in Q\ C. Then f is an (A*, A)-harmonic morphism in
Q.

PROOF: Let u be an A-harmonic function in ' and consider its pull-back
v =wuo f. We know that v is A*-harmonic in f~1(’) \ C and we want to
show that v is A*-harmonic in f~1(Q’). To do so, pick a ball B € f~1(Q?');
it suffices to show that v is A*-harmonic in B. Since C is A*-polar, it
is of zero (p, u*)-capacity, and hence removable for bounded .4*-harmonic
functions (Theorem 7.36). In particular, since v is locally bounded by
continuity of f, v is A*-harmonic in B as desired. ]

13.17. Theorem. Suppose that f: 8 — R™ is continuous and that
C C R" is a closed A-polar set. If f is an (A*, A)-harmonic morphism in
Q\ f71(C), then f is an (A*, A)-harmonic morphism in Q.

ProoOF: We may assume that f is nonconstant and that (2 is connected.
Since C is A-polar, we may choose an A-superharmonic function u in R™
such that u = oo on C. Because v = u o f is A*-superharmonic in Q \ C
and f is continuous, we may extend v to be A*-superharmonic in Q by
setting v = oo on f~!(C). Hence f~!(C) is A*-polar and the assertion
follows from the removability theorem above. ]

In particular, we have:

13.18. Radé’s theorem for harmonic morphisms. Suppose that
f: @ — R" is a continuous mapping which is an (A*, A)-harmonic mor-
phism in Q\ f~Y(zo). If {zo} is A-polar, then f is an (A*, A)-harmonic
morphism in Q. '

~ Next we illustrate the use of .A-harmonic measure in the theory mor-
phisms. Recall that if Q is an open set and E C 89, then for z € (2 the
A-harmonic measure w = w(F, ; A) is defined by

w(z) = w(E,Q; A)(z) = inf u(z),
where the infimum is taken over all nonnegative .A-superharmonic functions

u in Q such that
liminf u(z) > 1
Ty
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for all y € E. See Chapter 11.

Before we present the principle of .A-harmonic measure for 2A,-harmonic
morphisms, we recall that if f: @ — R™ is a mapping, the cluster set
C(f,E) of f at E C 89 is the set of all points w € R™ U {00} for which
there exists a sequence x; in {2 converging to a point in F such that f(z;)
converges to w.

Observe that 92, and hence E, may contain the point at infinity. Also,
C(f, F) may contain oo even if Q2 does not. If E is compact, the cluster set
C(f, E) can alternatively be defined as the intersection of the sets f(U N ),
where U runs through all neighborhoods of E. If E is nonempty, the
corresponding cluster set is also nonempty. Moreover, if E is compact,
then C(f, F) is a compact set in R™ U {oc}.

13.19. Principle of A-harmonic measure for 2, -harmonic mor-
phisms. Let Q and Q' be open sets in R™ and let f: @ — Q' be an
(A*, A)-harmonic morphism. If E C 8Q is such that C(f,E) N Q' is a
relatively closed subset of ¥, then

w(E, 2 A*)(z) < w(C(f, B), 25 A)(f(2))

for all = in Q.
Recall that

w(C(f, E), 2 A) = w(C(f, E) N (X' \ C(£, E)), ¥ \ C(£, E); A),
and the inequality in the theorem is understood to be the trivial inequality
w(E,Q; A%)(z) <1

if f(z) eC(f,E)nQ'.

PRrOOF OF 13.19: Suppose that u belongs to the upper class for the 4-har-
monic measure w(C(f, E), §¥'; A), i.e. u is nonnegative and .A-superharmonic
in Q' \ C(f,E) with liminf, ,,u(y) > 1 for every z € C(f,E) N o(' \
C(f,F)). We may assume that u < 1, and by extending u as 1 to C(f, E)N
¥, we may assume that u is A-superharmonic in /. Then v = uo f
is a nonnegative A*-superharmonic function in @ by Theorem 13.7, and
since liminf,_,, v(z) = 1 for every z € E, v belongs to the upper class for
w=w(E,Q; A*). Thus

w(z) < v(z) = u(f(2)),

and the result follows by taking the infimum over all such u. a
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13.20. Principle of A-harmonic measure for homeomorphic mor-
phisms. Suppose that f is a homeomorphic (A*, .A)-harmonic morphism
of Q onto . If E C 85, then

(13.21) w(E, Q; A)(z) < w(C(f, E), ¥ A) (f(2))

for each z € Q. IfC(f~,C(f, E)) = E, then (13.21) holds as an equality.
In particular, if f has a homeomorphic extension to (2, then

(13.22) w(E,Q; A*)(z) = w(C(f, E),; A) (f(=)) .

PROOF: Inequality (13.21) follows from 13.19 by observing that for homeo-
morphic mappings the cluster set C(f, F) is always contained in the bound-
ary of Q. ‘

Suppose next that C(f~*,C(f,E)) = E. Let u be a function from
the upper class for w(E, ;. A*) and write v = wo f~!. Now f~!is an
(A, A*)-harmonic morphism from ' onto © (Theorem 13.2), whence v
is A-superharmonic and belongs to the upper class for w(C(f, E), ¥'; A).
Thus we obtain the reverse inequality to (13.21) and the theorem follows.

[m]

The next theorem is a typical application of the principle of .A-harmonic
measure.

13.23. Theorem. Suppose that f: & — R" is an (A*, A)-harmonic
morphism in a domain Q such that R™ \ f(Q) is not A-polar. If E C 82
has positive A*-harmonic measure in Q and if C(f, E) is A-polar, then f is
constant.

PROOF: Suppose that f is not constant. Because f(2) is a Borel set and
because C(f, E) is contained in an .A-polar Borel set, there is a compact
subset F' of R™ \ {f(Q) UC(f, E)} which has positive (p, u)-capacity. By
Theorem 10.12 we can find a positive A-superharmonic function « in R™\ F
such that u = oo on C(f, F). Thus for all € > 0 the function ev, where
v=uo f, is a positive A*-superharmonic function in Q with the property
that
lim inf e v(y) = o0
y—

for all z € E. Because v is finite at some point zg, it follows that
w(zo) = w(E, 5 A*)(z0) < ev(zo) < 00,

and letting € — 0, we arrive at the contradiction w = 0. Thus f is constant
and the theorem follows. O
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The following corollary illustrates the use of Theorem 13.23 in a special
case.

13.24. Corollary. Suppose that f: B — R™ is a bounded (A*, A)-
harmonic morphism in a ball B. If

lim f(z) = b€ R™
T—y

for all points y in a set E C 8B with nonempty interior on 8B and if {b}
is A-polar, then f is constant.

PROOF: The assertion follows from Theorem 13.23 upon observing that £
has positive A*-harmonic measure in B (Theorem 11.6). O

NOTES TO CHAPTER 13. The study of harmonic morphisms for the
Laplace equation can be traced back to a paper by Jacobi in 1848. Fuglede
(1986) has a short historical account. The classification of morphisms be-
tween general Riemannian manifolds was completed by Fuglede (1978) and
Ishihara (1979).

Radd’s and Liouville’s theorems have their origins in the corresponding
results for analytic functions. Radé’s theorem (Radé 1924) and its various
extensions especially have attracted many authors; the papers by Kral
(1983) and Fuglede (1986) contain extensive bibliographies. The principle
of A-harmonic measure comes from the same source; see Nevanlinna (1953),
Granlund et al. (1982). Fuglede (1979a) used singular harmonic functions
to prove the openness of a harmonic morphism in the linear theory. Most
of the results of this chapter were given by Heinonen et al. (1992) in the
unweighted case. Theorem 13.7 is essentially due to Laine (1990); see also
Constantinescu and Cornea (1965).
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Quasiregular mappings

If u is a harmonic function in a planar open set Q' and if f: Q@ —» Q' is
analytic, then the composed function u o f is harmonic in . This is an
elementary fact in complex analysis. Conversely, one can show that if a
mapping f pulls back harmonic functions in this fashion, then f is neces-
sarily analytic or antianalytic. Quasiregular mappings constitute a natural
generalization of analytic functions to higher dimensions and the important
“pull-back principle” has its counterpart in the theory of these mappings.
This is the subject of the present chapter. Throughout, our concern will
be in the nonweighted case. We prove that quasiregular mappings (p = n)
and mappings of bounded length distortion (all p > 1) are 2,-harmonic
morphisms. Several applications of this fact are given, including a proof of
the Picard theorem for quasiregular mappings.

Many fundamental properties of quasiregular mappings lie deep and their
thorough investigation would be unreasonable within this book. We present
mostly without proof all the properties that are required for a geometric ap-
proach to the morphism property. Thus the exposition in the present chap-
ter differs somewhat from the rest of the book which is more self-contained.
For a more detailed study of quasiconformal and quasiregular mappings we
refer to the monographs by Lehto and Virtanen (1973), Vaisala (1971),
Reshetnyak (1989), Vuorinen (1988), and Rickman (In preparation).

In this chapter we assume that w = 1 or du = dr, and to emphasize this
we let W1P(Q), W) P(Q), ... stand for the Sobolev spaces H?(Q;dz),
HYP(Q;dz), ...

14.1. Quasiregular mappings

DEFINITION. A continuous mapping f: @ — R” is said to be quasiregular
if the coordinate functions of f belong to Wﬁ,c" () and if there is K > 1
such that the inequality

(14.2) If'(@)" < K J4(z)

is satisfied for a.e. £ in Q.

Here f'(z) denotes the formal derivative of f at z, i.e. the n X n matrix
(5 fi(z)) of the partial derivatives of the coordinate functions f; of f.
Further,

7@ = max| @)

250
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and Jg(z) is the Jacobian determinant of f at z, i.e. the determinant of
7(2).

The smallest K > 1 for which inequality (14.2) is true is called the
outer dilatation of f and denoted by Ko(f). If f is quasiregular, then the
smallest K > 1 for which the inequality

(14.3) J5(z) < K €(f'(z))

bolds for a.e. z in Q is called the inner dilatation of f and denoted by
Ki(f). Here
(f'(@) = min |7 @)hl.

By elementary linear algebra, K(f) is finite if f is quasiregular. The
number

K(f) = max (Ko(f), K1(f))

is the mazimal dilatation of f and if K(f) < K, f is called K-quasiregular.

By linear algebra it is not difficult to see that Ko(f) < K7(f)*"! and
Ki(f) < Ko(f)™!. Thus if n = 2, we have K[(f) = Ko(f) = K(f). One
can also show that if f; : @ — Q' is K;-quasiregular and if f, : Q' — R™ is
K,-quasiregular, then f, o f; : @ — R"™ is K; Kp-quasiregular, but this is
difficult to prove starting from the definition (Martio et al. 1969; Bojarski
and Iwaniec 1983; Reshetnyak 1989; see also Theorem 14.28 below).

If f: 2 > R™ is a quasiregular homeomorphism onto f(2), then f is
termed quasiconformal. In this case f~! is a quasiconformal mapping in
f(Q) with Ko(f7!) = K1(f), K1(f™') = Ko(f), and K(f7*) = K(f).

When n = 2 and K = 1 in (14.2) we recover analytic functions of one
complex variable (Lehto and Virtanen 1973, Chapter VI). Especially, a 1-
quasiconformal mapping is a conformal mapping. When n > 3, quasiregu-
lar mappings exhibit a remarkable rigidity property: a 1-quasiregular map-
ping f: @ — R™ is either constant or the restriction to  of a Mobius trans-
formation (Gehring 1962; Reshetnyak 1989; Bojarski and Iwaniec 1982). It
is because of this rigidity that one has to allow a certain amount of distor-
tion to obtain a nontrivial higher dimensional function theory.

Quasiregular mappings are usually constructed via explicit geometric
procedures and existing examples show that quasiregularity allows exceed-
ingly complicated behavior for the mapping (Rickman 1980a, 1985). As an
elementary example we consider the winding mapping f: R® — R3 defined
in cylindrical coordinates

(T) ®s 33) = (T: k% 273) )

where k > 2 is an integer. This mapping is a k-times winding about the
x3-axis and can be viewed as a three-dimensional analogue of the analytic
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function f(z) = 2*. It is k2-quasiregular and fails to be locally injective on
the z3-axis. Obviously, a similar construction can be done in every dimen-
sion n > 2. We use the winding map to produce a more interesting example.
Fix 0 < € < 1 and consider a quasiconformal self-homeomorphism h of R3
which has the property that the preimage of the z3-axis is a nonrectifiable
curve with Hausdorff dimension 3—¢. For a construction of such a mapping
h, see Gehring and Viisila (1973). Now if f is a winding map, A" o fo h
is a quasiregular mapping which fails to be a local homeomorphism in a set
of large Hausdorff dimension; it winds about an exotic curve in R3. Martio
et al. (1971) and Martio and Srebro (1975a,b) have constructed further
examples of quasiregular mappings.

We take for granted the basic topological and analytic properties of
quasiregular mappings; these properties are well known for plane analytic
functions. For future reference, we now present the essential facts without
proof.

14.4. Discrete and open mappings
A mapping f: 2 — R" is said to be discrete if f~1(y) consists of isolated
points in Q for every y € R™. A nonconstant analytic function in a plane
domain is discrete and open, and the same is true for general quasiregular
mappings as we shall see in Theorem 14.14. Unfortunately, discrete, open
maps are much more complicated in dimensions greater than two than what
they are in the plane. The purpose of this section is to review the basic
theory of these mappings. We first study various multiplicity functions
associated with discrete and open mappings.

Let f: @ — R" be continuous. The topological degree u(y, f,D) of f at
y is defined whenever D € ( is a domain and y € R™\ f(8D). The degree
u(y, f, D) is integer valued and it has the following properties:

(i) y — p(y, f, D) is constant in each component of R™\ f(8D).
(i) If y € f(D) and the restriction of f to D is one-to-one, then

lu(y, f,D)| = 1.

(ii) If y € D and id is the identity mapping, then u(y,:id, D) = 1.

(iv) If u(y, f, D;) is defined for ¢ = 1,...,k and if Dy,..., Ds are mutu-
ally disjoint domains such that f~!(y) N D C UL, D; C D, then

k
uy, £,D) = u(y, f,Ds).
=1
(v) If f and g are connected with a homotopy h;, 0 < t < 1, such that
u(y, ht, D) is defined for 0 < ¢t < 1, then u(y, f, D) = p(y, g, D).

If Q is a domain and if for all domains D €  and y € f(D)\ f(8D) we
have u(y, f, D) > 0, then f is called sense-preserving. If u(y, f, D) < 0 for

all such y and D, then f is called sense-reversing.
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The standard reference for the topological degree is the monograph by
Radé and Reichelderfer (1955). Bojarski and Iwaniec (1983) and Reshet-
nyak (1989) present a different, more analytic approach to the topological
degree. If f: @ — R™ is differentiable at £y € Q and J¢(zo) # 0, then
there exists a neighborhood D of zy such that u(y, f, D) = sign J¢(zo) for
all y € f(D). Thus the above definition of a sense-preserving mapping is
an extension of the more familiar case when f is differentiable.

For a continuous mapping f we let B denote the set of all points = € §,
where f does not define a local homeomorphism; the set By is called the
branch set of f. Clearly By is a relatively closed subset of . If n = 2 and
f: Q — R? is complex analytic, then

B; ={z€Q: f'(z) =0}.
For discrete and open mappings f: 2 — R™ a theorem of Chernavskii(1964,
1965) asserts that the topological dimension (Hurewicz and Wallman 1941)
of both By and f(By) is less than or equal to n—2. This assures that neither
By nor f(By) separates any domain, and using this the following theorem
is easily proved.

14.5. Theorem. (Chernavskiil964, 1965; Viisila 1966) Suppose that f
is a discrete and open mapping of a domain Q into R™. Then f is either
sense-preserving or sense-reversing.

Next we study the local behavior of discrete and open mappings f: @ —
R". If n = 2 and f is analytic, then f behaves locally at zp € § like
the complex polynomial z — (z — 2z)* + f(20) for some positive integer
k. Representation theorems like this are impossible in higher dimensional
Euclidean spaces, but the topological degree enables us to obtain some
useful results in this direction.

In the following discussion, we assume that f: Q@ — R™ is discrete and
open.

A domain D € Q is called a normal domain of f if f(8D) = 8f(D).
Since f is open, we always have 8f(D) C f(8D). A normal domain U is a
normal neighborhood of z € U if

{z} =Unf(f(2))-
If U is a normal neighborhood of z, then pu(f(z), f,U) is defined and in-
dependent of U; this number is denoted by i(z, f) and called the local
topological index of f at x.

If we use the above local representation for a nonconstant plane analytic
function f, we have i(2o, f) = k.

If Q is a domain, then @\ By is a domain and i(z, f) has a constant
value, either +1 or —1, in Q \ By. In the first case f is sense-preserving
and in the second case sense-reversing (Theorem 14.5). -
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14.6. Lemma. (Martio et al. 1969, Lemma 2.5) Let f: Q2 — R™ be
discrete and open. Suppose that V is a domain in R™ and that D is a
component of f~Y(V). D € Q, then D is a normal domain of f and

f(D)=
We let U(z, f,r) denote the z-component of f~! (B(f(z),r)) ,TEQ If

U = U(z, f,r) € Q, then U is a normal domain of f (Lemma 14.6). The
next lemma shows that normal neighborhoods always exist.

14.7. Lemma. (Martio et al. 1969, Lemma 2.9) For every point z € Q
there is 0, > 0 such that for0 <r < o,

(a) U(z, f,r) is a normal neighborbood of z.

(b) U(z, f,r) = U(z, f,0.) N f~H(B(f(z),7)).

(¢) IfO < r < s < g, then U(z, f,r) C U(z, f,s) and A = U(a: 8\
U(z, f,r) is a ring domain, i.e. its complement has exactly two com-
ponents.

(d) diamU(z, f,r) = 0 asr — 0.

Ify € R™ and A C 0, then the (crude) multiplicity of f in A is

N(y,f,A)=#{f""y)nA};

i.e. N(y, f, A) is the number of points in the set f~!(y)NA. The possibility
that N(y, f,A) = oo is not excluded but if A € (2, then N(y, f,4) < o
because f is discrete. We also define

N(f,A)= sup N(y, f,A).
JeBn

Relations between the crude multiplicity functions N(y, f, A) and N(f, 4),
and the topological degree and the local topological index, are described in
the following lemma.

14.8. Lemma. (Martio et al. 1969, Lemma 2.12) Suppose that f: Q@ —
R™ is discrete, open, and sense-preserving. Let D be a normal domain of
f. Then

(a) N(f,D) = u(y, f, D) for all y € f(D).
(b) N(y,f,D) = N(f,D) for all y € f(D \ By).
(c) wly,f,D) = 21_1 i(zj, f) for all y € f(D), where k = N(y, f,D)

and {z1,...,zx} = f~1(y) N D.
(d) i(z, f) = N(f,D) for z € D if and only if D is a normal neighbor-
hood of z.
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Since i(z, f) = 1 for z € Q\ By, Lemma 14.8 implies that for discrete,
open, and sense-preserving mappings f: & — R™ we have i(z, f) > 2 if
and only if z € By.

The monograph by Rickman (In preparation) contains a detailed account
of the above facts.

14.9. Path lifting
Next we discuss the path lifting, which is an important tool in the theory
of discrete and open mappings.

By a path we mean a continuous mapping 3: A — R"™, where A is an
interval. We also denote by 3 the locus B(A) of S.

Suppose that f: @ — R"™ is discrete, open, and sense-preserving. Let
z € Q and consider a path 3: [a,b] — R" such that 8(a) = f(z). A path
a: A, — 2, where ¢ < b and A, = [a,¢) or A, = [a,b], is a lift of 8 (under
f) starting at z if a(a) = z and foa = f|[,,.). We say that a is a total lift
of B if A. = [a,b] and « is a mazimal lift of B if a is not a proper subpath
of any lift of 3 starting at z.

There is always at least one maximal lift « of 3 starting at = (Martio et
al. 1971, p. 12). Moreover, in normal domains it is possible to obtain total
lifts with special properties.

14.10. Lemma. (Rickman 1973) Suppose that D is a normal domain of
f and that y € f(D). Let f~(y) N D = {z1,...,zx}, where k = N(f,D)
and each point z in f~!(y)N D is counted according to its local topological
index i(z, f). If B: [a,b] — f(D) is a path with B(a) = y, then there
are total lifts o,...,ar of B such that o; starts at z;, j = 1,2,...,k.
Moreover, whenever t € [a,b] and 1 < j < k, we have

(14.11) # {8 aelt) = o5(8)} = i(e5(2), ).

As an example, consider the winding mapping f: R® — R? described in
the beginning of this section. If 3: [0,1] — R3 is the path B(t) = t e3, then
the only total lift of B starting at O is the path J itself. Note that # runs
inside the branch set of f; a behavior like this is not possible when n = 2,

for then the branch set consists of isolated points.
Condition (14.11) yields

(14.12) FHB®) N D = {ea(t)-.., aa(t)}

for each t € [a,b]. To prove this, fix t € [a,b] and note that

{ea(t),...,ax(®)} C F7H(BE))ND
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by the definition of the lift. As for the reverse inclusion, write {y1,...,9p} =
f71(B()) N D and let

S; = {i: ai(t) = y;}, j=1,...,p.

We want to show that #5; > 1 for all 5. If # S; > 1, then (14.11) yields
#S; =1(y;, f). On the other hand, there are k lifts ¢; altogether and for
each j, o;(t) € {y1,...,¥p}, whence

P P
k=N(f,D)=3 i(y;, /)= D #5;=k.

j=1 j=1
Hence # S; =i(zj, f) > 1 for each j = 1,...,p and (14.12) follows.

14.13. Topological properties of quasiregular mappings

A nonconstant analytic function in a plane domain is sense-preserving,
discrete, and open. By a theorem of Reshetnyak (1967a, 1968, 1989) the
same is true for quasiregular mappings:

14.14. Theorem. If f is a nonconstant quasiregular mapping of a
domain Q into R™, then f is discrete, open, and sense-preserving.

We sketch a proof of this important result to the extent that it hinges
on the nonlinear potential theory developed in the previous chapters. A
full proof would require a thorough study of both analytic and topological
properties of quasiregular mappings, and this would take us too far.

We begin with an elementary lemma on divergence free vector fields.
Recall that the adjoint matriz adj A of an n x n matrix A satisfies the
identity

AadjA = (detA)I,

where I is the identity matrix. Thus adj A = (det A)A~?! if the matrix A
is invertible. For a mapping f: @ — R™, f € VV,{,C1 (€2), we write adj f for
the a.e. defined adjoint matrix adj f*(z). Recall that f'(z) is the Jacobian
matrix of the partial derivatives of the coordinate functions of f.

14.15. Lemma. Let f: Q@ — R"™ be a mapping in W,t,’cn_l(ﬂ). Then
each column vector v; of adj f, it = 1,...,n, satisfles

(14.16) / vi(3) - V() do = 0
Q

for all p € C§°(R).
ProoOF: When f is smooth, (14.16) is equivalent to

div v; = 0
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which follows from a direct computation; for the details, see Bojarski and
Iwaniec (1983). For the general case, fix ¢ € C§°(f2), choose open U € 2
such that spt ¢ C U, and let f; be a sequence of C* mappings converging
to f in WH»—1(U). Since

/ vg(:c) -Ve(z)dz =0
Q

for each j = 1,2,... and ¢ = 1,...,n, where 'v{ are the column vectors
of adj f;, we only need to convince ourselves that adj f; converges to adj f
in L}(U). This follows easily from the fact that each entry of adj f; is a
homogeneous polynomial of degree n — 1 of entries of f;(z); observe here
that fj(z) converges to f'(z) in L*~'(U). |

14.17. Corollary. Let f: @ — Q' be a mapping in W"(Q) and let

loc

v: Q' = R" be a C*®-mapping in §¥ such that divv = 0. Then
[ einwe - vede=o
Q

for all ¢ € C§°(12).

PRrROOF: By approximating we may assume f € C*®(2), and then a com-
putation gives

div(adj f)()(v o f)(z) = J5(z) div v(f(2)) = 0.
o

Next, let f: @ — R™ be a nonconstant K-quasiregular mapping and
consider the function u(z) = log|f(z)|- Because f is locally in W1m(),
it is easy to see that u is locally in W'™(f2y), where Q; is the open set
2\ {f71(0)}, and that

_ (=) f(=)
V@) = TR
Above, * is a sign for transpose. If we then define
(14.18) A(z,£) = J5(@)|f' (@) ¢ 2 (@) (=) TE

if f'(x) exists and is invertible, and

A(z,€) = €%



258 14. Quasiregular mappings

otherwise, we see that

ad] f(z)f (=)
£ (=)

for a.e. x € 2. Here we have used quasiregularity in an essential way: for
a.e. ¢ € Q such that J¢(z) = 0 we have f'(z) = 0, and hence Vu(z) = 0.

Because an easy computation shows that divv(y) = 0 for v(y) = y/|y|,
y # 0, Corollary 14.17 implies that

A(z, Vu(z)) =

A(z,Vu)-Veodr=0
Qy

for all p € C§°(R2). On the other hand, by using the K-quasiregularity of
f, one can easily calculate that A satisfies structure conditions (3.3)—(3.7)
with p = n, @ = 1/K, and § = K (see Lemma 14.38). Since the same
argument applies to the K-quasiregular mapping f(z) — b for b € R"™, we
have arrived at the following theorem.

14.19. Theorem. Let f: @ — R™ be a nonconstant K-quasiregular
mapping and let b € R™. Then the function u(z) = log|f(z) — b| is A-
harmonic in the open set Q\ f~1(b), where A satisfies structure conditions
(3.3)~(3.7) withp=n,w=1,a=1/K, and § = K.

We scrutinize quasiregular mappings and the pull-back equation (14.18)
more closely in Section 14.35. At this point Theorem 14.19 is sufficient for
our purposes.

The proof of the fact that a nonconstant quasiregular mapping is discrete
and open rests on Theorem 14.19 and the potential theory of .A-harmonic
functions. Let f be a nonconstant K-quasiregular mapping in a domain 2
in R™ and let b be a point in R™. The function u(z) = —log|f(z) — b| can
be extended continuously to the set E(b) = {z € Q: f(z) = b} by putting
u(z) = oo there. This extension is A-superharmonic in Q implying that
E(b) is A-polar, and hence of zero n-capacity by Theorem 10.1. We saw in
Chapter 2 that sets of zero n-capacity have Hausdorff dimension zero, and
hence each component of such a set is a point. In brief, we have shown that
the preimage of every point under a nonconstant quasiregular mapping is
a totally disconnected set. Mappings with that property are called lght,
and a theorem of Titus and Young (1962) asserts that sense-preserving and
light mappings are discrete and open (see also Bojarski and Iwaniec 1983,
p. 318).

Thus Theorem 14.14 follows if we could show that f is sense-preserving.
This is usually done by first establishing the almost everywhere differentia-
bility of f and then exploiting the fact that the topological degree is locally
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the sign of the Jacobian J; if J is not zero. We refer to the discussion in
Reshetnyak (1967a, 1968, 1989), Bojarski and Iwaniec (1983), or Rickman
(In preparation), and conclude the proof of Theorem 14.14.

We end this section by indicating a fundamental difference between the
plane and higher dimensional theory of quasiregular mappings. If f: Q —
R? is a discrete and open mapping in a plane open set 2, then the branch
set By is either empty or consists of isolated points in Q. Moreover, f =
g o h where h is a homeomorphism of § into R? and g: h(f2) — R? is an
analytic function. This result is known as Stoilow’s decomposition theorem
(Lehto and Virtanen 1973). Thus from the topological point of view plane
discrete and open mappings are not more general than analytic functions.
In particular, we have:

14.20. Theorem. (Lehto and Virtanen 1973, Chapter VI) Suppose that
f: Q — R? is a plane K-quasiregular mapping. Then f = g o h, where h
is a K-quasiconformal mapping and g is an analytic function in h((Q).

In dimension n = 2 Theorem 14.20 can be used on many occasions either
to prove or disprove assertions which are not known in dimensions n > 3.
The two-dimensional theory has another remarkable feature unknown in
space: one can solve a Beltrami equation with measurable data to obtain
quasiconformal mappings with prescribed dilatation. This powerful device
is widely applied in complex analysis and elsewhere. We do not study this
aspect here and refer to the monographs by Lehto and Virtanen (1973) and
Lehto (1987) for further discussion.

14.21. Metric and analytic properties of quasiregular mappings
This brief section contains basic facts about the analytic properties of
quasiregular mappings. Some of them are rather difficult to prove starting
from the definition.

14.22. Lemma. Suppose that f:  — R" is a quasiregular mapping.
Then

(a) f is differentiable a.e.
(b) f satisfies condition (N), ie. if A C Q and |A] = 0, then also

If(4)]=0.
In addition, if Q is a domain and f nonconstant, then
(c) |Bg|=0;

(d) |A| =0 if and only if |f(A)| = 0 whenever A C Q;
(e) Jg(z) >0 ae.

The proofs for the assertions in Lemma 14.22 can be found in Reshetnyak
(1967a, 1970, 1989), Martio et al. (1969), or Bojarski and Iwaniec (1983).
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Conditions (b) and (c) imply that |f(Bys)| = 0. This fact seems to be
more important than (c). The example in Section 14.1 shows that when
n > 3, for a nonconstant quasiregular mapping f the Hausdorff dimension
of By can be arbitrarily close to n.

Each function u in the Sobolev space W,.?(Q2) has an ACL-representative.
This means that u = v a.e. in {2, where v is absolutely continuous on almost
every line segment, parallel to the coordinate axes, in each closed n-interval

Q={$ERn:a§SZiSbi}

in Q, i =1,...,n. More precisely, if P; is the orthogonal projection of
R™ to the ith coordinate plane and if E; is the set of all z € P;(Q) such
that the function ¢ — v(z + te;) is not absolutely continuous on [a;, b;],
then mn,_1(E;) = 0. Conversely, if u is a measurable ACL-function in
such that the partial derivatives 9;u of u are locally p-integrable in (2, then
u belongs to the Sobolev space VVllo’f(Q) For this characterization, see
Ziemer (1989, Theorem 2.1.4).

If u € C(Q)NWLP(Q), then u itself is the ACL-representative v. In par-
ticular, since the coordinate functions f; of a quasiregular mapping f:  —
R™ belong to C(2) N WL (Q), each f;, and hence also f, has the ACL-
property. Absolute continuity of a vector-valued mapping g: [a,b] — R" is
defined similarly to the real-valued case: g is absolutely continuous if and
only if its coordinate functions have this property. However, in what follows
we need an absolute continuity property of the set valued correspondence
i

Suppose that f: @ — R™ is quasiregular and that D is a normal domain
of f. Let Q={y€R™: a; <y; <b;} bein f(D). Fixi=1,...,n and for
y € Pi(Q) let

By: [ai,bi] = Q
be the line segment By(t) =y +te;.

14.23. Lemma. (Martio et al. 1969, pp. 9-10; Martio 1970, pp. 9-
10) Let ay: [ai,b;] — D be a total lift of B, starting at some point of
f~Y(y+a; e;). Then oy is absolutely continuous for almost every y € P;(Q).

The proof for Lemma 14.23 uses the Lebesgue differentiation theorem for
measures and the metric characterization of quasiregular mappings; it also
shows that Lemma 14.23 equally holds if a radial projection to a sphere is
considered.

14.24. Integral transformation formula
Next we consider integral transformation formulas for quasiregular map-
pings. Although an integral transformation formula

/;Jf(m)dm=/l;nN(y,faA)dy
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exists for a quasiregular mapping f: & — R™ and a measurable A C Q0
(Reshetnyak 1989, p. 99), we shall need it for quasiconformal mappings
only. Then N(y, f, A) = 1 and the proof is more elementary.

14.25. Lemma. (Vaisala 1971, Section 33) Suppose that f: ) — R™ is
a quasiconformal mapping. If u is a nonnegative measurable function in a
measurable set A C ), then

(14.26) /Au(f(z)) Jg(z)dz = v/f(A) udz.

The transformation formula (14.26) will be used effectively for quasiregu-
lar mappings outside the branch set. This is illustrated in the next lemma.

14.27. Lemma. Suppose that f: Q@ — R™ is quasiregular and that D is
a normal domain of f. Then

/D u(f(z)) J5(z) dz = N(f, D) /f oy

for each nonnegative measurable function u in f(D).

PROOF: Since D is a normal domain of f, the set f(By N D) is a relatively
closed subset of f(D), and the set A = f(D \ By) is open, because f is
open. By Lemma 14.8(b) each y € A has k distinct inverse images in D,

f_l(y)nD={xl)"'»zk}»

where k = N(f, D). Now we can choose disjoint open balls B; = B(y;,r;) C
A, j=1,2,..., such that
|A\UB;[=0

and that f defines a quasiconformal homeomorphism f;; from U;; =
U(zx;;, f,r;) onto Bj, wherei=1,2,...,k, j=1,2,..., and

f YY) ND={zj1,...,Tjx}-

This construction is possible by Lemma 14.7 and by the Vitali covering
theorem. Note that each z in f~!(y;)ND is outside By, whence i(z, f) = 1,
which means that f is injective in U(z, f,r;) whenever this is a normal
neighborhood of z.

The sets U; ; are mutually disjoint and because |By¢| = 0 (Lemma 14.22),
we obtain

oo k
/;)u(f(z)) Ji(z)dz = zz [J,;.- u(f(z)) J¢(z)dz.

j=1i=1
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Now f is a quasiconformal mapping of U;; onto B; and the integral trans-
formation formula (14.26) yields

/,-,.-"(f(“”)) Jf("’)d-’”:/Bjudz

for each ¢ and j. Thus

Lu(f(a:)) Jf(m)dz=kZ/Bjud:r.=k uB,-Udz

j=1

=k/'u,d:v=k udz,
A £(D)

where the last equality follows from the fact that |f(By)| = 0. The lemma
is proved. m]

We next show that quasiregular mappings preserve Sobolev functions.
Observe that the proof of this result requires deep properties of quasiregular
mappings.

14.28. Theorem. Let f be a nonconstant quasiregular mapping in a
domain Q. Ifu € WL(Q), then v = u o f belongs to W,"(A), where

loc

A= f~YQ'). Moreover,
Vu(z) = f'(z)* Vu(f(2))
for a.e. z in A.

ProOOF: Let D € A be a normal domain of f. It suffices to show that
v € Wh™(D) (see Lemma 14.7). To this end, fix a ball B € D and let

loc

n € C§°(f(D)) be a cut-off function such that n = 1 in f(B). Then
choose a sequence ¢; € C$°(f(D)) converging to nu in Wy™(f(D)) and
Ve;j = V(nu) a.e. in f(D).

Set v; = p; o f. Since f is a.e. differentiable, we have

Vvi(z) = f'(2)* V;(f(x))

for a.e. z in D. Since D is a normal domain of f, Lemma 14.27 yields
[ivuraes [ 7@ ve @)
D D
<K [ 5@, (1) ds

~NUDK [ Vel dy.
f(DYy
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The ACL-property of f implies that v; has the ACL-property as well,
and hence v; € W™(D) (see the discussion preceding Lemma 14.23).
Because D is a normal domain of f, v; has compact support in D, so
that v; € Wy""(D). Now we obtain from the Poincaré inequality that
the sequence v; is bounded in W)™ (D) and hence bounded in W1"(B).
Passing to a subsequence we infer from Lemma 14.22(d) that v; — v a.e.
in B. Therefore the weak compactness of W1»(B) yields v € Wh™(B).
The desired formula for Vv holds because, similarly,

Voi(z) = f'()* Vu(f(z))
for a.e. £ in B. The theorem follows. m}

Next we show how functions 1 in Q can be pushed forward to f(Q2). If f
is a homeomorphism, this is easy: the function ¢*: f(f2) — R is given as
¥* = 1o f~1. It is important to notice that if f is discrete and open, there
is a possibility to push forward functions also when f is not injective.

Suppose that f: @ — R™ is a discrete, open, and sense-preserving map-
ping in Q. Let ¢ € Co(2) and define ¥*: f(2) —» R by

(14.29) VW= Y ilz)¥E).
z€f~1(y)

Here i(z, f) is the local topological index of f at = as described in Section
14.4. The sum in (14.29) contains only a finite number of non-zero terms
because f is discrete and because 1 is assumed to be compactly supported
in €.
14.30. Lemma. The function v* belongs to Co(f(2)) and spty* C
f(spt¥).
PRrOOF: First we show that spt* is compact in f(2). Set G = {z €
Q: ¢Y(z) # 0} and G’ = {y € f(R): ¥*(y) # 0}. Then G' C f(G) and
because spt+ is compact, the continuity of f implies f(sptv) = f(G) D
G’ = spty*. This implies that spt+* is compact in f(Q), which is open
because f-is open.

Next we show that 1* is continuous. Let y € f() and € > 0. We may
assume that y belongs to spt¢*. Choose a neighborhood U of spt such
that U € Q and y ¢ f(8U); this is possible because f is discrete. Let

{131, . ,.’Ek} = f_l(y) nU.
By Lemma 14.7 and by the continuity of 1, there exists a number r such
that 0 < r < d(y, f(8U)) and such that the normal neighborhoods U; =
U(z;, f,r) of z;,1 = 1,...,k, satisfy:
(1) U; CU and
(i) |(z) = d(z:)l <e, z€Us
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Note that f(U;) = B(y,r) for each ¢ = 1,...,k. Let z € B(y,r). Using
Lemma 14.6 one easily infers that

f'l(z)ﬂUC Up=UU;.
Fixi,1 <7<k, and let
{ziiz;)'~-azj(i)} = f_l(z)nUi'

We invoke Lemma 14.8 and infer that there exists C; > 0 such that

> i=H<a

z€ f~1(w)NUg

for all w € R™"; similarly, because U; is a normal neighborhood of z;, we
find
£(4) '
(i, f) = N(f,Us) = i}, ).

=1
This yields

£(3)
e 1) 9(a:) ~ 3 i, 1) 9(<)

LON 0 .
= |2 il Do) - Y il ()|
Jj=1 Jj=1
£(3) ) )
< ST ) () - ()] < Cre,
ji=1

and by summing over i we arrive at

k £(3)

[*(y) — ¢*(2)| = |Z (i, £) @) = Y i(2, f) ¢(z;:))‘

i=1 j=1
<kClsSCfe.

Since this holds for every z € B(y,r), we conclude that ¢* is continuous
at y, and the lemma follows. m]

If f is a nonconstant quasiregular mapping and if 1 is smooth, then also
1* is relatively smooth. This fact is more difficult to accomplish.



14. Quasiregular mappings 265

14.31. Lemma. Suppose that f: 2 — R" is a nonconstant quasiregular
mapping in a domain 2 and that 3 € C°(2). Then ¥* € Wy'™ (£(2)).

PROOF: Because 1* belongs to Co(f(£2)) by Lemma 14.30, it remains to
show that ¢* is ACL and that

/ |Vy*|" dz < oo.
9)

It is clearly enough to prove that * is ACL in a neighborhood of each
point of spt¢*. Fix yo € spt¢* and let

{21, 2} = F (o) Nspt ).

Choose rg > 0 such that the domains U(z;, f,7) are pairwise disjoint
normal neighborhoods of z;, j = 1,...,q, and choose a positive number
r’ < ry such that

Byo,') N f(spt 9\ fJIU(a,-,.,f,ro)) —0.
S

The components of f~1(B(yo,r’)) which meet spt 1) are denoted by U; =
U(z;, f,r'); also they are normal neighborhoods of z; because r’ < ro. Set
U = UU;. Then we have

P = Y, iz f)d)

z€ f-1(y)NU

for every y € B(yo,r’).

Next, fix a closed n-interval @ in B(yo,r'). Write Q = Qo x J, where Qo
is an (n — 1)-interval in R®~! and J = [a,b] is a closed segment on some
z;-axis, 1 <7 < n. For z € Qp consider the line segment 8 = 3,,

B(t)=z+te;, t € [a,b],

joining two faces of Q. We show that 1* is absolutely continuous on § for
almost all z.

To this end, let [y},3],. .., [y}, ¥2] be a collection of disjoint closed inter-
vals on . Because U; is a normal neighborhood of z;, we have by Lemma
14.8 that

> ile f) = N(£,U;) = i), f) = s(3).

z€f-1(yE)NU;
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Foreach j =1,...,q pick the total lifts a;j;, i = 1,...,8(j), of B in U; given
by Lemma 14.10. Then Lemma 14.23 implies that each a; ; is absolutely
continuous for almost every z € Q. Fix such a point 2 € Qp. Then for
every € > 0 we can find § > 0 such that

q s(j) p

(14.32) SN i) - esi(@h)l < e

j=1i=1r=1

whenever

P
SlwE -yl <6,
r=1
Now for fixed j, 1 < j < gq,and ¥, r = 1,2,...,p and £ = 1,2, we know
the number of lifts going through each point in f~(y¢) N U;; namely, it
follows from (14.12) that

s(j)
(14.33) o il @) =D b(ayeh))
z€f=1(yt)NU; i=1

Finally, since ¢ € C§°(f2), there is C < oo such that

[¥(z) - ¥(y)| < Clz -y
for all z, y € 2, and we obtain from (14.33) and (14.32) that

P P g ()
SR - vl = 30| 23 (s 62) - $lasa(ad))]
r=1 r=1 j=1i=1
P g s()
<CY Y losiwd) - yja(wr)|
r=1j=1 i=1
<Ce.

This shows that 1* is absolutely continuous on 3.

It remains to show that the gradient of ¢* is in L™(f2). Again fix yo €
spty* and let zy,...,z4, Un,..., Uy, U = UUj;, and ' > 0 be as in the first
part of the proof. Suppose first that yo ¢ f(By Nsptt). Then i(z;, f) =1
forall j =1,...,q, and hence f|y, = f; is a quasiconformal mapping of U;
onto B(yo,r’) (Lemma 14.8). Furthermore, for each y € B(yo, ')

P = Y, Y@= Z¢ (@),

z€f-1(y)NU
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and invoking Theorem 14.28 we have
q
(14.34) v (y) = D7 @) V(7 W)
j=1

for a.e. y in B(yp,r’); here we also used the fact that the inverse of a
quasiconformal mapping is quasiconformal. Thus

/ |Vy*|™ dy
B(yo,™')

<> Y V67 @) dy

j=1 B(yo,r

q9
<q"' Y Kolfi) /mo,,/) T @) V(57 @)™ dy

i=1

< q“‘liKz(f) / |Vy|" dz = " K1 (f) / |Vy|™ de
B i=1 U; U ’

where we utilized the integral transformation formula (14.26) for homeo-
morphic mappings.
Finally, by the Vitali covering theorem, we have

spt9" \ £(By nsptv) € U B u 4,

where |A| = 0 and B(y;,7:), ¢ = 1,2,..., are mutually disjoint with y; ¢
f(Bs N spty) satisfying the conclusion obtained for B(yo,r’). Since the
multiplicity N(f,spt) is finite and since |f(Bj N spty)| = 0 (Lemma
14.22), we have

*|n n—1 — n
L, o rars Nt kY [ v
< N(fspt ) Kalf) [ 1991 do < oo,

where U is the union of normal neighborhoods associated with y; as before.
This completes the proof. m]

Even if both f and v are smooth, ¢* need not be smooth. This can
be seen by considering a function 1 € C$°(R?) such that (2) = |2/ in a
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neighborhood of 0 and the analytic function f(z) = 2%. If z = r % in the
polar coordinates of R?, then z; = /r €*/2 and 2z, = /r e{3"+9)/2 are the
points that are mapped to z under f. In a neighborhood of 0 we have

$*(2) = ¥(21) + $(22) = 27 = 2}z

which is not smooth at 0.
Note also that if ¢y € C(f) is not compactly supported in 2, then *
need not be continuous in .

14.35. Quasiregular mappings and A-harmonic functions

As explained on several occasions, in nonlinear potential theory with p =n
quasiregular mappings often take the role of analytic functions in classical
theory. We already cracked the surface when we demonstrated in Section
14.13 that if f is quasiregular, then there is a mapping A such that u =
log | f| satisfies the equation

—divA(z,Vu) =0

outside the zero set of f. If f # 0, we have the fundamental fact that
—log|f| is A-superharmonic. In this section we investigate relations be-
tween A-harmonic functions and quasiregular mappings more generally.

Suppose that A satisfies assumptions (3.3)-(3.7) for p = n in the un-
weighted case w = 1. It will become obvious from the computations below
that the “conformally invariant” case requires that the exponent p be equal
to the dimension of the underlying space R®. Mappings associated with
other values of p are studied in Section 14.78.

DEFINITION. Suppose that f: Q@ — R™ is quasiregular. We define a new
mapping f#A: R® x R® — R", the pull-back of A under f, as follows:

(14.36) FEA(z,€) = J4(2) f'(z) " A(f (), f () 7V €)

whenever z € Q2 is such that Jy(z) # 0. If x ¢ Q or if J¢(x) does not exist
or if J¢(z) = 0, then we set

(14.37) f#A(z,6) = Alz,€).

As usual, in (14.36) we have treated the (formal) derivative f'(z) as a
linear mapping f'(z): R® — R". In particular, f'(z)~! is the inverse of
f'(z) which exists whenever J¢(z) # 0, and f'(z)* is the transpose of the
linear mapping f'(z). The definition in (14.37) does not play any role in
our considerations, since the set of points z € Q to which it applies has
measure zero (unless f is constant which is after all a rather uninteresting
occurrence).
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14.38. Lemma. The pull-back f#A of A satisfies assumptions (3.3)-
(3.7) with p = n, w = 1, and structure constants

B =BEKi(f),

a/

_ o«
Ko(f)’
where a and f are the structure constants of A.

PrROOF: We may assume that 2 is a domain and that f is nonconstant.
Since |A| = 0 if and only if |f(A)] = 0 (Lemma 14.22), it is not difficult
to see that f#.A satisfies (3.3). To prove (3.4), let z € Q be such that
f is differentiable at = with Jy(x) > 0, that (14.2) is satisfied at = for
K = Ko(f), and that (3.4) holds for A at f(z). Let £ € R™ and write
¢ = f'(z)™Y" ¢. Then

f*A(z,€) - € = Jp(z) A(f(2),€") - €
> Jp(z) al€*|" 2 aJs(2) €(£'(=)71)" €
= aJi(@) f @I " 2 o €7

and this holds for a.e. z in . Hence (3.4) is true for f#A with constant

o =a/Ko(f).
Similarly, we obtain for a.e. z € Q

[f#A(z, €)| < Jp(2) 1f' (@) |A(f(=), €")]
< BIs(@) 1 (@) < BIp() If (=) 71" g
=B Js(z) &(f (=) " l€" < BEL(F) eI

Hence (3.5) holds for f#.A with constant 8’ = 8 K1(f).

Next observe that (3.6) for f# A follows from the corresponding property
of A and from the fact that sets of zero measure are preserved under f.
Finally, (3.7) is obvious, and the lemma follows. ]

The following theorem is our main result in this section. It says that
a quasiregular mapping f is an (f#A, A)-harmonic morphism for all A
satisfying structure conditions (3.3)—(3.7) with p = n and w = 1. If f has
no branching, the theorem easily follows from the integral transformation
formula (14.26); the general case is more involved.

14.39. Theorem. Suppose that u is A-harmonic in an open set §' C R™
and that f: @ — R™ is quasiregular. Then u o f is f# A-harmonic in
Fu).

PROOF: There is no loss of generality in assuming that f~1(Q') is a domain
and that f is nonconstant in f~!()'). Because each zo € f~1(') has
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arbitrary small normal neighborhoods U = U(zy, f,7) € f~}(Q') (Lemma
14.7) and because the problem is local, it suffices to verify that v =uo f
is f# A-harmonic in such a neighborhood U. Moreover, since v € C(U) N
Wbn(U) by Theorem 14.28, we only need to show that

/ f*A(z, Vv) - Vipdz = 0
U

whenever ¥ € C§(U).
Fix ¢ € C§°(U). Write B = B(f(%o),7) = f(U) and for y € B define

)= Y, i)Y

z€f~1(y)

as in (14.29). Let V be the open set B\ f(U N By). If B(yp,r') is a ball
in V, then U N f~}(B(yo,r’)) has exactly ¢ = N(f,U) components Uj;,
each of which is mapped homeomorphically onto B(yo,r’) by the mapping
fi = flu;y 5 =1,...,q. See Lemmas 14.7 and 14.8. Moreover, 9" is in

W{™(B) and its gradient Vi)* has the expression

Vit (y) =Y (7 @) Vo (£ (@)

j=1

for a.e. y € B; see Lemma 14.31 and (14.34).

We choose a sequence B, Bs, ... of disjoint open balls from V which
cover almost all of V', and hence almost all of B because |f(Bf)| = 0. Let
Uia,..-,Uiq be the components of U N f~1(B;) and let f;;: U;; — B;
be the quasiconformal restrictions of f to U; ;. Put g;; = f;jl. Then the
gradient of Vy* takes the form
(14.40)

q

q -
V() =3 040 V(01 ) = Y £ (9:5®) T V(15(w))

j=1 j=1

forae. y€B;,i=1,2,....
Now because |Bg| = 0 and because Vu(z) = f'(z)* Vu(f(z)) a.e. in U,
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the integral transformation formula (14.26) yields
/ f* Az, Vv) - Vipdz
U
= [ 310 @ A(1@), Vi @) - V9(e) o

o g
=3 Y [ 5@ AG@, Vus@) - £@) " Via)da
=22 /B Ay, Vu(®)) F(965®) " V(9:15(v)) dys

i=1 j=1

inserting (14.40) and using the fact that |f(By)| = 0, we obtain
/ F# A(z, Vo) - Vep d = / Ay, Vu) - Vo dy.
U B

Because u € W1™(B) is A-harmonic in B and ¢* € W'™(B), the last
integral is zero, as desired. This completes the proof. ]

14.41. Corollary. Every quasiregular mapping f: @ — R™ is an 2,,-
harmonic morphism.

Combining Corollary 14.41 and Theorem 13.7 we obtain that quasireg-
ular mappings “preserve” superharmonic functions as well. However, the
following theorem could be proved directly since the proof of Theorem 14.39
applies almost verbatim when .4-harmonic functions are replaced by con-
tinuous supersolutions, and since an arbitrary .A-superharmonic function
can be approximated by an increasing sequence of continuous supersolu-
tions (Theorem 8.15). Note that the problem is trivial for quasiconformal
mappings, for if f is a homeomorphism, the comparison definition for A-
superharmonic functions can be used.

14.42. Theorem. Suppose that f: @ — R™ is quasiregular and non-
constant in each component of Q. Let A be as in Theorem 14.39. If u is
A-superharmonic in ' C R™, then uo f is f# A-superharmonic in f~*(Q').

The coordinate functions u(z) = z;, 1 = 1,...,n, trivially satisfy the
n-Laplace equation
—div(|Vu|* 2 Vu) =0
in R™. Henceif f: Q — R™ is a quasiregular mapping and f#A is the pull-

back of the n-Laplacian, the coordinate functions of f are f#.A-harmonic
in Q.
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A computation shows that also the function u(z) = log || is n-harmonic
in R™ \ {0} and it may seem as a consequence of Theorem 14.39 that the
function

’0(1?) = lOg |f((l¥) - bl: beR" )

is f# A-harmonic in Q \ f~!(b). However, the fact that log|f(z) — b| is
f# A-harmonic for A(z, £) = |¢|*~2 ¢ was employed in the proof of Theorem
14.14, and the argument used there is essentially the only presently known
route to the discreteness and openness of quasiregular mappings. The
method in Theorem 14.39 seems necessary when dealing-with more general
mappings A.

Since t > e®, s > 0, is convex and increasing, it follows that |f|® is
f# A-subharmonic (Theorem 7.5).

If f: @ — R? is a plane analytic function, then the coordinate functions
of f are harmonic. The above observation about the components of a
quasiregular mapping is a counterpart of this result. However, the existence
of a conjugate function % such that f = (u,d) is analytic has no obvious
extension in higher dimensions. In the plane the situation is different due to
the existence theory of quasiconformal mappings with prescribed dilatation
(Lehto and Virtanen 1973).

If f: @ —» R™ is quasiconformal, then f~!: f(Q2) — Q is also quasicon-
formal and it is easy to see by using Theorem 13.2 that

(FH* FA= 4,
A A=A

Moreover, if A(z,£) = |£|"2 ¢ and if T is a sense-preserving Mébius trans-
formation of R™, then the pull-back T#A is unchanged: T#A(z,¢) =
|€|"~2¢. This follows from the fact that at each point z with T(z) # oo
the derivative T"(z) is of the form Jr(z)!/"O,, where O, is an orthogonal
transformation of R™.

Heinonen et al. (1992) have proved that in the unweighted case Corollary
14.41 has a converse: every sense-preserving ?,-harmonic morphism is
a quasiregular mapping. Manfredi (1991) has shown that every (A, A)-
harmonic morphism with A(z,¢) = |£[*~2 ¢ is necessarily 1-quasiregular,
and hence a Mébius transformation if n > 3.

14.43. Applications to quasiregular mappings

Potential theoretic methods are of great importance in the study of quasi-
regular mappings, even more so than in classical complex function theory
where other means are often available. Because quasiregular mappings are
A ,-harmonic morphisms, one can directly apply the results achieved in
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the preceding chapter. In particular, we conclude that Liouville’s theorem,
Radd’s theorem, the principle of .A-harmonic measure, etc. are true for
quasiregular mappings. In this section we present these and some more
advanced applications.

As explained in the previous section, each coordinate function of a quasi-
regular mapping f: @ — R™ is f# A-harmonic if A(z,£) = |¢|*~2¢. Thus
we have by Theorem 6.6:

14.44. Theorem. A quasiregular mapping f: Q — R™ is Hélder contin-
uous with exponent o on compact subsets of }, where o € (0, 1] depends
only on n and K(f).

The use of A-harmonic functions does not give the best possible Holder
exponent, which is known to be K1(f)'/(»~1) (Martio et al. 1970; Vuorinen
1988).

Similarly, we apply Theorem 6.44 and record the following:

14.45. Theorem. Suppose that f is a K-quasiregular mapping in a
bounded open set 2 whose complement satisfies the capacity density con-
dition (6.43) with p = n, w = 1, and constants ¢y and ro. If f has a
continuous extension to ( and if there are constants M >0 and 0 < § <1
such that

If(z) - f@)] < Mz —y)°
for all x,y € 09, then

If(=) = f@)| < M|z -y
for all z,y € Q, where 6§, > 0 depends only on n, K, 6, and ¢y, and
M, = /n80Mr;? max{1, (diam Q2)?}.

It was mentioned in Section 6.41 that a similar result for .A-harmonic
functions, namely Theorem 6.44, is not necessarily true without the ex-
tra capacity density assumption on (Q. However, it was established by
Gehring et al. (1982) that if an analytic function f is Holder continuous
with exponent o on the boundary of an arbitrary bounded open set Q in
the plane, then f is Hélder continuous with exponent « in the closure of
Q. Therefore, one might conjecture that if  is bounded and if f: @ — R™
is a continuous mapping which is K-quasiregular in (2, then

If(z) - f@)| < Mla—y|°
for all z,y € 8Q implies
1f(z) - f(y)| < M|z —y|™
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for all z,y € Q, where
8, = min{6, K (f)"/*~™}.

This is known to be true in the special case where f is quasiconformal
(Martio and Nakki 1991), but seems to be an open question in general.
Various forms of Theorem 14.45 had been known to several people but
never published.

The removability result for morphisms (Theorem 13.16) can be sharp-
ened in the quasiregular case. Recall that a subset E of R™ is of zero
n-capacity if

cap, (ENQ,Q)=0

for all open sets Q'.

14.46. Theorem. Suppose that C is a relatively closed subset of ) and
that C is of zero n-capacity. Then each bounded K-quasiregular mapping
f: @\ C — R" has a K-quasiregular extension f*: @ — R".

PROOF: Since the coordinate functions of f are A-harmonic in @\ C for
some A with p = n, where w = 1, and since sets of zero n-capacity are
removable for bounded .A-harmonic functions by Theorem 7.36, f has a
continuous extension f* to (). Moreover, this extension belongs to W,lo': Q).
Because sets of zero capacity have Lebesgue measure zero, the required
inequality |f'(z)|™ < KJ¢(z) holds a.e. in §, and the theorem follows. O

The assumption that f is bounded in Theorem 14.46 is not necessary; it
suffices that f omits a set of positive n-capacity. In this case f* may take
the value oo and the class of quasimeromorphic mappings must be consid-
ered. Quasimeromorphic mappings generalize quasiregular mappings the
same way meromorphic functions generalize analytic functions. More pre-
cisely, if 2 is open in R, we say that a continuous mapping f: @ — R is
K-quasimeromorphic if f~1(o0o) is a discrete set and if f is K-quasiregular
in @\ {f~*(c0),00}. The reader is invited to prove this more general re-
movability theorem by using the fact that the complement of a nonpolar set
carries nonconstant bounded .A-harmonic functions. Martio et al. (1970)
have presented a different proof.

For a long time nothing better than Theorem 14.46 was known for
quasiregular mappings in dimensions higher than two, but recently some
new light has been shed on this quite difficult problem. In particular,
Iwaniec (In press) has established that there is € = e(n, K) > 0 such that if
f is a bounded K-quasiregular mapping in a neighborhood of a compact set
E with Hausdorff dimension not exceeding ¢, then f has a K-quasiregular
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extension to F; subsequently, Rickman (In press) constructed examples
showing that this result is qualitatively the best possible. See also Koskela
and Martio (1990), Iwaniec and Martin (In press), Jarvi and Vuorinen
(1992).

Radé’s theorem for holomorphic functions has many applications, es-
pecially in the several variable theory, where it is often called the Radé-
Cartan theorem. For a good account, see Narasimhan (1985, 11.8). We
next restate Radé’s theorem for quasiregular mappings and then discuss
some applications.

14.47. Radé’s theorem for quasiregular mappings. Suppose that
f: Q@ — R™ is continuous and that C C R™ is a closed set of zero n-
capacity. If f is K-quasiregular in Q \ f~1(C), then f is K-quasiregular
in Q. In particular, if f: @ — R™ is continuous and K-quasiregular in
Q\ f~(zo), then f is K-quasiregular in .

Theorem 14.47 was first proved by Kuusalo (1977). The removabili-
ty theorem 14.46 allows a slightly more general formulation for Theorem
14.47 in the case when f is bounded; then it suffices to assume that f is
quasiregular in 2 \ C, where C is closed in §, and that the cluster set
C(f,C) has zero n-capacity. Similar remarks hold for the following result.
We leave such generalizations to the reader.

14.48. Theorem. Let f: Q — R™ be a quasiregular mapping in a
domain  and let b be a nonisolated boundary point of Q. If b has a
neighborhood U such that lim,_,, f(z) =0 for all y € 8Q N U, then f =0
in Q.

PRrOOF: Pick a ball B centered at b and contained in U. By setting f =0
in B\ , we extend f continuously to @' = QU B. By Radé’s theorem f
is quasiregular in Q. Because ' is connected and because the zeros of f
have a cluster point b € Q', the discreteness of nonconstant quasiregular
mappings implies f = 0, and the theorem follows. m]

A mapping f: Q@ — Q' is called proper if the preimage under f of every
compact set in Q' is compact. It is well known that R™ cannot be embedded
quasiconformally onto its proper subset, and the following consequence of
Radé’s theorem can be viewed as a multivalued analogue of that result.

14.49. Theorem. Suppose that f: @ — R™ is a proper quasiregular
mapping. Then R™ \  is a finite set and f(z) — oo when z — y for all
y € 0. In particular, f has a quasimeromorphic extension to R" with
poles on 9.
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PROOF: Since f is discrete and proper, the set f~1(0) is finite. Consider
the mapping g = T'o f, where T is a sense-preserving Mobius transformation
which interchanges 0 and co. Then g is a quasiregular mapping in Q \
f71(0). Let y be a boundary point of 2 and z; € Q a sequence converging
to y. Since f is proper, necessarily f(x;) — co. Consequently, g(z) — 0 as
& — y for all y € 8Q, and after setting g(y) = 0 for y € (RNR™, we deduce
from Radé’s theorem that g is quasiregular in R™\ f~1(0). In particular, it
follows that R™\ Q = 82 NR" is a discrete set, and putting f(y) = oo for
y € QNR" defines a quasimeromorphic mapping f: R* — R" Moreover,
we have im,_,o f(x) = oo so that f can be thought of as a continuous
mapping of ﬁn, quasimeromorphic in R™. Using an appropriate inversion,
it is clear that the removability theorem 14.46 can be used so as to conclude
that f is quasimeromorphic in all of R". In particular, f is discrete which
implies that f~1(0) = 8Q is a finite set. The theorem is proved. m]

The last topic in this section is the use of .A-harmonic measure in the
study of quasiregular mappings. Let A satisfy the usual assumptions with
p =n and w = 1. The principle of .A-harmonic measure for quasiregular
mappings reads as follows.

14.50. Principle of A-harmonic measure for quasiregular map-
pings. Let 2 and Q' be open sets in R™ and let f: Q — Q' be a quasireg-
ular mapping. If E C 8Q is such that C(f, F) is closed in ', then

w(E,Q; f* A)(z) < w(C(f, E), 25 A)(f(2))

for all z € Q.
Recall the convention that w(C(f, E), ¥'; A)(f(z)) = 1if f(z) € C(f,E).

14.51. Principle of A-harmonic measure for quasiconformal map-
pings. Suppose that f is a quasiconformal mapping of Q onto V. If
E C 09, then

(14.52) w(E,Q; f*A)(2) < w(C(f, E), ' A) (f(=))

for each z € Q. IfC(f~*,C(f, E)) = E, then equality holds in (14.52).

Although an elementary inequality, the principle of A-harmonic measure
leads to many useful applications. Our first example extends the classical
two-constant theorem for analytic functions.

14.53. Two-constant theorem for quasiregular mappings. Sup-
pose that f: Q@ — R™ is quasiregular and that E C 9. Let A(x,£) =
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[€I"~2 ¢ and let w = w(E,Q; f#A) denote the f#A-harmonic measure of
E in Q. Suppose that there are 0 < m < M < oo such that

(14.54) limsup |f(z)| < M
z—y

for all y € E and

(14.55) limsup |f(z)| < m
T—y

for ally € 9Q\ E. Then

M\ w(=)
@) <m()
for all z € Q.
ProoF: This follows by applying Theorem 11.9 to the f# A-subharmonic
function log |f|. m}

As an example, let F be a porous Cantor set constructed on the boundary
OB™ of the unit ball B® in R™. Then F is of total harmonic measure zero
by Theorem 11.27. If f: B* — R™ is a bounded quasiregular mapping,
then Theorem 14.53 says that |f| cannot “jump” on the set E. For analytic
functions f in the unit disk Theorem 14.53 says that |f| cannot jump on a
set of linear measure zero in 8 B2.

The two-constant theorem is often useful in a different formulation. Sup-
pose that f is a quasiregular mapping in 2 such that M = sup|f| < oo.
Suppose further that F C 952 is such that

limsup f(z) <m< M

Ty

for all y € E. Then

(14.56) f@) < M)

for all z € Q, where w is the .A-harmonic measure of F in Q as in Theorem
14.53. The proof of this inequality is similar to the proof of Theorem 14.53,
but it does not directly follow from that theorem, because it is not known
whether w(E,Q; A) =1 — w(80N\ E, Q; A) in general.

Next we apply the Phragmén—Lindeldf principle 11.11 to obtain a growth
estimate for quasiregular mappings in unbounded domains.
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14.57. Theorem. Let A(z, &) = |¢|~2¢. Suppose that f: @ —> R™ is a
quasiregular mapping in an unbounded domain 2 containing 0. Denote by
wg the f# A-harmonic measure w(ERg, Qg; f*.A), where Qr = QN B(0, R)
and Eg = 8B(0,R) N 8Qg for R > 0. If

limsup |f(z)| < 1
Tz—y

for all y € 89, then either |f| <1 in Q or

h'}gn inf wr(z) log M(R) >0

for all z € 2, where M(R) = max|g—r | f(2)|.

Proor: This follows from the Phragmén-Lindeldf principle 11.11 applied
to the f# A-subharmonic function log |f(z)|. O

If the complement of 2 in Theorem 14.57 contains an unbounded con-
tinuum, it can be proved that asymptotically

wr = R—G,

as R — oo, for some § = §(n, K) > 0. This follows from a more general
Tsuji type estimate for wg given by Granlund et al. (1985). It follows, in
particular, that if f is an entire nonconstant quasiregular mapping having
at least one finite asymptotic value, then the lower order of f,

i inf loglogM(R)1
R—oo log R

is positive. We recall that a mapping f : @ — R™ is said to have an

asymptotic value a at y € AN if there is a path I" in Q2 ending at y such

that f(z) — a as ¢ — y along I'. See also the papers by Rickman and

Vuorinen (1982) and Heinonen et al. (1989b).

It is an open problem whether the Denjoy theorem holds for an entire
quasiregular mapping in dimensions n > 3 even in the following weak form:
if the lower order is finite, the number of distinct asymptotic values is finite.

The A-harmonic measure can be used to prove a Lindel6f type theorem
for quasiregular mappings. If f is bounded and analytic in the unit disk
B and if f has an asymptotic value wy at zo € 8B, then f has the limit
wq along each angle in B with vertex at zo. In particular, f has the radial
limit wo at zo. This classical theorem of Lindeldf is best proved by using
harmonic measure; see Ahlfors (1973). For n > 3 Lindel6f’s theorem in
the above formulation is false for quasiregular mappings (Rickman 1980a).
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However, if B is the unit ball of R" and if f: B\ L — R" is a bounded
quasiregular mapping where L is a line, then the theorem holds at points
zo € BN L; this result (Granlund et al. 1985) is possible because L carries
about the same amount of (A-)harmonic measure as an asymptotic path.
Similarly, Lindel6f’s theorem in the ball is true if the asymptotic path is
replaced by an asymptotic (n — 1)-dimensional surface (Rickman 1980a).
Lindelof’s theorem for quasiregular and quasimeromorphic mappings has
also been studied in Vuorinen (1981) and Heinonen and Rossi (1990).

14.58. The Picard theorem for quasiregular mappings
Because quasiregular mappings are 2,-harmonic morphisms, we obtain
from Theorem 13.13 that an entire quasiregular mapping f : R — R" is
either constant or assumes quasievery point in R™. It was an open problem
for some time whether stronger Picard type theorems exist for quasiregular
mappings. Zorich (1967) constructed a nonconstant quasiregular mapping
of R™ that omits precisely one point, and he conjectured that omission of
two points is not possible. Rickman (1980b) proved that a nonconstant
K-quasiregular f : R® — R™ assumes all but a finite number g¢(n, K)
of points, and later he showed via a deep construction that in 3-space any
finite number of points can be omitted (Rickman 1985). Thus g(n, K) — oo
as K — oo at least when n = 3, and probably the same is true for any n > 3
but there is no proof. Generally Rickman’s methods are quite different frem
those presented in this book.

Our aim in this section is to present a potential theoretic proof of Rick-
man’s version of the Picard theorem, recently given by Eremenko and Lewis
(1991).

14.59. Picard’s theorem for quasiregular mappings. Let f: R" —
R™ be a K-quasiregular mapping. There is a number go = go(n, K) < 00
such that if f omits qo points, then f is constant.

We prove a general statement about .A-harmonic functions from which
Theorem 14.59 readily follows.

We suppose in this section that A is a mapping satisfying assumptions
(3.3)-(3.7) with p = n and w = 1, and, in addition, that there is a constant
4 > 0 such that

(14.60) Y& — &|" < (A, &) — Alz, &) - (& — &)
holds for a.e. z € R™ and all £ € R™. Then we prove:

14.61. Theorem. Suppose that A satisfies assumptions (3.3)-(3.7) and
(14.60) with p =n and w = 1. Let hy,..., hq be nonconstant A-harmonic
functions in R™. Suppose that there is A > 0 such that

(@) {z:hi(z) < =A}n{z:hj(z)<-A}=0
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() b — A <X

(iif) |h:(0)] < A
whenever 1 < 4,5 < q, ¢t # j. Then q cannot exceed a number gy < oo
which depends only on n, 8/a, and v.

Recall the notation h* = max(0, k) above.

Let us first show how Theorem 14.59 follows from Theorem 14.61. Sup-
pose that f is a nonconstant K-quasiregular mapping in R" omitting points
ai,...,aq. Then the functions

hi(z) = log|f(z) — ai
are A-harmonic in R™ for ¢ = 1,...,q, where A is the pull-back of |¢|"~2¢,

A(z,€) = Jy(2)|f () €2 f (@) f (@) e

whenever f' exists and is invertible, and A(z,£) = |£[*~2¢ otherwise. By
Lemma 14.38 the mapping A satisfies assumptions (3.3)—(3.7) with p = n,

=1, a = 1/K¢(f), and 8 = K(f). We compute that A satisfies
assumption (14.60) with v = 1/2""1K,, where Ko = Ko(f). To do this,
observe that A(z, £) is of the form

Az, €) = (8(2)¢ - £~ D/%0(2)t
where the matrix 0(:1:) = J(x)?/™f'(z) "1 f'(x)~1" satisfies

(14.62) l€]? < 0(z)¢-€ < Ki/™l¢|?

K2/n

for a.e. z in R™. Fix z such that (14.62) is true and write for short 8(z) =
T*T. Then

(A(z,61) — Az, &) - (& - &)
= (|IT&|" T — |T&|"T&;) - (Té — Té,)

= 276" + IT&I"?) (176 - Tel?)
+ 5 (6P - 1T6P) (T6 - [T6?)
> S(ITal" +ITel™?) (176 - T&P)
= 1((o(z>el 6)" D 4 (@) - &) D) (0(2) 6 ~ &) (6 — )
> 2K (62 + el 6 - &l
> s (6l + 162 "l6s — & 2 Gl — al”
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as required.

Next, we assume without loss of generality that f(0) = O and that the
points ay, ..., a4 all lie in the ball B(0,1/4). If we set

6=

N =

Ig'?ﬂaih la; — ajl}

‘and 1
A= log-g,

then it is an elementary task to check that (i), (ii), and (iii) are true for
h; = log | f — a;| with this choice of A. Consequently, Theorem 14.59 follows
from Theorem 14.61.

We begin the proof of Theorem 14.61 with an auxiliary lemma which is
interesting in its own right. The lemma as well as Theorem 14.61 could be
presented in more generality (Eremenko and Lewis 1991) but we only give
a version which is sufficient for the purposes of Theorem 14.59.

Suppose that u is A-subharmonic in 2 and that u € W.7(Q). Then
div A(z, Vu),

div A(z, Vu)(p) = —/Q A(z,Vu) - Vedz,

is a positive distribution, and the Riesz representation theorem guarantees
that there is a unique positive measure v on 2 such that

/ A(z,Vu) - Vedz = —/ pdv
Q Q

whenever ¢ € C§°(Q2) (Schwartz 1966, p. 29). We call the measure v the
Riesz measure associated with u in Q. The Riesz measure naturally exists
for general A-subharmonic functions which are locally in the Sobolev space
HV?(Q; u) although we only use it in the situation of Theorem 14.61. More-
over, we only consider continuous A-subharmonic functions (see Corollary
7.20). The Riesz measure in connection with general .A-subharmonic func-
tions has been studied by Kilpeldinen and Maly (1990, 1992b).

If u is continuous and A-subharmonic in  with the associated Riesz
measure v and if z € Q, r > 0, are such that B(z,r) € 2, we write

v(z,r) = v(B(z,r))
and

M(z,r,u) = max u(y).
y€EB(z,r)
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Next we record an appropriate consequence of the local Holder continuity
estimate for .4-harmonic functions: let h be an .A-harmonic function in a
ball B(zo,2r) with h(zp) = 0. Then for all 0 < ¢t < 1 we have that

(14.63) M(zq,tr,h) < ct*M(zq,2r,h),

where ¢ > 0 and k > 0 depend only on n and §/a.
To achieve this, we first apply Harnack’s inequality to the nonnegative
A-barmonic function M(zy,2r, h) — h and obtain

(14.64)  M(=zo,r,—h) < M(zo,7, M(z0,2r,h) — h) < ¢ M(zo,2r, h)
because h(zp) = 0. Then the local Hélder continuity estimate (6.7) implies

M(zo,tr, h) < osc(h, B(z,tr)) < 2t osc(h, B(zo,))
= 25" (M (20,7, h) + M(z0,7,—h)) < ct*M(zo,2r,h),

as desired.

14.65. Lemma. Suppose that A is as in Theorem 14.61 and that h is
an A-harmonic function in the ball B(zo, R) with h(xg) = 0. Then

%u(zo,r/2) < M(zo,7,h)" ! < cv(zo,2r)

for all 0 < r < R/2, where v is the Riesz measure associated with the
continuous A-subharmonic function u = max(h,0) and ¢ = ¢(n, 8/a,7v) >
0.

Proor: The first inequality is a consequence of the Caccioppoli estimate
(3.28) and inequality (14.60) is not needed. Indeed, let n € C§°(B(zo, 3r/4))
be a nonnegative test function such that n = 1 on B(zo,7/2) and |Vn| <
10/r. Then

v(zo,r/2) < / ndv

B(zo,37/4)

= —/ A(z,Vu)-Vndz < 8 |Vu|*~1|Vn|dz
B(z0,37/4) B(z0,37/4)

ﬂ(/B( st |[Vul® dz)(n—l)/n(/ [Vn|® d:z:)lh1
T0,9T,

B(z0,37/4)
c / [Vul® d:v)("—l)/n
B(Io,31’/4)

IN

IN
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On the other hand, choosing a slightly different test function, (3.28) implies
/ |Vu|" dz < e M(zo,7,u)",
B(zo,37/4)

and we arrive at the first inequality.

In proving the second inequality, we invoke condition (14.60). Let h,, be
the A-harmonic function in B(xo, 2r) with boundary values u on 8B(zo, 2r);
then the comparison principle implies 0 < u < h,, in B(zq, 2r). By applying
(14.63) and Harnack’s inequality, we obtain for 0 < ¢ < 1/2 that

M(=zg,tr,u) = M(zo,tr,h) < ct"M(zo,r,h)
= ct*M(zo,r,u) < ct*M(zo,T, hy) < ct*hy(z0),

where s and ¢ depend only on n and /a. Using this and Harnack’s
inequality we may choose t and ¢’, depending only on n and 3/e, such that

' hy(z0) < hy(z) — u(z)
for all z € B(zq,tr). Now because the function
¢ = min(hy — u, ¢'hy(z0))
is nonnegative and belongs to Wy'"(B(zo,2r)), we obtain by Poincaré’s

inequality 1.4 (with du = dz), assumption (14.60), and the fact that h, is
A-harmonic that

hu(zo)"r™ < c /

phdz <cr" / |Ve|™ dz
B(=zo,2r)

B(zo,2r)
=ecr® / |Vhy — Vu|™ dz
{Ve#0}
<ecr® / (A(z, Vhy) — A(z, Vu)) - (Vhy — Vu) dz
{Vipr0}
= —cr” / A(z,Vu)-Veodz =cr® / pdv
B(zo,27) B(zo,27)
< er” hy(zo) v(z0, 2r),
where ¢ depends only on n, 8/a, and . It follows that
M(zo,, )"t < M(zo,7,hy)" ™" < chy(zo)™ ! < cv(zo,2r)

as desired. The lemma follows. O
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We require another lemma.
14.66. Lemma. Let h be an A-harmonic function in a ball B = B(0, R)
with h(0) = 0 and let v be the Riesz measure associated with u = max(h, 0).
Then there exists ; € 1B and 0 < r < R/40 such that h(z,) = 0, that
B(z,,10r) C }B, and that
max{v(0, R/8), v(z1,107)} < cv(z1,7)
for some constant ¢ = ¢(n).
ProoF: Let E = {z : h(z) = 0} and put

T = sup{v(z,6(z)): € EN %B},
where 1 R
§(z) = 55(3 — =)
Choose z; € E such that
v(zy,8(z1)) > 7/2.

We claim that z; and r = §(z,) will do.
Clearly, r = é(z1) < R/40 and B(z,,10r) C 1B. Cover E; = EN
B(z1,10r) by balls B(y;,6(y;)), y; € E1, j = 1,...,£, such that

B(y;,6(y;)/5) N B(yk, 6(yx)/5) = 0

for j # k (see the covering theorem 2.28). Since

1 3

36(z1) < 6(y) < 56(z1)
for any y € F;, the number £ of the balls B(y;,6(y;)) does not exceed a
constant ¢(n). Thus

£

Va1, 10) = v(Br) € 3 w(y; 6(5)) < r < 2e(n) vl(ar,T).
j=1

Similarly, E; = ENB(0, R/8) can be covered by ¢(n) balls B(yk, 6(y)),
Yk € Es, so that

¢
v(0,R/8) = v(Ba) <Y vlyw, 8(yr)) < 2¢(n) v(z1,7).
k=1

The lemma follows. 0O
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PROOF OF THEOREM 14.61: We let ¢ denote any positive constant that
depends only on the parameters n, 3/a, and v. Without loss of generality
we may assume that h;(0) = 0, for otherwise h; can be replaced by h,(z) -
h1(0) and conditions (i)—(iii) are satisfied with 2) in place of \. Fix R > 0
and let B = B(0, R). Then by Lemma 14.66 there is a point z; € ;B and
a radius r < R/40 such that hy(z1) =0 and

max{vy(0, R/8), v1(z1,10r)} < cvy(zy, 1),

where 1, is the Riesz measure associated with u; = max(h;,0). Conse-
quently, Lemma 14.65 implies that

max{M(0,R/16,h1), M(z,,57,h1)} < cM(z1,2r,hy),

and because |hf — h;"| < Xfor j =1,...,q, we find from this that all
functions h; satisfy

max{M (0, R/16,h;), M(xy,57, h;)}
(14.67) < ¢ (M(zq,2r,hj) + A)
<eM(zy,4r,—hj)+c,
where the last inequality follows by applying (14.64) to the function h;(z,)—
h;j and noting that h;(z;) < A
Fix j and choose y; € 8B(z,,4r) such that —h;(y;) = M(xy,4r,—h;).
Consider the A-harmonic function

g9(z) = hj(z) + M(zy,4r,—h;).

The Holder estimate (14.63) together with (14.67) implies for 0 < ¢ < 1/2
that

M(yj7tr:g) < CtNM(yhrsg)
< ct®(M(zy, 57, h;) + M(zy,4r, —h;j))
< ct®(M(zq,4r,—hj) + X)

where & = k(n,/a) > 0. Therefore, choosing to = to(n, 3/a,v) positive
but small enough, we find that

1
M(yj,tor, g) < EM(z1,4r, —h;)+ A
which implies

(14.68) hiz) < —%M(zl,4r, —h;)+ 2
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for all £ € B(yj,tor). On the other hand, since M(0, R/16,h;) — oo as
R — oo and since M(0, R/16,h;) < M(0,R/16,hk;) + A, we deduce from
(14.67) that R can be chosen so large that the right hand side in inequality
(14.68) is less than —\. In particular,

B(yj,tor) C {z : hj(z) < =A}.

Now the balls B(y;,tor), j =1,...,q, are pairwise disjoint with centers
y; lying on dB(z1,4r), and we conclude from this that ¢ cannot exceed a
finite number that depends only on n, 8/, and v. The proof of Theorem
14.61 is complete. (|

14.69. Quasiregular mappings and variational integrals
Quasiregular mappings not only preserve .A-harmonic functions but they
preserve variational integrals as well. The basic observation here is that
the n-Dirichlet integral

/ Vul* do

is invariant under conformal mappings. In this section we briefly discuss
variational integrals and quasiregular mappings. Granlund et al. (1983)
and Reshetnyak (1989) have considered this topic more thoroughly.

Suppose that F': R® x R® — R™" is a variational kernel satisfying (5.2)-
(5.5) with p=n and w = 1, and let f: @ — R™ be quasiregular. We define
the pull-back kernel f#F: R® x R® — R of F as follows. If z € Q is such
that J¢(z) # 0, then we set

f#F(z,6) = J5(2) F(f(2), f' ()7 €) ;
otherwise
f#F(z,€) = F(g,£).
The proof for the following lemma is immediate (see Lemma 14.38).
14.70. Lemma. The pull-back kernel f#F satisfies the assumptions

(5.2)-(5.5) for p = n and w = 1. The structure constants of f*F in (5.3)
are

& =6K1(f), ' =v/Kol(f),
where § and v are the constants of F.

If u is in W7(V) and if f: @ — R” is quasiregular and nonconstant,

then v = u o f satisfies
Vo(z) = £'(2)° Vu(f(=))

a.e. in f~1(Q’). Thus the integral transformation formulas (Section 14.24)
imply:
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14.71. Lemma. Suppose that u € W' (). If f is a quasiconformal
homeomorphism of  onto ', then

(14.72) /A f#F(2,V(uo f) do = /f RIASE

whenever A C Q0 is measurable.
If f: @ —» R™ is quasiregular and if D is a normal domain of f, with
f(D) C &V, then

(14.73) /D f#F(z,V(uo f)) dz = N(f, D) /f - F(z,Vu)dz.

Since F-extremality and V¢ F-harmonicity are equivalent concepts (The-
orem 5.18), Theorem 14.39 has an obvious reformulation for F-extremals.

Capacity inequalities are important tools in the theory of quasiconfor-
mal and quasiregular mappings. We present a short outline of the basic
inequalities; they are not needed in the remainder of the book. First we
recall the definition for the F-capacity (see Section 5.30). Suppose that the
kernel F satisfies (5.2)-(5.4) with p =n and w = 1. A pair C = (E, Q) is
called a condenser if F is a subset of an open set 2 C R™. If F is compact,
then the F-capacity of C is

cappC = uelvl‘l,t('c)/n F(z,Vu)dz,

where
W({EC)={ueCP(Q):u>1on E}.

For an arbitrary condenser C = (E, ) this is extended as follows:

ECGCQ
open K compact

capp C = inf }s(té% capp(K, Q).

If f: @ — R™ is quasiconformal, then for all condensers C = (E, D) with
D C Q we have

(14.74) capp fC =capssrp C,

where fC is the condenser ( f(E), f(D)); this is readily inferred from the
integral transformation formula (14.72).

If f: Q@ —» R" is quasiregular and C = (FE, D) is a condenser with D C ,
then

(14.75) capp fC < capssp C
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provided that f is nonconstant in every component of D; obviously,

is a condenser because f is open. The proof for (14.75) is more complicated
than that of (14.74). If E is compact and u € W(C), then it can be shown
that
v(y)= sup u(x)
z€f~1(y)

is admissible for W(fC). Of course, generally v is not in Cg°(f(D)), but it
is in C(f(D)) NWy'™(D) with v > 1 on f(E) (Martio et al. 1969). Martio
(1970) has presented a version of (14.75) which takes the multiplicity of f
into account.

Finally note that capacity equations (14.74) and (14.75) can be written
as capacity inequalities involving the usual n-capacity, i.e. cap,, C = capp C
with F(z,£) = |¢|™. Indeed, by Lemma 14.70 we have the double inequality

< <
Ko (f) cap,, c Capg#p c KI(f) ca'pn

whenever f: @ — R is quasiregular and C = (F, D) is a condenser with
D C Q. Thus from (14.74) and (14.75) we obtain the inequalities

(14.76) cap,, C < cap, fC < K1(f)cap, C

Ko (f)

and
(14.77) cap, fC < K1(f)cap, C

which hold under the same circumstances as (14.74) and (14.75), respec-
tively.

14.78. Mappings of bounded length distortion

We have now studied at length quasiregular mappings, which are 2A,-
harmonic morphisms. In this section we investigate a class of mappings
which are ,-harmonic morphisms for all p > 1. Recall that for n > 2 all
mappings that preserve the ordinary harmonic functions are similarities or
constants. In the A-harmonic setup bilipschitz mappings provide a natural
extension of similarities. However, it is interesting that we need not confine
ourselves to injective or even locally injective mappings.
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DEFINITION. A continuous mapping f: @ — R™ is of L-bounded length
distortion, or L-BLD, if the coordinate functions of f are in I’V,t,c1 (Q), if
J¢(z) > 0 a.e. in 2, and if for some L > 1 the inequality

(14.79) |hl/L < |f'(z) k| < L1h|

holds for all h € R™ and a.e. z in Q.
We say that f is a BLD mapping if it is L-BLD for some L.

It is obvious that condition (14.79) together with Js(x) > 0 is more
restrictive than the condition for quasiregularity.

14.80. Lemma. Suppose that f: Q@ — R"™ is L-BLD. Then
(a) f is locally L-Lipschitz; that is,

[f(z) = f(y)| < Liz -y

whenever the line segment [z, y] lies in .

(b) f is K-quasiregular with K = L*("~1.

PROOF: As the coordinate functions of f belong to VV,{;; (Q), they are
ACL-functions (see Section 14.21). Suppose first that v = [z, y] is parallel
to a coordinate axis, that the coordinate functions of f are absolutely
continuous on <, and that (14.79) -holds a.e. with respect to the linear
measure on . Then (a) follows by integration. Consequently, by continuity,
(a) holds whenever v is parallel to a coordinate axis, which implies that f is
locally nL-Lipschitz. By the well-known theorem of Rademacher (Federer
1969, p. 216), Lipschitz functions are differentiable a.e. In particular, the
coordinate functions of f are absolutely continuous on every line segment in
(2, and we can repeat the argument above to obtain (a) for all line segments
in Q.

To prove (b), observe that by (a) the partial derivatives of the coordinate
functions of f are bounded a.e. In particular they belong to VV,LC"(Q) Fix
z € Q such that (14.79) holds and let A; > Ay > --+ > A, > 0 be the square
roots of the eigenvalues of the symmetric n x n matrix f'(z)* f'(z). Then

A = |f(=)], A = £(f'(2)), and Jf(z) = ﬁ i, and we see from (14.79)
i=1

that
I/LSAnSAn—IS"'SAISL-

Thus

n
If @)™ =27 < A LPt < [ AL = L2071 Jy(a),

=1
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and similarly
Jp(z) < LX=N(f'(2)).

These hold for a.e. z in Q and we conclude that f is L2"~1-quasiregular.
m]

14.81. Theorem. A mapping f: Q? — R" is L-BLD if and only if it is
quasiregular and satisfies

(14.82) If @<L, e(f(2) 21/L
a.e. in Q.

Proor: If f is L-BLD, then f is quasiregular by Lemma 14.80 while
(14.82) follows from the BLD condition (14.79).

If f is quasiregular and (14.82) holds, then (14.79) is satisfied and the
quasiregularity inequality |f'(z)|® < K Jy(z) guarantees that the Jacobian
Jg(x) is a.e. nonnegative. Hence f is L-BLD. n]

The winding map f: R® — R3, (r,¢,23) — (r,2¢,3) in cylindrical
coordinates of R? is 2-BLD and we see that a BLD mapping need not
be locally injective. However, if f is a continuously differentiable BLD
mapping, then f is locally injective because in this case J¢(z) = 0, and
hence £(f'(z)) = 0, for all z in the branch set By. Let it be mentioned here
that it is an open problem whether there can be branching for a C*-smooth
quasiregular mapping in dimensions n > 3.

Although a BLD mapping is quasiregular, the converse is obviously not
true. A trivial counterexample is a constant mapping which cannot satisfy
the left side of (14.79). A less trivial example is an analytic function with
branching. On the other hand, f(z) = e* is e>-BLD in each strip {z =
(z,y) € R?%: |z| < c}.

If f: @ — R™ is L-bilipschitz, that is the double inequality

(14.83) Tle-u <15~ fl S Ll -3l

is satisfied for all z, y € , then f is L-BLD provided it is sense-preserving.
Similarly, if f satisfies (14.83) in some neighborhood of each point in Q,
i.e. f is locally L-bilipschitz, then f is L-BLD if it is sense-preserving.
Since the inverse of a quasiconformal mapping is quasiconformal, Theorem
14.81 implies that the inverse of a homeomorphic L-BLD mapping is L-
BLD. This together with Lemma 14.80 and the above discussion means
that f is a locally homeomorphic L-BLD mapping if and only if f is locally
L-bilipschitz with J¢(z) > 0 a.e.

Finally, since a BLD mapping is nonconstant and quasiregular, we may
record the following theorem (see Theorem 14.14 and Lemma 14.22).
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14.84. Theorem. Suppose that f: 2 — R" is L-BLD. Then
(a) f is discrete, open, and sense-preserving;
(b) the restriction of f to Q\ By is locally L-bilipschitz;
(c) if f is injective, then f~: f(Q) — Q is L-BLD;
(d) |Bs| =0=|f By.

Next we turn to the most useful characterization of BLD mappings. By
the same token, the name “bounded length distortion” will be justified.

We recall that a path « is a continuous mapping a: [a,b] — R™ with
length

k
la) = supz lo(ts) — alti—y)],

where the supremum is taken over all subdivisions a = tp < t; < -+ <
t, = b of [a,b].

We first establish that BLD mappings possess an analogue of the bilip-
schitz property even at branch points. Recall that for discrete, open,
and sense-preserving mappings there are arbitrary small normal neighbor-
hoods U = U(z, f,r) about each point z € Q; U is the z-component of
F7H(B(f(z),7)) (see Section 14.4).

14.85. Lemma. If f:Q — R" is L-BLD and if U = U(z, f,r) is a
normal neighborhood of x € Q, then

7 ly 2l < 1) - f@)] < Lly 3]

whenever |y — z| < r/L.

Proor: Write

L* = sup{ly — z|: y € 8U}, ¢ =inf{ly — z|: y € OU}.
We first show that
(14.86) L*<Lw, £ >r/L.

Choose y € 9U with |y — x| = £*. Since the line segment [z, y] lies in U,
we can use the Lipschitz character of f (Lemma 14.80) to conclude

r=|f(y) - fl@)| < L&,

which is the second inequality in (14.86).
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To prove the first inequality, we consider a point z € 8B(f(z),r) and the
radial path 8,: [0,7) — R™ from f(z) to z. Now UN f~!3, can be covered
by m maximal lifts of 3, starting at z, where m = N(U, f) = i(z, f)
(Lemma 14.10), and it follows from the remark after Lemma 14.23 that
for almost every z on the boundary 8B(f(z),), each lift o, is absolutely
continuous on every interval [s,r], s > 0. Since |f By| = 0, almost every
B, meets f By in a set of linear measure zero; moreover, because f|g\p,
is locally L-bilipschitz, we then have that |o/,(t)] < L for almost every
t € (0,7). Thus

lez(t) — 7| = |a,(t) — a,(0)| < L
for all ¢t € (0,7) and for almost every z € B(f(z),r). Consequently, |y —
z| < L for a dense set of points y € U, and this implies L* < L.

The inequalities in (14.86) yield the double inequality of the lemma, for
if 0 < |y —z| < r/L, then U(z, f,|f(y) — f(z)|) is a normal neighborhood
of z in U (Lemma 14.6) and (14.86) can be used for this neighborhood in
place of U. The lemma follows. (]

14.87. Theorem. Let f: @ — R"™ be discrete, open, and sense-
preserving. Then f is L-BLD if and only if

(14.88) %E(a) < f(fa) < Le(a)

for every path « in ).

PROOF: Assume first that f is L-BLD. Since f is locally L-Lipschitz,
the second inequality in (14.88) is clear. The proof of the first inequality
is less trivial. Write § = fa. We may assume that £(3) < oo and that
B:[0,4(8)] — R™ is a parametrization by arc length. Let P be a partition
of [0,£(8)]. It easily follows from Lemma 14.7 that there is a refinement
P’ ={tg,...,t} of P and numbers r; > 0 such that for each i = 0,...,k,
U(a(t;), f,i) is a normal neighborhood of «(t;) and B[ti—1, %] C Bi—1UB;,
where B; = B(ﬂ(ti),ri). For each i = 1,...,k choose s; € [t;—1,%;] with
B(s;) € B;—; N B;. Then the preceding lemma implies

|a(s:) — eti—1)] < L(s; — ti—1), |a(t:) — a(s;)| < L(t; — s;).-
Thus

k k
D la(t) —alti-) < Y (lets) = asa)l + la(s:) ~ e(ti-a)l)

i=1 i=1

k
SLY (ti—s)+ (8i —tiea) = LE(B) -

=1
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This yields £(a) < L £(8) as required.

To prove the if part, observe first that (14.88) implies that f is locally L-
Lipschitz, hence ACL. In consequence, f is differentiable and the derivative
satisfies |f'(z)| < L a.e. We invoke a result of Martio et al. (1969, Lemma
2.14) which is well known for homeomorphisms: for an almost everywhere
differentiable sense-preserving discrete and open mapping f it holds that
Jg(z) >0 a.e.

It remains to verify the inequality

|f'(z)h| > |hl/L

whenever h € R™ and = € Q is such that f is differentiable at . Suppose
that this is false for some h = hy. Then

|f'(x)hol/lhol = § < 1/L.

To simplify notation, we assume that z = 0 = f(z). Let U = U(0, f,r) be
a normal neighborhood of 0. Then f has the expansion

f(h) = f'(0)h + e(h)IR],
where e(h) — 0 as h — 0. Pick ¢ > 0 so small that h = thy € U and that
2|e(h)| <1/L - 6.

Now the line segment « from 0 to f(h) lifts to a path 4* from 0 to h, and
assumption (14.88) implies

|f(R) = £(v) = &(v*)/L = |h|/L.
On the other hand, the previous inequalities and a computation yield

|F(B)] < |/ (O)R] + le()|Ih] < 8]h| + (1/L — 6)[h]/2
= (1/L+ 8)[Al/2 < MI/L,

which is a contradiction. The theorem follows. ]

In (14.88) we used the length of a path instead of the length of its locus.
Consider, for example, the 2- BLD mapping f: R? — R2, (r,) — (r,2¢)
in polar coordinates of R?, and the path o(t) = (cost,sint), t € [0,2n].
Then B = fa is a path twice around 8B(0,1) and 4(8) = 24(a), in consis-
tency with (14.88).
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Since a BLD mapping f is quasiregular, both the removability result
(Theorem 14.46) and Radé’s theorem 14.47 holds for BLD mappings.
However, it is clear that BLD mappings should be much more rigid than
quasiregular mappings. Here are some results in this direction (Martio and
Vaisala 1988):

(i) If E is a relatively closed subset of §2 and if the (n — 1)-dimensional
Hausdorff measure of F is zero, then every L-BLD mapping f: Q\
E — R™ has an L-BLD extension to . '

(ii) BLD mappings f: @ — R"™ preserve the Hausdorff dimension of
any subset of Q.

(il) ¥ f: @ - R™is L-BLD and = € Q, then the local topological index

of f at = does not exceed the number L2(®~1)

(iv) ¥ f: R* — R" is L-BLD, then the maximal multiplicity N(f, R™)

does not exceed the number L?®. Moreover, f(x) — oo as £ — oco.
None of assertions (i)—(iv) remain true for general quasiregular mappings.

14.89. BLD mappings are 2,-harmonic morphisms

Throughout this section we suppose that A: R® — R™ satisfies (3.3)—(3.7)
with 1 < p<ooand w=1. If f: Q@ - R™ is an L-BLD mapping, the
pull-back f#A of A is

F*A(e,€) = J5(2) f' (=) A(f(2), £ ()7 €)
whenever this makes sense, and
F#A(z,€) = A=, )

otherwise. Note that the pull-back mapping f#.4 was defined in (14.36)
for general quasiregular mappings by the same formula; here, however, f
is BLD and we do not restrict the value of p.

The next lemma is similar to Lemma 14.38.

14.90. Lemma. The mapping f# A satisfies assumptions (3.3)—(3.7)
with w = 1 and with structure constants

o = L2—n—p a, ﬂ' = Ln+p—2ﬂ’
where a, (3 are the structure constants of A.

ProoF: The proof is almost identical to that of Lemma 14.38; the esti-
mates

Je(e) |f' ()7 €l < L™ g
and

J5(@) |f' (@)1 €P > PP Il

are now employed to obtain the constants o’ and 8. a
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14.91. Theorem. Let A satisfy assumptions (3.3)—(3.7) with p > 1 and
w =1 and let f: @ - R"™ be a BLD mapping. If u is A-harmonic in
Q' C R", then uo f is f#.A-harmonic in f~1(9).

PrOOF: The proof is similar to that of Theorem 14.39. Since f is L-BLD
for some L, it is fairly easy to show that the function

P = Y, iz

z€f~1(y)

is kLM-Lipschitz in a normal neighborhood U whenever ¢ € C§°(U) is M-
Lipschitz in U and k = N(f,U); to establish this, Theorem 14.87 can be
used. The integral transformation formulas involve only bilipschitz map-
pings in this case. The details are left to the reader, who may also consult
Martio and Viisala (1988, pp. 433-434). o

14.92. Cofollary. A BLD mapping f is an (f# A, A)-harmonic mor-
phism. In particular, f is a Ap-harmonic morphism for each p > 1.

Now Theorem 13.7 leads to the following result because a BLD mapping
is never constant.

14.93. Theorem. Suppose that f: Q@ — R™ is BLD. If u is A-
superharmonic in an open set ' C R™, then u o f is f# A-superharmonic
in f7H(Y).

As a final remark to this chapter we mention that a complete char-
acterization of 2,-harmonic morphisms is not known. Heinonen et al.
(1992) have obtained partial results in this direction; in particular they
have proved that if 1 < p < n, then a homeomorphic %,-harmonic mor-
phism is locally bilipschitz.

NOTES TO CHAPTER 14. Riemann founded his theory of analyt-
ic functions on potential theory, and now the connection between plane
analytic and harmonic functions is explained in almost every textbook of
complex variables. Tsuji (1959) is a classic reference to deeper applications
of potential theory in complex analysis.

The analytic definition of plane quasiconformal mappings apparently
emerged in a paper by Morrey (1938). He studied homeomorphic solu-
tions to a Beltrami system. Morrey’s idea was to reduce the study of the
solutions v of a second order partial differential equation to the study of
harmonic functions u via the representation v = u o f. This is exactly
the morphism property of f. For further studies in this direction, see the
monographs by Vekua (1962) and Bers and Schechter (1964).
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Space quasiconformal mappings were first considered by Lavrentiev in
1938. Since 1959 these mappings have been studied extensively from the
function theoretic point of view. Gehring, Viiséld, and the Russian school
made groundbreaking contributions in this direction; see the bibliographies
in the monographs by Viisila (1971) and Vuorinen (1988). Systematic
study of quasiregular mappings was initiated by Reshetnyak in the 1960s.
He proved the (f#.A,A)-morphism property of a quasiregular mapping
under slightly more restrictive assumptions on \A. The important result
that a nonconstant quasiregular mapping is discrete and open’is due to him
(Reshetnyak 1967a, 1989). Martio et al. (1969, 1970, 1971) presented a
more geometric approach to quasiregular mappings based on the method of
extremal length. This approach has consequently resulted in a remarkable
extension of classical Nevanlinna theory; see the monograph by Rickman
(In preparation). The analytic—geometric approach followed in this book
was initiated by Granlund et al. (1983). Bojarski and Iwaniec (1983) have
presented still another approach.

There is a growing list of applications of nonlinear potential theory
to quasiregular mappings (Martio 1992). Granlund et al. (1982, 1985),
Heinonen and Martio (1987), Martio (1987), Heinonen et al. (1989b), and
Heinonen and Rossi (1990, In press) have used the A-harmonic measure in
connection of quasiregular mappings. Heinonen et al. (1989a) have studied
the fine limits of quasiregular and BLD mappings. Holopainen and Rick-
man (1992, In press) have extended the method of Eremenko and Lewis
(1991) and proved Picard type theorems for quasiregular mappings in more
general circumstances. Lewis (In press) has extended a conditional theo-
rem of Littlewood for entire analytic functions to quasiregular mappings
by using the A-potential theory.



15
Ap-weights and
Jacobians of quasiconformal mappings

In this chapter we provide two important examples of p-admissible weights:
Ap-weights and certain powers of the Jacobian of a quasiconformal map-
ping. To keep the presentation self-contained, we first establish some ba-
sic properties of A,-weights, including Muckenhoupt’s theorem. Then we
prove that the two kinds of weights mentioned above are admissible. The
present chapter is independent of the previous chapters.

15.1. Ap-weights

Let w be a locally integrable nonnegative function in R™ and assume that
0 < w < 0o almost everywhere. We say that w belongs to the Muckenhoupt
class Ay, 1 < p < oo, or that w is an Ap-weight, if there is a constant c,

such that
][ wdzr < cp,w(][ w!/(=P) d:t)l_p
B B

for all balls B in R”; recall that for any measure v,

_ﬂgdu=1/(_1E5/L,79dV

if 0 < ¥(E) < oo. We say that w belongs to A;, or that w is an A;-weight,
if there is a constant ¢; ,, > 1 such that

wdz < ¢ essinfw
B B

for all balls B in R". The union of all Muckenhoupt classes A, is denoted
by A,
A= UA4;,.
p>1
We also say that a weight w is an Ay -weight if it belongs to some A,. As
customary, u stands for the measure whose Radon—Nikodym derivative w
is,

u(E) =/E'wda:.

297
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The following consequence 6f Holder’s inequality will be used repeatedly:
for any measure v and —o0 < s <t < o0, with s,t # 0,

(15.2) (][E o d)"’ < (]g g vyt

whenever g is nonnegative and v-measurable. In particular we have

(][ Wi/ g) P S][ wde
B B

so that cp ., > 1 always. It also follows from (15.2) that
A C Aq C Ap

for all 1 < g < p. Moreover, if w € Ap and 0 < s < 1, then
(][ w®dr) < (][ wdz)® < C;w(][ w'/(1=P) 4g) *=P)
B B 4 B

< c;,w(]l; w®/(-p) dz)l‘l’

so that w® € Ap with ¢p 40 = ¢ .

As an example of A,-weights we recall that the weight w(z) = |z|° is in
Ap if and only if —n < § < n(p — 1). This is easily verified by a direct
computation. Interesting examples are provided by ordinary superharmon-
ic functions: if w is a positive superharmonic function in R”, then w is an
A;-weight. For this and more general examples, see the discussion after
Theorem 3.59.

‘Our main goal in this section is to show that the definition for A,-weights
contains a remarkable self-improving property: if w is in A, for some p > 1,
then w is in A,_, for some € > 0. This open-end property is a consequence
of the following reverse Hélder inequality.

15.3. Reverse Holder inequality. If w € A, then there are numbers
r > 1 and ¢, > 1, depending only on n, p, and cp ., such that

(15.4) (][ w'd:z:)l/r gc,.][ wdz
B B
for all balls B.

To prove the reverse Holder inequality (15.4), we require several prepara-
tory results. The first asserts that the measure p satisfies a strong doubling
property.
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15.5. Strong doubling of A,-weights. Ifw € A,, then

(B <t

whenever B is a ball in R® and F is a measurable subset of B.

PrROOF: We have

|E| =/ wPw= P dg < (/ 'wda:)l/p(/ w/(1=P) da:)(P—l)/p
E Uk E
< ,,(E)l/p(][ w0 4) = V/P i1/
B
<z u(B)r(f wds)7|Bo-s
P B

l/P (“Eg;)l/PlBl

and the claim follows. 0O
15.7. Corollary. Ifw € A,, then u is a doubling measure; that is,
1(2B) < cpu(B)

for all balls B in R™, where ¢ = 2"Pcp y,.
We next show that (15.6) leads to a similar reverse inequality.

15.8. Lemma. Ifw isin A,, then there are 0 < ¢ < 1 and ¢ > 0,
depending only on n, p, and cp ., such that

ME) o (|Elya
w5 < (5

whenever B is a ball in R® and E is a measurable subset of B.

(15.9)

PrOOF: It is more convenient to use cubes in place of balls. Indeed, since
the doubling property implies p(B) =~ p(Q) whenever @ is an open cube
with B C @ C v/nB, it suffices to verify (15.9) with B replaced by a cube
Q. Similarly, it follows from the strong doubling property (15.6) that for

E C Q we have 5| )
Bl\s _  #(E)
@) =@
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where ¢/ = ¢(n,p, ¢pw) > 0. Next observe that

(1510)  |B|<3lQl implies  u(E)<6u(Q)
for all cubes Q and measurable E C Q, where § = 1 — 1/(c'2P); indeed, we
have

1 _|Q\E|\»_ ,uQ\E) u(E)

7<Cr )<< S =<0 g

To prove (15.9), we may assume that

1
|El < '2'|Q|-

Let Q be the collection of open dyadic subcubes of @ (see Appendix II).
By the Lebesgue differentiation theorem (Stein 1970, p. 18), we have that

IENQ| _

L m
13l~0 Q|
TEQEQ

for a.e. £ € E. Thus for a.e. z € F there is a cube Q € Q with z € Q and
- 1 =
(15.11) IENQI2 57lQl5

denote by Q. the largest cube Q € Q which contains z and satisfies (15.11).
Then

1 1
(15.12) Wlel < lEanI < 'Z-IQ-‘RI

because |E| < 1|Q| and because 2"|Q.| = |QL| for the smallest dyadic cube
Q. # Q containing Q.. Since the cubes Q. are dyadic subcubes of Q,
we have that either Q. = Q4 or Q- N Q, = 0. Let E; denote the union of
all pairwise disjoint cubes of the form Q.. Then F; contains almost every
point of E. If

1
|Eq| > §|Q|»

set
E,=Q

and stop. Otherwise repeat the reasoning with E replaced by E;. The
process ends at some integer k > 1. More precisely, there are sets

EyCE,C..CE.=@Q,
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where Ey C E with |Eg| = |E|, and for each 1 < j < k the set Ej is a
pairwise disjoint union of dyadic cubes Q; ; satisfying

1 1
St @isl S 1Bj-1 N Qi < 51Qis
for Q;j C E;. Then
WEi-1) =Y wEj-1 N Qij)
T
<8 pw(Qij) = 6u(E;)
i

and hence
W(E) = u(Eo) < 6*1(Q),

where § is as in (15.10). On the other hand, for j > 1,
1Bl =) 1Qis1 < Y 2" Bjo1 N Qi sl = 2" Ejy|
i i
so that

IQl < 2(n+1)k+1|E0| - 2(n+1)k+1|E| .

Combining the above inequalities yields

WE) _ (Bl\.

w(@ = V@l

where ¢ = —log §/log 2"+2, and the lemma follows. |

PROOF OF THE REVERSE HOLDER INEQUALITY 15.3: For a ball B and
t > 0 let A(t) be the distribution function of w; that is, A(t) = |Ey|, where
E; = {z € B: w(z) > t}. Then

00 < [ wle)dz = uE) < cu(B)(",

where ¢ and q are as in (15.9). We may assume that ¢ < 1 and so

. C1/(1-q) ((B)\1/(1-q)
)‘(t)Smm{lBl,(;)l/( Q)(|_B|T) 1.
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We obtain for r > 1
[o <]
/ w(z)" dz = 'r/ tIN(t) dt
B 0

17
< 1‘/ ° tr—llBldt +cl/(1—q),’_ /oo tr—l—l/(l—q)(I“I'(B))l/(l_Q) dt;
- 0 to Iqu

for the first equality see (3.31). We choose typ = cu(B)/|B| and a compu-
tation then gives

(]E; w(z)" da:)l/r < 61]{3 w(z)dz

for r < 1/(1 —¢) and ¢; = ¢(1 — 7(1 — q))~'/", where ¢ = ¢(n,p, cpw)
is the constant in (15.9). This completes the proof of the reverse Holder
inequality (15.4). o

The arguments above show that for a nonnegative locally integrable func-
tion w the strong doubling property 15.5 implies (15.9), and that the reverse
Holder inequality follows from (15.9). It is well known that any of the in-
equalities (15.4), (15.6), and (15.9) is equivalent to w being an Aq.-weight.
We shall not use this characterization of A here.

15.13. Open-end property. Ifw isin Ap, p > 1, then w is in Ay for
some q < p. Moreover, q and cg ., depend only on n, p, and cp .

PROOF: Since the A,-condition equivalently reads

f, wie < e (f, weo )

where u = w!/(1=P) and p’ = p/(p — 1), we can apply the reverse Hélder
inequality to u and obtain an r > 1 such that

(][ u” d:c)llr < c][ udz
B B

for all balls B. Here ¢ and r depend only on 7, p, and ¢p,,,. Since r > 1,
we have r/(p — 1) = 1/(g — 1) for some 1 < ¢ < p, and the claim follows
from the computation

(][ wi/(-9 dl.)q-l - (][ w™/(-P) dz)(p—l)/r
B B

SC(][ wl/(l"’)d:z:)'”_1 Sc(][ wd:z;)-l.
B

B
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15.14. Muckenhoupt’s theorem
The celebrated theorem of Muckenhoupt asserts that the Hardy-Littlewood
maximal function maps LP(B;u) continuously into itself if w € A,. This
short section is devoted to a proof of Muckenhoupt’s theorem.

For a measurable function f in R™ we define the Hardy-Littlewood max-
imal function

(15.15) Mf(z) = sup]i F @)l dy,

where the supremum is taken over all balls B that contain z. If f is defined
only in a subset E of R", we set f(y) =0 for y € R™\ E.

15.16. Theorem. Suppose that w € A, and let By be a ball in R".
Then

(15.17) / IMAPdp < c / 1P du
By By

for each f € LP(By; 1), where ¢ depends only on n, p, and the Ap-constant
Cp,w Of w.

PROOF: Set
(15.18) M, f(z) = supf 1F@)| dus,
B

where again the supremum is taken over all balls B that contain z. The
classical argument (Stein 1970, pp. 6-7) then shows that

(15.19) / IMpr’duSC/ |£1° du
Bo -

for each f € L*(Byp; 1) and 1 < s < oo, where ¢ depends only on n, 3, and
the Ap-constant ¢, of w. We demonstrate how the open-end property
and (15.19) combined yield (15.17).

Let z € By and let B be a ball that contains z. Pick ¢ < p such that
w € A,;. Then Holder’s inequality gives

][B IfldyS(][ |f|qwdy)1/q(][ w!/(1-9) gy)(a-1)/a
M (= 9 qp)t/e ”(B) -1/
-03./3(][ |f|"dﬂ)‘/",
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and hence
Mf(z) < o(M,|f|*(=)"1.

Therefore, using (15.19) with s = p/q > 1, we arrive at

/ IMFPdu< e / MLIF9P/ 0 dp < e / 1P dus,
By By Bo

as required. O

It is not difficult to see that the A,-condition is also necessary for (15.17)
to hold. We do not need this fact here.

15.20. A,-weights are p-admissible
In this section we establish that A,-weights satisfy assumptions I-IV in
Chapter 1, that is they are p-admissible.

15.21. Theorem. A,-weights are p-admissible. The constant c,, depends
only on n, p, and the A,-constant cp,, of the weight w.

Since A; C Ap, we obtain the following corollary.
15.22. Corollary. A;-weights are p-admissible for all p > 1.

To prove Theorem 15.21, we observe first that trivially 0 < w < oo a.e. in
R™. Next, because requirement I (the doubling condition) is the content of
Corollary 15.7 and because requirement II (the uniqueness of the gradient)
was already established in Section 1.9, we only need to verify the weighted
Sobolev and Poincaré inequalities.

For an Ao-weight w define

po=po(w) =inf{p>1: we€A,}.
15.23. Embedding theorem for A,-weights. Suppose that w € A,

and let po < ¢ < p < nqg and k = n/(n —p/q) > 1. Then there exists a
constant ¢ = ¢(n,p, ¢p.w,q) > 0 such that

(15.24) (f, 1ol )’ <er(f. 9o a)*”

whenever B = B(zy,r) is a ball and ¢ € C{°(B).

ProOF: Recall that the Riesz potential of a measurable function f in R™

is
If(.’t)=/" —lf(y—)ldy.

|z —y|~—1
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Then we have the elementary pointwise inequality
v
p@l <ctn) [ LZEUL dy = cn) 11V4i(a)
re |z — Yl
for ¢ € C§°(R™); see Gilbarg and Trudinger (1983, Lemma 7.14).

particular,
(f, 1o’ < o(f 1Nl

when ¢ is supported in a ball B. Therefore, to establish (15.24), we only
need to verify the general inequality

(15.25) (f, vrsre )’ < e (£ 1 )

whenever f € C(B) N LP(B;p) and B = B(zg,r).
To this end, we set f = 0 outside B and put
1f ()|
IFf(z) = / ——=—dy
( ) B(z,e) 'm - In-—l

for € > 0. Since

Mf(z) > f f@)ldy > A" |f(3)ldy
B(, (\/2<]2-y]<A)
> AT / i(y—)lTldy
(/2<le—yl<a} |2 — 9"

for all A > 0, we find that

Ief(a:) - Z/E/ ' ' 'f(y)l

— 19y
(e/25<le—y|<e/2-1} |& —y["T

[o¢]
< CZ €27 M f(z) = c(n)eM f(z)
Jj=1
for all z € R™ and € > 0.
Next, choose py < ¢ < p such that p < ng and use Holder’s inequality to
estimate

/ W,
{lz—yl>e} 1= — 1l

<1 £llp u(/ |z — ylp(l_")/(P_l)w(y)l/(l—p)dy)(P-—l)/p
B ' {lz—y|>e}nB
< fllpe (/ |z — y|P(1—ﬂ)/(P—q)dy) (p—q)/p

, |lz—y|>e

- -1
< (/Bw(y)l/(l q)dy)(q )/p,
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where

1l = ([ 11 d)"".

Thus

I£(z) € c1eMf() + ae 0|l [ w0 0a) a7,
B

and choosing

(1l ([ A9 dy)a=D/2 p/ng
= M7 )

gives
If(z) < eMf(z)e"P/m]|f] 209 / w!/ 1= gy) @D/,
’ B
Therefore for k =n/(n — p/q) we have

([ 1@ duy''ee
B
SC(L le(szdl-‘)l/npllfllg,/:q(L wl/(l-—q)dy)(Q-l)/nq

- -1
< ellllp /B w9 gy)@=V/ne.

where Muckenhoupt’s theorem 15.16 was used in the last step. Since w €
Ay, we conclude

K 1/rp
(f, 11y du)
< (B /o1 (f |11P dy)""*u(B) e
B

< cr(f \FIP dy)/?
B

as desired. The proof is complete. O

In proving that A,-weights are p-admissible we are left with the Poincaré
inequality.
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15.26. Poincaré inequality for A,-weights. Suppose that w € A,
and let po < ¢ < p < nq and k = nf(n —p/q) > 1. Then there exists a
constant ¢ = ¢(n,p, ¢pw, q) > 0 such that

(15.27) (]{:, ko — pa|™ du)'/"® < cr (]i IVeolP d) '/
whenever B = B(zq,) is a ball and ¢ € C*(B) is bounded. Here ¢p =

g edp.
Proor: Fix B = B(x,r). We first prove that

1s26) A lol@) - oy <ot [ T

for all z € B. Indeed, integration along the line segment from z to y yields

1
[o() — o) < [ [Vlty+ (1= 0z - vl ds
0
and hence
(529) [ lote) - owldy < [ [ Votty+ 102 le - slaeay.

If we set 2 = ty + (1 — t)z and change the variables, the integral on the
right hand side becomes

1
/ / [Vo(2)| |z — 2|t~ ("+1) dz dt,
0 B(zo,tr)

where zg = tzo + (1 — t)z. Now B(zo,tr) C B(z,2tr) since z € B(z,1tr);
hence (15.29) yields

1
/ lo(z) — @(y)|dy < / / [Vo(2)| |z — 2|t~V dz dt
B 0 BNB(z,2tr)
1
< / Ve (2)| |z — 2| / £=(v+1) g d
B |z—z|/2r

=c / [Ve(2)| |z — z|'~™r" dz

B

We arrive at (15.28) when we divide both sides by |B|.
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To prove inequality (15.27), observe first that it is enough to verify it
with ¢p replaced by
= ][ pdy
B

/ |«»—¢B|~Pdusz~r/ o — I dy.
B B

because for any constant

Appealing to (15.28), we have

lo(e) =71 < £, lola) - o)l dy < cln) [ . “’(l’f,)_'l dy,
whence by (15.25)

(]2 Iso—*/l"du)l/“"se(]i IVl du) /"

<er(f voran”.

The proof of the Poincaré inequality 15.26 is complete. 0O

We have now proved Theorem 15.21, the p-admissibility of A,-weights.
Take notice that if 1 < p < pon in Theorems 15.23 and 15.26, then any
1 < & < nf(n—p/po) will do. In particular, we obtain the following
interesting corollary.

15.30. Corollary. Suppose that w is an A;-weight and let 1 < p < n.
Then for each 1 < k < n/(n — p) there is a constant ¢ = ¢(n,p, c1,w, &) >0

such that
(f, 1ot aw s er(f vop a®,

whenever B = B(zq,) is a ball and ¢ € C$°(B), and that

(]{3 I<p—sosl”’d#)l/"’$cr(]€3 Veol? ds)'/?

whenever B = B(xo,r) is a ball and ¢ € C*(B) is bounded; here pp =
fg odu.

15.31. Quasiconformal mappings and admissible weights

In Chapter 14 we studied in detail the role of quasiconformal mappings in
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nonlinear potential theory. However, one interesting aspect was left un-
touched: if f is a quasiconformal self-homeomorphism of R®, then certain
powers of the Jacobian determinant of f are admissible weights. This is
proved next.

Throughout this section we assume that f: R® — R™ is a K-quasi-
conformal mapping. In particular, this means that f is a homeomorphism
(necessarily onto), its coordinate functions belong to the Sobolev space
H};P(R™; dz), and the inequality

If'(@)I" < K Jg(x)
is satisfied for a.e. z in R™.
The following result of Gehring is central to our investigation.

15.32. Theorem. The Jacobian J¢(x) of f is an A -weight with con-
stants depending only on n and K.

We do not prove Theorem 15.32 here but refer to Gehring (1973).
The main result of this section is the following

15.33. Theorem. The weight w(z) = Js(z)!~P/" is p-admissible for all
1 < p < n. The constant c, depends only on n, K, and p.

Since p-admissible weights are g-admissible for ¢ > p (Theorem 1.8), we
obtain the following corollary.

15.34. Corollary. If1 < p < n, then w(z) = Js(z)'~?/™ is g-admissible
for all ¢ > p.

As mentioned already in Section 1.6, Theorem 15.33 together with its
corollary immediately provides interesting, concrete examples of admissible
weights:

15.35. Corollary. For each § > —n and p > 1 the weight w(z) = |z| is
p-admissible with c, depending only on n, p, and §.

PROOF: The weight w is in A, whenever —n < § < n(p — 1), so that the
assertion holds whenever —n < § < 0. To treat the positive values of §, we
observe that the radial stretching,

gy(x) =2l 1>0,
is K-quasiconformal in R™ with
K= max(_yl/(n—l),_yl/(l—n)) .
See Viisila (1971, p. 49). If p < n, choose v = §/(n — p) + 1 > 0; then
g, (@) 7P & el

and thus the weight w is p-admissible. Finally, because p-admissible weights
are also g-admissible for ¢ > p, the theorem follows. (]
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We turn to the proof of Theorem 15.33. We first observe that Jy(z)!~?/»
is an Ag-weight, and hence doubling, so that the first requirement for
admissible weights is satisfied.

Then we verify property II, the uniqueness of the gradient. We may
assume that D is bounded. Let ; € C®°(D) be a sequence such that

[ 1o ;7?1 dz 0
D
and
/ |80 — 0PI} P dz > 0
D

for all j = 1,...,n and for some vector function v = (vy,...,v,). Since
Js > 0 a.e. (Lemma 14.22), we may assume without loss of generality that
p; — 0 a.e. in D. Next consider the truncations 7; of ¢;,

pi(z) if pi(z)] <1
ni(z) =4 . -
sign p;(z) otherwise.
Then 7; is a sequence of uniformly bounded functions in D with n; — 0
a.e. in D. Since J; and J}_p /™ are locally integrable functions in R™ and
since D is bounded, we have

/ [n:|PJg dz — 0
D
and

/ |V — vl"J}—P/" dz
D

< / |V<p,~—v|’]}_p/"da:+ / |v|”J}"p/"dz—>0.
D {p:>1}
Thus, by performing a change of variables we obtain

/ s (W)IP dy — 0
f(D)

and

/ Vei(y) — u(w)|P dy — 0,
f(D)

where ¥;(y) =m0 f~1(y) and u = £~V (y)* ovo f~1(y); here we utilized the
quasiconformality of f together with the well-known property of Jacobians:

Jp-1(f(z)) = J(z)™!
for a.e. z. It follows that u = 0. Since f~! satisfies the condition (N) (see
Lemma 14.22), we conclude that v = 0, as required.

To prove properties III and IV, we begin with:
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15.36. Weighted embedding theorem for quasiconformal map-
pings. Let 1< p < n and write w(z) = J¢(x)'~P/". There are constants
k= k(n,K) > 1 and ¢ = ¢(n, K, p) > 0 such that

(15.37) (f, tel )" < er (f. 19l du)''*
B B

whenever B = B(z, ) is a ball and ¢ € C§°(B).

PROOF: Let B = B(xo,r) and ¢ € C°(B). For 1 < k < nf(n —p) we
apply the Holder inequality with the pair

n ) n

q=n(n—p)’ q=np—(n—-1)n

to obtain
/ |(p|an;-P/" dr = / |<p|an;/qJ;—P/"-1/q dzr
B B

< /B le|"®/ (=P J dg) TP /B 73 da) =m0/,

where a Y )
—k)(n—-p
=—=<0.
g kp—(k—1)n <
By Gehring’s theorem there is go > 1 such that J; € Ag,. In particular,
we can find k = k(n, K) > 1 such that

1
1-qo

<s.

Hence
(][ T3P g™ (P 5][ Jyde < c(][ T2 dz)"* .
B B B
Thus
(./; J} dz)(np—(x—l)n)/n = IBI(np—(n—l)n)/n(ﬁ J; dm)("?‘("—l)"')/"
< clBl(np—(n—l)n)/n(f J;-p/n dz)m(xp—(n—l)n)/n(n-}?)
B

— cIBl(np-(n—l)n)/nIB|n—l(L J;—p/n dx)l—n - crxp#(B)l—n .
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Combining the above inequalities we arrive at

(:/ ||™P du)l/np < cr/.L(B)'l/P(/ Iplnp/(n—p)Jf dz)(n—p)/np
B B
and hence it suffices to show that

(15.38) (/ I‘Plnp/(n—P)Jf dx)("-?)/ﬂp S C(/ |V¢|pJ;—P/"» d:z:)l/?.
B B

Towards this end, we use the notation y = f(z) and g = f~! so that
g(y) = z. Then also g is K-quasiconformal. Hence we have by the integral
transformation formula (Lemma 14.25) that

RO [ 1veta)Pls @l dy
f(B) £(B)
<K [ 19ule)IP (" ay
1(B)
= Kp/n/ |V<p(.’t)|pJf(:t)1"”/" dz .
B
Similarly,
/ (@)™ P Iy (@) da = / (00 g)w)I"/ P dy.
B )

The above reasoning also shows that ¢ o g belongs to Ha'?(f(B);dz), and
we can employ the usual Sobolev inequality (1.7) to conclude

o 0)(y) [P/ (=) gy)PP/mP S d) /7
([ ) [Eo0@I P @) <o [ 9000w d)

We have thereby accomplished (15.38) and the proof of the embedding
theorem 15.36 is complete. ]

15.39. Weighted Poincaré inequality for quasiconformal map-
pings. Let 1 <p <n and write w(z) = J;(z)!~P/*. There are constants
k=k(n,K) > 1 and ¢ = ¢(n, K, p) > 0 such that

(15.40) (J{B e — o™ du)'/"? < cr(][B |VplP du)'’?
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whenever B = B(zo,r) is a ball and ¢ € C*(B) is bounded.

ProOF: First we recall that it is enough to prove (15.40) with ¢p replaced
by a constant -y (see the proof of Theorem 15.26). We reduce (15.40) to the
usual Sobolev-Poincaré inequality much like in the proof of the weighted
embedding theorem 15.36. Indeed, using Hoélder’s inequality and the Aoo-
property of J; exactly as in the proof of Theorem 15.36 we arrive at the
inequality

/B o =" T} 7P/™ dz < er*Pu(B)' = ( /B o — [P/ "=P 7 d) TP/

or
(]{B lp — 4| d) /"™ < cr/,z(B)"l/P(/B o — 7|"P/"=P) I dz) PP

where B = B(zo,r), ¢ € C®(B) bounded, k¥ = k(n, K) > 1, and v is any
constant. Moreover, performing the change of variables, we infer that only
the inequality

([ oo a)w) =lrel ag) ™2

(15.41) 1(B)

<ol [ Vpoaulr a)"”
f(B)

needs to be proved. To accomplish this, we shall rely on the recent litera-
ture, for a complete treatment would take us too far from the subject.

Inequality (15.41) is the Sobolev—Poincaré inequality in the quasiball
f(B) (the image of an open ball under a quasiconformal self-homeomor-
phism of R™ is often termed a quasiball). This inequality is known to be
valid, and we mention two different ways to obtain it. The first option
is to adopt the proof in Martio (1988b), where a Poincaré inequality is
established for the class of John domains. John domains are more general
than quasiballs. The potential estimate (Martio 1988b, (3.10))

(/ '/ lo ~ oI "u(@) dyf do) " < ela/n( / ()PP dz)''?,
a Ja A
can be replaced by

(/Q |L |z — y|' "u(z) dy|"P/ (P dz)("—r)/np

<l /n (@) dz)’?,
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see Ziemer (1989, p. 89), and then the rest of the proof in Martio (1988b)
applies almost verbatim.

The second option is to employ an extension theorem of Jones (1981)
which implies that there is a function 4 in R™ such that #|s5) = pog
and that

| wvray<e / V(pog)Pdy,
R» f(B)

where the constant ¢ > 0 depends only on n, p, and K. To be precise, Jones
only established the theorem for p = n whereas the extension for other
values of p has been worked out by Herron and Koskela (1992, Section 3).
Let B’ be a ball that contains f(B). We use the ordinary Sobolev—Poincaré
inequality in B’ and find a number v, for example

7=][ pdy,
BI

such that

([, 160) =y ay) P

; 1
<e( [ wuwi )
. 1
<e([ IMeoawra'.
£(B)
Hence (15.41) follows because
/ lp o gly) —4I"?/ P dy < / [(y) — 7|"?/P dy.
£(8) "

This concludes the proof of the weighted Poincaré inequality 15.40, and
hence that of Theorem 15.33. m]

15.42. Quasiconformal mappings as ,-harmonic morphisms
Suppose that f: R® — R™ is a K-quasiconformal mapping and that
A: R" x R® — R" satisfies (3.3)(3.7) with w =1 and 1 < p < n. Let
f#A: R® x R® = R™ be the pull-back of A under f as defined in Chapter
14. Then f#A does not generally satisfy the assumptions (3.3)—(3.7) for
w = 1. However,

w(z) = Jy(a)' P

is a p-admissible weight and the proof of the following lemma is similar to
Lemma 14.38.
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15.43. Lemma. The mapping f#A satisfies (3.3)~(3.7) with w(z) =
J¢(z)!~P/™ and

’ a

= Koo A=Ky

a

15.44. Theorem. If u is A-harmonic or A-superharmonic in 2, then
wo f is f# A-harmonic or f# A-superharmonic in f~1(2), respectively. In
particular, f is an ,-harmonic morphism.

PROOF: If p € C§°(f71(Q)), then by the integral transformation formula
(Lemma 14.25) we have

/ f#.A(a:, V(uo f)(z)) - Vo(z)dz

-y(Q)

= / J5(@) A(f(@), Vu(f(2)) - V(w0 £7) (f(z)) de
b ()]

= /ﬂ Ay, Vu(y)) - V(po F)(w)dy.

Since f, f~! € HP(R™; dz), it is easily seen that o f~! belongs to H?((2)
and has compact support in . The theorem follows since, by truncating,
it suffices to show that u o f is a supersolution if u is. m]

NOTES TO CHAPTER 15. A,-weights were introduced by Muck-
enhoupt (1972) who characterized them as the weights w for which the
Hardy-Littlewood maximal operator is bounded on LP(w(z)dz). There-
after, weighted norm inequalities have been studied extensively. Sever-
al characterizations of A,-weights were found by Coifman and Fefferman
(1974); in particular they established the important open-end property
from which Muckenhoupt’s theorem easily follows. We refer to the mono-
graphs by Garcia-Cuerva and Rubio De Francia (1985) and Torchinsky
(1986) for a thorough discussion of the subject.

Weighted Sobolev inequalities in connection with A,-weights were con-
sidered by Muckenhoupt and Wheeden (1974). The p-admissibility of A,-
weights was first proved by Fabes et al. (1982a). The short proof given
here is due to Chiarenza and Frasca (1985).

That the Jacobian J; of a quasiconformal mapping f : R* — R™ is an
Aco-weight is the fundamental result of Gehring (1973). In a subsequent
paper by Reimann (1974) it was established that log J¢ is a BMO-function.
These results opened up the investigation of sometimes deep connections
between quasiconformal mappings and harmonic analysis. See the survey
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articles by Baernstein and Manfredi (1983), Iwaniec (1984), and the ar-
ticle by Iwaniec in Vuorinen (1992). For the connection between BMO,
A, and quasiconformal mappings, see also Reimann and Rychener (1975),
Uchiyama (1975), and Astala (1983). More recent papers on A, and qua-
siconformal mappings include David and Semmes (1990), Staples (1991,
1992), Heinonen and Koskela (In press), and Semmes (1992).

Fabes et al. (1982a) proved that J}-2/ " is 2-admissible. Our more
elementary proof is due to Pekka Koskela. @ksendal (1990) and Heinonen
and Koskela (In preparation) have studied weighted Sobolev and Poincaré
inequalities in connection with quasiregular mappings.



16
Axiomatic nonlinear potential theory

Classical potential theory is in a broad sense a study of the Laplace equa-
tion and its solutions, harmonic functions. In an axiomatic approach one
starts with a few basic properties of harmonic functions and then builds a
potential theory from these properties only. The linear axiomatic systems,
pioneered by Tautz, Doob, Brelot, and Bauer between 1943 and 1963, have
the following in common: on a locally compact space there is a linear sheaf
of continuous real functions which solve the Dirichlet problem in a unique
way in sufficiently many open sets and obey a minimum principle and the
Harnack convergence principle. The monographs of Bauer (1966), Brelot
(1960), and Constantinescu and Cornea (1972) are standard references to
the linear axiomatic theory of harmonic functions.

In this chapter we introduce an axiomatic system which is applicable to
nonlinear situations; this system is a slight modification of that introduced
by Lehtola (1986) and is similar to the Brelot linear system. A somewhat
different approach is presented by Laine (1985). Our principal model is the
theory of the solutions to the equation

—div A(z,Vu) =0

studied in the previous chapters. It turns out that in the nonlinear potential
theory special attention must be paid to comparison principles rather than
to various minimum principles.

After presenting the axioms for a quasilinear harmonic space we show
that the Perron method is available. However, the nonlinearity prevents us
from going too far; in the linear theories the harmonic measure provides
a basic tool for the Dirichlet problem but that method cannot be used in
general. Not much more than what we present here is known.

16.1. The axioms
Throughout this chapter we assume that X is a locally compact, locally
connected, and connected Hausdorff space. To avoid certain unpleasant
peculiarities we also require that X be noncompact.
Let ) be a sheaf of continuous real-valued functions, that is
(1) if U C X is open, then each u € $H(U) is a continuous real-valued
function in U,
(i) if U’ ¢ U C X are open and u € $(U), then uly € H(U’);
(iii) if U; C X are open and U = U;Uj, then uly; € H(U;) for all j
implies u € H(U).

317
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Given an open subset U of X, a function u € $H(U) is called an $-
harmonic function.
We say that a relatively compact open subset U of X is regular if
(a) (Dirichlet principle) for each f € C(OU) there is a unique h €
$H(U) N C(U) such that hlsy = f (we write h = Hy = HY); and
(b) (comparison principle) for each pair f, g € C(8U) the condition
f < g implies Hy < Hy in U.
The function H}j is called the Dirichlet solution in U with boundary values
f

After these preliminaries we are ready to list the axioms.

Axiom A. For every open set U' C X and for every compact set C C U’
there is a regular set U such that C C U € U’.

Axiom B. (Harnack’s principle) If hj, j = 1,2,..., is an increasing se-
quence of functions in $(U), where U is a domain in X, then the limit
function h =lim h; is in $(U) if h is finite at some point of U.

Axiom C. Ifh € H(U) and X\ € R, then both h + X and Ah belong to
H(U).

Given a space X as above and a sheaf §) satisfying Axioms A, B, and C,
we call the pair (X, 9) a quasilinear harmonic space. Of course, the sheaf
may be linear but that is not required.

To compare our quasilinear harmonic space to the classical Brelot har-
monic space, let X be as above and suppose that a linear sheaf H on X
of continuous real-valued functions is given. In particular, for each open
set U C X, H(U) is a vector subspace of C(U). An open set U is called
Dirichlet regular if U is relatively compact and if for every f € C(8U) there
exists a unique h € C(U) such that h|y € H(U) and h|sy = f. Moreover,
if f > 0, then h > 0. Now the pair (X, H) is called a Brelot harmonic space

(a) (Harnack’s principle) if U is a domain, the limit function of any

increasing sequence in H(U) belongs to H(U) if it is finite at some
point of U; and

(b) if Dirichlet regular sets form a base of the topology of X.

The sheaf H is usually called a harmonic sheaf and its functions harmonic
functions.

The basic difference between a Brelot harmonic space (X, H) and a quasi-
linear harmonic space (X, $)) is that in the latter case the sheaf §) is not
assumed to be linear. There are other differences as well. In a Brelot har-
monic space Axiom C need not hold since nonzero constants need not be
harmonic. However, it should be remarked that an axiomatic theory can
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be developed without the requirement h + A € $)(U) whenever h € $(U)
and A € R (Lehtola 1986). Similarly, Axiom A is not true in the general
Brelot space (Hervé 1962, p. 440). Thus Brelot harmonic spaces are not
included among the quasilinear harmonic spaces above; however, they are
“locally quasilinear”.

The most important tool in linear axiomatic potential theories is har-
monic measure. If (X, H) is a Brelot harmonic space and if U is a Dirichlet
regular set, then for each = € U the mapping f — h(z) is a positive linear
functional on C(8U), where h is the harmonic function in U with boundary
values f. By the Riesz representation theorem there is a Radon measure
w, on Borel subsets of U such that

(16.2) h(z) = /a fdi.

Here w;(A) is the harmonic measure of A COU at z. f X = R™ and H is
the sheaf of ordinary harmonic functions, w; is just the classical harmonic
measure. Because of the nonlinearity of the mapping f +— h(z) in the
quasilinear case, no representation like (16.2) is possible. Hence there is no
standard connection between the Dirichlet problem and harmonic measure
although a counterpart for the latter exists in the quasilinear situation, as
was seen in Chapter 11.
16.3. EXAMPLES. (a) A standard example of a quasilinear harmonic space
is given by (R™, 5)), where §) is the sheaf of .A-harmonic functions, A sat-
isfying the assumptions of Chapter 3. That (R", §)) satisfies Axioms A, B,
and C has been established in the previous chapters.

(b) The next (somewhat pathological) example does not have its roots
in the theory of differential equations.

Let

X = {(z1,z2) e R®*: 217, =0 1z, > 0}
with the induced plane topology. The open intervals I = (a,b) x {0},
—00<a<b<oowith0¢glI, I={0}x(a,b),0<a<b< oco,and the
neighborhoods T' = (—t,t) x {0} U {0} x [0,t) of the origin ¢ > 0 form a
base for the topology of X. Now let U C X be an open set and define
H(U) as follows:
(i) If U is of the form I above, then $(U) consists of affine functions,
ie.

$H(U) = {h: h(z) = zo - = + y for some zo € R? and y € R}.

(ii) If U is of the form T above, then $5(U) consists of continuous func-
tions h such that

1 .
(16.4) h(0) = E(x%%xh +min h)
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and h is affine on the intervals from the origin to the boundary
points of U. _

(i) ¥ U = (a,b) x [0,c) N X for —o0 < a <0< b < o0and 0 <
¢ < 00, then each h € $(U) satisfies h|r € H(T) for T = (—t,t) x
{0} u {0} x [0,t) with ¢ = min(—a,b,c,1), and h is affine on the
intervals (respectively, half lines) from the origin to the boundary
points (respectively, natural ideal boundary points) of U.

(iv) If U is an arbitrary open set in X, then each connected component
U’ of U is of the form described in (i) or in (iii) and we let h € $H(U)
if and only if h € H(U’) for each such component U’

It is clear that $) is a sheaf of continuous functions on X. Note that each
relatively compact open set U C X is regular and it is easy to check that
Axioms A, B, and C are satisfied; here the only point worth observing is
that if A € R is negative, then in case (ii), maxsy Ah = Aminsy b and
mingy Ah = Amaxgy h. Thus the family $(U) is stable under multiplica-
tion by scalars. The sheaf §) is not linear because of the definition of h(0)
in case (ii). Indeed, let U be an open set of the form T with 8U = {a, b, c}.
If f,g € C(U) N $(U) are such that

f(a) =0=g(b)
f(®) = f(c) =1=g(a) = g(c),

then )
7(0) = 5 = 4(0)

by (16.4). Then f + g is not an $)-harmonic function because by (16.4) we

should have 3

(f+90) =

and that is not the case. Hence §) is not linear.
If, instead of (16.4) in case (ii), h is defined via the formula

h(0) = 3(h(z0) + h(ue) + h(z1),

where z_; = (—t,0), ¥ = (0,t), z; = (¢,0), and ¢t > O, then a linear
Brelot space is obtained. In fact, this space is an extension of the space
of harmonic functions on a line to the space formed by three rays starting
from the origin. Recall that ordinary harmonic functions on a line are just
affine functions.

The quasilinear space (X, $)) in Example (b) does not satisfy the strict
comparison principle: “If U is a regular domain and f, g € C(8U) are such
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that f < g and f # g, then Hf < Hy in U.” Moreover, two $)-harmonic
functions f and g in a domain U may coincide in an open nonempty subset
of U without being identical. For example, let f be the function as in the
example above, and let g € C(U) N H(U) be any function such that

9(a) = f(a), g(b)=f(b), and 0<g(c)<1.

Thus that harmonic space does not possess the unique continuation prop-
erty; a quasilinear harmonic space (X, §)) is said to have the unigque con-
tinuation property if for each domain U of X and for each h, g € $(U) the
interior of the set

{z € U: h(z) = g(z)}

is either empty or all of U. Note that the classical harmonic functions in
R™ have the unique continuation property because they are real analytic.
It is not known which operators div A produce quasilinear harmonic spaces
(R™,’H) with the unique continuation property. See Notes to Chapter 6.

16.5. Properties of $-harmonic functions
For the rest of this chapter we let (X, $)) be a quasilinear harmonic space
and U an open subset of X.

The next simple lemma is often employed without reference.

16.6. Lemma. IfU is a regular open set, then each component of U is
also regular.

ProoF: Let U’ be a component of U. Since X is locally connected, U’ is
open. If f € C(8U'), then by the Tietze extension theorem there is f* €
C(0U) such that f* = fon 8U'. Letu = H}J.. Now the restriction h = u|y
is an $)-harmonic function in U’ with boundary values f. Moreover, the
sheaf property of § and the uniqueness of the Dirichlet solution in U imply
that h is unique. Since the comparison principle is clearly satisfied, the
lemma follows. |

It follows from Lemma 16.6 and Axiom A that X has a base consisting
of regular domains.
The proof for the following lemma is immediate.

16.7. Lemma. Let U be regular. If f € C(8U) and XA € R, then
Hf+,\ =Hf+A and fo = AHf.

If the sheaf §) is linear, the following properties of $)-harmonic functions
are well known.
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16.8. Minimum zero principle. Let U be a domain in X. If h € $(U)
is nonnegative, then either h=0orh>0in U.

ProoF: If h(zg) > O for some zo € U, then the limit function of the

increasing sequence h; = jh, j = 1,2,..., of $-harmonic functions is iden-
tically oo by Harnack’s principle, Axiom B. Hence h(z) > 0 for each z € U.
[m]

16.9. Strong maximum principle. A nonconstant $)-harmonic func-
tion h in a domain U cannot attain its supremum or infimum.

ProoF: Axiom C allows us to apply Theorem 16.8 to the $)-harmonic
functions supy h — h and h — infy h. O

The sheaf of $)-harmonic functions is closed under locally uniform con-
vergence.

16.10. Theorem. Suppose that h; € $(U) is a sequence which converges
to h uniformly on compact subsets of U. Then h € $(U).

PRrOOF: Since X is locally compact and since $j is a sheaf, we may assume
that h; — h uniformly in U. Fix then an integer j > 3 and choose h;; such
that supy |hi; — h| < j~3. Write

uj =h;; —1 /7.
Thereby we obtain an increasing sequence u; € H(U), j = 3,4,..., with
the finite limit function h. Hence h € $(U) by Harnack’s principle. m]

Recall that a family F of functions f: A — [—00, 00] is upper directed if
for each pair f, g € F there is u € F such that u > max(f, g).

16.11. Theorem. Suppose that U is a domain in X and that F is an
upper directed family of $3-harmonic functions in U. If h = sup F, then
either h is an $)-harmonic function or h = oo in U.

For the proof we invoke two topological results. Because of the first
lemma there is no need to assume that X has a countable base.

16.12. Lemma. (Cornea 1968, Proposition 1.1) If F is an upper di-
rected family of continuous functions on a locally compact space Y such
that the limit of any increasing sequence in F is continuous, then sup F is
continuous.

The next result is the well-known Dini convergence theorem.
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16.13. Lemma. (Bourbaki 1961, Ch. 4, no 1, Théoréme 1) Let F be
an upper directed family of continuous functions on a compact space Y.
If f = supF is continuous, then f can be approximated uniformly by
functions in F.

PROOF FOR THEOREM 16.11: If h(z) < oo for some zo € U, then Har-
nack’s principle and Lemma 16.12 ensure that h is continuous. Fix a do-
main V' € U. The Dini convergence theorem 16.13 and the upper direct-
edness of F give a sequence of functions in F converging to h uniformly on
V. Thus h belongs to $(V) by Theorem 16.10. Consequently, h € $H(U)
because X is locally compact and because $) is a sheaf. O

We recall that a function u: ¥ — R U {oo} in a topological space Y
is lower semicontinuous if the sets {y € Y: u(y) > A} are open in Y for
all X € R; a function v: Y — R U {—o0} is upper semicontinuous if —v is
lower semicontinuous. If Y is compact, then for every lower semicontinuous
function u in Y there is an increasing sequence of continuous functions f;
in Y such that lim f; = u.

For the next result let U be regular and u: 8U — R U {oo} be lower
semicontinuous. Define

h, = hY =sup{H;: f € C(8U) and f < u}.
16.14. Lemma. In each component of U, h, is either an $)-harmonic
function or identically co. Moreover, if h € $(U)NC(U) and h < u on 8U,
then h < h,,.
PrOOF: The first claim follows from Theorem 16.11 since, by the compar-
ison principle, the set ’

{Hs: f € C(8U) and f < u}
is upper directed. The second assertion follows since Hj, = h by the unique-
ness of the Dirichlet solution in regular open sets. O

If b, € $H(U), then it is called the best H-minorant of u in U.

16.15. Lemma. IfU is regular and u: 8U — R U {co} is lower semi-

continuous, then
liminf b, (z) > u(y)
=Yy

for all y € 8U.
ProOF: Fix y € 8U. Then for each f € C(8U) with f < u we have
(16.16) liminf b, (z) 2 lim Hy(z) = f(y).

Since u is lower semicontinuous, there exists an increasing sequence of
functions f; € C(8U) such that f; — » on 8U. Thus the lemma follows
from (16.16). O
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16.17. Lemma. Ifu € C(U), then h, = H,,.

Proor: By the comparison principle b, < H, and the reverse inequality
is trivial. a

Let U be a regular open set. If we endow the spaces C(U) and C(8U)
with sup-norms, then the mapping C(8U) — C(U),

(16.18) f—HY,

is continuous. Indeed, if supyy |f — g/ < €, then f—e < g < f+¢, and
hence Lemma 16.7 and the comparison principle imply

Hiy—e=Hy . <Hy<Hsp.=Hp+e

or
sup |Hy — Hg| < €.

Note that in general the mapping in (16.18) is not linear.

16.19. Superharmonic functions

In the quasilinear harmonic space (X, $)) we define superharmonic func-
tions via the comparison principle in a similar fashion as .A-superharmonic
functions are defined in Chapter 7.

If U is an open set in X and if u: U — RU {00} is lower semicontinuous,
not identically oo in any component of U, then u is an $- superharmomc
function, or a superharmonic function for short, if it satisfies the following
comparison principle: if V € U is open and k € C(V) N H(V) is such that
h<wuondV,then h<uinV.

We let G(U) denote the family of all superharmonic functions in U.
Functions in —&(U) are called ($)-)subharmonic functions; these functions
have a natural interpretation as upper semicontinuous functions which obey
the reverse comparison principle.

The next lemma follows from the comparison principle and the unique-
ness of the Dirichlet solution.

16.20. Lemma. IfU C X is open, then H(U) = S(U) N -G(V).

In axiomatic theories it is customary to employ hyperfunctions; these are
defined as superharmonic functions except that they are allowed to be oo
in a component of U. We do not use the class of hyperfunctions here.

The following theorem is immediate in light of Axiom C.
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16.21. Theorem. Suppose thatu,v € G(U), o € R, and A > 0. Then
min(u,v), Au, and u + o all belong to G(U).

Moreover, if F is an upper directed family of superharmonic functions
in U, then sup F is a superharmonic function if it is not identically oo in
any component of U.

The lattice property of superharmonic functions is used in Perron’s method
which we develop in the next section.

If 7 C 6(U), then inf F need not be lower semicontinuous. However, if
F C 6(U) is locally uniformly bounded from below, then it is easy to see
that the lower semicontinuous regularization of inf F belongs to G(U) (see
Lemma 7.4).

Let X = X U {co} denote the one-point compactification of the space
X. From now on the topological notions are taken in X. For example, if
U is an open set in X which is not relatively compact, we consider co a
boundary point of U.

16.22. Generalized comparison principle. Let u € 6(U) and v €
~G&(U) be such that

(16.23) liin i11’1f u(z) > limsup v(z)
- Ty

for every y € 8U. If both sides of (16.23) are not simultaneously —oco or
oo, then u > vin U.

PRrOOF: Let € > 0. Then (16.23) takes the form

lim inf (u(z) + €) > limsup v(z)
z—=Yy Ty

for all y € AU and the set
C={zeU:u(z)+e<v(z)}

is a compact subset of U. By Axiom A we may choose a regular open set
V with C ¢ V € U. Pick an increasing sequence of continuous functions
fj on 8V such that f; = u + ¢ on 8V. Since v is upper semicontinuous
and 9V is compact, there is an index j such that f; > v on V. Because
u+¢e € 6(U), we have

u+e>Hf >v

in V. Hence u + € > v in C and, consequently, u + ¢ > v in U. By letting
€ — 0 we obtain the desired inequality u > v in U. ]
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The next theorem shows that in the definition of superharmonic functions
it suffices to test the comparison principle in regular open sets only.

16.24. Theorem. Suppose that u: U — R U {oo} is a lower semicon-
tinuous function which is not identically oo in any component of U. Then
u € G(U) if and only if for each regular set V € U and each f € C(8V)
the condition u > f on 8V impliesu > Hy in V.
ProoF: The necessity part of the theorem is trivial. For the converse
it suffices to establish the comparison principle in an arbitrary open set
W € U. Let h € H(W) N C(W) be such that u > h on OW and fix € > 0.
Since the set

C={zeW:u(z) < h(z) — €}
is compact, we may pick a regular open set U such that C C U C W
(Axiom A). Now the assumption implies that

uwu>H, . =Hp—-e=h—c¢

in U (Lemma 16.7). Thus u > h—¢ in W and, by letting ¢ — 0, we obtain
u > hin W as desired. 0O

In the definition of a superharmonic function we required that it not be
identically infinite in any component. It follows, in fact, that a superhar-
monic function cannot be infinite in an open set.

16.25. Theorem. Fach superharmonic function u in U is finite in a
dense subset of U.

PRrROOF: We may assume that u is nonnegative in U. Suppose that the set
V =int{z € U: u(z) = oo}

is nonempty. Let V be a component of V and y € 8V N U. An easy
topological argument shows that we may pick a connected regular open
neigborhood W € U of y such that 8W NV # @. Fix then 2z € oW NV
and choose a nonnegative function f € C(8W) such that f(z) = 1 and
f(z) =0 for z € W \ V; note that such a function exists because X, and
hence W, being a locally compact Hausdorff space, is regular.

Next write h; = jH}V, j=1,2,.... Then h; < u in W as the same
inequality holds on 8W. Then, since W is a neighborhood of a boundary
point of V', W contains a point z where u is finite. Consequently,

h(z) = lim hj(z) < u(z) < 0o.
j—oo
On the other hand, the minimum zero principle 16.8 implies that H}’V >0

in W and, therefore, h = lim;_, jH}'V = oo in W. This contradiction
shows that the assumption V # @ is absurd and the lemma is proved. O
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16.26. Corollary. Ifu € G(U) and V C U is open, then u € G(V).

16.27. Perron’s method
We next discuss the generalized Dirichlet problem with arbitrary boundary
functions in general open sets. We start with the Poisson modification of

a superharmonic function.
Let V @ U be regular. If u € &(U), then the function

{@X inV
Uy =
u ImU\V

is called the Poisson modification of u in V. We recall that _h_.,‘: is the best
$-minorant of u in V defined by

K = sup{H}’: feC(@V)and f<uin V}.

16.28. Lemma. Ifu € G(U) and V € U is regular, then the Poisson
modification uy is superharmonic in U and an $3-harmonic in V. Moreover,
uy <uinU.

ProOF: Clearly uy < u in U and hence Lemma 16.14 yields that uy €
$H(V). We next show that uy is lower semicontinuous in U. Since this is
clearly the case in U\ V and in V, it suffices to verify the lower semicon-
tinuity on 8V. Fix y € 8V. Lemma 16.15 implies that

limipf uv (z) > u(y)
z€V

and since the same inequality is trivially true when = approaches y along
U\ V, uy is lower semicontinuous in U.
The following pasting lemma completes the proof for Lemma 16.28.

16.29. Lemma. Suppose that V C U are open sets in X. If u € G(U)
and v € 6(V), then the function

_ { min(u,v) inV

T lu inU\V
belongs to G(U) if it is lower semicontinuous.
PROOF: Let W € U be an open set and h € C(W) N $(W) be such that
h <sin 8W. Then h < u in W. In particular, for all z € 8V NW

lim  h(y) < u(z) = s(z) < Liminf v(y)
yeEVNW yEVAW
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since s is lower semicontinuous. Thus

lim  h(y) < s(2) < liminf s(y)
YyeEVAW YyeEVNW

whenever z € 8(V N W), and since s = min(u,v) is in &(V N W), the
generalized comparison principle 16.22 implies h < s in V N W. Therefore
h < sin W and the lemma is proved. m]

We recall that a family P is lower directed if for each pair u, v € P there
is a w € P such that w < min(u,v). A lower directed family P C &(U) is
called a Perron family if the Poisson modification uy € P whenever u € P
and V € U is regular.

The next theorem is the main step in Perron’s process; we use the con-
vention inf @ = oo.

16.30. Theorem. Let P be a Perron family in a domain U. Then inf P
is either $)-harmonic or identically co or —oco in U.

ProoF: If P = 0, there is nothing to prove. Thus suppose that P # @ and
let v =infP. If V € U is a regular domain, then uy < u for each u € P,
and therefore

v =inf{uy: u € P}.

Since the family
Pv = {uy|v: u € P}

is a lower directed family of $)-harmonic functions in V' (Lemma 16.28), we
deduce from the lower directed version of Theorem 16.11 that v|y = inf Py
is either $-harmonic or identically ~oco in V. Because regular domains
cover U and U is connected, we conclude that v is either $)-harmonic or
identically —oo in U. The theorem follows. O

After this preparation we are ready to solve the generalized Dirichlet
problem by using Perron’s method. Let U be an open set in X and let
f: 8U — R be any function. The upper class Uy = U}’ of f in U consists
of all functions © € &(U) such that u is bounded below and

lim inf u(z) > f(y)

for each y € 8U. We emphasize that if U is not relatively compact, then
we consider oo as a boundary point of U; therefore dU is always nonempty
and compact.
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The function H; = ﬁ? = inf Uy is called the upper Perron solution in
U with boundary values f. Of course, it may happen that Uy = 0, for
example if f = co. Then H; = inf® = oo.

The lower class L = L? of f in U consists of all functions v € —&(U)
such that v is bounded above and

limsup v(z) < f(y)
z—y

for each y € OU and the function Hy = H ? = sup Ly is called the lower
Perron solution in U with boundary values f. Then Ly = —U_; and
_}1 f = "'F_ f-

Since the functions in Uy are bounded below and the functions in Ly
bounded above, the generalized comparison principle 16.22 implies:

16.31. Theorem. H; < Hj.

The next result culminates our development of axiomatic quasilinear
potential theory. It demonstrates that not much structure is needed to
solve the generalized Dirichlet problem.

16.32. Theorem. Let U be an open set in X and f: 8U — R. If V is
a component of U, then Hy is either $)-harmonic or identically oo or —oo
in V. The similar assertion is true if H is replaced by H e

PRroOF: The proof follows from Theorem 16.30 because {u|y: u € Uy} is
a Perron family in V. O

It is desirable that the Perron solution coincides with the Dirichlet solu-
tion Hy when U is regular and f € C(8U). This is established in the next
theorem.

16.33. Theorem. If U is a regular open set and f € C(8U), then

ProoF: Clearly, Hy € Uy and Hy € L;. Thus by Theorem 16.31 we have
Hy<H;<H;<Hy,

as desired. a

If H; = Hy and if both are $)-harmonic in U, then the function h =

Tff = H; is called the Perron solution with boundary values f and the
boundary function f is called resolutive. As a result of Theorem 16.33 we
can write Hy = H JE’ = Hy = H; whenever f is resolutive.
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It is trivial that constant functions are resolutive. More generally, if
there is a bounded $3-harmonic function k in U such that

f(y) = lim h(z)

for all y € 9U, then it is quickly seen that f is resolutive and Hy =
h. Theorem 16.36 below provides a slight extension of this result but a
characterization of resolutive functions remains open.

In the remaining theorems in this chapter we state some simple properties
of Perron solutions. Suppose that U C X is open. The first theorem follows
at once.

16.34. Theorem. Let f, g: 8U — R be functions with f < g and
A €R. Then
(1) E,\f =AH; if A >0; here \f =0 if A =0,

(11) E—f=__£1.f)
(i) Hppx=Hg+ A, and
(iv) Hf < H,.

The same is true for lower solutions and, if f and g are resolutive, for
Perron solutions.

16.35. Theorem. Let f;: 83U — R, j = 1,2,..., be a sequence of
resolutive functions. If f; — f uniformly on 8U, then f is resolutive.

ProoF: Fix € > 0 and pick j such that |f — f;| < e on 8U. Then
Ff—ssﬁfj =Ef, Sﬂf+eSHf+e,

and letting ¢ — 0 we obtain Hy = H 3 IOTEoVer, H; is $-harmonic
because Hy, — H; uniformly in U (Theorem 16.34). Hence f is resolutive.
]

16.36. Theorem. Suppose that u € S(U) is such that
1) = lim u(@)
for y € 8U defines a bounded function on 8U. Then f is resolutive.

PROOF: Since f is bounded, H; is a bounded $)-harmonic function and
it remains to show that H; < H ¢- First note that u > inf f > —o0 and
hence u € Uy. Thus u > Hy and hence

limsup H(z) < lilri u(z) = f(y)
z—y =

for each y € OU. Therefore H; € L7 and so Hy < H 7 as required. O
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If u: U — R is any function and

lim u(@) = f(y) € R

for all y € AU, then it is easy to see that f is continuous. Thus the function
in Theorem 16.36 is necessarily continuous on 8U; the main difference to
Theorem 16.33 is that we do not require that U be regular in Theorem
16.36.

NOTES TO CHAPTER 16. The axiomatic theory presented here was
basically developed by Lehtola (1986); he has a slightly more general setup
where he does not assume that constants belong to the harmonic sheaf.
Lehtola (1986) also develops a theory of regular boundary points for Perron
solutions through the barrier approach (see Chapter 9).

The obstacle problem finds its natural interpretation in quasilinear po-
tential theory by using balayage; cf. Lemma 9.26 and Theorem 3.71.

In modern linear axiomatic potential theories axioms are sometimes stat-
ed for superharmonic functions instead of for harmonic functions as in the
Brelot axiomatic theory. Such an axiomatic quasilinear theory has been
considered by Laine (1985, 1990).
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Appendix I: The existence of solutions

Let w be a p-admissible weight and let u be the corresponding measure,
du(z) = w(z)dz.

Suppose that A4: R™ x R® — R" satisfies the assumptions (3.3)—(3.6).
Let Q be a bounded open set in R*, 4 € H?(Q; ), and let ¢ : Q@ —
[—00, 00] be any function. Suppose that the set

Kyos={veEH""(Qu): v>paeinQandv-»J€ H&”’(Q;u)}

is not empty. We prove:

17.1. Theorem. There exists a solution u to the obstacle problem in
Ky,5. That is, there is a function u in Ky s such that

/ A(z,Vu) - V(v —u)dz >0
Q

whenever v € Ky 5.

We deduce Theorem 17.1 from a general result in the theory of monotone
operators. Let X be a reflexive Banach space with dual X’ and let (-,-)
denote a pairing between X' and X. If K C X is a closed convex set, then
a mapping 2 : K — X' is called monotone if

(Au — Av, u—v) > 0

for all u, v in K. Further, 9 is called coercive on K if there exists ¢ € K
such that
(R, — Ao, u; — )

llu; — «ll

— 00

whenever u; is a sequence in K with ||u;|| — oo.
For the following proposition see Kinderlehrer and Stampacchia (1980,
Corollary II1.1.8, p. 87). '

332
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17.2. Proposition. Let K be a nonempty closed convex subset of X
and let A : K — X' be monotone, coercive, and weakly continuous on K.
Then there exists an element u in K such that

(Au,v —u) >0

whenever v € K.

Now let X = LP(Q; u; R"™) and let (-,-) be the usual pairing between X
and X',

(f,9) =/ﬂ f-gdu,
where g is in X and f in X' = LP/(P=1)(Q; u; R™). Write
K = {V'U: v E K:.,/,,,y}.

Then K C X is convex. To show that K is closed in X, let Vuv; € K be
a sequence converging to ¥ in X. The Poincaré inequality implies

/ [vi —FPdp < c(dja.mQ)”/ |Vv; = VIPdpy < M < o0
Q Q

so that v; is a bounded sequence in H'?(; 1). Since Ky 9 is a convex and
closed subset of HY'P(Q; 1), there is a function v € Ky 9 such that Vo =&
(Theorems 1.30 and 1.31). Thus ¥ € K and hence K is closed.

Next we define a mapping A : K — X' by

(Av,u) = / A(z,v(z)) - u(z) dz
Q
for u € X. Because

[ Aot -u(eyds| < o [ o)™ [ fup an)”

by (3.5), we have that 2v € X' whenever v € K. Moreover, it follows from
(3.6) that 2 is monotone.
To show that 2 is coercive on K, fix ¢ € K. Then

(u=%p,u-¢) = [ (Ale1) - A(w,)) - (u =) do

2 a([[ull® + llel”) = BlulP~ el + lulllleli?=)
2 [lu = plloe27Pflu — P~

= B2 Ylell(llell + llw = llP~*) = BllelP llell + llw = @ll)
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where || - || is the usual LP(f2; u)-norm

171 = ( /ﬂ 1P du) 2.

It follows that 2 is coercive on K.

Finally, we show that 2 is weakly continuous on K. Let u; € K be a
sequence that converges to an element u € K in LP(Q; p). Pick a subse-
quence u;; such that u;; — u a.e. in Q. Since the mapping { — A(z,§) is
continuous for a.e. , we have that

A(z,ui; () w/P(z) = A(z, u(z)) w™/?(z)

a.e. in . Because the LP/(P~1)(Q); dz)-norms of A(z,u;;)w™!/? are uni-
formly bounded, we have that

Az, ui,) w™ P — A(z,u)w™ /P

weakly in LP/(P=1)(Q; dz). Since the weak limit is independent of the choice
of the subsequence, it follows that

Az, u) w P - Az, u)w/?

weakly in LP/(P=1)(0Q; dz). Consequently we have for all v € LP(Q; u) that
(Au;,v) = / A(z,w;) -vdz = / Az, u;)) w™ P v w'/P dg
Q Q
— / Az, u) w P v w!/Pdz = (Au,v).
Q

Hence U is weakly continuous on K.
Therefore we can apply Proposition 17.2 and find an element @ in K such
that
(Aa, 5 —u) > 0

for all 4 € K. But this means that there is a function u € Ky 9 such that
Vu =1 and

/ A(z,Vu) - (Vv — Vu)dz = (AVey, Vo —Vu) > 0
Q

whenever v € Ky, 3. Theorem 17.1 is thereby proved.
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17.3. Corollary. Let Q be bounded and 9 € H'P(Q;p). There is a
function u € HY?(Q; p) with u — ¢ € Hy'P(; ) such that

—div A(z,Vu) =0

weakly in ), that is
/ A(z,Vu)-Veodz =0
Q

whenever ¢ € Hg’p(Q; u.

PRrROOF: Choose ¥ = —oo and let u be the solution to the obstacle problem
in Ky Let o € HYP(Q;pu). Since the functions u + ¢ and u — ¢ both
belong to Ky s we have

—/ A(z,Vu)-Vepdz >0
Q

and
/ A(z,Vu) - Vepdz > 0.
Q
Thus
/ A(z,Vu) - Vedz =0,
Q
as desired. 0

NOTES TO APPENDIX I. The standard reference here is Kinder-
lehrer and Stampacchia (1980). An important early work is Leray and Li-
ons (1965). For existence results for refined obstacle problems, see Michael
and Ziemer (1991).
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Appendix II : The John—Nirenberg lemma

In this section we establish a weighted version of the John-Nirenberg lem-
ma. We assume here that p is a doubling measure in R™ with locally inte-
grable density w; then du(z) = w(z)dz. We also assume that 0 < w < oo
a.e. in R". The doubling constant of u is denoted by c,. For all functions
f € L}, (R™; p) it holds that

loc

(18.1) tim { f@)dut) = £(@)
w(B)—0/p
z€EB
for a.e. z € R™, where B designates a ball (Stein 1970, pp. 4-9; Ziemer
1989, p. 14). We use the familiar notation

1
fe =]{Efdu=][Ef(y)dn(y) = m/}s f(y) du(y)

for any set E with positive and finite measure.
A function f € L}, (€; p) is said to be in BMO(S; p) if there is a constant
C such that

(182 f1r-solusc

for all balls B € Q. The least C for which (18.2) holds is denoted by || ||«
and called the BMO-norm of f. The letters BMO stand for bounded mean
oscillation.

One of the most useful theorems in analysis is the John—Nirenberg lemma
which asserts that (18.2) is in fact equivalent to a seemingly much stronger
statement.

18.3. John—-Nirenberg lemma for doubling weights. A function f
is in BMO(Q; u) if and only if for each ball B €  and t > 0 it holds that

u({z € B:|f(z) — fBl > t}) < cre™** u(B).

The positive constants c;, ¢z and the BMO norm ||f||« depend only on
each other, the dimension n, and c,.

The proof of Theorem 18.3 is usually based on the Calderén-Zygmund de-
composition performed for dyadic subcubes of R™. Throughout this book,
however, we have used balls instead of cubes in our estimates. This devia-
tion from the standard proof causes only minor technical complications.

336
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18.4. Calder6n—Zygmund decomposition for doubling weights
Let By be a fixed ball in R™ and let f be a nonnegative function in
LY(Bo; ). Assume that
fdu<t.
By
Then there are balls By, Bs, ..., contained in By, such that

(18.5) ixgi(m) < N<o

=1

for all z € By, that
(18.6) t <][ fdp <cpt
B;

forallt =1,2,..., and that
(18.7) f(z) <t

for a.e. z in By \ U;B;. The constants N > 4 and ¢y depend only on the
doubling constant ¢, and the dimension n.

To prove (18.5)—(18.7), we need to find a sequence of balls in By which
substitute for the dyadic subdivision.

In the dyadic subdivision of an open cube Q we first divide Q into 2™
disjoint open subcubes {Q;} such that their sides are parallel to the sides
of @, their union covers @ up to a set of measure zero, and |Q| = 27|Q;|
for all . Then we repeat the construction in each cube @;, and continue in
this manner. Cubes that are obtained in this process are called the dyadic
subcubes of @. Then for a.e. z in Q there is a unique descending chain of
dyadic subcubes Q@ D Q1,2 O Q2,2 D --- O = such that |Q; | = 2”|Qit1,].

Let Qo be the smallest cube with sides parallel to the coordinate axes
that contains By and has the same center as By. Let @ = {Q} be the
collection of the dyadic subcubes of Q¢ such that @ € Q if and only if
Bg, the smallest ball containing Q and centered at the center of Q, is
contained in By. Then for a.e. z € By there is a descending chain of balls
By =By D B1z D Bag D 3 zsuchthat |B; ;| < ¢(n)|Bit1,z|; namely,
put B; ; = Bg, ,. Denote the set of all such = by By. Then u(Bg) = u(Bo),
and because p is doubling, we have

#(Biz) < con(Bit1,e),
where ¢o depends only on n and c,. Next, let

A={z € B: f(z) >t and (18.1) holds };
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then p(A) = p({x € By : f(z) > t}). For each z € A let k = k, be the
unique positive integer such that

t< fdu
Bk.z

but
][ fdu<tforal j<k-1.
B

Hence the balls {By, .} cover A, and by the Besicovitch covering theorem
(Besicovitch 1945; Ziemer 1989, p. 9; de Guzman 1975) we can select a
countable subfamily {Bj, Bs,...} that covers A and satisfies

3 xe, () < N <o

=1
for all £ € By. Moreover, for any ball B; = By , we have

t<][ fdus —0 fduSCO][ fdu<eot.
(Bk lz) Bi_1.:

Proor oF THEOREM 18.3: The if part follows immediately from the for-
mula

[ eef@aute) = [ Foutia € B @) > )
B 0

for any nonnegative and continuously differentiable ¢ with ¢(0) = 0, which
is a simple consequence of Fubini’s theorem. Indeed, choose p(t) = e®2t/2—1
and compute

/ e R 1f-1s8l du — u(B)
B

=2 [T enly((a e B: |f(@) - fal > t})dt
0

ClC2 I-L(B)/ —czt/2 dt = Cl[l(B)

N

This implies

][ |f = fBldu < 3][ eFIf-1al gy < 2(c; +1) <
B c2 /B _—_Cz
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as desired.

The only if part requires a repeated application of the Calderén-Zygmund
decomposition. Suppose that f € BMO(Q; ) and fix B € Q. Replacing
£ by (f = £5)/N||f|l. we may assume that fz = 0 and |||, = 1/N.

Then, since

]{3 fldu<lfl. =1/N <2,

there are balls B}, j = 1,2,..., in B such that
> xm <N
J

and

2<][ |fldp < 2¢o,
B!

J

|1 <2 a.e. in B\U;B;j.

Hence

S < %ZJJ/B Fldu
<3 [ 1fldu < Gu(B).

Next fix one of the balls B} = Bj, and apply the Calderén-Zygmund
decomposition with function f — fle . Since

f \f = £, i < Iflle = 1/N <2,

71

we again find balls B? ;,j =1,2,..., in Bj, such that

2<f 1f - o ldu < 20,
BJ?LJ'

If - flel <2 a.e. in le \ U:,'B?1 I
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Hence
1
SuB )<z [ 1= taldu
J J 1.3
N
< — - fB. |d
<g [, V- talan

1
< Eﬂ'(le)‘

Thus if we denote the balls B? ; by Bj, j,, we see that for all balls B;, it
holds that

[f@) < |f(2) = fB;, |+ |fB; | £2+2¢0 <2269
for a.e. ¢ € Bj, \ U;, Bj, j, and
1
> #(Bsy,5) < (5)°u(B).
J1,J2
Continuing in this way, we apply at the (k + 1)st step the Calderén-

Zygmund decomposition to the ball Bj;, .. ;, and to the function f—fp, ;.
and obtain a collection {Bj,, . j. ju4.} Of balls in Bj, ;. such that

Z Xle.....jk.j'.-.g.l S N’
k41

that
|f(2)| < 2(k + 1)eo

for a.e. z € Bjy,.. ;i \Uijlw---»jkujk+l’ and that

Z I'L(le,--~,.‘ik+1) < (%)’H-IIJ(B).

Juyendidn
Now if t > 4c¢y, let k be the first integer for which
2keg <t <2(k+1)co.
Then almost every point of {z € B: |f(z)| > t} belongs to some of the
balls Bj, ... j, so that
Wl{z € B: |f@)] > 1)) < (5)*u(B) < e~ **u(B),
where ¢; = (log2)/4cy. If 0 < t < 4cp, then
#({z € B: |f(z)| > t}) < u(B) < cre™**'u(B)

where ¢; = e*°0°? = 2. This proves the theorem. m]
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The proof of the lemma of John and Nirenberg (Theorem 18.3) implies:

18.8. Corollary. A function f is in BMO(R; u) if and only if there are
positive constants ¢ and C such that

(18.9) ][ ef-felgy < C
B

for all balls B € . If (18.9) holds, then || f||. < C/c. Conversely, if f is
in BMO(R; u), then (18.9) holds with C = 3 and ¢ = (log2)/(8¢coN|| f||«),
where N and ¢ are as in (18.5) and (18.6).

NOTES TO APPENDIX II. The BMO space was introduced by John
and Nirenberg (1961). “Bounded mean oscillation” soon became one of
the central concepts in harmonic analysis, complex analysis, and partial
differential equations. A weighted John—Nirenberg lemma was proved in
Muckenhoupt and Wheeden (1976). Today more abstract versions of it are
available; see e.g. Strémberg and Torchinsky (1989). For the connection
between BMO and quasiconformal mappings, see Reimann (1974) and
Reimann and Rychener (1975).
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List of symbols

We list the symbols defined in the text in the order of their appearance,
see also pp. 5-6.

Chapter 1.

Q - open set in R™, 7

p — number in the interval (1, 00), 7

w — weight, 7

dz — n-dimensional Lebesgue measure, 7

i, du(z) = w(z)dr - measure associated with the weight w, 7

x - exponent in the weighted Sobolev inequality, 7

a.e. — almost every(where), 8

fg fdv — integral average of f in E, 8

Cp - constants associated with measure p, 9

Ap Ay — Muckenhoupt classes, 10

e - norm in a Sobolev space, 12

HY?(Q;p) — weighted Sobolev space, 12

Vu — gradient of u in a Sobolev space, 12

Hy (S ) - weighted Sobolev space, 13

HP () — weighted Sobolev space, 13

LY?(Q;p) - weighted Dirichlet space, 13

LYP(; 1) - weighted Dirichlet space, 13

ut u” — positive and negative parts of a function u, 19
Chapter 2.

W(K,Q), Wo(K,Q) - admissible functions for the condenser (K, ), 27

(E,Q) - condenser, 27

cap, ,(E, Q) - (p, p)-capacity of the condenser (E, ), 27

cap,(E, Q) - cap, ,(E, ) when p is Lebesgue measure, 28

cap,, E=0 - E is of (p, p)-capacity zero, 34

cap,, E >0 - E is not of (p, p)-capacity zero, 34

(p, n)-q-e., q.e. - (p, n)-quasievery(where), 34

A8, Ag, Ap — contents and Hausdorff measures, 41, 42, 43

M, f — maximal function, 43

Cp.u - Sobolev (p, p)-capacity, 48

S(E) — admissible functions for Cp ,(E), 48
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Chapter 3.

—div A(z, Vu) =0 - A-harmonic equation, 55ff.

a,f - structural constants of A, 56

Ky =Ky9(Q) - competing functions for an obstacle problem in 2,
60

Ky - Kyp(92), 60

essliminf, ,, u(y) - essential limit inferior of u, 76
Chapter 4.

Ql"’ = QVP(R™;u) - a class of refined Sobolev functions in R™, 91

HY?(Q; p) - refined weighted Sobolev space, 96
Chapter 5.

F(z,¢) - variational kernel, 97

v,6 - structural constants of F, 97

VeF(z,€) - gradient of F, 97

Ip(u, E) - variational integral, 98

- lF - F-norm, 104

capr(E,Q) — F-capacity of E in 2, 107
Chapter 6.

H(Q) = Ha(Q) - set of A-harmonic functions in 2, 110

p,u(z, B, t) - (p, u)-capacity density of a set F in the ball B(z,t),
115

R(K,Q) = - A-potential of the compact set K in € in the Sobolev

RA(K,Q) space context, 115
Chapter 7.

§(Q) =854(Q) - set of A-superharmonic functions in 2, 131

—-85(0) = —S4(R2) - set of A-subharmonic functions in Q, 131

P(u, D) — Poisson modification of  in D, 135

Du — weak gradient of u, 150
Chapter 8.

U — lower semicontinuous regularization of u, 157

&Y = 3¥(Q) — class of A-superharmonic functions lying above 4 in
Q, 157

RY = R¥(Q) — réduite of ¢ in Q, 157

RY = R¥(Q) — balayage of 9 in 2, 157

I - &% when o = uxg, 157
B - réduite of u relative to F, 157
“% - balayage of u relative to E, 158

R} - A-potential of E, 158
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Chapter 9.
Uy — upper class of f, 168
Ly - the lower class of f, 168
H;=H;(Q) — upper Perron solution, 168
H,=H/Q) — lower Perron solution, 168
Chapter 11.
XE — characteristic function of E, 201
Ug - upper class for the .A-harmonic measure of E, 201
w(E,Q; A) — A-harmonic measure of E with respect to {2, 201
kp(z,y) - quasihyperbolic distance of z and y in D, 212
Chapter 12.
TA — A-fine topology, 217
Wopu(E, zo) ~ Wiener integral, 221
WE“(E, zo) — Wiener sum, 222
Tp,u - (p, u)-fine topology, 229
Chapter 13.
(A*, A) - (A*, A)-harmonic morphism, 236
» - AU,-harmonic morphism, 236
C(f,E) — cluster set, 247

Chapter 14.
WP WP, WP — unweighted Sobolev spaces, 250

loc

|F'(z)] - matrix norm of f'(z), 250

Js(z) - Jacobian determinant of f at z, 251
2 f'(x)) — minimum “norm” of f'(z), 251
Ko(f) - outer dilatation of f, 251

Ki(f) - inner dilatation of f, 251

K(f) - maximal dilatation of f, 251

u(y, f, D) - topological degree, 252

By — branch set, 253

i(z, f) — local topolocigal index, 253
U(f,z,7) ~ z-component of f~Y(B(f(z),r)), 254
N(y, f,A) - crude multiplicity, 254

N(f,A) - crude multiplicity, 254

adj A — adjoint of a matrix A, 256

adj f - adjoint of f'(z), 256

A* — transpose of a matrix A4, 257

ACL — absolute continuity on lines, 260

P* — push-forward of v, 263

*A - pull-back of A under f, 268

FHF — pull-back of F under f, 286
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ﬂp-harmonic morphism, 236fF.
Ap-weight, 10, 297ff.
Aj-weight, 10, 297, 298, 304, 308
Aoo-weight, 2971F.
A-polar, 193ff.
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F-norm, 104
F-superextremal
- with obstacle, 103
- free, 103

fundamental convergence theorem, 132, 158

361
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Hardy-Littlewood maximal function, 303
harmonic function, 1
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Mazur’s lemma, 24
maximal function, 43, 303
maximum principle, 111
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- strong, 111, 322
minimum principle, 135
minimum zero principle, 322
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monotone mapping, 332
monotonicity of A-harmonic measures, 203

Moser iteration, 65
Muckenhoupt class, 10, 297
Muckenhoupt’s theorem, 303
multiplicity, 254

normal domain, 253
normal neighborhood, 253

obstacle problem, 60, 103, 183, 332
- continuity of solutions, 78

open at a point, 237

open-end property, 302

open mapping, 237
- harmonic morphism, 237, 243
- quasiregular mapping, 256

p-admissible weight or measure, 7, 304,
309
pasting lemma, 134, 139
Perron family, 328
Perron’s method, 168, 327
Perron solution, 168, 182, 329
- lower, upper, 168, 329
Phragmén-Lindeldf’s principle
- A-subharmonic functions, 206
- quasiregular mappings, 278
Picard’s theorem, 279
(p, n)-capacity density condition, 127, 211
(p, p)-finely continuous, 233
(p, p)-fine topology, 229

(p, w)-quasicontinuous, 87, 196
(p, p)-quasieverywhere, 34, 88
(p, n)-quasiuniformly, 87
(p, n)-thick, 114, 221
(p, p)-thin, 221
Poincaré inequality, 8,9
- Ap-weights, 307
- quasiconformal mappings, 312
Poisson modification, 135, 327
polar set, 193ff.
polyhedron, 124
porous set, 214
potential
- A-harmonic measure, 205
- R(K, ), Sobolev space context, 115
- R, = RL(Q), A-potential, 158
- equivalence, 160, 187
- basic estimates, 116ff., 191
principle of A-harmonic measure
- harmonic morphisms, 248
- quasiregular mappings, 276
proper mapping, 275
pull-back
- equation, 257, 268, 294, 314
- kernel, 286
push-forward function, 263

quasiball, 313

quasiconformal mapping, 10, 251, 308
quasicontinuous, 87, 196
quasieverywhere, 34, 88
quasihyperbolic distance, 212
quasilinear harmonic space, 318
quasimeromorphic mapping, 274
quasiminimizer, 59

quasiregular mapping, 250fF.
quasisuperminimizer, 59
quasiuniformly, 87

Rademacher’s theorem, 15
radial stretching, 309
Radé property, 237
Radé’s theorem
- harmonic morphisms, 246
- quasiregular mappings, 275
réduite, 157
refined Sobolev space, 96
regular boundary point or open set
- balls are regular, 124
- barrier characterization, 172



Index 363

- characterizations, 172, 177

- corkscrew condition, 123

- Dirichlet regular, 318

- equivalence of definitions, 178

- exhaustion by regular sets, 124

- Kellogg property, 164, 173

- nonpolar points are regular, 125, 174

- (p, p)-thick points are regular, 122,

173

- polyhedra are regular, 124

- regular, 122, 163, 171, 219, 318

- Sobolev regular, 122, 163, 178

- Wiener criterion, 114ff., 192
removability theorems

- A-harmonic functions, 143

- A-superharmonic functions, 143

- harmonic morphisms, 246

- quasiregular mappings, 274
resolutive function, 182, 329
reverse Hélder inequality, 73, 298
Riesz measure, 281
Riesz potential, 304

sense-preserving, 252
sense-reversing, 252
similarity mapping, 236
singular solutions, 145

- growth estimates, 147
Sobolev boundary values, 59
Sobolev embedding theorem, 8, 9

- Ap-weights, 304

- quasiconformal mappings, 311
Sobolev inequality (see Sobolev embed-

ding theorem)

Sobolev space, 12, 250
solution, 57

- subsolution, 57

- supersolution, 57

- obstacle problem, 60

- weak solution, 57
Stoilow’s theorem, 259
strong doubling property, 299
strongly non-A-polar point, 239
subharmonic function, 131, 324
subsolution, 57

superextremal, 103

superharmonic function, 131, 298, 324
- vs. supersolution, 136fF., 139

supersolution, 57, 136ff.

thick, 114, 221

thin, 220, 221

topological degree, 252
two-constant theorem, 276

uniformly (p, p)-thick, 127, 130, 211
unique continuation, 130, 321
upper class, 168, 201, 328

upper Perron solution, 168, 329
upper semicontinuity, 75, 323

variational kernel, 97, 286
variational integral, 55, 98, 286

weak compactness, 24ff.

weak convergence, 24

weak gradient, 150

weak Harnack inequality, 71, 74

weight 7, 297, 332, 336

weighted embedding theorem (see embed-
ding theorem)

weighted Sobolev inequality (see Sobolev
embedding theorem)

weighted Sobolev space, 12

weighted Poincaré inequality (see Poincaré
inequality)

Wiener criterion, 114, 130, 192, 217, 221

Wiener estimate, 115

Wiener integral, 221

Wiener sum, 222

Wiener test (see Wiener criterion)

winding mapping, 251, 290

zero A-harmonic measure, 207
- absolute, 208
- total, 215
zero (p, p)-capacity, 34, 50, 193
- Hausdorff measures, 43ff.
zero (inner) (p, p)-capacity relative to €2,
144



19. The John-Nirenberg lemma

Here we present an argument for a slightly modified version of the John-Nirenberg
lemma 18.3 that serves the theory as presented in this book. More specifically, we
require that the BMO(; i) condition (19.4) and the exponential measure decay
estimate (19.6) hold only for balls B such that 2B C Q. The John—Nirenberg
lemma is used in this book only in the proof of Theorem 3.51 on p. 71, where the
hypotheses allow for this change in the formulation. The required modification to the
hypotheses of the John-Nirenberg lemma 3.46, p. 69, were indicated in the preface
to the Dover edition, p. II.

Our discussion of the John—-Nirenberg lemma here is self-contained. In particular,
no reference to Chapter 18 is necessary; when convenient, we repeat the arguments
given there. The proof is standard except for some technical details.

We note that various abstract versions of the John-Nirenberg lemma have ap-
peared recently in [18], [64], [69].

We assume that u is a doubling measure on R™; that is, 4 is a nontrivial Radon
measure on R" such that

(192 4(2B) < 7. 4(B)
for all balls B C R" and for some constant 4, > 1 independent of the ball. In par-
ticular, we need not assume that du = wdz for some locally integrable nonnegative
function w. In this chapter, the phrase almost every, or a.e., refers to the measure p.

By a ball we mean an open ball. The Lebesgue differentiation theorem for doubling
measures gives that

(19.3) limy 7 f(y)du(y) = f(z)

=0/ B(zr)

for a.e. € R", whenever f € L}, .(R"; u). (See, for example, [81, p. 13], [40, p. 4].)
We use the familiar notation

h—ffw ffww (m/ﬂwnw

for any measurable set E with positive and finite measure.

3656



366 19. The John-Nirenberg lemma

A function f € L}, (Q; p) is said to be in BMO(S; p) if there is a constant C > 0
such that

(194) flr-salausc

for every ball B with 2B C Q. The least C for which (19.4) holds is denoted by
| fll« and called the BMO-norm of f. The letters BMO stand for bounded mean
oscillation.

19.5. John-Nirenberg lemma for doubling measures. A function f is in
BMO(Q; 1) if and only if for every ball B such that 2B C Q and for everyt >0 it
holds that

(19.6) p({z € B: |f(z) = f5] > t}) < cre™u(B).

The positive constants c;, c; and the BMO norm || f||. depend only on each other,
the dimension n, and .

The proof will show the following: if f is in BMO(RQ; ), then (19.6) holds for
&1 = V2 and c; = log2/(8y}}||£|l.), while if (19.6) holds, then ||f|l. < 2(c1 + 1)/ca.

19.7. Calderén—Zygmund type decomposition for doubling measures.
Let B be a ball in R™ and let f be a nonnegative function in L*(B;pu). Assume that

frauss.

Then there is a countable collection of disjoint balls {B;} with centers in B such
that 10B; C 2B, that

(19.8) s< ][ fau<is,
B;nB

and that

(19.9) flz)<s

for a.e. z in B\ 5B;.
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PROOF: Let
A={z€B:s<lm ][ f) du(y) = (=)}
B(z,r)

Let z € A and consider the balls B(z,2~7R) for j = 4,5,..., where R is the radius
of B. Observe that B(z,10-277R) C 2B. Let k, > 4 be the smallest positive integer

such that
s < ][ fdp.
B(z,2-*= R)NB

From the doubling property of x, and from elementary geometry, we obtain that
u(B(z,279*'R)N B) < 7} u(B(z,27R) N B)
for every j > 1. Thus

S<][ fd#57ﬁ][ fap<~is
B(z,2-*z R)nB B(z,2-k=+1R)NB

if k; > 5. If k; = 4, we similarly have that

s<][ fd;t=][ fduS’Y,‘i][fd#S'YﬁS-
B(z,2-*z R)NB B(z,R/16)NB B

By the covering theorem 2.28, we can pick from the collection {B(z,2 % R)} a
countable pairwise disjoint subcollection {B;} such that

ACUSB{.

These balls B; have the required properties. O

PROOF OF THEOREM 19.5: The if part follows immediately from the formula

/ o0 9(z) du(z) = / ¢(tu({z € B 9(z) > t}) dt,

B
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which is valid for every nonnegative and continuously differentiable ¢ with ¢(0) =
and for every measurable nonnegative g. Indeed, we choose ¢(t) = e®t/2 — 1 and

find that
/ e? V45l gy — u(B)
B
=2 [ e uia e B11f@) - fol > th)
0
< 57u(B) / e dt = c1u(B),
0
which implies

f'f—fBldp,<£][ 21/~ fBId <2(Cl+1)
B T e &

The only if part requires a repeated application of the Calderén-Zygmund type
decomposition as in 19.7. Suppose that f € BMO(Q; 1) and fix a ball B with
2B C Q. Replacing f by (f — fg)/||fll« we may assume that fg =0 and ||f|l. = 1.

We claim that for each k = 1,2,... there is a countable collection of balls {B;, _;,}
satisfying the following properties (with the convention that Bj,. j, = 5B;,._j, = B):

(i) each Bj,. j,_,j. is centered at & point in 5B;, j,_;;

(i) 10B;,..;, C 2B;

(i) 325, #(5Bin..5.) < (3)*u(B);

(iv) | f(z)] < kX for a.e. € 5B;,..j,_, \gsBjL“jk_ljk, where A = 47'1‘1.

In the proof of this claim, we will repeatedly use the following fact: if B’ is a ball
that is centered in a ball B” such that diam B’ < diam B”, then

u(B") <iu(B'nB").
To prove the case k = 1, we first observe that
fildus i =1 <.

The Calderén-Zygmund type decomposition in 19.7 implies that there is a collection
of disjoint balls {B;,} with centers in B such that 10B;, C 2B, that

s<f dugals,
nB

71
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and that
|fl]<s ae inB\U5B;.
J1

In particular, (i), (ii), and (iv) hold for k = 1. We also have that
Zp.(f)le) < 72 Zﬂ'(le) < 722/-‘(3:1'1 N B)
i g1 J1

o 1 1
<> | Ulau<s [ |fldu< 5u(B),
7t B;nB B

so that (iii) holds as well for k£ = 1.
Suppose now that we have proved the claim for some k > 1. Fix a ball B, =

J1--Jk
5B;,..j,- Because 2B}, C 2B CQ, we have that

£ ey sl =<2 =,
J1--dk

and again the Calderén—Zygmund type decomposition in 19.7 provides us with a dis-
joint collection of balls {Bj, .. j.j.., } With centers in B} . such that 10B;, ;... C

, J--dk
Zlemjk, that
s<f \f - fa, |du < ofs,
Bilmjkjki-lnB.{/:lqu Tk
and that
If = foy, ,|<s  ae inBj ;i\ U5Bj jj-
Jk+1
Hence
3
Z B(5Bj . jriess) < Y Z H(Bis...indisr)
Jk+1 Jk+1
5
<N Z#(Bjx---.’imu n B;,il...j,,)
Jk+1
,YS
3 -
< Ej Z / I‘f fng»-ikldﬂ
]kHB.’h~~~Jk1k+1nB;1mj;.
1 1
<3 [ 1-aylde S 5B, L.
B;'lels

Therefore (i), (ii), and (iii) hold for k 4 1, for the collection {Bj,. j,,,}- It remains
to show that (iv) also holds.
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To this end, write B, Then

J1-dm

= 5Bjy...jm> and let z € B:;'xm.ik-xik‘

()] < 1£(=) - f

+ |f3h~-1k-1ik - fB:h-nih-ziknB;:-

1---1&-11:;' + |fB§;~~~u-;J’, - th--dk-xJkI

..J,_,l + lfB’l~-~jk-l’kna:lll..._1,‘_1 - fB},,..jk_,I

+1fey, o~ By

+ lthm.'lt-l.ft - fBJ'l-»Jt-xitnB;pnh_;‘ + ‘fB’l""l-I’lnaéx~-~h-1 - fB;r«Jx-.ll

+1fBy 4, — Bl

+ /By, — fByn8l + |f8;08|-

‘We have bounds

lfﬂjl...j‘_lj‘ - fle...j,_,,‘ﬂle,,,,,_lI < ]i - If - fle...J,_,j,I dp
-”lwfl—l’ln --di-1

< 7;2; ﬁ lf - fle.,,j‘_lj‘l dp, < '7: )
£)

1--d-adt

lfBJl~-~jt—l’ln8§1~-~h_1 - fB;y--.’h_)I S f

|f = 1oy, du < s,
BjygieatByy gy

and

3
lfB_',lm,‘ - fB,,A..j,l < Yo ]{3’

J1dt

f = fay,_,ldv <7
for every [ =1,...,k. It follows that
If(2)] < s+kv2+kvis + kv < (k+1)A

for a.e.
!
T € le...jk \ U 5B.‘i1-~-.‘ik:ik+1 .
Jk+1

This proves the induction step, and the claim follows.
Now if £ > A, let k > 1 be the integer for which

kA<t < (k+1)A.
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Then almost every point of {z € B : |f(z)| > t} belongs to the union of the balls
5Bj,...j., so that

1 -
u({z € B:|f(z)| > t}) < (5)"#(3) <e™'u(B),
where ¢; =log2/2). If 0 < t < ), then

p({z € B: |f(z)| > t}) < u(B) < cre™u(B)

where ¢; = e* = /2. This proves the theorem. o

The proof of the John—Nirenberg lemma also gives the following (see the comments
after the statement of 19.5):
19.10. Corollary. A function f is in BMO(S; 1) if and only if there are positive
constants ¢ and C such that

(19.11) ][ eVf-felgu < C
B

for all balls B with 2B C Q. If (19.11) holds, then || f]l« < C/c. Conversely, if f isin
BMO(S; ), then (19.11) holds with C = v2+1 and c = /2 = log 2/ (167, fI.)-



20. Admissible weights

In this chapter we discuss some recent developments related to p-admissible
weights. First, the four conditions I — IV on pp. 7-8 describing the admissibi-
lity have been reduced to two; in fact, conditions I and IV suffice. Second, many
new examples of admissible weights have been found.

Throughout this chapter, we let w be a weight in R*, n > 2, and let du = wdz be
the associated Radon measure as in (1.2). We also assume that 0 < w < oo almost
everywhere. Thus the term “almost everywhere” can unambiguously be used; it may
refer either to p or to Lebesgue measure.

All Lipschitz functions are assumed to be real-valued, and all balls are assumed to
be open. A function u: E — R, E C R", is L-Lipschitz if ju(z) — u(y)| < L|z — y|
for every z,y € E. A function u : E — R is locally Lipschitzin E if for each compact
subset C of E there is L such that the restriction of u to C is L-Lipschitz.

20.1. Doubling weights and Poincaré inequality

We recall that 4 is doubling if there is a constant 4, > 0 such that

(20.2) #(2B) < v, u(B)

whenever B is a ball in R".

Next, we say that y admits a p-Poincaré inegquality, 1 < p < oo, if there are
constants Cp, > 0 and A > 1 such that

(203) F ool < Gor(f Vel dus

whenever B = B(zo,r) is a ball in R™ and ¢ : AB — R is a bounded locally
Lipschitz function. Here pp denotes the integral average of ¢ on B and V¢ denotes
the almost everywhere defined gradient of ¢ (see pp. 8 and 15). In recent literature,
condition (20.3) is sometimes called a weak (1, p)-Poincaré inequality.

In particular, for every weight w that satisfies conditions I and IV, pp. 7-8, the
associated measure dy = wdz is both doubling and admits a p-Poincaré inequality.
To see this, we only need to observe that the requirement that ¢ € C®(B) in IV
can be changed to the requirement that ¢ is a bounded locally Lipschitz function
(Lemma 1.11, p. 15, and Lemma 1.15, p. 17).

372



20. Admissible weights 373

Note that we allow the value p =1 in (20.3).

If p satisfies (20.2) and (20.3), we refer to the constants -y,, Cp, and ), along with
n and p, as the data (associated with p).

We now describe the main results in this section.

20.4 Theorem. Assume that p is doubling and admits a p-Poincaré inequality for
some 1 < p < oo. If D is an open set in R™ and ¢; a sequence of locally Lipschitz
functions in D such that [}, |l dp — 0 and [}, |V; —v[Pdp — 0 as i — oo, where
v s a vector-valued measurable function in LP(D; u; R™), then v =0.

20.5. Theorem. Assume that p is doubling and admits a p-Poincaré inequality
for some 1 < p < 0o. There are constants ¢ > 1 and C > 0, only depending on the
data associated with u, such that

(206) (£ tePoa) < or (£ 1P du)*
B B

whenever B = B(zo,r) is a ball in R™ and ¢ : B — R is a Lipschitz function with
compact support in B.

20.7. Theorem. Assume that p is doubling and admits a p-Poincaré inequality
for some 1 < p < 0o. There are constants » > 1 and C > 0, only depending on the
data associated with u, such that

(208) (£ lo - eal?a) " < v (£ (9pp )
B B

whenever B = B(zo,r) is a ball in R™ and ¢ : B — R is a bounded locally Lipschitz
function.

20.9. Corollary. A weight w in R™ is p-admissible if and only if the associated
measure is doubling and admits a p-Poincaré inequality. In particular, a weight w
in R™ is p-admissible if and only if conditions I and IV hold. The statement is
quantitative in the sense that the constants in the conclusion only depend on the
data in the hypotheses.

Theorem 20.4 is due to Semmes; it first appeared in [41]. We will follow the
streamlined later proof of [29]. Theorem 20.5 is credited to Saloff-Coste [72] and
Grigor'yan [33] in [37, p. 79], where also further references to numerous related
works can be found. Theorem 20.7 was first proved by Jerison [45] in a slightly
weaker formulation. Here we follow Hajlasz and Koskela [36] with arguments that
can be applied in great generality; see [37)].
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In preparation for the proofs, we require a lemma on maximal functions of gradi-
ents of Lipschitz functions. Recall ((15.18) p. 303) that

(20.10) M,f(e) = sup f 1114

for f € L},,(R™; p), where the supremum is taken over all balls B that contain z.
If f is a priori defined only on some measurable subset A C R", and is locally
integrable there, the definition in (20.10) applies with the understanding that f is
defined to be zero outside A.

20.11. Lemma. Assume that u is doubling and admits a p-Poincaré inequality for
some 1 < p < oco. There is a constant C > 0 depending only on the data such that

(2012)  lp(@) - ¢l < Cla—yl ((MIVeP@)7? + (MIVeP(1))7)

whenever ¢ : B — R is a locally Lipschitz function in a ball B and z,y € (2))7!B,
where A > 1 is as in (20.3).

Proof. Let ¢ : B — R be a locally Lipschitz function in a ball B = B(zo,7), and
let 7,y € (2A\) !B, z # y. Put 2 = (z+y)/2 and on the line segment [z, z] choose
consecutive points zp, z1,... converging to & such that |zx — 21| = 27%~1d, where
d = |z — z|. Write By = B(zk,27%"1d) for k > 0. Because pp, — ¢(z) as k — oo,
and because By, C 2By C A™'B for every k > 0, we conclude from the doubling
property (20.2) and from the Poincaré inequality (20.3) that

00 )
I¢(z) - ()oBol = Z I‘pBlc - (ka“l < Z |‘ka - ‘PZBgI + |¢2Bk - ()oBkuI

<
k=0 k=0
(=] o0
<X f lo-emldu< ey M e-ul(f VP,
k=0 ¥ 2Bk k=0 2AB;

Noting that 2AB, C B and that z € 3\By for every k > 0, we obtain from the
preceding that

lo(2) = 0Bol < cla -yl (M| VP (2))/7.
By symmetry, we also have

lo(y) = el < cle =yl (M VlP(y))"?.

Inequality (20.12) follows from the preceding two estimates and the triangle inequal-
ity, and the lemma is thereby proved. o
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Proof of Theorem 20.4. Let ¢; and v be functions as in the theorem. Fix a ball B
such that 2AB C D. It suffices to show that v = 0 in B. By passing to a subsequence,
we may assume that ¢; — 0 and Vy; — v pointwise almost everywhere in B, and
that

(20.13) / IViss — ViulPdu < 47
B

Write u; = ;41 — @i Then Lemma 20.11 gives that
(@) — (@) < el — ol ((MATwPE)Y + (M, Vs (1))

for every z,y € B. Hence we obtain that

(20.14) lei(z) — i) < clz -yl (ve(z) + vk (y))
for every z,y € B and i > k, where

00
ve(2) = 3 (Ml Vus"(2)) 7.
j=k
Then for 0 < t = 372, t2*~7-! we have

{z€B:wu(2) >t} C D{z € B : M,|Vu,P(z) > (t257971)P},
=k

whence

u({z € B:u(z) > t}) < Zu({z € B : M,|Vu,P(z) > (t2¥-7-1)P})

=k

e (2 [1Vu du
B

IN

i—k

IN

ct P4~k

where we used the weak estimate [81, Theorem 1 (b), p. 13] and (20.13). Write
AF = B\ {z € B : vx(2) > t}. Then the preceding inequality gives that

(20.15) p(B\ A =0

as k — oo, while we obtain from (20.14) that the restriction of ¢; to AF is ct-
Lipschitz whenever ¢ > k. By the standard Lipschitz extension lemma [27, 2.10.44],
we may extend ¢; to a ct-Lipschitz function ®; : B — R. In particular, we have that
|V®;| < ct almost everywhere in B, and hence that |Vi;| < ct almost everywhere in
AF whenever i > k. This implies that |v| < ct almost everywhere in A¥, and hence
by (20.15) that |v| < ct almost everywhere in B. Finally, by letting ¢t — 0, we have
that v = 0 almost everywhere in B. The theorem follows. o
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For the proof of Theorem 20.5, we require the following two lemmas.

20.16. Lemma. Assume that p satisfies (20.2). Let B(zo,7) C R" be a ball,
z € B(zo,7), and 0 < s < 2r. Then

f a a lu'(B(z’s))
(20.17) ('r) s4 w(B(zo,7))’

where a = logy v, > 0.
Proof. Let k > 1 be the integer such that 2k-1s < 2r < 2%s. Then

#(B(zo,7)) < u(B(z,2%s)) < 7in(B(z,s)),
and (20.17) follows from the choice of k. o

20.18. Lemma. Let (X,v) be a finite measure space and let u : X — R be a
measurable function. Assume that there are constants v > 1 and Cp > 0 such that

v({z € X : |u(z)| > t}) < Cot™

for every t > 0. Then for each 0 < § <y we have

(20.19) / [ulfdv < (—_775)05””( X)o-9)/1
4 v
Proof. We have
(=]
/ luffdv = B / V({z € X : Julz)| > )P dt
X 0
A )
<p / v(X)tP1dt+ Co B / t7+A-1 gt
0 A

for A > 0. By setting A = (Co/v(X))"/" and computing the integrals, we arrive at
(20.19). o
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Proof of Theorem 20.5. Let ¢ be a Lipschitz function with compact support in a
ball B = B(zg,r). We treat ¢ as a globally defined Lipschitz function that is zero
outside B. Let a > 0 be as in (20.17). Fix 0 < € < 1, depending only on p and «,
such that ¢ = p(1 —€)/a < 1. We claim that

(020)  u({z€ B lp@) > ) < (B [1Vpp a0 w0
B

for every t > 0, where ¢ > 0 depends only on the data. Indeed, (20.6) follows from
(20.20) and Lemma 20.18 by a direct computation; we can choose any » < 1/(1—q).
It therefore suffices to prove the claim (20.20).

To this end, fix t > 0 and fix z € B such that |p(z)| > ¢. We slightly modify
the argument in the proof of Lemma 20.11. Set yo = o — 3r(z — zp)/|z — 0|, and
on the line segment [yp, z] choose consecutive points yo, %1, ... converging to z such
that |yx — Yks1| = 275"1d, where d = |yp — z|. Then put By = B(yx, 27%"1d) for
k > 0. Note that ¢ = 0 in By. As in the proof of Lemma 20.11, we obtain that

(20.21) t<|90(z)|=|90($)—¢30|Sczdz_"(][ Vel du)
o 2ABy

Because -
t=c(e) Z t27ke
k=0
we find from (20.21) that there must be a ball By, = B(yx,, 2 *~1d) such that
t27% < cd2""(][ |Vl du)V/P.
2ABy,

The doubling condition (20.2), inequality (20.17), and the choice for g then give

b < edi(d2 ) u(Br,) Vo / Vipl? dysy /o

2)By,
< cdtr (BB [ 1VaPaws,
2)By,
whence
(20.22) WB) < cou(B)™ [ 1VelP du0-0pr/0-0

2)By,
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Note that z € 3ABy_. It follows from the covering theorem 2.28, p. 43, that there
exists a countable pairwise disjoint collection of balls B; = 2AB,, of the type in
(20.22) such that

{z € B:|p(z)| >t} | J10B;.

In particular,

u({z € B: p(z)| > t}) < Z#(IOBs) <c Z#(Bk,i)

IN

e Z(TP#(B)_"/ |V|P dy)Y/A-¢—/0-0)
i B

IN

c(r”p(B)"’/Ithl" du)l/(l-Q)t—P/(l—q),
B

where we also used the fact 0 < 1 — ¢ < 1. Thus (20.20) follows, and by what was
said earlier, the proof is complete. u]

Before the proof of Theorem 20.7, we require the following lemma, whose proof is
left to the reader.

20.23. Lemma. Let B = B(zo,r) be a ball in R, A > 1, and z € B. Then
there ezists a sequence of balls By = (2\)™'B, By, By, ... with following properties
fOT every k > 0: (‘l) BN Bg4 95 @, (u) By C 2By, (m) 2\B; C B, (Z’U) z € 4\ By,
(v) b2 %r < diam By < b27Fr for some constant b > 1 depending only on A, and
(vi) dist(Bg,z) — 0 as k — 00.

Proof of Theorem 20.7. The proof here is similar to the proof of Theorem 20.5.
Indeed, fix a bounded locally Lipschitz function ¢ : B — R, where B = B(zyg, 7).
Let By = (2))7!B. Because

( ]{3 lp — 0a]™® du) /P < o ]{3 I — ool dys)

it suffices to show that

IN

(20.24) (£ ol < cr (£ 9P a)
B B

under the assumption that ¢g, = 0.
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The preceding understood, fix t > 0. Then fix z € B such that |p(z)| > t. Let
By = (2))7!B, By, B,, ... be a sequence of balls associated with z as in Lemma
20.23. As in the proof of Theorem 20.5, we obtain

o0
Z l®B, — w2B.] + 028, — ¥By
k=0

c 7‘2"‘][ Vol|? du)/?.
> (7., IV 1)

k=0

IN

t < |p(2)| = |p(z) — @Bl

IA

Using the this inequality, a covering argument, and Lemma 20.18, exactly as in
the proof of Theorem 20.5, we arrive at (20.24). Note again that we can pick any
% <1/(1 —q), where ¢ = p(1 — €)/a as in the proof of Theorem 20.5. The theorem
follows. o

20.2. Strong A,-weights as admissible weights

The main new source of examples of p-admissible weights is the class of strong
A-weights. We next describe this class. (See Chapter 15 for the basic theory of
A-weights.)

Let w be a weight in R", n > 2, and assume that the measure dy = wdz is
doubling. Associated with w is a quasi-distance d,, : R® x R™ — [0, 00) defined by

(20.25) du(z,9) = p(Bzy) ™",
where B, = B(Z, E;—ll) ifz # y and Byy = 0 if z = y. Thus, dy(z,y) = du(y, z),

dy(z,z) = 0, and
dy(z,y) < c(du(z,2) + du(2,9))

for all z,y,z € R™ and for some ¢ > 1 depending only on the doubling constant of
u and on n.

We call w a strong Ao -weight if the associated quasi-distance d,, is equivalent to
a distance, i.e., if there is a metric p in R™ such that

(20.26) C7p(z,y) < du(z,y) < Cp(z,y)

for every x,y € R™, where C > 1 is a constant that is independent of z and y.
Alternatively, a weight w is a strong A-weight if there exists a constant C > 1
such that

k
(20.27) du(z,y) < Cinf Y du(mi, Tis1)

i=1
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for every z,y € R™, where the infimum is taken over all finite sequences of points
such that z; = z and zx4) = y.

Every A;-weight is a strong A-weight. On the other hand, the weight w(z;, z;) =
|z1] in R? is an A,-weight for every p > 1, but not a strong A-weight.

Strong Ao.-weights were introduced by David and Semmes [21], [74]. The ini-
tial motivation was to define a class of weights that would potentially characterize
Jacobians of quasiconformal mappings (up to comparability).

If f : R* — R" is a quasiconformal mapping, then the Jacobian determinant J;
(see Section 15.31) is a strong A-weight. In fact, one can set p(z,y) = | f(z)— f(y)|
in (20.26). This follows from basic distortion and change of variables properties of
quasiconformal mappings. However, there are strong A, weights w in R™ for each
n > 2 that are not comparable to quasiconformal Jacobians, i.e., we have that

(20.28) max {ess sup ‘3((:)) , €8S sup }z;((z))} = o0

for every quasiconformal mapping f : R® — R™. All hitherto known examples of
strong A-weights w with property (20.28) are somewhat nontrivial [76], [62], [4].

The following theorem generalizes Corollary 15.33.

20.29. Theorem. Let w be a strong A.-weight in R™. Then the measure dy =
w'~?/"dz is doubling and admits a p-Poincaré inequality for every 1 < p < n.

20.30. Corollary. Let w be a strong Ac-weight in R®. Then w'~?/™ is p-admissible
whenever 1 < p < n. Moreover, w'~Y/" is p-admissible for every p > 1.

Theorem 20.29 was first proved in [41] for p > 1, by using results from [21], [28].
A different proof covering also the case p = 1 was given by Bjérn [10]. The article
[10] contains further examples of p-admissible weights, obtained by using weighted
Ap-conditions (against a strong A..-weight).

Using Corollary 20.30 we obtain many nontrivial and concrete examples of p-
admissible weights. Geometric examples can be found in [74], [60], [16]. (See also
[46], where strong A.-weights are not used.) For analytic examples, several sub-
spaces of BMO(R™) are known to have the property that exponentials of functions
with small enough BMO-norm are strong Ao.-weights. See [15], [14], [20].



21. The Riesz measure of an A-superharmonic function

In this chapter we discuss the Riesz measure associated with an .4-superharmonic
function. First we study existence questions, and then discuss the relationship
between the Riesz measure and capacity. The main result is Theorem 21.21, where
estimate (21.22) resembles the classical Riesz decomposition theorem (cf. [43, The-
orem 6.18, p. 116] or [25, 1.1.8]). The theory is applied to prove the necessity of the
Wiener test for the Dirichlet problem. The results here also provide converse state-
ments to those in Lemma 9.10, Theorem 9.18, and Theorem 12.5. All in all these
results give a complete characterization of the boundary regularity for the Dirichlet
problem associated with .A-harmonic functions.

We follow the discussion in [53], [54]. In Notes to Chapter 9, p. 192, it is stated
that the methods in Kilpeldinen and Maly (1992b) do not extend to the weighted
situation. This statement was formally correct at the time, for an early version of
the paper [54] did not allow for such extension. However, the argument in the final
published version of [54] applies so as to cover the weighted equations considered in
this book. See [70] for a complete account.

We use the notation and terminology of the main text. In particular, 1 < p < oo,
and A is a mapping satisfying (3.3)-(3.7) for some constants 0 < a < 8 < 0o and
for some p-admissible weight w in R™, n > 2. Also recall that the notation ¢, stands
for constants appearing in connection with conditions I, ITI, and IV (see p. 9) and
that Q is an open set in R™.

Here a Radon measure in  means a locally finite nonnegative Borel regular meas-
ure defined on all subsets of  [27, 2.2.5].

21.1. Riesz measures

The weak gradient Du of an A-superharmonic function v in Q was defined on p.
150 by
Du= klim V min(u, k) .
By Theorem 7.46, we have that Du € L,;I(Q; u), and hence
A(z, Du) € L} (Q;dz; R™)
determines a vector-valued distribution. As mentioned on p. 151, if u € H,lo'f (; ),

then Du = Vu. Conversely, it is easy to see (by using the Poincaré inequality IV
and Theorem 1.32) that Du € L? (; ) implies u € Hj2P(Q; p) and Du = Vu.

381
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21.2. Theorem. Let u be an A-superharmonic function in Q. Then there is a
unique Radon measure v in Q such that

(21.3) —div A(z, Du) = v

in the sense of distributions; that is,

/A(z,Du)-Vgodz:/cpdu
Q

b}
for every p € CP(Q).

The measure v as in Theorem 21.2 is called the Riesz measure, or the Riesz mass,
associated with u. Note that Riesz measures were introduced and used earlier in the
book in an unweighted context on p. 281.

PRrOOF: Let ¢ € C§°(2) be nonnegative and choose an open set Q' €  so that
spt C €. Then for each k = 1,2,... the truncation min(u, k) is a supersolution
of (3.8) in Q (Corollary 7.20). Moreover, by Theorem 7.46 there is ¢ > 1 such
that |DufP~! € L9(V; ). Hence the functions A(z, V min(u, k)) form a bounded
sequence in L(QY; u; R™) converging weakly to A(z, Du) in LI(Q; dz; R™) (cf. the
discussion on p. 25). We collect these observations to deduce

/A(z, Du)-Vpdz = klim /A(Z,Vmin(u, k))-Vedz >0.
Q Q

It follows that the assignment
o /.A(z, Du) -Vedz
Q

is a nonnegative distribution and hence it can be represented by a measure v as
claimed in the theorem. (See [73, p. 29].) The proof is complete. m]

We have the following converse to Theorem 21.2.

21.4. Theorem. Let v be a finite Radon measure in R™. Then there ezists an A-
superharmonic function u in R™ such that — div A(z, Du) = v.

If, moreover, v is a finite Radon measure in a bounded open set Q, then there
exists an A-superharmonic function u in Q such that — div A(z, Du) = v and that
min(u, k) € Hy?(Q; u) for every k > 1.
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For a proof of Theorem 21.4, see [53, Theorem 2.4], [49, Theorem 2.10]. For related
existence results, see also [3], [13], [23], [24]. Theorem 21.4 fails to hold in general for
Radon measures with infinite total mass. The uniqueness of the .A-superharmonic
solution is also not known in general. We will not discuss these issues further here,
but refer to [50].

Radon measures that give rise to A-superharmonic functions in the Sobolev space
HyP(Q; 1), with © bounded, can be characterized as measures in the dual of the
Dirichlet space L}®(Q; i), defined on p. 13. To say that a Radon measure v in Q
belongs to the dual of Ly®(f; u) means, by definition, that the action of » on the
dense subspace C$°(Q2) of Ly?(; i) is given by

(21.5) (v, ) =/<pd1/.

Q

In other words, a Radon measure v in Q belongs to the dual of Ly?(€; 1) if and only
if there exists a constant C > 0 such that

| / pv| < 0 / Vol du)/e
Q Q

whenever ¢ € C°(Q2). Later we will see that the integral action (21.5) extends as
such to all (quasicontinuous) functions in Ly™(2; ).

We have a continuous embedding Ha?(Q; 1) — LyP(Q; ), so that every element
in the dual of Ly(Q; 1) naturally defines an element in the dual of Ha*(R; p) IfQ
is bounded, then the Sobolev space Hy(; ) is isomorphic to the space Ly™(S; )
modulo functions that are constant in a component of by the Sobolev inequality
III. Indeed,

IVell, < llellpy < (CmdiamQ+1) [|Vell,
for ¢ € C§°(9). In particular, if Q2 is bounded, then a measure v belongs to the dual

of Ly?(€; ) as defined above if and only if it belongs to the dual of Hy®(€; ) by
using the action (21.5) in the dense subspace.

21.6. Theorem. Let u be an A-superharmonic function in Q such that Du €
LP(Q; ). Then the Riesz mass v of u belongs to the dual of Ly™(Q; ).

Conversely, if Q is bounded and v is a Radon measure in the dual of Lo”’ (Q; ),
then there is a unique A-superharmonic function u € Ho‘p (4 1) with Riesz mass v.

Note that there is no finiteness assumption for the measure in Theorem 21.6 (cf.
Theorem 21.4).
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PROOF: Assume u is A-superharmonic with v its Riesz mass, and assume that
Du € LP(Q; ). Then Vu = Du by the remarks made before Theorem 21.2, so that

(21.7) pdv= [ A(z,Vu) Vodz < B( [ [Vulf du)®V/P( [ |VelP du)'/?
[eo=] / /

whenever ¢ € C°($2). Hence v belongs to the dual of Ly®(€; ).

Conversely, let 2 be bounded and let v be a measure in the dual of Lé”(ﬂ; u). The
existence of an A4-superharmonic function v with Riesz mass v follows by applying
Proposition 17.2, Appendix I, p. 333. Indeed, choose K = X = H&”’(Q; 4) and let
A, : X — X' be defined by

v, 0) = / Az, Vo) - Vods — (v, ).
Q

Moreover, since 2, is of the form 2, = 2 — v, where 2 is defined on p. 333, we have
that the hypotheses of Proposition 17.2 are all satisfied. It follows that there is an
element u € Hy?(€; 1) such that

/A(a:,Vu)~Vgod:c=/<pdu
Q Q

for every ¢ € Cg°(?). In particular, u is an A-supersolution and we can take its A-
superharmonic representative. The uniqueness follows as in Lemma 3.22. u]

We will not address the existence of an .A-superharmonic solution in L§®(€; ) if Q
is not bounded. The issue is more complicated than in Theorem 21.6. For example,
in many cases there are no nontrivial .A-superharmonic functions in Lg?(R™; ) (cf.
Section 9.21).

We say that a Radon measure v in Q is absolutely continuous with respect to the
(p, u)-capacity if cap,,, E = 0 implies ¥(E) = 0 for every E C Q.
21.8. Proposition. The Riesz measure v of an A-superharmonic function u €

H,L’f(ﬂ; ) is absolutely continuous with respect to the (p, u)-capacity.

In particular, every Radon measure in the dual of Ly(Q; 1) is absolutely continu-
ous with respect to the (p, u)-capacity.
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PROOF: Let E C § be of (p, u)-capacity zero. By Section 2.7, we may assume that
E is a Borel set. Therefore, because v is a Radon measure, it suffices to show that
v(K) = 0 for every compact set K C E. Fix a compact set K C E and fix an
open set ' € § containing K. For every function ¢ € C§°(Q') satisfying ¢ > 0 and
¢ =1 on K, we have that

v(K) < /godu:(l[A(z,Vu)-Vgodz

o

<6( [ 19uP )2 [ 196 au)".
n/ n/

Since cap, ,(K,Q’) = 0, taking the infimum over all functions ¢ as above yields
v(K)=0.

To prove the second assertion, we simply observe that every member in the dual
of LYP(; ) lies naturally in the dual of LyP(Q'; i) for every Q' € Q. The claim
then follows from the first part of the theorem, from the subadditivity of capacity,
and from Theorem 21.6. o

Next, recall the definition for quasicontinuous functions from Section 4.1. The
uniqueness, up to a set of (p, u)-capacity zero, of the (p, 1)-quasicontinuous repre-
sentative of a Sobolev function was established in Theorem 4.14. There is an obvious
local version of this result, which is not explicitly recorded in the main text. We
next give a simple proof of the uniqueness found in [48]. We consider only a special
case of the general statement in [48] that is relevant in the present context.

21.9. Theorem. Let u and v be two (p, p)-quasicontinuous functions in Q such
that u = v almost everywhere. Then u = v (p, u)-quasieverywhere.

PROOF: We have to show that Cp,(N) = 0, where N = {z € Q : u(z) # v(z)}.
Fix e > 0. Let G C Q be an open set such that C,,(G) < € and such that the
restrictions of both u and v to Q\ G are continuous. It follows that we can find an
open set U C 2 such that

(21.10) Q\G)NU=(Q\G)NNCN.

Since (GUU)\ (U\ G) = G, and since GUU is open and U \ G has measure zero
by (21.10), the definition for the Sobolev capacity gives that

Cou(GUU) = Cou(G) < .

Finally, since N-C GUU, we have that C,,,(N) <. The theorem follows. o
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21.11. Remark. It follows from the definitions that every (p, u)-quasicontinuous
function has a pointwise defined (p, 1)-quasicontinuous representative that is a Borel
function. Moreover, every two such representatives differ only in a set of (p, u)-
capacity zero by Theorem 21.9. In particular, if » is a Radon measure in Q that is
in the dual of L(l,‘p (2 1), then it follows from Proposition 21.8 that the expression

(21.12) / vdv

Q

makes sense for every function v that is (p, p)-quasicontinuous; we can unambigu-
ously use a Borel representative of v.

In the next theorem we show that the dual action of a finite measure v in L}?(£2; 1)
is exactly given by formula (21.12) if Q is bounded and v € HyP(Q;u) (cf. the
discussion before Theorem 21.6).

21.13. Theorem. Let Q be bounded and let v be a finite Radon measure in the
dual of Ly®(Q; ). Then
(v,v) = / vdv

Q

for every (p, p)-quasicontinuous function v € HyP(Q; ).

We require the following lemma.

21.14 Lemma. Let u € Hy?(; p) be such that |u] < M almost everywhere. Then
there exists a sequence p; € C§°(S2) such that |@;| < M for every j and that p; — u
in Hy®(; ).

Proof. Let ¢; € C(£) be a sequence such that ¢; — u in HyP(Q;x). Then the
sequence t; = min(max(yp;, —M), M) consists of compactly supported Lipschitz
functions in Q such that ; — u in Hy?(£; 42) (Lemma 1.22). It therefore suffices to
show that every compactly supported Lipschitz function 4 in Q can be approximated
in Hy®(Q; 1) by functions ¢ € C$°(82) such that ||p]jes < |[¥]leo- This is achieved
by considering convolutions 9. of ¥, for they satisfy

elloo < 1Wlleos Vel < [[VHlloo, — €>0.

(See also Lemma 1.11.) Indeed, since we also have that ¥, — ¢ and V¢, — V¢
almost everywhere, as ¢ — 0, the claim follows from the dominated convergence
theorem. o
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PROOF OF THEOREM 21.13: Let v € HyP(Q;u) be (p, u)-quasicontinuous and
Borel. By considering the positive and the negative part of v separately, if ne-
cessary, we may assume that v > 0. Moreover, since the truncations vx = min(v, k)
converge to v in H0 "?(Q; w), as k — 00, we may assume by the monotone convergence
theorem that v is bounded. Let ¢; € C°°(Q) be a sequence of uniformly bounded
functions that converges to v both in Hy®(; 1) and (p, u)-quasieverywhere (Lemma
21.14, Theorems 4.3 and 4.5). Since ¥(2) < oo, we have that

(v,v) = lim (v, p;) = lim /tpjdu = /vdu
j—oo j—00
Q Q
by the dominated convergence theorem. The theorem follows. a

21.15. Theorem. Let 2 be bounded, let v be a finite Radon measure in the dual
of LyP(% 1), and let u € HyP(Q;u) be the unique A-superharmonic function with
Riesz mass v guaranteed by Theorem 21.6. Then

(21.16) /A(z,Vu) -Vudz = /udx/
b a

and the dual norm ||v|| of v satisfies
(21.17) a|[Vullp™ < Jlvll < BlIVullp™.

Proof. The inequality on the right in (21.17) follows from (21.7). To prove the
inequality on the left in (21.17), as well as (21.16), we recall that u is (p,pu)-
quasicontinuous and Borel (Theorem 10.9), and that by the definition for the map-
ping 2, in the proof of Theorem 21.6 we have

0= (Au,u) = / A(z,Vu) - Vudz — (v,u) .

Theorem 21.13 then gives that (21.16) holds. Moreover, we have that

a/|Vu|"d,u§/.A(a:,Vu)'Vudz= (wu) < W 1Vullp.
Q Q

The proof of the theorem is complete. o
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The following corollary is noteworthy.

21.18. Corollary. Let Q be bounded, let v be a finite Radon measure in the dual
of LgP(; 1), and let u € HYP(Q; ) be the unique A-superharmonic function with
A(z,€) = w(z)|E|P~2¢ and with Riesz mass v guaranteed by Theorem 21.6. Then
the dual norm ||v|| of v satisfies

lIvll = [IVull5™.

21.19. Remark. A Radon measure v with compact support in a bounded open
set Q is in the dual of Hy?(f; x) if and only if

mn ()™ e <

for some r > 0. This result in the unweighted case is due to Hedberg and Wolff [39].
A different proof can be found in [1], [84, Theorem 4.7.5). For the weighted case,
see [70, Theorem 6.1]. Indeed, the result follows fairly directly from (21.22).

By using condition (21.20), one can exhibit many concrete and nontrivial examples
of measures in the dual of L}?((; ).

21.2. The Wolff potential

The main new concept in the proof of the necessity of the Wiener test for the
regularity of a boundary point is the Wolff potential of a measure. Let v be a Radon
measure in Q. The Wolff potential of v is the expression

wen- [ ()%

defined for every z € Q and 0 < r < dist(z, dQ). Note that Wy (z,) is comparable

to the integral
/ v(B(z,1)) Ve at
J \capy,(B(z,t), B(z, 2t)) t

with constants of comparability only depending on n, p, and ¢, (Lemma 2.14). Also
note that the Wolff potential already appeared in condition (21.20).

The main theorem of this chapter is the following.
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21.21. Theorem. Let u be a nonnegative A-superharmonic function in B(z, 3r)
with v its Riesz mass. Then

(21.22) CIW:’p(zo, ) S u(zo) < ¢ B%Efr) u+cgWy _p(:z:o, 2r),

where c1, ¢z, and c3 are positive constants, depending only on n, p, c,, and the
structural constants o and 8.

In particular, u(zo) < oo if and only if WY (zo,7) < 0.

Theorem 21.21 was first established by Kilpeldinen and Maly in (53], [54]; its
weighted version is included in Mikkonen's thesis [70]. Maly [65], [66] extended the
estimate for equations depending also on u; for a complete record of this see the book
[67] by Maly and Ziemer. Later Trudinger and Wang [82] gave a different proof for
Theorem 21.21 that works for a wider class of subelliptic operators. Labutin- [63]
extended the result for Hessian equations. For further information about the Wolff
potential and its extensions, see [2].

We will not prove Theorem 21.21 here. Instead, we employ the Wolff potential
estimate (21.22) to establish the necessity of the Wiener test for the regularity of a
boundary point. First we present estimates that connect capacities and Riesz masses
of capacitary potentials. Recall the definitions for the balayage R} = Rj(2; A) of u
relative to E C Q, and for the A-potential R}, = RL(Q;.A) of a set E C Q (Chapter
8, pp. 157-8).

The next lemma is not explicitly stated in the main text, although it can be
derived easily from the results therein. For simplicity, we outline an argument.

21.23. Lemma. Suppose that  is bounded, that E € Q, and that u is a bounded
nonnegative A-superharmonic function in Q. Then R%(Q; A) € HyP(Q; ).

Proof. Let v = R%(8;.A) and choose an open set D € R™\ E that contains 89.
Let § € H*»(DNQ; u) N C(D N Q) be such that = v in 8D N Q and that § =0 in
89. We note that v is .A-harmonic in @\ E by Lemma 8.4. If h is the .A-harmonic
function in D N Q with A — 6 € Hy?(D NQ; u), we infer from the comparison with
exceptional set (Lemma 7.37, Theorem 9.11, and Theorem 9.34) that A = v in DNQ.
The lemma follows. a

21.24. Lemma. Suppose that Q is bounded and E € Q). Let u = RL(Q;.A) be the
A-potential of E in Q with Riesz massv. Then

v(U) < ccap, ,(ENU,Q)

whenever U C ) is open, where ¢ = ¢(p, e, 8) > 0.
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ProoOF: Let U C Q be open, and let G C Q be an open set containing ENU.
Choose an increasing sequence of compact sets K; such that G = U;Kj;. Fix j and
let u; be the A-potential of (E N K;) U (E \ U) in  with v; the associated Riesz
measure. Then let o; = v;|U be the restriction of v; to U. The support of o; is
contained in Kj, and hence in G. It follows from Lemma 21.23 and from Theorem
21.6 that o; is in the dual of Ly®(Q;u). Let v; € Hy®(Q;p) be the unique A-
superharmonic function with Riesz mass o; guaranteed by Theorem 21.6. We see
similarly as in Lemma 3.22 that
0 S Vi < Uy S 1.

Next, let ¢ € C°(2), 0 < ¢ < 1, be such that ¢ = 1 in K;. We obtain from the
Caccioppoli inequality (3.29) (applied to the function v; — 1) that

l/j(U) = Uj(Kj) = /A(I,V’Uj) . qupd:t
0
<l [ 190 )0 ( [ 190l i)
Q Q
<c [ 196P du.
Q
By taking the infimum over all ¢ in the preceding inequality, we find that

v;(U) < ccap, ,(G,9),

and hence that
v;j(U) < ccap, J(ENU,Q).

Next, by following the proof of Theorem 3.75, we infer that, for each ¢ € C§°(Q),

ﬂ/¢de=Q/A(z,Vuj)-V1/)dz—>n/.A(:c,Vu)-V1/sz=n/¢dV

as j — oo. Hence in particular

v(U) < liminf »;(U) < ccap, (ENU,Q),
j—00

as required. The lemma follows. u}
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21.25. Lemma. Suppose that 2 is bounded, that v is o Radon measure in Q, and
that u € HYP(Q; u) is A-superharmonic with the Riesz measure v. Then

M~lcap, ({z € Q: u(z) > A} Q) < V(OS})

for every A > 0.

PROOF: We may assume that v({2) < co. Then we deduce from Theorems 21.6 and
21.13 that

a/|V min(u, A)Pdp < /A(Z,Vu) - Vmin(u, A) dz
Q f
= /min(u,‘)\) dv < ().

The lemma follows from this, for min(u, A)/) is admissible to test the capacity (see
the proofs of Theorems 4.3 and Lemma 4.7). u]

We now provide a converse to Theorem 12.12. Recall the definition for (p,u)-
thinness from 12.7.

21.26. Theorem. Suppose that E is (p, p)-thin at zo ¢ E. Then E is A-thin at
Tg, i.e., there is an A-superharmonic function u in a neighborhood of zo such that

lim_ iz%f u(z) > u(zo) .
z€E

PROOF: We may assume that E is open (Lemma 12.11). For j =0,1,2,..., write
B; = B(x,277) and E; = E N B;. Fix an integer k¥ > 2, and let u = RE,‘(B,, 2; A)
be the A-potential of Ek in Bi_; with v its Riesz mass. Then u = 1 on Ej (Lemma
8.4). We will show that when k is chosen large enough, we also have that u(zo) < 1.

To do so, write A = infp, u. By the minimum principle u > X on B, and Lemmas
2.14, 21.23, and 21.25 give that

AP=1(Be)2PF < e AP teap, , ({u > A}, Beoa) < cv(Bi-a) = cv(Bg-1).
From this we obtain that

. ~ k-1 Y(Bi-1) y1/6-1)
(21.27) 13514 <c(2” (B ))
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Moreover, it follows from Lemma 21.24 that for j > k — 1 we have
(21.28) v(B;) < c cap, ,(Ej, Br_2) < ¢ cap,, ,(Ej, Bj_1) .
Hence, using (21.27), Lemma 2.14, and (21.28), we obtain from Theorem 21.21 that
u(zo) < ¢ ig;fu + c WY (z0,27%)
<e capy,,(E;, Bj-1)

1/(p-1)
- j=k-1 (Ca‘pp,u(Bj, Bj—l)) ’

where ¢ = ¢(n,p,a,B,c,) > 0. Since E is (p, p)-thin at x, it follows (see Lemma
12.10) that the sum on the right in the preceding inequality is at most 1/2, provided
we choose k large enough. This completes the proof. o

Theorem 21.26 implies the following general form of Theorem 12.21.

21.29. Theorem. Suppose that E C R™ is a set with zo ¢ E. Then the following
are equivalent:

(i) E is A-thin at .
(i) CE is an A-fine neighborhood of zo.

(iii) E is (p, w)-thin at zo.

It follows from Theorems 9.18, 6.33, and 21.26 that zo € 8Q \ {oo} is irregular if
CQ is (p, p)-thin at z5. Hence the list of different characterizations for regularity in
Theorem 9.17 can be continued by the Wiener test (cf. Section 12.7):

21.30. Theorem. Suppose that o € 9N\ {oo} is such that cap, ,{zo} = 0. Then
the following are equivalent:

(i) o is regular.
(i) There is a barrier at zo relative to .

(ili) IfU € V are bounded open sets with zo € U, then
Ry\a(V)(®0) = u(zo)

whenever u € S(V) is nonnegative.
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(iv) For all balls B containing zo it holds that

Rp\a(2B)(z0) = 1.

(v) The complement CQ is (p, p)-thick at .

21.31. Remark. (a) Using the Wolff potential estimate (21.22), Kilpeldinen [49)
constructed for any given G5 set E C R™ of p-capacity zero an .A-superharmonic
function u in R™ such that

E = {z:u(z) = o0}.

This was raised as an open question in Notes to Chapter 10, p. 200. (Note that there
is an error in this question: one should obviously require that E is of p-capacity zero.)
The proof in [49] can be extended to a weighted case as well.

(b) Using the results in [54], one can argue as in [52] to show that Theorem 9.34
has a converse, too. Namely, if u € S(Q?) is positive, E € Q with cap,,, E > 0, and

lim R%(z) =0

z—zo

for a point zo € 02, then zo is a regular boundary point of .



22. Generalizations

In this final chapter, we discuss recent generalizations of the nonlinear potential
theory as developed in this book.

22.1. Potential theory in metric measure spaces

Axiomatic linear or nonlinear potential theories specify the properties of harmonic
functions without any reference to differential equations or to variational integrals,
and these theories can be applied in a wide range of topological spaces. The Dirichlet
integral and the Dirichlet principle have been fundamental in the applications of
potential theory. Since many spaces carry natural measures, it is desirable to have a
theory where Dirichlet type integrals are taken with respect to a given measure. In
this book such a theory is developed in the framework of weighted Sobolev spaces in
R"™ and, at least from a local point of view, an extension of the theory to Riemannian
manifolds is straightforward.

During the past ten years several variants for the first order classical Sobolev space
H have appeared in the general context of metric measure spaces. Here by a metric
easure space we mean a metric space X equipped with a locally finite Borel regular
measure p. In 1996 Hajlasz [34], and in 1999 Cheeger [19] and Shanmugalingam [78],
[79], introduced their counterparts for H'?. In many situations these new function
spaces coincide [79], [37], [35], [47].

For Cheeger and Shanmugalingam the starting point was the concept of an upper
gradient introduced by Heinonen and Koskela in [42]. Namely, consider the standard
inequality

lu(z) — u(y)| < / |Vu|ds

satisfied by every C'-function u and every rectifiable path v joining z to y. Accord-
ingly, a nonnegative Borel measurable function g on a metric measure space X is
said to be an upper gradient of a function u : X — R if for every pair of points
z,y € X and for every rectifiable path <y joining z and y in X the inequality

ue) - sl < [ gds

Y

holds. The function g is called a p-weak upper gradient of u if the above inequality
holds for p-almost all paths; that is, if the family of paths for which the property

394



22. Generalizations 395

fails to hold has zero p-modulus [30], [40]. The space N*P(X) is now defined to be
the collection of all p-integrable functions u on X that have a p-integrable p-weak
upper gradient g on X. This space is equipped with the seminorm

llull §10x) = llullzox) + inf [lgllzox),

where the infimum is taken over all p-weak upper gradients g of u. Finally, the
Newtonian-Sobolev space N'P(X) is obtained after an identification of functions u
and v with |[u — v||z1p(x) = 0. One can show that N'?(X) is a Banach space.
In an open set @ C R", equipped with the Lebesgue measure, the space N1P(Q2)
coincides with the classical Sobolev space H'?(2). More generally, if w is a p-
admissible weight in R™ and u the associated measure, then N'?({2) agrees with
HYP(Q; ), where in the definition of the former space we consider §2 equipped with
Euclidean distance and measure 4 [19], [71]. A function u € N1P(Q) is automatically
a quasicontinuous representative of a function in H'?(f2) as in Chapter 4 in this
book; see [6]. In general, a function in N?(X) is absolutely continuous on p-almost
all paths in X. One can also define the local spaces N;?(®?), and the spaces N;*(f2)
of functions with zero boundary values (in the Sobolev sense) whenever  C X is
open [51]. ‘

If u belongs to N'?(X), or to the local space Ni?(X), with 1 < p < oo, then
u has a unique minimal p-weak upper gradient g,. That is, g, is a p-weak upper
gradient of u gnd if g is any other p-weak upper gradient of u, then g, < g almost
everywhere. For 1 < p < o0, the concept and existence of a minimal weak upper
gradient is due to Cheeger [19] (who used a different but equivalent definition both
for the Sobolev space N'? and for g,). For the case p = 1, see [35]. The fact
that such a minimal upper gradient exists, makes it possible to employ not only
the unique solutions to boundary value problems (the Dirichlet principle), but also
solutions to various obstacle problems involving the p-Dirichlet integral of a p-weak
upper gradient [55].

The definition for a Newtonian-Sobolev function u provides control for u on curves
in X, but it does not impose any control on the LP-norm of » in terms of its upper
gradient. Extensive research has shown that a right condition for this purpose is
that the space X supports a Poincaré inequality [42], [19], [79], [37], [75], [77], [47].
Note that such an inequality is used in this book in the context of weighted Sobolev
spaces in R". Nowadays many nontrivial examples of spaces supporting a Poincaré
inequality are known. Among them are all compact Riemannian manifolds, complete
Riemannian manifolds of nonnegative Ricci curvature and their limit spaces, Carnot—
Carathéodory spaces, some classes of metric topological manifolds, as well as certain
exotic fractals. See [42], 37, [75], [61], [17], [38], [19], [46], [59], and the references
therein.

For most potential theoretical applications the following (weak) g-Poincaré in-
equality suffices, although there are many refinements (cf. Section 20.1). A metric
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measure space X is said to support a g-Poincaré inequality, 1 < q < oo, if the
measure of every ball is positive and finite and if there are constants C' > 0 and
A > 1 such that

/g
(22.2) ][ [u — upen|dp < Cr( ][ 9! d#)
B(z,r) B(z,)r)

for all balls B(z,7) in X, for all integrable functions u in B(z, Ar), and for all ¢-
weak upper gradients g of u. Inequality (22.2) corresponds to inequality (20.3) in
the (weighted) Euclidean case.

For a p-potential theory, 1 < p < 00, in a metric measure space X, the standard
assumptions are that X is complete as a metric space, that the underlying measure
4 is a doubling measure, and that the space supports a g-Poincaré inequality for
some ¢ with 1 < g < p. In fact, a recent remarkable theorem of Keith and Zhong
[47] implies that one only needs to assume that X admits a p-Poincaré inequality;
then, under the assumptions of completeness and doubling measure, X also admits
a g-Poincaré inequality for some ¢ < p.

In this general context, a natural replacement of a p-harmonic function (i.e., a
solution to the p-harmonic equation in an open subset of R") is a function u €
N?(2) which minimizes the p-Dirichlet integral

/yﬂdﬂ

Q

with its own boundary values in each open subset (' that is compactly contained in
Q, where 2 C X is open. Such a function is called a p-minimizer in Q.

The De Giorgi method can be used to show that a p-minimizer is locally Hélder
continuous in Q2 [55], [80]; see [9] for the use of the Moser method in this context.
Moreover, nonnegative p-minimizers satisfy the Harnack inequality [57], and the
important Harnack principle is then an easy consequence.

A function u € NLP(Q) is called a p-superminimizer if for all open ' € Q and
for all functions v € NP(2) such that v — u € NyP(?) and that v > u p-almost
everywhere we have

/ﬂ@s/ﬂw-

12 @
Like classical superharmonic functions p-superminimizers can be defined pointwise
and they are lower semicontinuous [55]. Finally a p-superharmonic function can
be defined as a limit of an increasing sequence of p-superminimizers. See [5] for
definitions based on comparison conditions. Boundary regularity, removable sets,
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the Perron method, polar sets, and p-harmonic measures in this setup have been
studied in (8], [7], [12], [11], [55], [58].

Potential theory on metric measure spaces provides a continuous approach to the
discrete p-Laplace equation and to the treatment of these equations on graphs [44].
Harmonic maps between general spaces [26] also have connections to metric measure
spaces and their potential theory.

22.2. Quasiminimizers

Quasiminimizers can be viewed as perturbations of the minimizers of variational
integrals. More precisely, let & C R™ be an open set, K > 1 and 1 < p < o0.
In the case of the p-Dirichlet integral, a function u belonging to the local (un-
weighted) Sobolev space H),?(12) is said to be a (p, K)-quasiminimizer or simply a

K -quasiminimaizer, if
/|Vu|"d:r < K/quP’dm
g I

for all functions v € HYP(QY') with v — u € HyP(€) and for all open sets ' with
compact closure in §2.

Quasiminimizers have been used as a tool to study regularity of minimizers of
variational integrals [31], [32]. The advantage of this approach is that it covers a wide
range of applications and that it is based only on the minimization of the variational
integrals instead of the corresponding Euler equation. Regularity properties (Hélder
continuity, LP-estimates) as well as the Harnack inequality are consequences of the
quasiminimizing property [22]. Quasiminimizers form a wide and flexible class of
functions in the calculus of variations under very general circumstances. A natural
environment for them is a metric measure space [57), [56].

From the potential theoretic point of view K-quasiminimizers have several draw-
backs; they do not provide unique solutions of the Dirichlet problem, they do not
obey the comparison principle, they do not form a sheaf, and they do not have a lin-
ear structure even when the corresponding Euler equation is linear. In spite of this,
quasiminimizers offer an interesting potential theoretic model. In metric measure
spaces, quasisuperminimizers, quasisuperharmonic functions, Poisson modifications,
and polar sets were studied in [56], and boundary regularity properties in [83], [11].

One-dimensional quasiminimizers are characterized by a reverse type inequality
[32]). Quasisuperminimizers, integrability conditions for the derivatives, and connec-
tions to A,-weights were considered in [68] in this case.
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