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Problem 1: Normal Subgroups. A subgroup H of G is normal if gHg−1 ⊂ H for
all g ∈ G, or equivalently if gH = Hg for all g ∈ G.

(1) Show that every subgroup of an abelian group is normal.
(2) Which subgroups of D4 are normal?
(3) A group G is simple if it has no non-trivial proper normal subgroups. Find all

simple cyclic groups.
(4) The index of a subgroup K of G is the number of distinct (right) cosets of K.

Prove that a subgroup of index two is always normal.
(5) Prove or disprove: Dn is simple.

Problem 2: Homomorphisms. Let φ : (G, ◦G) → (H, ◦H) be a group homomorp-
hism. (By definition, φ is a map of sets satisfying φ(g1 ◦G g2) = φ(g1)◦H φ(g2). ) Show
that:

a. Homomorphisms preserve the identity: φ(eG) = eH .
b. Homomorphisms preserve inverses: φ(g−1) = [φ(g)]−1.
c. The kernel of a homomorphism is a normal subgroup of G: that is,

ker φ = {g ∈ G | φ(g) = eH} is a normal subgroup of G.
d. Prove that φ is injective if and only if ker φ is the trivial subgroup {eG} of G.
e. The image of a homomorphism is a subgroup: that is,

im φ = {h ∈ H | there exists g ∈ G with φ(g) = h} is a subgroup of H.
f. Prove that the quotient group G/kerφ is isomorphic to im φ.
g. Prove that a subgroup H of G is normal if and only if it is the kernel of some

group homomorphism.

Problem 3. Prove a criterion (in terms of m and n) for the existence of an isomorp-
hism Zn × Zm

∼= Zmn.

Problem 4. Consider the vector space R2 as an additive group. Let L be a one
dimensional subspace.

(1) Note that L is subgroup, and explicitly (geometrically) describe the cosets of
L in R2. Illustrate.

(2) Note that Z2 is also a subgroup, and explicitly (geometrically) describe its
cosets.

Problem 5. True or False? For each statement, prove or find a (non-trivial) coun-
terexample. Let φ : G→ H be a homomorphism of groups.

(1) If G is abelian, then H is abelian.
(2) If G is abelian and φ is surjective, then H is abelian.
(3) If G is abelian and φ is injective, then H is abelian.
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(4) If H is abelian and φ is surjective, then G is abelian.
(5) If G is cyclic and φ is surjective, then H is cyclic.
(6) If g ∈ G has order n, then φ(g) has order n.

Problem 6: The center. The center of a group G is the set Z of elements which
commute with all elements of G : Z = {z ∈ G | gz = zg for all g ∈ G}.

(1) Prove that the center is a normal subgroup.
(2) Find the center of Zn.
(3) Find the center of D4. Of Dn.
(4) Find the center of Sn.


