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THE INFINITY LAPLACIAN: EXAMPLES AND OBSERVATIONS

PETRI JUUTINEN, PETER LINDQVIST, AND JUAN J. MANFREDI

ABsTRACT. In this note, we discuss the infinity Laplace equation
Acou =10

through specific examples. A related non-linear eigenvalue problem is also studied.
We describe an interesting procedure of gluing solutions together. The examples show
that the strong comparison principle and the principle of unique continuation are not
valid.

1. INTRODUCTION

Often examples (including counterexamples) are decisive in the formation of a
mathematical theory. In the fascinating case of the so called infinity Laplacian

" Ou ou 0O%u

1.1 Asu = -

i,j=1
the basic theory is still under development and so explicit examples are all the more
expedient. The present note is a list of examples. Some of these are quite ordinary
while others are constructed to serve a definite purpose. We will exhibit a rather
simple, though intriguing, example, showing that the strong comparison principle
s not valid for the equation

(1.2) Asu = 0.
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This is at the same time a counterexample to the principle of unique continuation.
Another counterexample to unique continuation has been constructed by Aronsson
in [A2], who used the Cauchy-Kowalevskaya theorem. We will also see arcane
phenomena hindering the smoothness of certain solutions. A substantial part is
devoted to a non-linear eigenvalue problem, which is closely related to the operator
Ao

Formally, the equation A, u = 0 arises as the limit of the Euler-Lagrange equa-
tions

(1.3) div(|Vu[P~2Vu) = 0

/|Vu|p dx

as p — oo. Hence one may expect that its solutions would minimize the norm

of the variational integral

IVulloe = lim Ve,

Indeed, its solutions, the so-called oo-harmonic functions, provide the best Lipschitz
extension of their boundary values, cf. [A1], [J]. The co-harmonic functions are only
known to be of class Wllo’cC>O and their second derivatives, needed to evaluate A u,
do not always exist. To avoid this, the equation is nowadays understood in the
viscosity sense [BDBM].

Definition. We say that the function u € C'(Q) is oco-superharmonic in €2, if when-
ever zp € Q and ¢ € C%(Q) are such that

(i) ¢(zo) = u(zo), and

(ii) ¢(z) < u(x), when = # xg,
then we have A p(zp) < 0.

The oo-subharmonic functions are defined analogously, the test-functions touch-
ing from above. A function is by definition oco-harmonic, if it is both oo-super-
harmonic and co-subharmonic. According to Jensen’s uniqueness theorem, there is
only one oo-harmonic function with given continuous boundary values in a bounded
domain, cf. [J]. An co-harmonic function can always be obtained as the locally uni-
form limit of solutions to equation (1.3) as p — oo. Our examples show that some
fundamental properties are lost in the transition from a finite p to p = oco.

Let us discuss the nonlinear eigenvalue problem with p = co. The equation

\Y
(1.4) max {A - M, Aoou(a:)} =0

u(z)
was derived in [JLM]. It is tacitly understood that w > 0. The dichotomy means
that, at each point x, the larger of the two quantities is zero. Again the equation
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has to be interpreted in the viscosity sense, cf. [JLM]. An infinity ground state u
is a positive solution with zero boundary values in the given bounded domain €2 in
R™:

Uoo € WH(Q) N Co(Q), Uoo > 0.

For no value of A other than

1

max dist(x, 092)
z€eN

(1.5) A=

there exists a positive solution to (1.4). In other words, the “principal frequency” A
is the reciprocal number of the radius of the largest inscribed ball in 2. This
was proved in [JLM] under the regularity assumption 992 = 9% later shown to be
unnecessary by Juutinen [Ju].

Formally, equation (1.4) is the limit of the equations

(1.6) div(|VulP~2Vu) + AuP~2u = 0

as p — oo (A depends on p). These are the Euler-Lagrange equations of the mini-
mization problem for the non-linear Rayleigh quotient

Jo |VulP dx
Jo lulpdz

This procedure provides an existence proof for infinity ground states. The so ob-
tained uso is called variational. To the best of our knowledge the uniqueness is an
open problem. We do not know, for sure, if the variational infinity ground state
is unique. Neither do we know, whether equation (1.4) admits of non-variational
solutions. This has the effect that in a symmetric domain one cannot exclude
the possibility of an (extra) unsymmetrical infinity ground state. However, a local
uniqueness result has been proved in [JLM].

To illuminate the dichotomy we consider the example of a ball {z € R™: |z| < 1}.
The infinity ground state is

Uoo () = 1 — ||

and A = 1. It is unique in this case (multiplication by constants discarded). Notice
that At = 0 (even in the classical sense) when x # 0. At the origin

[Viogus(0)| =1,  Axuc(0) <0
in the viscosity sense. At this point alone A is determined.

In general A cannot be detected where the solution is smooth. The following
result is illuminating.
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Lemma. (The A-Lemma) If uy, has continuous second derivatives at the point x
in 2, then
A < |Vlogueo(zo)] and Asotioo (z9) = 0.

Proof. (Reductio ad absurdum) We abbreviate, writing u for u.,. Suppose now
that A = |V logu(zp)| while A < |V logu(z)| near xzy. In other words, the quantity

2 2
5 o
o () +or ()
w? u?

attains its minimum at zy. Hence

2
9 ('W| ) —0, j=1,2,...,n.

. 2
Oz U

This yields

" ou 0% ou
= Vul?, j=1,2,...,n.
ukX::l 3$k 3$ka£€] a$]| U|, J T T

Multiplying by % and adding up the equations we arrive at
J

ulou = |Vul* = Au?

at the point xy. This contradicts the equation, which requires that A, u < 0. Thus
the antithesis was false and, consequently, A < |Vlogu(xg)|. Then A u(zg) = 0
according to the equation. This proves also the second assertion. []

The distance function
d(z) = dist(z,00Q)

is closely related to the matter. We have the minimization property
_IVills — IVusolloo . 1Vl

B 61|00 B oo ]| oo peCse(Q) ||‘»0||oo7

(1.7) A

the maximal norms being taken over 2. Both u,, and ¢ solve the same min-max
problem. This property is rather immediate for a variational u.,, while the Harnack
inequality

[Vlogu| < [Vlogdl,

valid a.e. for non-negative oco-superharmonic functions u, seems to be called for
when one works directly with equation (1.4). An important consequence of (1.7) is

that the normalization
ltoolloo = (18]l = A7

enables us to conclude
(1.8) 0 < too <0

pointwise in €2. Moreover, us, can attain its largest value only at a point where the
distance to the boundary is maximal.
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2. ANALYTIC EXPRESSIONS

The following functions

ay/ei+--+ai+b  (1<k<n)

(a,z) +b (@aeR")
ar|z Y24 Fanlza |0 (@344 ad =0)

are oo-harmonic. The last two functions are oco-harmonic in the whole n-dimensional
space, whereas the first one is a solution outside the set 7 + --- + x,% = 0. All the
angles in spherical coordinates, like

T2 T3
arctan —, arctan

Y
T Vi + a3

can be added to the list. Superpositions of expressions in disjoint variables are
possible.! For example

3\/73 + a3 + T\[2d + a3 + c( |ws Y3 — |we|*?)

is oo-harmonic outside the hyperplanes, where the square roots vanish. The function
is co-subharmonic in the whole RS,
The interesting example

|$|4/3 |4/3

— |y

in two variables belongs to a celebrated family of solutions, the “quasi-radial”solu-
tions found by Aronsson [A3]. It is oo-harmonic in the entire zy-plane. It is not
smooth on the coordinate axes. The regularity class is

1,1/3 2,3 —¢
C NW,:

loc

for each ¢ > 0. (The 3"® derivatives are not Sobolev derivatives.) It has been

conjectured that, at least in the plane, every oo-harmonic function is of Holder

class C’llo’g with a = % Even the continuity of the gradient seems to be an open

problem, see [CEG].

LThis seemingly innocent property has surprising consequences. It implies that the regularity
of those co-harmonic functions in R**! that have non-vanishing gradient cannot be any better
than that of all co-harmonic functions in R™. This is certainly not the case for the p-Laplace
equation.
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3. THE DISTANCE FUNCTION

We will describe a class of domains for which the function
d(z) = dist(x, 09)

representing the distance from the point x to the boundary of the bounded domain
2, is an infinity ground state. The distance ¢ is always co-superharmonic. Moreover,
d is oo-harmonic outside the ridge of 2, cf. [A1l]. The set of points where J is not
differentiable will do as our definition of the ridge. See [F] for a more refined
distinction.

3.1. Proposition. Let R = A~! be the radius of the largest inscribed ball. Suppose
that the distance function § is differentiable at all other points except at those at
which it attains its mazimum R. Then § is an infinity ground state.

Proof. Since 6 is oo-superharmonic and |Vdo| =1 > A a.e. in Q, we easily obtain

that Vo)
max{A— 50) ,AOO(S(JU)}SO

in the viscosity sense. This is, in fact, true in any domain.
To show that ¢ is also a subsolution of (1.4), we first notice that since § is
oo-harmonic outside the ridge of €2, it suffices to check that

V(o)
¢(wo)

for every smooth test-function ¢ touching ¢ from above at a point xg € € in which
0 = R. But this must be the case because

<A

o) > 6(x) > R— |z — 0
for every x € €2, and thus
[Ve(zo)| < 1= Ap(zo).
O

An example of a domain satisfying the above condition is the annulus r < |z| < R,
including the punctured ball 0 < |z| < R. A ball is another example.
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Often €2 can be defined as the set of points at a distance < R from a given curve
v. Of course, v has to meet some requirements. If the curve is a line segment, we
get a “stadium” (in two dimensions). In general, the resulting domain need not be
smooth as exemplified by the “squarish annulus” above on the right.

We do not know if there are other solutions than u., = ¢ in these domains, the
favorable exception being the ball, where we know the uniqueness.

4. THE SQUARE

This example is an important building block. Let @ denote the square |z|+ |y| <

V2.

A
y
\ /
N 7/
N s (Sart(2),0)
N -
/[N o
/ \
/ N X
/ \

2

Then A = 1. By comparison® we obtain

_ =l £yl

V2

for any properly normalized infinity ground state u.,. The last function is the
distance 6 = d(x,y) and the first represents the largest inscribed cone. As usual,
Vs is the oo-harmonic function in the punctured square 0 < |z| + |y| < V2 with
boundary values 0 on 9Q) and 1 at the midpoint (the origin). The function Vi, is
unique by Jensen’s theorem. It has all the symmetries of the square. However, we
do not know that about us.

From (4.1) we can read off a useful fact. Along the segments of the normals
y = +a the functions coincide:

(4.1) 1= 22 +y? < Vio(2,y) < too(w,y) <1

(4.2) Voo =Uoo =0 when y = +x.
This is needed for the gluing in the next section.

2Tt follows from equation (1.4) that uc is co-superharmonic.
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Along the diagonals (= the coordinate axes):
(4.3) Voo < oo < 0, when z =0 or y = 0.

The strict inequality (4.3) was proved by direct testing in the viscosity sense in
[JLM], but the fact that V, < § on the diagonals (except at the origin) comes more
directly from a plain comparison with solutions of the type

i(ﬂﬁ - 350)4/3 + (y - y0)4/3-

The normals through the midpoint (the lines y = +x) divide the square @ in four
subsquares. In the west subsquare we have

(z +v2)? -y (v + V2P =yt
5 < Vool(2,y) < e

(4.4)

Here |2 +1/v/2|+|y| < 1/3/2. There are similar expressions in the other subsquares.
The lower bound is co-subharmonic in its subsquare and the upper bound is oo-
harmonic. Thus it is sufficient to compare the boundary values, using (4.2). Notice
that the upper bound in (4.4) is less than ¢ on the diagonal —v/2 < z < 0, y = 0.

The potential function V. is the uniform limit of the corresponding p-harmonic
functions V,, as p — oo. According to a theorem of J. Lewis [L], each V,, is real
analytic in the punctured square 0 < |z| + |y| < v/2. This is not the case for V.
This is a striking collapse of regularity. Indeed, V,, is not even of class C2. To see
this, notice that V,, inherits the symmetry

Voo(2,y) = Voo (z, —y)

from V,,. For symmetry it is essential to know that V, is unique. (The corresponding
piece of information is missing for u...) To proceed, assume that V., has continuous
second derivatives on the segment 0 < x < /2 of the z-axis. This leads to a
contradiction. By symmetry

%(.T,O):O for all 0 < z < V2
dy
so that )
V. 02V,
Aoo oo — —= —x
v < Ox > Ox? 0
on the z-axis. Hence 5
d (OVoo(w,0)\" _ 0
dx oz -
which implies that Vo (z,0) is the linear function
9 _
Vao(w,0) = V2o 5(z,0).

V2
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This contradicts (4.3). Thus there has to be at least one point (on the diagonal)
where V., is not of class C2.

The corresponding consideration is possible for a variational infinity ground state
Uso- In the general case, because the uniqueness question is unsettled, we have
to proceed without relying upon symmetry. The proof is indirect (reductio ad
absurdum). Assume that us, belongs to C%(Q \ {0}). According to our A-lemma
U 18 0o-harmonic. It has the same boundary values as V,,. By Jensen’s uniqueness
theorem uo, = Va. But we have already established that V., is not of class C2.
The antithesis was false.

It stands to reason that the functions u., and V,, coincide in the square, but we
do not have a valid proof.

To this we may add that it is not the corners that cause the lack of regularity.
The same effect occurs in the ellipse.

5. THE RECTANGLE

The counterexample to the strong comparison principle comes from our investi-
gations in a rectangle. We will find two oo-harmonic functions, say v and v, in a
certain domain 2 with the properties

(1) u <win Q,
(2) u = v in a subdomain of €,
(3) u < v somewhere in €.

Such a behavior is out of the question for the p-Laplace equation (1.3) in the plane,
cf. [M], but it is an open problem in higher dimensions. We may add that u and v
are linear in the set of coincidence.

Our rectangle R consists of three pieces: two halves of the square @ (placed
at opposite ends) and a rectangle (placed between the halves of the square). The
gluing is along the vertical lines Ly and Ls.

L1 L2

Let X denote the high ridge, i.e., the closed line segment in the middle between
the lines Ly and Ly. This is the thick line in the figure. It is precisely the set of
points where the distance § achieves its maximum. Let V., be the oo-harmonic
function in R\ X with boundary values 0 on R and 1 on X.
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Actually, Vo, can be glued of three known functions. V,, = 6 between the lines
L, and Ly. To the right of the right line Ly, V., equals to the potential function
V@ for the square (described in Section 4). A similar gluing is to the left. It is
clear that the so obtained function is oo-harmonic off the segments of the gluing
lines. Notice that it is continuous, because of (4.2). We have to verify that we have
a solution also at L; and Ly. The concept of viscosity solutions is well-suited for
a situation like this where the functions actually are overlapping. First, suppose
that ¢ is a test-function touching from above at the point (zg,yo) on Lo. Since the
glued function is pointwise

max {6, V?}

to the left of Ly (see (4.1)), ¢ > V?. Thus ¢ will do as test-function for the square
case and hence we know that

Aoop(0,y0) > 0.

This is what is required. Second, if ¢ touches from below at (zg,yo), then o < ¢
and (o, yo) = d(x0,y0). Thus ¢ will do as test-function for §, which is known to
be oo-superharmonic. Thus

Acop(0,y0) <0

in this case.

This proves that we have constructed an oo-harmonic function. By Jensen’s
uniqueness theorem the function is V.. To violate the strong comparison principle
we take the lower half of the rectangle R as our domain Q. Define u = Vo (
the restriction of the function constructed above) and v as the linear function that
coincides with § between the lines L; and Ly (but not outside). This is the desired
counterexample. A fortiori it demonstrates that the continuation of a solution to
the infinity harmonic equation is not unique.

The same construction can be used to glue the infinity ground state u., of the
rectangle together of three pieces: the two halves of the infinity ground state of the
appropriate square and a piece of the distance function.

Remark. Very recently Eero Saksman has pointed out that a simpler example is
obtained, if the square in the previous construction is replaced by a disc. In this
case it is the two halves of the disc and the rectangle, placed between the halves of
the disc, that are glued together along the diameter. The domain is the “stadium”
mentioned in Section 3. The advantage is that the solutions are explicitly known
since they are the distance functions for the disc and stadium respectively.
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