Papers on Analysis:

A volume dedicated to Olli Martio on the occasion of his 60th birthday Report. Univ. Jyväskylä 83 (2001), pp. 255–279

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER OF POSITIVE SOLUTIONS TO ASYMPTOTICALLY LINEAR ELLIPTIC PROBLEMS

GONGBAO LI AND GAOFENG ZHENG

Abstract. In this paper, we are concerned with the asymptotically linear elliptic problem −Δu = λf(u) in H^1_0 (Ω), where Ω ⊂ R^N (N ⩾ 3) is a smooth bounded domain and lim_{t→+∞}^{f (t)}_t = l, 0 < l < +∞. We prove under natural assumptions that the problem possesses at least catΩ+1 distinct positive solutions as long as λ /∈ {_{λk} l } is large enough, where {λ_k} is the sequence of eigenvalues of −Δ with zero Dirichlet data on ∂Ω and catΩ is the Ljusternik–Schnirelmann category of Ω̄ relative to Ω̄ itself.

1. Introduction and main result

In this paper, we study the following elliptic problem with asymptotically linear term at infinity

(1.1)

−Δu = λf (u) in Ω

u > 0 in Ω u = 0 on ∂Ω,

where Ω ⊂ R^N is a smooth bounded domain, N ⩾ 3, λ > 0 and f ∈ C^1 (R, R) satisfies

(f_1) lim_{t→+∞} f(t) t = l, 0 < l < +∞, lim_{t→0+} f(t) t^{N+2N−2} = 0;

(f_2) f(t) t is strictly increasing in t > 0;

(f_3) f(t) ⩾ 0 for t > 0.

We are interested in the role of the domain topology on the number of solutions to (1.1).

For a wide class of semilinear elliptic problems, the relation between the topology of the domain and the existence and multiplicity of positive solutions has been studied systematically by many authors, see e.g. [1], [2], [3], [5], [6], [8], [10]. In [1], using the homology group of the domain, A. Bahri and J.M. Coron studied the effect of the

This research is supported by NSFC and the first author is partially supported by Academy of Finland. 255

256 GONGBAO LI AND GAOFENG ZHENG

topology of the domain on the existence of a positive solution to semilinear elliptic equations involving Sobolev critical exponent

(1.2)

−Δu = u^{N+2N−2} in Ω u > 0 in Ω u = 0 on ∂Ω,

where Ω is a bounded regular and connected open set in R^N with N ⩾ 3. In [5], among other things, Brezis and Nirenberg showed the existence of the two positive solutions to the problem

(1.3)

−Δu = u^{N+2N−2} + λu in Ω u > 0 in Ω u = 0 on ∂Ω,

where Ω is an annulus and λ > 0 is near 0. In [2], Benci and Cerami obtained more precise conclusion for the semilinear problem

(1.4)

−Δu + λu = u^{p−1} in Ω u > 0 in Ω u = 0 on ∂Ω,

where Ω ⊂ R^N (N ⩾ 3) is a smooth bounded domain, 2 < p < 2^∗ =^{2N}_{N−2} . They concluded that the topology of Ω is relevant when the nonlinearity acts strongly in some sense on the problem, i.e. for λ large enough or p close enough to 2^∗, (1.4) has at least catΩ positive solutions, where catΩ denotes the Ljusternik–Schnirelmann category of Ω̄ in itself (see the following definition).

Definition 1.1. (see [9], [19]) Let M be a topological space and consider a closed subset A ⊂ M. We say that A has category k relative to M (cat_M A = k), if A is covered by k closed sets A_j, 1 ⩽ j ⩽ k, which are contractible in M, and if k is minimal with this property. If no such finite covering exists, we let cat_M A = +∞.

Later, Benci and Cerami improved the result in [2] to show the existence of at least one more solution in [3], [8]. In [6], Candela extends the result in [2] to more general problem

(1.5)

−Δu + λu = f(u) in Ω u > 0 in Ω u = 0 on ∂Ω,

where at^{p−1} ⩽ f(t) ⩽ bt^{p−1}, t ⩾ 0, a > 0, b > 0, 1 <^b_a < 1 + ε for ε suitably small. In [7], Cao–Li–Zhong studied the problem

(1.6)

−Δu + λu = u^{p−1} + f(u) in Ω u > 0 in Ω u = 0 on ∂Ω,

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 257

where Ω ⊂ R^N (N ⩾ 3) is a smooth bounded domain, 2 < p < 2^∗ =^{2N}_{N−2} , f ∈ C^1(R^+ , R) satisfies

(f_1)^′ lim_{t→+∞} f(t) t^{p−1} = 0;

(f_2)^′ ∃γ > 0, such that d dt ( f(t) t^{1+γ} ) ⩾ 0 for t > 0;

(f_3)^′ f(t) > 0 for t > 0.

They observed that the effect of lower order term f(t) on the number of solutions to (1.6) becomes weaker as λ increases and obtained that (1.6) possesses at least catΩ distinct solutions for λ > 0 large enough.

However, none of the above mentioned papers studied (1.1) under the assumptions (f_1) − (f_3). The case we are interested in this paper is the so-called “asymptotically linear” case. Our main result is the following

Theorem 1.1. Suppose f satisfies the assumptions (f_1) − (f_3) and let {λ_k} be the sequence of eigenvalues of −Δ with zero Dirichlet data on ∂Ω. Then there exists λ̄ > 0, such that for any λ ⩾ λ̄ and λ /∈ {^λk_l }, (1.1) has at least (catΩ) distinct

solutions. In addition, if Ω is not contractible, then there exists λ̃ > 0 such that (1.1) has at least (catΩ+1) distinct solutions for any λ ⩾ λ̃ and λ /∈ {_{λk} l } . The main idea to prove our main result is motivated by [2], [7], and [8]. Solutions to (1.1) corresponds to critical points of energy functional I_λ(u) =^1_2 ∫ Ω |∇|^2 dx − λ ∫ Ω F (u) dx related to (1.1). By Ljusternik–Schnirelmann theory, we know that if a smooth functional I on a Finsler manifold M satisfies the (P-S) condition and bounded from blow, then I has at least catM distinct critical points. However, as the problem is asymptotically linear at infinity, the usual Ambrosetti–Rabinowitz condition

F (t) = ∫_t 0 f(s) ds ⩽ θtf(t) for t ⩾ 0, where θ =^1_{2+γ} , γ > 0, which is important for verifying the (P-S) conditions, does not hold. Thus we need different approach from [2], [3], [6], [7], [8] in verifying the (P-S) conditions of the energy functional. Here we adapt the approach in [13], [16], [17]. Also due to the asymptotic linearity at infinity, it is not convenient to use the method in [8] to constrain the functional on φ_Ω = {v ∈ H^1_0 (Ω) : ‖v‖_H1_{0 (Ω)} = 1} \ {v ∈ H^1_0 (Ω) : v ⩽ 0 a.e.}. It is not convenient to consider the constrained minimization problem inf {∫ Ω |∇u|^2dx : u ∈ H^1_0 (Ω), ∫ Ω F (u)dx = 1 }

either, because F (u) is not homogeneous. We use the method in [7] to study the critical points of I_λ(u) with the natural constraint. To this end, we define

M_{λ,Ω} = { u ∈ H^1_0 (Ω) \ {0} : ∫ Ω |∇u|^2dx − λ ∫ Ω uf(u)dx = 0 }

which is a Finsler manifold with a natural Finsler structure, and verify that I_λ(u) satisfies (P-S) condition on M_{λ,Ω}. We also show that I_λ(u) is bounded from below on

258 GONGBAO LI AND GAOFENG ZHENG

M_{λ,Ω} and for some c > 0 (in fact, c = m(λ, B_r(0))) (1.7) cat(I^c_λ) ⩾ cat(Ω), where I^c_λ = {u ∈ M_{λ,Ω} : I_λ(u) ⩽ c} . Then, Ljusternik–Schnirelmann theory gives at least catΩ positive critical points of I. Finally, we show that for some higher energy level γ, the topological type of I^c_λ is different from I^γ_λ when Ω is not contractible. Hence as in [8], we get one more critical point of I_λ.

To carry out the above procedure, in particular to prove (1.7), we should notice that there is a one to one correspondence between the solution to (1.1) and the solution to (1.8)

−Δu = f(u) in Ω_λ

u > 0 in Ω_λ u = 0 on ∂Ω_λ,

where Ω_λ = { x ∈ R^N :^{x√}_λ ∈ Ω } . Following [2], [3], [6], [7], we need study the relation between the least energy solutions (ground state) to (1.8) and those to

(1.9) −Δu = f(u) in R^N u > 0 in R^N u ∈ D^{1,2}(R^N ).

(1.9) is a problem with the so-called “zero mass” conditions, which is different from the cases dealt with in [3], [6], [7], [8]. Similar to [2], we thus need a compactness result as in [20] to analysis the relations between the energy levels (see Lemma 4.1 below).

In Section 2, we give some preliminary results and notation. In Section 3, we prove a compactness result, and in Section 4, we prove our main theorem.

Throughout this paper, we use standard notations. H^1_0 (Ω) is the closure of C^∞_0 (Ω) under the norm ‖u‖ = (∫ Ω |∇u|^2 dx ) 1_2 . H^1(R^N ) = { u ∈ L^2(R^N ) : ∇u ∈ L^2(R^N ) } is a Hilbert space with the norm ‖u‖_H1_{(R}N_) = (∫ R^N (|∇u| 2 + u^2) dx

) 1_2 . D^{1,2}(R^N ) is the closure of C^∞_0 (R^N ) under the norm ‖u‖ = (∫ R^N |∇u| 2 dx ) 1_2 . ⟨·, ·⟩ denotes the dual paring between a Banach space and its dual space. We denote the support of u by suppu, u^+ = max{u, 0}, u^− = − min{u, 0}. And we set R^+ ≡ {x ∈ R : x > 0}, B_r ≡ B_r(0).

2. Preliminary results and notation

Without loss of generality, we assume that f(t) = 0 for t ⩽ 0. Then by (f_1), (f_2), for any t ∈ R, (2.1) |f(t)| ⩽ l|t| and |F (t)| ⩽ l 2 |t|^2,

(2.2) |f(t)| |t|^{N+2N−2} ⩽ M,

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 259

where M is a positive number. We also deduce from (f_2) that

(2.3) F (t) ⩽ 1 2 tf(t) ∀t ∈ R. It is well known that solutions to (1.1) are critical points of the functional

(2.4) I_λ(u) = 1 2 ∫ Ω |∇u|^2 dx − λ ∫ Ω F (u) dx defined on H^1_0 (Ω), where F (u) = ∫_u 0 f(t) dt. It is easy to see that I_λ ∈ C^{1,1}(H^1_0 (Ω), R), i.e. the Frechét derivative I^′_λ of I_λ is Lipschitz continuous. Let

(2.5) M_{λ,Ω} = { u ∈ H^1_0 (Ω) \ {0} : g(u) ≜ ∫ Ω |∇u|^2dx − λ ∫ Ω uf(u)dx = 0 } . As f ∈ C^1(R, R) and (f_2), M_{λ,Ω} is a complete Finsler manifold with a natural Finsler structure (see [9], [14]). Similar to Lemma 2.6 of [14], we have Lemma 2.1. For any u ∈ M_{λ,Ω}, v ∈ H^1_0 (Ω), we have ⟨dI_λ | |_{Mλ,Ω} (u) , πv⟩ = ⟨I^′_λ(u), v⟩, where π is a project of H^1_0 (Ω) to the tangent space T_uM_{λ,Ω}.

We recall that I_λ satisfies (P-S)_c condition on H^1_0 (Ω) if {u_n} ⊂ H^1_0 (Ω) satisfies I_λ(u_n) → c and I^′_λ(u_n) → 0 in H^{−1}(Ω) as n → ∞, then there is some u_0 ∈ H^1_0 (Ω) and a subsequence, still denoted by {u_n}, such that u_n → u_0 in H^1_0 (Ω) as n → ∞. Lemma 2.2. The functional I_λ satisfies (P-S)_c condition on H^1_0 (Ω) provided 0 < λ /∈ {_{λk} l } where {λ_k} is the sequence of eigenvalues of −Δ with zero Dirichlet data on ∂Ω. This lemma was essentially proved in [13]. We omit the details. From now on we suppose λ /∈ {_{λk} l } . For any λ > 0, we denote (2.6) m(λ, Ω) = inf {I_λ(u) : u ∈ M_{λ,Ω}} .

Similar to [13], we know that M_{λ,Ω} ≠ ∅ for λ large enough. Without loss of generality, we assume M_{λ,Ω} ≠ ∅ for anyλ > 0.

It is easy to show that m (λ, Ω) ⩾ 0. So by Lemma 2.1, Lemma 2.2 and Ekeland’s variational principle on Finsler manifold (see Lemma 2.5 in [14]), we know that m(λ, Ω) is achieved by a positive function u, which is a ground state solution to (1.1) (i.e. solution with least energy). Moreover, when Ω is a ball B_r(x_0) = { y ∈ R^N : |y − x_0| < r } , it follows from [12] that this function is spherically symmetric about the center x_0 and decreases when the radial coordinate increases. Furthermore, it is obviously that m(λ, B_r(x_0)) depends only on the radius r. Here, m(λ, B_r(x_0)) = inf{I_λ(u) : u ∈ M_{λ,Br (x0)}}. So we could set (2.7) m(λ, B_r(x_0)) = m(λ, B_r(0)) for x_0 ∈ R^N . We can also deduce that (2.8) m(λ, B_{r2} (0)) < m(λ, B_{r1} (0)) if r_1 < r_2,

(2.9) m(λ, Ω) < m(λ, B_r(0)) if Ω ⫌ B_r(x).

260 GONGBAO LI AND GAOFENG ZHENG

Now we rescale the problem (1.1). In fact, there is a one-to-one correspondence between the solutions to (1.1) and the solutions to

(2.10)

−Δu = f(u) in Ω_λ u > 0 in Ω_λ u = 0 on ∂Ω_λ,

where Ω_λ = { x ∈ R^N :^{x√}_λ ∈ Ω } . This conclusion is simple to prove if we define a one-to-one map T : H^1_0 (Ω) → H^1_0 (Ω_λ)

by T u (x) = u (_{x√} λ ) . Equation (2.10) is associated with the functional ~I_λ(u) = 1 2 ∫ Ω_λ |∇u|^2 dx − ∫ Ω_λ F (u) dx constrained to lie upon ~M_{1,Ωλ} = { u ∈ H^1_0 (Ω_λ) \ {0} : ∫ Ω_λ |∇u|^2 dx − ∫ Ω_λ uf(u) dx = 0 } . We set m(1, Ω_λ) = inf { ~I_λ(u) : u ∈ ~M_{1,Ωλ} } . Similar to [7], we can easily obtain Lemma 2.3. For any fixed λ > 0 and λ /∈ {_{λk} l } , m(λ, Ω) = λ^{1− N2} m(1, Ω_λ).

Denote

m(1, R^N ) = inf { 1 2 ∫ R^N |∇u|^2 dx − ∫ R^N F (u) dx : u ∈ D^{1,2}(R^N ), ∫ R^N |∇u|^2 dx = ∫ R^N uf(u) dx, u ≠ 0 } . Using the methods of [4] and [14], we can show the following Lemma 2.4. m(1, R^N ) is achieved by a positive function which is a ground state solution to (1.9).

If u ∈ H^1_0 (D) (D ⊂ R^N ), we will use the same symbol u as its extension to R^N , with u = 0 outside of D. For any u ∈ H^1comp(R^N ) (the subspace of H^1_0 (R^N ) with compact support), we define as in [2]

β (u) = ∫ R^N x · |∇u| 2 dx ∫ R^N |∇u| 2 dx . For any ρ > 0, we denote Ω^+_ρ = { x ∈ R^N : dist(x, Ω) ⩽ ρ } , Ω^−_ρ = {x ∈ Ω : dist(x, ∂Ω) ⩾ ρ} .

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 261

For λ > 0 and λ /∈ {_{λk} l } , ρ > 0, the operator

Φ_{λ,ρ} : Ω^−_{2ρ} → H^1_0 (Ω)

is given by

[Φ_{λ,ρ}(y)] (x) = { u_{λ,ρ}(|x − y|), ∀x ∈ B_ρ(y), 0, ∀x ∈ Ω \ B_ρ(y), where u_{λ,ρ}(|x|) is a positive radially symmetric about the origin function such that m(λ, B_ρ(0)) is achieved by u_{λ,ρ}.

We will denote I^c_λ = {u ∈ M_{λ,Ω} : I_λ (u) ⩽ c} and for ρ > 0 and α ⩾ 1 we define

m^∗ (λ, ρ, α) = inf { I_λ (u) : u ∈ M_{λ,Bαρ\Bρ} , β (u) = 0 } , m^∗ ( 1, √ λρ, α ) = inf { ~I_λ (u) : u ∈ ~M_{1,Bα√λρ\B√λρ} , β (u) = 0 } , m^∗ (1, ρ, α) = inf { 1 2 ∫ B_{αρ}\B_ρ |∇u|^2 dx − ∫ B_{αρ}\B_ρ F (u) dx : u ≠ 0, u ∈ H^1_0 (B_{αρ} \ B_ρ), ∫ B_{αρ}\B_ρ |∇u|^2 dx = ∫ B_{αρ}\B_ρ uf(u) dx, β (u) = 0 } . 3. A compactness result

We need a compactness result when we study nonlinear elliptic equation in R^N via critical point theory. Here, we discuss a special compactness result to deal with the “zero mass” situation.

Consider elliptic Dirichlet problem (1.9), i.e. −Δu = f(u) in R^N u > 0 in R^N u ∈ D^{1,2}(R^N ),

where f ∈ C^1(R, R) satisfies (f_1), (f_2), (f_3) and f(t) = 0 for t ⩽ 0.

The uniformly convex Banach space D^{1,2}(R^N ) can be characterized by

D^{1,2}(R^N ) = { u : |∇u| ∈ L^2 ( R^N ) , u ∈ L^{2NN−2} ( R^N )} due to Sobolev imbedding.

The energy functional associated with problem (1.9) is

I (u) = 1 2 ∫ R^N |∇u|^2 dx − ∫ R^N F (u) dx. We have the following lemma (see e.g. [15] and [20]).

Lemma 3.1. Let {ρ_n} ⊂ L^1(R^N ) be a bounded sequence and ρ_n ⩾ 0, then there exists a subsequence, still denoted by {ρ_n}, such that one of the following two possibilities occurs: (i) (vanishing): lim_{n→∞} sup_{y∈RN} ∫ y+B_R ρn dx = 0 for all 0 < R < +∞.

(ii) (nonvanishing): There exists α > 0, R < +∞ and {y_n} ⊂ R^N such that lim_{n→∞} ∫ y_n+B_R ρ_n dx ⩾ α > 0.

262 GONGBAO LI AND GAOFENG ZHENG

Lemma 3.2. Suppose that f(u) satisfies

lim_{s→0} |f(s)| |s|^{N+2N−2} = 0 and lim_{s→∞} |f(s)| |s|^{N+2N−2} = 0.

Assume that {u_n} is a bounded sequence in D^{1,2}(R^N ) and u_0 ∈ D^{1,2}(R^N ), such that

u_n ⇀ u_0 weakly in D^{1,2}(R^N ),

u_n → u_0 a.e. in R^N .

Then

(3.1) lim_{n→∞} [∫ R^N F (u_n) dx − ∫ R^N F (u_0) dx − ∫ R^N F (u_n − u_0) dx ] = 0.

Proof For any R < +∞, by the mean value theorem, ∫ R^N F (u_n) dx = ∫ B_R F (u_n) dx + ∫ R^N \B_R F (u_0 + (u_n − u_0)) dx = ∫ B_R F (u_n) dx + ∫ R^N \B_R (F (u_n − u_0) + f(θu_0 + (u_n − u_0)) u_0) dx,

where θ depends on R, satisfying 0 < θ < 1. Then | | | ∫ R^N F (u_n) dx − ∫ R^N F (u_0) dx − ∫ R^N F (u_n − u_0) dx | | | (3.2) ⩽ | | | ∫ B_R (F (u_n) − F (u_0)) dx | | | + | | | ∫ R^N \B_R F (u_0) dx | | | + | | | | ∫ B_R F (u_n − u_0) dx | | | | + | | | | ∫ R^N \B_R f(θu_0 + (u_n − u_0))u_0 dx | | | | . By the assumption on f(u) and Strauss Lemma (see [4], [18]), we have for fixed R < +∞ (3.3) | | | ∫ B_R (F (u_n) − F (u_0)) dx | | | → 0, | | | ∫ B_R F (u_n − u_0) dx | | | → 0 as n → +∞. By (2.2), Hölder inequality and boundness of {u_n} in D^{1,2}(R^N ), we deduce that | | | ∫ R^N \B_R f(θu_0 + (u_n − u_0)) u_0 dx | | | ⩽ C_1 ∫ R^N \B_R |θu_0 + (u_n − u_0)|^{N+2N−2} |u_0| dx

⩽ C_1 (∫ R^N \B_R |θu_0 + (u_n − u_0)|^{2NN−2} dx ) N+2_{2N} (∫ R^N \B_R |u_0|^{2NN−2} ) N−2_{2N}

⩽ C_2 (∫ R^N \B_R |u_0|^{2NN−2} ) N−2_{2N} . So by (3.2), (3.3) and the above inequality, let n → ∞, then R → +∞, we deduce lim_{n→∞} [∫ R^N F (u_n) dx − ∫ R^N F (u_0) dx − ∫ R^N F (u_n − u_0) dx ] = 0.

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 263

Hence, the Lemma is proved.

Now, we give the following compactness result

Theorem 3.3. Suppose that (f_1), (f_2) and (f_3) hold. Assume that for fixed c ∈ R^+ , {u_n} is a (P − S)_c sequence in D^{1,2}(R^N ) ,

i.e. I (u_n) = c + o (1) and I^′ (u_n) → 0 in ( D^{1,2}(R^N ) )_∗ . Moreover, assume that ⟨I^′ (u_n) , u_n⟩ = 0. Then there exist a nonnegative integer k, solution u^0 to (1.9), nontrivial solutions u^1, u^2, · · · , u^k to problem (1.9), and sequences {x^1_m}, · · · , {x^k_m} ⊂ R^N with |x^i_m| → ∞ as m → ∞, i = 1, · · · , k, such that for some subsequence {u_m} of {u_n}, as m → ∞

(3.4) { u^0_m ≡ u_m ⇀ u^0 weakly in D^{1,2}(R^N ) , u^j_m ≡ (u^{j−1}_m − u^{j−1}) (x + x^j_m) ⇀ u^j weakly in D^{1,2}(R^N ), j = 1, · · · , k.

Furthermore, ‖u_m‖^2 → k∑ j=0 ‖ ‖u^j ‖ ‖^2 , (3.5)

c = I ( u^0 ) + k∑ j=1 I ( u^j ) . (3.6)

Proof First, we use similar method as in [14] to show that {u_n} is bounded in D^{1,2}(R^N ).

If ‖u_n‖ → +∞, then we let

t_n = 2 √ c ‖u_n‖ , ω_n (x) = t_nu_n (x) = 2 √ cu_n ‖u_n‖ . So ‖ω_n‖ = 2 √ c. Now we apply Lemma 3.1 to ρ_n = |∇ω_n|^2 + |ω_n|^{2NN−2} . If “vanishing” occurs, then

sup_{RN} ∫ y+B_R ρ_n(x) dx → 0 as n → ∞ ∀0 < R < +∞. By Lemma II 2 in [15] we obtain that

(3.7) ∫ R^N ω_nf(ω_n) dx → 0, ∫ R^N F (ω_n) dx → 0 as n → ∞. Then

(3.8) I(ω_n) = 1 2 ‖ω_n‖^2 − ∫ R^N F (ω_n) dx = (2 √ c)^2 2 + o (1) = 2c + o (1) .

On the other hand, for any t > 0, I(tu_n) = t^2 2 ‖u_n‖^2 − ∫ R^N F (tu_n) dx, (3.9)

⟨I^′(u_n), u_n⟩ = ‖u_n‖^2 − ∫ R^N u_nf(u_n) dx = 0. (3.10)

264 GONGBAO LI AND GAOFENG ZHENG

By (3.9), (3.10) we deduce that

I (tu_n) = t^2 2 ∫ R^N u_nf(u_n) dx − ∫ R^N F (tu_n) dx. Set h(t) = 1 2 t^2sf(s) − F (ts), by (f_1) , (f_2), it is easy to see that

h^′(t) = tsf(s) − f(ts) ⩾ 0 if 0 < t ⩽ 1, s > 0 ⩽ 0 if 0 < t ⩾ 1, s > 0 = 0 if t > 0, s ⩽ 0 which means that h (t) ⩽ h(1) ∀t > 0. So I(tu_n) ⩽ 1 2 ‖u_n‖^2 − ∫ R^N F (u_n) dx = I(u_n). Therefore, (3.11) I (ω_n) = I (t_nu_n) ⩽ I (u_n) = c + o (1) which is impossible by (3.8).

Hence, “nonvanishing” occurs, i.e. there exists η > 0, R > 0, {y_n} ⊂ R^N such that

(3.12) lim_{n→∞} ∫ y_n+B_R ( |∇ω_n|^2 + |ω_n|^{2NN−2} ) dx ⩾ η > 0. Let ~ω_n (x) = ω_n (x + y_n). Notice that ‖~ω_n‖ = ‖ω_n‖. Therefore, there is some ~ω ∈ D^{1,2} ( R^N ) , such that

(3.13)

~ω_n ⇀ ~ω weakly in D^{1,2} ( R^N ) , ~ω_n → ~ω strongly in L^p_{loc} ( R^N ) , 2 ⩽ p < 2^∗, ~ω_n → ~ω a.e. in R^N .

Since I^′(u_n) → 0 in (D^{1,2}(R^N ))^∗, we have for any φ ∈ D^{1,2} ( R^N )

(3.14) ∫ R^N ∇u_n∇φ dx = ∫ R^N f (u_n) φ dx + o (1) .

Set ~u_n(x) = u_n(x + y_n).

From the translation invariance of I^′ and (3.14), we have for any φ ∈ D^{1,2} ( R^N ) ∫ R^N ∇~u_n∇φ dx = ∫ R^N f (~u_n) φ dx + o (1) ‖φ‖ . So for any φ ∈ D^{1,2} ( R^N )

(3.15) ∫ R^N ∇~ω_n∇φ dx = ∫ R^N 2 √ cf (~u_n) ‖~u_n‖ φ dx + o (1) ‖φ‖ .

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 265

Let φ = ξ^2(x) ~ω_n, where ξ ∈ C^∞_0 (R^N ), 0 ⩽ ξ ⩽ 1, suppξ ⊂ B_{2R}, and ξ = 1 on B_R. Then by (3.15), we have ∫ R^N ∇~ω_n∇ ( ξ^2 (x) ~ω_n ) dx = ∫ R^N 2 √ cf (~u_n) ‖~u_n‖ ( ξ^2 (x) ~ω_n ) dx + o (1) ‖ ξ^2 (x) ~ω_n ‖ . So ∫ B_R |∇~ω_n|^2 dx ⩽ ∫ B_{2R} |∇ (ξ (x) ~ω_n)|^2 dx = ∫ B_{2R} ( 2 √ cf (~u_n) ‖~u_n‖ ξ^2 (x) ~ω_n + ~ω^2_n |∇ξ (x)|^2 ) dx + o (1) ⩽ [ sup_{x∈RN} |∇ξ (x)|^2 + l ] ∫ B_{2R} ~ω^2_n dx + o (1) .

We claim that ~ω ≠ 0. Otherwise ~ω = 0. By (3.13) and the above inequality, we have lim_{n→∞} ∫ B_R |∇~ω_n|^2 dx = 0. This implies lim_{n→∞} ∫ B_R ( |∇~ω_n|^2 + |~ω_n|^{2NN−2} ) dx = 0 due to Sobolev imbedding,

i.e. lim_{n→∞} ∫ y_n+B_R ( |∇ω_n|^2 + |ω_n|^{2NN−2} ) dx = 0 which contradicts (3.12). So ~ω ≠ 0. Set

(3.16) p_n(x) = {_{f(~un)} ~u_n , ~un(x) > 0 0, ~u_n(x) ⩽ 0. Then by (3.13), (3.15), we know that

(3.17) ∫ R^N ∇~ω∇φ dx = ∫ R^N p_n (x) ~ω_nφ dx + o (1) for all φ ∈ D^{1,2} ( R^N ) . By (2.1), 0 ⩽ p_n (x) ⩽ l and the fact that {p_n (x)} is bounded in L^2_{loc} ( R^N ) , there is some h ∈ L^2_{loc} ( R^N ) such that

(3.18) p_n (x) ⇀ h (x) weakly in L^2_{loc} ( R^N ) . By using (3.13), we know that for all φ ∈ C^∞_0 ( R^N ) , ∫ R^N p_n(x) ~ω_n(x) φ(x) dx → ∫ R^N h(x) ~ωφ dx. Thus, (3.17) implies

(3.19) ∫ R^N ∇~ω ∇φ dx = ∫ R^N h(x) ~ωφ dx for all φ ∈ C^∞_0 (R^N ).

266 GONGBAO LI AND GAOFENG ZHENG

Set A = { x ∈ R^N : ~ω (x) > 0 } . It is easy to know that ~u_n (x) → +∞ a.e. in A. Then h (x) = l a.e. in A. Similarly, we have h(x) = 0 a.e. in {x ∈ R^N : ~ω(x) < 0}. So ∀φ ∈ C^∞_0 ( R^N ) ∫ R^N ∇~ω ∇φ dx = ∫ {x∈R^N :~ω(x)<0} h(x) ~ωφ dx + ∫ A h(x) ~ωφ dx (3.20) = ∫ A l~ωφ dx = ∫ R^N l~ω^+φ dx. We claim that ~ω ∈ L^2(R^N ). Indeed, it is easy to see that (3.20) remain holds for any φ ∈ H^1_{comp}(R^N ). For any R > 0, let φ(x) = φ_R(x) = ξ(^x_R ) ~ω(x), where ξ ∈ C^∞_0 (R^N ), 0 ⩽ ξ ⩽ 1, suppξ ⊂ B_2(0), and ξ = 1 on B_1(0), |∇ξ| ⩽ M for some M > 0, then l ∫ B_R (~ω^+)^2 dx ⩽ l ∫ R^N ~ω^+φ_R dx = ∫ R^N ∇~ω∇φ_R dx ⩽ (∫ R^N |∇~ω|^2 dx ) 1_2 (∫ R^N |∇φ_R|^2 dx ) 1_2

⩽ C + ∫ R^N |∇φ_R|^2 dx ⩽ C + ∫ R^N [|∇_x ξ( x R )|^2 ~ω^2 + ∇(ξ^2( x R )~ω) ∇~ω] dx ⩽ C + M ∫ B_{2R} ~ω^2 R^2 dx + ∫ R^N |∇(ξ^2( x R ) ~ω)| |∇~ω| dx ⩽ C + M ∫ B_{2R} ~ω^2 R^2 dx + ∫ R^N [|∇_x ξ^2( x R )| |~ω| |∇~ω| + ξ^2( x R ) |∇~ω|^2] dx ⩽ C + M ∫ B_{2R} ~ω^2 R^2 dx + C ∫ B_{2R} |~ω| R |∇~ω| dx + C ∫ B_{2R} |∇~ω|^2 dx ⩽ C + C ∫ B_{2R} ~ω^2 R^2 dx + C ∫ R^N |∇~ω|^2 dx ⩽ C + C ∫ R^N |~ω|^{2∗} dx + C ∫ R^N |∇~ω|^2 dx ⩽ C. So ~ω^+ ∈ L^2(R^N ). Putting ϕ(x) = ξ(^x_R ) ω̃^−(x) in (3.20), we have ∫ R^N ∇~ω · ∇(~ω^−ξ( x R )) dx = ∫ R^N l~ω^+ · ~ω^−ξ( x R ) dx = 0. So ∫ B_R(0) |∇~ω^−|^2 dx ⩽ ∫ R^N |∇~ω^−|^2 ξ( x R ) dx = − ∫ R^N ∇~ω · (~ω^−∇_xξ( x R )) dx ⩽ ∫ R^N |∇~ω| |~ω^−| |∇_x ξ( x R )| dx ⩽ C ∫ B_{2R}(0)\B_R(0) |∇~ω| |~ω| R dx

⩽ C (∫ R^N |∇~ω|^2 dx ) 1_2 (∫

B_{2R}(0)\B_R (0) |~ω|^2 R^2 dx ) 1_2

⩽ C (∫ B_{2R}(0)\B_R (0) |~ω|^{2∗} dx ) N−2_N .

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 267

Let R → +∞, we have ∫ R^N |∇~ω −|^2 dx = 0, i.e. ~ω^− = 0. Therefore ~ω = ~ω^+ ∈ L^2(R^N ).

This concludes ~ω ∈ H^1(R^N ) and by (3.20), for any φ ∈ C^∞_0 (R^N ), ∫ R^N ∇~ω ∇φ dx = l ∫ R^N ~ωφ dx. This means ~ω is an eigenfunction of −Δ in H^1 ( R^N ) , which is impossible by Pohozaev identity (see [4]).

Therefore {u_n} is bounded in D^{1,2} ( R^N ) . Then we may assume that for some u^0 ∈ D^{1,2} ( R^N ) , as n → ∞

(3.21) u_n ⇀ u^0 weakly in D^{1,2} ( R^N ) u_n → u^0 strongly in L^p_{loc}(R^N ), 2 ⩽ p < 2^∗ u_n → u^0 a.e. inR^N .

Since I^′(u_n) → 0 in (D^{1,2}(R^N ))^∗, we get directly that u^0 is a solution to problem (1.9).

Denote v^1_n = u_n − u^0. We have

(3.22) ‖ ‖u_n − u^0 ‖ ‖^2 = ‖u_n‖^2 + ‖ ‖u^0 ‖ ‖^2 − 2⟨u_n, u^0⟩ = ‖u_n‖^2 − ‖ ‖u^0 ‖ ‖^2 + o (1) .

By Lemma 3.2 and (3.22), we obtain that

(3.23) I(v^1_n) = I(u_n) − I(u^0) + o(1).

Next, we claim that

(3.24) I^′(v^1_n) = I^′(u_n) − I^′(u^0) + o(1) = o(1).

In fact, for any φ ∈ D^{1,2} ( R^N ) , ⟨I^′(u_n) − I^′(u^0), φ⟩ = ∫ R^N ∇v^1_n∇φ dx − ∫ R^N (f(u_n) − f(u^0))φ dx, ⟨I^′(v^1_n), φ⟩ = ∫ R^N ∇v^1_n∇φ dx − ∫ R^N f(v^1_n)φ dx. Then we only need to show that

(3.25) | | | | ∫ R^N (f(u_n) − f(u^0) − f(v^1_n))φ dx | | | | = o(1) ‖φ‖ . Indeed, for any R < +∞, ∫ R^N f(u_n)φ dx = ∫ B_R f(u_n)φ dx + ∫ R^N \B_R f(u^0 + (u_n − u^0))φ dx = ∫ B_R f(u_n)φ dx + ∫ R^N \B_R (f(u_n − u^0) + f^′(θu^0 + (u_n − u^0))u^0)φ dx,

where θ depends on R, satisfying 0 < θ < 1.

Then | | | ∫ R^N (f(u_n) − f(u^0) − f(v^1_n))φ dx | | | ⩽ | | | ∫ B_R (f(u_n) − f(u^0))φ dx | | | + | | | ∫ R^N \B_R f(u^0)φ dx | | | + | | | ∫ B_R f(v^1_n)φ dx | | | + | | | ∫ R^N \B_R f^′(θu^0 + v^1_n) u^0φ dx | | | .

268 GONGBAO LI AND GAOFENG ZHENG

By (f_1), we know that

f^′(t) t^{4N−2} → 0 as t → 0+, f^′(t) t^{4N−2} → 0 as t → +∞. So we have |f^′ (t)| ⩽ C_1 |t|^{4N−2} for some C_1 > 0.

Hence | | | ∫ R^N (f(u_n) − f(u^0) − f(v^1_n))φ dx | | |

⩽ [(∫ B_R | |f (u_n) − f (u^0) | |^{2N}N+2 dx ) N+2_{2N} + (∫ B_R | |f (v^1_n) | |^{2N}N+2 dx ) N+2_{2N} ] · C ‖φ‖ + ∫ R^N \B_R | |f (u^0) φ | | dx + C ∫ R^N \B_R | |θu^0 + v^1_n | |^{4N−2} | |u^0φ | | dx

⩽ [(∫ B_R | |f (u_n) − f (u^0) | |^{2N}N+2 dx ) N+2_{2N} + (∫ B_R | |f (v^1_n) | |^{2N}N+2 dx ) N+2_{2N} ] · C ‖φ‖

+ [(∫ R^N \B_R | |f (u^0) | |^{2N}N+2 dx ) N+2_{2N} + C (∫ R^N \B_R | |u^0 | |^{2NN−2} dx )^{N−2}_{2N} ] · C ‖φ‖ . By Strauss Lemma (see [4], [18]), letting n → ∞ and then R → ∞, we obtain (3.25).

If ‖v^1_n‖ → 0, as n → ∞, by (3.22)–(3.25), we have completed the proof.

Without loss of generality, we may assume that ‖v^1_n‖^2 → l_1 > 0 as n → ∞.

Let ρ_n = |∇v^1_n|^2 + |v^1_n|^{2NN−2} . We apply Lemma 3.1 to deduce that there exists a

subsequence, still denoted by {v^1_n}, such that only one of the two cases holds: case

(i) “vanishing”, case(ii) “nonvanishing”.

If case (i) occurs, then sup_{y∈RN} ∫ y+B_R (| |∇v^1_n|^2 + |v^1_n|^{2N}N−2 ) dx → 0, as n → ∞ ∀R < +∞. Applying Lemma II 2 in [15], we have ∫ R^N f ( v^1_n ) v^1_n dx → 0. By (3.24), we have ∫ R^N | |∇v^1_n | |^2 dx − ∫ R^N f(v^1_n) v^1_n dx = o (1) . So ∫ R^N |∇v 1 n|^2 dx → 0 as n → ∞, which is a contradiction to l_1 > 0.

So only “nonvanishing” occurs, i.e. ∃α > 0, R < +∞, {y_n} ⊂ R^N , such that

(3.26) lim_{n→∞} ∫ y_n+B_R (| |∇v^1_n | |^2 + | |v^1_n | |^{2N}N−2 ) dx ⩾ α > 0. Since v^1_n ⇀ 0 weakly in D^{1,2} ( R^N ) , we may assume that |y_n| → +∞.

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 269

Indeed, suppose that {y_n} is bounded in R^N . We choose R_0 large enough such

that | | sup n {|y_n|} + R | | < R_0. Let φ (x) ∈ C^∞_0 (R^N ), 0 ⩽ φ (x) ⩽ 1, suppφ ⊂ B_{2R0} and

φ(x) = 1 on B_{R0} .

Multiplying (3.24) by φ^2 (x) v^1_n, we get ∫ R^N ∇v^1_n∇(φ^2v^1_n) dx = ∫ R^N φ^2f(v^1_n) v^1_n dx + o(1) as n → ∞.

So ∫ y_n+B_R | |∇v^1_n | |^2 dx ⩽ ∫ B_{R0} | |∇v^1_n | |^2 dx ⩽ ∫ B_{2R0} | |∇(φv^1_n) | |^2 dx = ∫ B_{2R0} f(v^1_n)v^1_nφ^2 dx + ∫ B_{2R0} (v^1_n)^2 |∇φ|^2 dx + o (1) ⩽ [ sup_{x∈RN} |∇φ|^2 + l ] ∫ B_{2R0} ( v^1_n

)_2 dx + o (1) . Therefore lim_{n→∞} ∫ y_n+B_R |∇v 1 n|^2 dx = 0. By the Sobolev imbedding theorem,

(3.27) lim_{n→∞} ∫ y_n+B_R (| |∇v^1_n | |^2 + | |v^1_n | |^{2N}N−2 ) dx = 0 which is a contradiction to (3.26). So |y_n| → +∞.

Denote

x^1_n = y_n,

(3.28)

u^1_n (x) = v^1_n ( x + x^1_n ) = ( u_n − u^0 ) ( x + x^1_n ) . We can extract a subsequence of {u^1_n}, still denoted by {u^1_n}, such that for some

u^1 ∈ D^{1,2} ( R^N ) , u^1_n ⇀ u^1 weakly in D^{1,2} ( R^N ) as n → ∞. From the translation invariance of I^′ and (3.24), we have

(3.29) I^′ ( u^1_n ) → 0 in ( D^{1,2} ( R^N ))_∗ as n → ∞. Because lim_{n→∞} ∫ B_R (| |∇u^1_n|^2 + |u^1_n|^{2N}N−2 ) dx ⩾ α > 0, by the similar argument as the deducing of (3.27), we get u^1 ≠ 0.

By (3.29), we also get u^1 is a nontrivial solution to problem (1.9).

Denote v^2_n = u^1_n − u^1. Then

(3.30) ‖ ‖v^2_n ‖ ‖^2 = ‖ ‖u^1_n ‖ ‖^2 − ‖ ‖u^1 ‖ ‖^2 + o (1) as n → ∞.

Without loss of generality, we may assume that u^1_n → u^1 a.e. in R^N as n → ∞.

By Lemma 3.2, we have that ∫ R^N F (u^1_n) dx = ∫ R^N F (u^1) dx + ∫ R^N F (v^2_n) dx + o (1) ,

and then I ( v^2_n ) = I ( u^1_n ) − I ( u^1 ) + o(1) = I ( v^1_n ) − I ( u^1 ) + o (1)

(3.31)

= I (u_n) − I ( u^0 ) − I ( u^1 ) + o (1) .

270 GONGBAO LI AND GAOFENG ZHENG

If ‖v^2_n‖ → 0, we have completed the proof. We may assume that ‖v^2_n‖^2 → l_2 > 0, as n → ∞. By the same argument as above, we can get {x^2_n} ⊂ R^N with |x^2_n| → +∞, a

subsequence of {v^2_n} (still denoted by {v^2_n}), some u^2 ∈ D^{1,2} ( R^N ) with u^2 ≠ 0, such

that

u^2_n (x) = v^2_n ( x + x^2_n ) ⇀ u^2 weakly in D^{1,2} ( R^N ) , (3.32) I^′ ( v^2_n ) = I^′ ( u^1_n ) − I^′ ( u^1 ) + o (1) ,

then u^2 is a nontrivial solution to problem (1.9).

We prove the theorem by iteration. We obtain sequence v^j_n = u^{j−1}_n − u^{j−1}, j ⩾ 2

and {x^j_n} ⊂ R^N with |x^j_n| → +∞ such that u^j_n (x) = v^j_n (x + x^j_n) ⇀ u^j weakly in

D^{1,2}(R^N ) as n → ∞ for some u^j ∈ D^{1,2}(R^N ) and u^j ≠ 0, u^j is a nontrivial solution

to problem (1.9). Moreover, as n → ∞ ‖ u^j_n ‖_2 = ‖ v^j_n ‖_2 = ‖ u^{j−1}_n ‖_2 − ‖ u^{j−1} ‖_2 + o (1) = · · ·

(3.33)

= ‖u_n‖^2 − j−1∑ i=0 ‖ ‖u^i ‖ ‖^2 + o (1) ,

I ( u^j_n ) = I ( v^j_n ) = I ( u^{j−1}_n ) − I ( u^{j−1} ) + o (1) = · · ·

(3.34)

= I (u_n) − I ( u^0 ) − j−1∑ i=0 I ( u^i ) + o (1)

= c − I ( u^0 ) − j−1∑ i=0 I ( u^i ) + o (1) .

Applying Lemma 2.4, we know that equation (1.9) possesses a ground state ψ (i.e.

ψ is a solution to problem (1.9) and for any nontrivial solution u of (1.9), we have I(u) ⩾ I(ψ) > 0). From (3.34), we know that the above iterative process must end at finite steps.

Therefore, we have completed the proof of theorem.

Remark 3.1. If the conditions in Theorem 3.3 hold and we also assume that c =

m(1, R^N ), then by (3.6), we know (3.4)–(3.6) hold for k = 0 or k = 1. If k = 0,

combining with (3.5) we can deduce that u_m → ψ strongly in D^{1,2}(R^N ), where ψ is a

ground state solution to (1.9) realizing m(1, R^N ). If k = 1, we know that I(u^0) = 0

and u^1 = ψ. So by (f_2), we have u^0 = 0. Also by (3.6), we know that u^1_m → ψ

strongly in D^{1,2} ( R^N ) . By (3.4), u_m = ω_m (x) + ψ (x − x_m) where ω_m → 0 strongly

in D^{1,2} ( R^N ) . Nevertheless, u_m has the form ω_m (x) + ψ (x − x_m) with ω_m → 0 strongly in D^{1,2} ( R^N ) . 4. Proof of Theorem 1.1

Firstly, we will show that when λ goes to infinity the least energy of the ground

state solution to (2.10) (i.e. m(1, Ω_λ)) converges to that of the ground state solution

to (1.9).

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 271

Lemma 4.1. For any fixed α > 1, inf_{ρ>0} m^∗(1, ρ, α) > m(1, R^N ).

Proof It is easy to know that m^∗(1, ρ, α) ⩾ m(1, R^N ). To prove the strict inequality, we argue by contradiction and we suppose that equality holds, i.e.

(4.1) m^∗(1, ρ_n, α) → m(1, R^N ) as n → ∞.

It is obvious that {ρ_n} is unbounded. Otherwise, we suppose it were bounded by L we should have m^∗(1, ρ_n, α) ⩾ m(1, B_{αL}(0)) > m(1, R^N ), this contradicts (4.1). So {ρ_n} is unbounded. Then there exists a sequence of functions {u_n} such that u_n ∈ H^1_0 (B_{αρn} (0) \ B_{ρn} (0)), ∫ B_{αρn} (0)\B_{ρn} (0) |∇u_n|^2 dx = ∫ B_{αρn} (0)\B_{ρn} (0) u_nf (u_n) dx, β (u_n) = 0, 1 2 ∫ B_{αρn} (0)\B_{ρn} (0) |∇u_n|^2 dx − ∫ B_{αρn} (0)\B_{ρn} (0) F (u_n) dx → m(1, R^N ) as n → ∞. So {u_n} is a minimizing sequence of m(1, R^N ). By Ekeland’s variational principle on Finsler manifold (see Lemma 2.5 in [14]), there are v_n with ‖u_n − v_n‖ → 0, 1 2 ∫ R^N |∇v_n|^2 dx − ∫ R^N F (v_n) dx → m(1, R^N ) as n → ∞, ∫ R^N |∇v_n|^2 dx = ∫ R^N v_nf(v_n) dx, ∫ R^N ∇v_n∇φ dx − ∫ R^N f(v_n)φ dx = o (1) ‖φ‖ ∀φ ∈ D^{1,2}(R^N ). By Remark 3.1, there are x_n ∈ R^N and ω_n ∈ D^{1,2}(R^N ) such that

v_n (x) = ψ (x − x_n) + ω_n (x) with ‖ω_n‖ → 0 as n → ∞,

where ψ is the ground state to (1.9) realizing m ( 1, R^N ) . Therefore we can obtain u_n(x) = ψ(x − x_n) + ~ω_n(x) with ‖ω_n‖ → 0 as n → ∞.

Since u_n ∈ H^1_0 (R^N \ B_{ρn} ), we have |x_n| → +∞.

To get a contradiction to β(u_n) = 0, we can use the argument similar to the proof of Lemma 2.2 in [2]. We omit the details here. Hence the lemma is proved.

In what follows, without any loss of generality, we assume that 0 ∈ Ω. Moreover, we denote a number by r ∈ R^+ such that Ω^+_r , Ω^+_{r/2}, Ω^−_{2r}, Ω are homotopically equivalent and B_{2r}(0) ⊂ Ω which is possible because Ω is smooth domain.

Lemma 4.2. m(1, Ω_λ) = m(1, R^N ) + o(1) where o(1) → 0 as λ → +∞.

Proof It is obvious that m(1, Ω_λ) ⩾ m(1, R^N ). So it suffices to show

(4.2) m(1, Ω_λ) ⩽ m(1, R^N ) + o(1).

Set φ ∈ C^∞_0 (R^N ) such that 0 ⩽ φ ⩽ 1, φ = 1 on B 1_2 (0), φ = 0 on B_1(0)^c, |∇φ| ⩽ 4.

272 GONGBAO LI AND GAOFENG ZHENG

Letting φ_λ(·) = φ (_{·√} λr ) , we conclude that there exists a t_λ ∈ R^+ such that v_λ = t_λφ_λψ ∈ H^1_0 ( B^√_λr ) ⊂ H^1_0 (Ω_λ), v_λ ∈ ~M_{1,Ωλ} for λ large enough, i.e. ∫ Ω_λ |∇v_λ|^2 dx = ∫ Ω_λ

v_λf (v_λ) dx and

(4.3) t_λ → 1 as λ → +∞, (4.4) where ψ is the ground state of (1.9) achieving m(1, R^N ).

Indeed, for t ∈ R^+ , we define h_λ : R^+ → R by h_λ (t) = ∫ Ω_λ |∇ (φ_λψ)|^2 dx − 1 t ∫ Ω_λ f(tφ_λψ) φ_λψ dx. For any fixed λ ∈ R^+ , by (f_1) and Lebesgue’s Dominated Convergence theorem lim_{t→0+} 1 t ∫ Ω_λ f(tφ_λψ) φ_λψ dx = 0. So (4.5) lim_{t→0+} h_λ (t) = ∫ Ω_λ |∇ (φ_λψ)|^2 dx > 0. Also by (f_1) and Lebesgue’s Dominated Convergence theorem (4.6) lim_{t→+∞} h_λ (t) = ∫ Ω_λ |∇ (φ_λψ)|^2 dx − l ∫ Ω_λ

φ^2_λ ψ^2 dx.

Since ψ is a solution to (1.9), we have ∫ R^N ∇ψ ∇(ψφ^2_λ) dx = ∫ R^N f(ψ) ψφ^2_λ dx, (4.7) ∫ R^N |∇ψ|^2 dx = ∫ R^N f(ψ) ψ dx. (4.8) Then by (4.7) we have (4.9) ∫ Ω_λ |∇ (φ_λψ)|^2 dx = ∫ Ω_λ f(ψ) ψ φ^2_λ dx + ∫ Ω_λ |∇φ_λ|^2 ψ^2 dx. Denote a_λ = ∫ Ω_λ |∇(φλψ)| 2 dx − l ∫ Ω_λ φ 2 λ ψ^2 dx. So (4.10) a_λ = ∫ Ω_λ f (ψ) ψφ^2_λ dx + ∫ Ω_λ |∇φ_λ|^2 ψ^2 dx − l ∫ Ω_λ

φ^2_λ ψ^2 dx.

It is clear that (4.11) lim_{λ→+∞} ∫ Ω_λ f(ψ) ψ φ^2_λ dx = ∫ R^N f(ψ) ψ dx. We distinguish two cases:

(1) ψ ∈ L^2(R^N ). In this case, it is easy to show that lim λ→+∞ ∫ Ω_λ

|∇φ_λ|^2 ψ^2 dx = 0 and lim_{λ→+∞} ∫ Ω_λ

φ^2_λψ^2 dx = ∫ R^N ψ^2 dx.

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 273

So combining the above equalities with (4.10), (4.11), we have lim λ→+∞ a_λ = ∫ R^N f(ψ) ψ dx − l ∫ R^N ψ^2 dx. By (2.1), ∫ R^N f(ψ) ψ dx − l ∫ R^N ψ^2 dx ⩽ 0

and if ∫ R^N f(ψ) ψ dx − l ∫ R^N ψ^2 dx = 0,

then f(ψ) = lψ which contradicts (f_1) (f_2). So lim_{λ→+∞} a_λ < 0.

(2) ψ /∈ L^2(R^N ). In this case,

(4.12) lim_{λ→+∞} ∫ Ω_λ

φ^2_λ ψ^2 dx = +∞, ∫ Ω_λ

|∇φ_λ|^2 ψ^2dx = ∫ B^√_{λr} \B_{12}^√_{λr} |∇φ_λ|^2 ψ^2dx (4.13)

⩽ ∫ B^√_{λr} \B_{12}^√_{λr} |∇φ_λ|^N dx 2 N ∫ B^√_{λr} \B_{12}^√_{λr} |ψ|^{2NN−2} dx N−2 N

= ( 1 √ λr )_2 ∫ B^√_{λr} \B_{12}^√_{λr} | | |∇φ ( x √ λr )| | | N dx 2 N ∫ B^√_{λr} \B_{12}^√_{λr} |ψ|^{2∗} dx N−2 N

= ( 1 √ λr )_2 ∫ B_1\B_{12} |∇φ (x)|^N (√ λr )_N dx 2 N ∫ B^√_{λr} \B_{12}^√_{λr} |ψ|^{2∗} dx N−2 N

⩽ 4^2 | | |B1 \ B 1_2 | | | 2 N ∫ B^√_{λr} (0)\B_{12}^√_{λr} (0) |ψ|^{2∗} dx N−2 N

→ 0 as λ → +∞. Then by (4.10)–(4.13) we have lim λ→+∞ a_λ = −∞. Therefore, by (4.6), (4.10) and the above argument we get

(4.14) lim_{t→+∞} h_λ (t) < 0 for λ large enough.

Combining (4.5) with (4.14), and noticing that h_λ (t) ∈ C^1(R, R), we know there exists t_λ ∈ (0, +∞) such that

(4.15) h_λ (t_λ) = 0 for λ > λ.

So (4.3) holds.

274 GONGBAO LI AND GAOFENG ZHENG

Notice that no matter which ψ belongs to, (4.13) always holds. By (4.15) and (4.9), we have ∫ Ω_λ f(ψ) ψφ^2_λ dx + ∫ Ω_λ

|∇φ_λ|^2 ψ^2 dx = 1 t_λ ∫ Ω_λ f(t_λψφ_λ) ψφ_λ dx. So (4.16) ∫ R^N f(ψ) ψ dx = lim_{λ→+∞} 1 t_λ ∫ Ω_λ f(t_λψφ_λ) ψφ_λ dx. We can easily know that t_λ ↛ +∞.

Then by (f_1) (f_2) and the above equality we know lim_{λ→+∞} t_λ exists and it is finite. We may denote it by α. So ∫ R^N f(ψ) ψ dx = 1 α ∫ R^N f(αψ) ψ dx i.e. ∫ R^N ( f(ψ) ψ − f(αψ) αψ ) ψ^2 dx = 0.

Also by (f_2) we know α = 1, i.e. (4.4) holds.

Therefore

m(1, Ω_λ) ⩽ ∫ Ω_λ ( 1 2 t_λψφ_λf(t_λψφ_λ) − F (t_λψφ_λ ) )dx ⩽ ∫ Ω_λ ( 1 2 t_λψf(t_λψ) − F (t_λψ) ) dx ⩽ 1 2 ∫ R^N ψf(ψ) dx − ∫ R^N F (ψ) dx + o(1) = m(1, R^N ) + o(1), i.e. (4.2) holds then Lemma 4.2 is proved.

Similar to Lemma 2.3, we have

Lemma 4.3. For any fixed λ > 0 and λ /∈ {_{λk} l } m^∗ (λ, ρ, α) = λ^{1− N2} m^∗ ( 1, √ λρ, α ) . Corollary 4.4. There exists a λ > 0 such that m^∗(λ, ρ, α) > m(λ, B_ρ(0)) for any λ ⩾ λ and λ /∈ {_{λk} l } . Proof By Lemma 4.3, we know m^∗ (λ, ρ, α) = λ^{1− N2} m^∗ ( 1, √ λρ, α ) ⩾ λ^{1− N2} inf_{ρ>0} m^∗ (1, ρ, α) .

By Lemma 2.3 and Lemma 4.2, we have

m (λ, B_ρ (0)) = λ^{1− N2} ( m ( 1, R^N ) + o (1) ) . Then by Lemma 4.1, there exists a λ > 0 such that m^∗ (λ, ρ, α) > m (λ, B_ρ (0)) for any λ ⩾ λ and λ /∈ {_{λk} l } . Lemma 4.5. There exists λ > 0 such that

u ∈ M_{λ,Ω}, I_λ (u) ⩽ m (λ, B_r (0)) imply β (u) ∈ Ω^+_r for λ ⩾ λ and λ /∈ {_{λk} l } .

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 275

Proof Suppose that λ ⩾ λ and let ^u be a function such that ^u ∈ M_{λ,Ω}, I_λ (^u) ⩽ m (λ, B_r (0)) , where λ̄ is as that in Corollary 4.4. We argue by contradiction and we assume that ^x = β (^u) /∈ Ω^+_r .

For any y ∈ Ω, |y − ^x| = | | | ∫ R^N (y − x) · |∇^u|^2 dx | | | / ∫ R^N |∇^u|^2 dx ⩽ diamΩ. Then Ω ⊂ Bdiam_Ω (^x) \ B_r (^x) = B_{γr} (^x) \ B_r (^x), where diamΩ = γr, γ > 1.

Therefore, inf { I_λ(u) : u ∈ M_{λ,Bγr (0)\Br (0)}, β(u) = 0 } = inf { I_λ(u) : u ∈ M_{λ,Bγr (^x)\Br (^x)}, β(u) = ^x } ⩽ I_λ(^u) ⩽ m(λ, B_r(0)) i.e. m^∗ (λ, r, γ) ⩽ m (λ, B_r (0)). This contradicts Corollary 4.4.

To prove our main result, we need the following important proposition which was proposed by Cerami in [8] and stemmed from [2].

Proposition 4.6. Given H, Ω^+ and Ω^− closed sets with Ω^− ⊂ Ω^+ and two continuous maps β : H → Ω^+, Ψ : Ω^− → H such that β ∘ Ψ is homotopically equivalent to the embedding j : Ω^− → Ω^+, then cat_H H ⩾ cat_Ω+ Ω^−.

Proof of Theorem 1.1 By Lemma 2.1 and Lemma 2.2, we know that (P-S) condition also holds on I^{m(λ,Br(0))}_λ . By Ljusternik–Schnirelmann theory, we know that I_λ on I^{m(λ,Br (0))} λ has at least cat ( I^{m(λ,Br(0))} λ ) distinct critical points whose energy are less than or equal to m(λ, B_r(0)).

Applying Proposition 4.6 to H = I^{m(λ,Br(0))}_λ we have that

(4.17) cat ( I^{m(λ,Br (0))} λ ) ⩾ cat (Ω) for λ ⩾ λ and λ /∈ { λ_k l } , where λ is as in Lemma 4.5. In fact, if we take H = I^{m(λ,Br (0))}_λ , then by Lemma 4.5 we know β : H → Ω^+_r . On the other hand, by the definition of Φ_{λ,ρ}, if we take Ψ = Φ_{λ,r}, then Ψ : Ω^−_{2r} → H. And we also know that β ∘ Ψ = j. So Proposition 4.6 implies (4.17) since Ω^+_r and Ω^−_{2r} are topologically equivalent to Ω (i.e. cat_Ω+_r Ω^−_{2r} = cat_ΩΩ = catΩ).

So, I_λ has at least catΩ distinct critical points whose energy are less than or equal to m (λ, B_r (0)). Then (1.1) has at least catΩ positive solutions by the maximum principle.

To get one more critical point when Ω is not contractible, we could consider the set Γ = Ψ(Ω^−_{2r}). It is clear that Ψ(Ω^−_{2r}) is compact and closed.

We claim that Γ is not contractible in I^{m(λ,B r2 (0))}_λ .

To this end, we suppose, by contradiction, that Γ is contractible in I^{m(λ,B r2 (0))}_λ ,

i.e. there is a homotopic mapping h : [0, 1] −→ I^{m(λ,B r2 (0))}_λ such that h(0, x) = x,

276 GONGBAO LI AND GAOFENG ZHENG h(1, x) = ω ∈ I^{m(λ,B r2 (0))} λ ∀x ∈ Γ. By Lemma 4.5, there exists a ~λ > 0, such that for any λ ⩾ ~λ and λ /∈ {^{λk}_l }, β(I^{m(λ,B r2 (0))}_λ ) ⊂ Ω^+_{r/2}.

Define homotopic mapping H : [0, 1] × Ω^−_{2r} → Ω^+_{r/2} by H(t, x) = β(h(t, ψ(x))). Then H(0, x) = β(h(0, ψ(x))) = β(ψ(x)) = j(x) = x H(1, x) = β(h(1, ψ(x))) = β(ω) ∈ Ω^+r_2 .

This implies Ω^−_{2r} is contractible in Ω^+r_2 , which contradicts to our assumption that Ω is not contractible.

Now we choose v^∗ to be the function achieving m(λ,^r_4 ),

v^∗(x) = { u_{λ,}^r_4 (|x − y_0|), x ∈ B^r_4 (y_0) 0, x ∈ Ω \ B^r_4 (y_0).

We also can choose suitable y_0 ∈ Ω such that B^r_4 (y_0) ∩ Ω^−_r = ∅, i.e. ∀v ∈ Γ, (4.18) suppv^∗ ∩ suppv = ∅.

So v^∗ ∈ M_{λ,Ω}, v^∗ /∈ Γ, v^∗ ⩾ 0. Define Θ = {θv^∗ + (1 − θ)v : v ∈ Γ, θ ∈ [0, 1]}.

Claim 1 Θ is compact. In fact, ∀{ω_n} ⊂ Θ, there exist θ_n ∈ [0, 1] and v_n ∈ Γ such that ω_n = θ_nv^∗ + (1 − θ_n) v_n. Due to the compactness of Γ and [0, 1], there are subsequence of {θ_n} and {v_n} which remain denoted by {θ_n} and {v_n} such that θ_n → θ, v_n → v in H^1_0 (Ω) for some θ ∈ [0, 1] and v ∈ Γ. Therefore, ω_n → θv^∗ + (1 − θ)v ∈ Θ in H^1_0 (Ω). This implies Θ is compact.

Claim 2 0 /∈ Θ. If 0 ∈ Θ, then ∃θ ∈ [0, 1], v ∈ Γ, such that θv^∗ + (1 − θ) v = 0, i.e. θv^∗ = −(1 − θ) v. Then v ⩽ 0 in Ω. This is impossible.

Claim 3 ∀u ∈ Θ, there exists only one t ∈ R^+ such that tu ∈ M_{λ,Ω}, i.e. there is a mapping t : Θ → R^+ . Furthermore, t is a continuous mapping. In particular, t(v^∗) = 1, t(v) = 1 for any v ∈ Γ.

Indeed, ∀u ∈ Θ, let h(t) = ∫ Ω |∇u|^2 dx − λ ∫ Ω uf(tu) t dx. By (f_1), (f_2), | | | uf(tu) t | | | ⩽ lu^2, lim_{t→0+} uf(tu) t = 0, lim_{t→+∞} uf(tu) t = lu^2.

Lebesgue’s Dominated Theorem implies that

lim_{t→0+} h(t) = ∫ Ω |∇u|^2 dx > 0 lim t→+∞ h(t) = ∫ Ω |∇u|^2 dx − λl ∫ Ω u^2 dx. Since u ∈ Θ, there is θ ∈ [0, 1], v ∈ Γ such that u = θv^∗ + (1 − θ) v. By (4.18), we have ∫ Ω ∇v∇v^∗ dx = 0, ∫ Ω vv^∗ dx = 0.

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 277

Therefore∫ Ω |∇u|^2 dx − λl ∫ Ω u^2 dx = ∫ Ω ( θ^2|∇v^∗|^2 + (1 − θ)^2|∇v|^2 ) dx − λl ( θ^2 ∫ Ω (v^∗)^2 dx + (1 − θ)^2|∇v|^2 dx )

= θ^2 [∫ Ω λv^∗f(v^∗) dx − λl ∫ Ω (v^∗)^2dx ] + (1 − θ)^2 [∫ Ω λvf(v) dx − λl ∫ Ω v^2 dx ]

< 0 by (f_2), i.e. lim_{t→+∞} h(t) < 0.

By the mean value theorem, there exists a t ∈ R^+ , such that h(t) = 0, i.e. tu ∈ M_{λ,Ω}.

If there exist t_1, t_2 ∈ R^+ , t_1 < t_2 such that t_1u ∈ M_{λ,Ω}, t_2u ∈ M_{λ,Ω}, i.e. h(t_1) = h(t_2) = 0. This implies ∫ Ω uf(t_1u) t_1 dx = ∫ Ω uf(t_2u) t_2 dx. On the other hand, by (f_2), we know ∫ Ω uf(t_1u) t_1 dx < ∫ Ω uf(t_2u) t_2 dx. A contradiction! So t is unique.

Now suppose u, u_n ∈ Θ (n = 1, 2, · · · ) such that u_n → u in H^1_0 (Ω). Then ∫ Ω |∇u_n|^2 dx − λ ∫ Ω u_nf(t(u_n)u_n) t(u_n) dx = 0. Let n → ∞, we get

(4.19) ∫ Ω |∇u|^2 dx − λ lim_{n→∞} ∫ Ω u_nf(t(u_n)u_n) t(u_n) dx = 0. It is easy to know that lim sup_{n→∞} t(u_n) ≠ +∞.

Set lim inf_{n→∞} t(u_n) = t_1, lim sup_{n→∞} t(u_n) = t_2. We deduce from (4.19) that ∫ Ω |∇u|^2 dx − λ ∫ Ω uf(t_1u) t_1 dx = 0 ∫ Ω |∇u|^2 dx − λ ∫ Ω uf(t_2u) t_2 dx = 0. Then by the uniqueness, t_1 = t_2 = t(u), i.e. lim_{n→∞} t(u_n) = t(u).

Denote Λ = {t(u)u : u ∈ Θ}. It is easy to know that Λ is compact due to the compactness of Θ and Γ ⊂ Λ ⊂ M_{λ,Ω}. Define γ(λ) = max{I_λ(ω) : ω ∈ Λ}. Then γ(λ) < +∞, γ(λ) ⩾ I_λ(v^∗) = m(λ,^r_4 ) > m(λ,^r_2 ).

We claim that Γ is contractible in I^{γ(λ)}_λ .

To this end, define homotopic mapping h̄ : [0, 1] × Γ → I^{γ(λ)}_λ by h̄(s, v) = t(sv^∗ + (1 − s) v)(sv^∗ + (1 − s) v), where t is the mapping in Claim 3. h̄ is continuous due to Claim 3. Furthermore, h̄(0, v) = t(v)v = v, h̄(1, v) = t(v^∗)v^∗ = v^∗ ∀v ∈ Γ. So Γ is contractible in I^{γ(λ)}_λ .

278 GONGBAO LI AND GAOFENG ZHENG

Denote K_c = {u ∈ M_{λ,Ω} : I_λ(u) = c, dI_λ |_M λ,Ω (u) = 0}.

(i) If K_{m(λ,Br/2(0))} ≠ ∅ or K_{γ(λ)} ≠ ∅, then I_λ has at least catΩ +1 distinct critical points.

(ii) If K_{m(λ,Br/2(0))} = ∅ and K_{γ(λ)} = ∅, then there must be at least one critical value c ∈ [m(λ, B^r_2 (0)), γ(λ)].

In fact, suppose that there is no critical value between m(λ, B^r_2 (0)) and γ(λ). Using deformation lemma on Finsler manifold (see [19]) and the theorem of finite covering of Heine–Borel, we have there exists δ > 0 such that ∀ε̄, ε > 0 with 0 < ε < ε̄ < δ, there exists a continuous mapping η = η_{ε,ε̄} : [0, 1] × I^{γ(λ)}_λ → I^{γ(λ)}_λ such that (1) η(0, x) = x ∀x ∈ I^{γ(λ)}_λ (2) η(t, x) = x ∀x ∈ I^{m(λ,Br/2(0))−ε̄} λ (3) η(1, I^{γ(λ)}_λ ) ⊂ I^{m(λ,Br/2(0))−ε} λ . We can choose δ satisfying 0 < δ ⩽ m(λ, B^r_2 (0)) − m(λ, B_r(0)).

Define the homotopic mapping H : [0, 1] × Γ → I^{m(λ,Br/2(0))}_λ by H(t, x) = η(1, h̄(t, x)), where h̄ is defined above. Because Γ ⊂ I^{m(λ,Br (0))}_λ ⊂ I^{m(λ,Br/2(0))−ε̄}_λ , we have H(0, x) = η(1, h̄(0, x)) = η(1, x) = x ∀x ∈ Γ H(1, x) = η(1, h̄(1, x)) = η(1, v^∗) ∈ I^{m(λ,Br/2(0))}_λ . Then Γ is contractible in I^{m(λ,Br/2(0))} λ . A contradiction!

Therefore, I_λ has at least catΩ + 1 distinct critical points. By maximum principle, we have that (1.1) has at least catΩ + 1 distinct positive solutions. Thus we complete the proof.

Acknowledgment. The second author appreciates his girl friend Cheng Ting for her encouragement and understanding.

References

[1] Bahri, A. and J.-M. Coron, On a nonlinear elliptic equation involving the critical Sobolev exponent: The effect of the topology of the domain, Comm. Pure Appl. Math. 41 (1988), 253–294.

[2] Benci, V. and G. Cerami, The effect of the domain topology on the number of positive solutions of nonlinear elliptic problems, Arch. Rational Mech. Anal. 114 (1991), 79–93.

[3] Benci, V. and G. Cerami, Multiple positive solutions of some elliptic problems via the Morse theory and the domain topology, Calc. Var. Partial Differential Equations 2 (1994), 29–48.

[4] Berestycki, H. and P.-L. Lions, Nonlinear scalar field equations, I, Existence of a ground state, Arch. Rational Mech. Anal. 82 (1983), 313–346.

[5] Brézis, H. and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents, Comm. Pure Appl. Math. 36 (1983), 437–477.

[6] Candela, A.M., Remarks on the number of positive solutions for a class of nonlinear elliptic problems, Differential Integral Equations 5 (1992), 553–560.

[7] Cao, Daomin, Gongbao Li, and Xiao Zhong, A note on the number of positive solutions of some nonlinear elliptic problems, Nonlinear Anal. 27 (1996), no. 9, 1095–1108.

[8] Cerami, G., The role of the domain shape on the existence and multiplicity of positive solutions of some elliptic nonlinear problems, Variational Methods in Nonlinear Analysis (Edited by A. Ambrosetti and K.C. Chang), Gordon and Breach, Basel, 1995.

THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. . . 279

[9] Chang, K.C., Critical point theory and its applications, Shanghai Scientific Technical Press, 1986 (Chinese).

[10] Coron, J.M., Topologie et cas limite des injections de Sobolev, C.R. Acad. Sci. Paris Sér. I Math. 299 (1984), 209–212.

[11] Ekeland, I., On the variational principle, J. Math. Anal. Appl. 47 (1974), 324–353. [12] Gidas, B., W.N. Ni, and L. Nirenberg, Symmetry and related properties via the maximum principle, Comm. Math. Phys. 68 (1979), 209–243.

[13] Li, Gongbao and Huan-Song Zhou, Multiple solutions to p-Laplacian problem with asymptotic nonlinearity as u^{p−1} at infinity, Proceedings of the Workshop on Morse Theory, Minimax Theory and Their Applicatons to Nonlinear Differential Equations (Edited by H. Brezis, S.J. Li etc.), (1999).

[14] Li, Gongbao and Huan-Song Zhou, The existence of a positive solution to asymptotically linear scalar field equations, Proc. Roy. Soc. Edinburgh Sect. A 130 (2000), 81–105.

[15] Lions, P.-L., The concentration-compactness principle in the calculus of variations, The locally compact case II, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 223–283.

[16] Lucia, M., P. Magrone, and H.S. Zhou, A semilinear elliptic problem with asymptotically linear and sign change nonlinearity, to appear.

[17] Stuart, C.A. and H.S. Zhou, Applying the mountain pass theorem to an asymptotically linear elliptic equation on R^N , Comm. Partial Differential Equations 24 (1999), no. 9–10, 1731–1758.

[18] Strauss, W.A., Existence of solitary waves in higher dimensions, Comm. Math. Phys. 55 (1977), 149–162.

[19] Struwe, M., Variational Methods, Springer-Verlag, 1996.

[20] Zhu, X.P. and D.M. Cao, The concentration-compactness principle in nonlinear elliptic equations, Acta Math. Sci. 9 (1989), 307–328.

Wuhan Institute of Physics and Mathematics, Chinese Academy of Sciences, Wuhan 430071, P.O. Box 71010, P.R. China