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THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER OF
POSITIVE SOLUTIONS TO ASYMPTOTICALLY LINEAR
ELLIPTIC PROBLEMS

GONGBAO LI AND GAOFENG ZHENG

ABSTRACT. In this paper, we are concerned with the asymptotically linear elliptic
problem

—Au = Af(u) in Hy(Q),
where Q@ C RY (N > 3) is a smooth bounded domain and tlim M =70 <

—+00 t
l < +00. We prove under natural assumptions that the problem possesses at least

catQ+1 distinct positive solutions as long as A ¢ {4} is large enough, where {\;}
is the sequence of eigenvalues of —A with zero Dirichlet data on 02 and cat(2 is the
Ljusternik—Schnirelmann category of 2 relative to € itself.

1. INTRODUCTION AND MAIN RESULT

In this paper, we study the following elliptic problem with asymptotically linear
term at infinity

—Au=Af(u) in Q
(1.1) u>0 in O
u=>0 on 0f),

where 2 C RY is a smooth bounded domain, N > 3, A > 0 and f € C' (R, R) satisfies

) _ . f@)
(fl) tl}—ri—nooT = l, 0<l< +00, tl—l)r()r}i— t%i‘g — ()’
t
(f2) @ is strictly increasing in ¢ > 0;

(f3) f(t) =0 fort > 0.

We are interested in the role of the domain topology on the number of solutions to
(1.1).

For a wide class of semilinear elliptic problems, the relation between the topology of
the domain and the existence and multiplicity of positive solutions has been studied
systematically by many authors, see e.g. [1], [2], [3], [5], [6], [8], [10]. In [1], using the
homology group of the domain, A. Bahri and J.M. Coron studied the effect of the
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topology of the domain on the existence of a positive solution to semilinear elliptic
equations involving Sobolev critical exponent
—Au=uN? inQ
(1.2) u>0 in €2
u=">0 on 0f),

where © is a bounded regular and connected open set in RY with N > 3. In [5],
among other things, Brezis and Nirenberg showed the existence of the two positive
solutions to the problem

—Au = u~ +Au in Q)
(1.3) u >0 in
u=10 on 0f),

where (2 is an annulus and A > 0 is near 0. In [2], Benci and Cerami obtained more
precise conclusion for the semilinear problem

—Au+u=uP"t in Q
(1.4) u>0 in Q2
u=20 on 0f),

where Q@ C RV (N > 3) is a smooth bounded domain, 2 < p < 2* = ]3—1172 They
concluded that the topology of Q is relevant when the nonlinearity acts strongly in
some sense on the problem, i.e. for A large enough or p close enough to 2*, (1.4)
has at least cat{) positive solutions, where cat{) denotes the Ljusternik—Schnirelmann

category of Q in itself (see the following definition).

Definition 1.1. (see [9], [19]) Let M be a topological space and consider a closed
subset A C M. We say that A has category k relative to M (catyA = k), if A
is covered by k closed sets A;,1 < j < k, which are contractible in M, and if k is
minimal with this property. If no such finite covering exists, we let catyy A = +o00.

Later, Benci and Cerami improved the result in [2] to show the existence of at least
one more solution in [3], [8]. In [6], Candela extends the result in [2] to more general
problem

—Au+ Au= f(u) inQ
(1.5) u>0 in O
u=0 on 0f),

where at? ! < f(t) < WP, 1> 0,a>0,b0>0,1<2<1+¢ for e suitably small.
In [7], Cao-Li-Zhong studied the problem

—Au+Au=u""+ f(u) inQ
(1.6) u>0 in Q
u=0 on 0f),



THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER... 257

where Q@ C RY(N > 3) is a smooth bounded domain, 2 < p < 2* = 2% f ¢
C'(R*,R) satisfies
F(t
(hy tim 20—,

t%+oo tp—1

(f2)" 3y > 0, such that 7 i

(fs) f(t) >0 for t > 0.

They observed that the effect of lower order term f(¢) on the number of solutions to
(1.6) becomes weaker as A increases and obtained that (1.6) possesses at least cat(2
distinct solutions for A > 0 large enough.

However, none of the above mentioned papers studied (1.1) under the assumptions
(f1) = (f3). The case we are interested in this paper is the so-called “asymptotically
linear” case. Our main result is the following

d <M>>Ofort>0;

Theorem 1.1. Suppose f satisfies the assumptions (f1) — (f3) and let {\;} be the
sequence of eigenvalues of —A with zero Dirichlet data on €. Then there exists
X > 0, such that for any A > X and A ¢ {2}, (1.1) has at least (catQ)) distinct
solutions. In addition, if Q) is not contractible, then there exists A > 0 such that (1.1)
has at least (catQ+1) distinct solutions for any A > X and \ ¢ {21,

The main idea to prove our main result is motivated by [2], [7], and [8]. Solutions

o (1. 1) corresponds to critical points of energy functional I,(u) = % [, |V[*dz —
)\fQ u) dz related to (1.1). By Ljusternik—Schnirelmann theory, we know that if
a smooth functional I on a Finsler manifold M satisfies the (P-S) condition and
bounded from blow, then I has at least catM distinct critical points. However, as
the problem is asymptotically linear at infinity, the usual Ambrosetti-Rabinowitz
condition

= /tf(s) ds < 0tf(t) fort >0,
0

where 0 = ﬁ, v > 0, which is important for verifying the (P-S) conditions, does
not hold. Thus we need different approach from [2], [3], [6], [7], [8] in verifying the
(P-S) conditions of the energy functional. Here we adapt the approach in [13], [16],
[17]. Also due to the asymptotic linearity at infinity, it is not convenient to use the
method in [8] to constrain the functional on o = {v € Hy() : [[v]| g1y = 1} \ {v €
H; () : v < 0 a.e.}. It is not convenient to consider the constrained minimization

problem
inf{/ |Vu|2dx Tu € H&(Q),/ F(u)dxr = 1}
Q Q

either, because F'(u) is not homogeneous. We use the method in [7] to study the
critical points of I(u) with the natural constraint. To this end, we define

Myg = {u e H(OQ)\ {0} : /Q Vuldz - )\/Quf(u)dx _ 0}

which is a Finsler manifold with a natural Finsler structure, and verify that I,(u)
satisfies (P-S) condition on M) . We also show that I)(u) is bounded from below on
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M) o and for some ¢ > 0 (in fact, ¢ = m(A, B,(0)))
(1.7) cat(I5) > cat(2),

where I§ = {u € M) o : I\(u) < c¢}. Then, Ljusternik—Schnirelmann theory gives at
least catf) positive critical points of I. Finally, we show that for some higher energy
level v, the topological type of I is different from I} when € is not contractible.
Hence as in [8], we get one more critical point of I,.

To carry out the above procedure, in particular to prove (1.7), we should notice that
there is a one to one correspondence between the solution to (1.1) and the solution
to

—Au = f(u) in Qy
(1.8) w>0  inQy
u=20 on 08y,

where Q) = {x eRN : = € Q} Following [2], [3], [6], [7], we need study the relation

between the least energy solutions (ground state) to (1.8) and those to

—Au= f(u) inRY
(1.9) w>0  inRY
u € DVA(RY).

(1.9) is a problem with the so-called “zero mass” conditions, which is different from
the cases dealt with in [3], [6], [7], [8]. Similar to [2], we thus need a compactness
result as in [20] to analysis the relations between the energy levels (see Lemma 4.1
below).

In Section 2, we give some preliminary results and notation. In Section 3, we prove
a compactness result, and in Section 4, we prove our main theorem.

Throughout this paper, we use standard notations. 1

2

H; () is the closure of C§°(€2) under the norm [jul| = ([, |[Vu|?dz)>.
H'(RY) = {u e L*R") : Vu € L*(R")} is a Hilbert space with the norm ||u|| g1 gn) =
(Jan (IVul* + u?) dz) 2.
1
D'2(RYN) is the closure of C§°(R") under the norm [Ju|| = ([un [Vul? dz)>.
(-,-) denotes the dual paring between a Banach space and its dual space.

We denote the support of u by suppu, u™ = max{u,0}, v~ = — min{u,0}. And
we set Rt = {r € R: 2z > 0}, B, = B,(0).

2. PRELIMINARY RESULTS AND NOTATION

Without loss of generality, we assume that f(¢) = 0 for ¢ < 0. Then by (f1), (f2),
for any t € R,

(2.1) P <] and |F()] < gt
09) £OL oy
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where M is a positive number. We also deduce from (f2) that
1
(2.3) F(t) < tf(t) VieR

It is well known that solutions to (1.1) are critical points of the functional

(2.4) I\(u) = %/Q|Vu|2dx—)\/QF(u) dx

defined on Hy(Q2), where F'(u) = [' f(¢) dt. Tt is easy to see that I, € C'(Hy(Q), R),
i.e. the Frechét derivative I} of I is Lipschitz continuous. Let

(25) M= {u € HI(Q)\ {0} : g(u) 2 /Q Vultdz — )\/Quf(u)dx - 0} |

As f € CY(R,R) and (f2), M) q is a complete Finsler manifold with a natural Finsler
structure (see [9], [14]). Similar to Lemma 2.6 of [14], we have

Lemma 2.1. For any u € My q, v € Hy(Q), we have
<dl>\ ‘MA,Q (u) ?7”)> = <I$\(u)v U>,
where 7 is a project of Hy(Q) to the tangent space T, M) q.

We recall that Iy satisfies (P-S). condition on H{ () if {u,} C Hy(Q) satisfies
I(uy,) — ¢ and I{(u,) — 0 in H~'(Q) as n — oo, then there is some ug € Hy ()
and a subsequence, still denoted by {u,}, such that u,, — uy in H}(Q) as n — oo.

Lemma 2.2. The functional Iy satisfies (P-S). condition on H}(Q) provided 0 < \ ¢
{%} where {A\} is the sequence of eigenvalues of —A with zero Dirichlet data on

This lemma was essentially proved in [13]. We omit the details.
From now on we suppose \ ¢ {Al—’“} For any A > 0, we denote

(2.6) m(\, Q) = inf {I(u) : u € My} .

Similar to [13], we know that M) o # @ for A large enough. Without loss of generality,
we assume M) o # @ for any\ > 0.

It is easy to show that m (A, Q) > 0. So by Lemma 2.1, Lemma 2.2 and Eke-
land’s variational principle on Finsler manifold (see Lemma 2.5 in [14]), we know
that m(\, ) is achieved by a positive function u, which is a ground state solution
to (1.1) (i.e. solution with least energy). Moreover, when Q is a ball B.(z) =
{y e RY : |y —zo| <r}, it follows from [12] that this function is spherically sym-
metric about the center o and decreases when the radial coordinate increases. Fur-
thermore, it is obviously that m(\, B.(zp)) depends only on the radius r. Here,
m(A, B (xg)) = inf{I\(u) : u € My p,(z,)}- So we could set

(2.7) m(X, B,(x9)) = m(\, B,(0)) for zy € RV,
We can also deduce that
(2.8) m(A, B, (0)) < m(\, B, (0)) if 1y < 1o,

(2.9) m(\, Q) < m(X, B,(0)) if @ 2 B, ().
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Now we rescale the problem (1.1). In fact, there is a one-to-one correspondence
between the solutions to (1.1) and the solutions to

—Au = f(u) in Q,
(2.10) w>0  inQy
u=>0 on 0€2,,

where QA:{:UERN:%EQ}.

This conclusion is simple to prove if we define a one-to-one map
T:Hy () — Hi ()

by Tu (z) = u <%>
Equation (2.10) is associated with the functional

- 1
IA(U):Q/Q IVl dac—/Q F(u)dz
A A

constrained to lie upon

Mg, = {u e HH O\ {0} : [ |[Vul?da - /Q wf(u)de = 0} |

Qx5
We set N s
m(1,Q,) = inf {IA(u) Tu € MI’QX} )

Similar to [7], we can easily obtain
Lemma 2.3. For any fized A > 0 and \ ¢ {’\—l’f} ,
m(X, Q) = A" Tm(1,Q,).

Denote

1
m(1,RY) = inf{—/ |Vu|2d:17—/ F(u)dz : u € D?(RY),
2 RN RN

vl de= [ ur) i o}.

Using the methods of [4] and [14], we can show the following

Lemma 2.4. m(1,RY) is achieved by a positive function which is a ground state
solution to (1.9).

If w e H}(D) (D C RY), we will use the same symbol u as its extension to RV,
with u = 0 outside of D. For any u € Héomp(RN) (the subspace of H}(RY) with

compact support), we define as in [2]
IS \Vul” da
B Jn \Vul* dz

B (u)

For any p > 0, we denote
QF = {zeRY :dist(z,Q)
Q, = {ze€Q:dist(r,00)

p},
P} -

<
>
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For A > 0 and A ¢ {)‘—l’“}, p > 0, the operator
Dy, 0y, — Hy(Q)

is given by
_ J w(lz—yl), Vo€ B,(y),
o)l (0 = { 0 Ve
where u) ,(|z]) is a positive radially symmetric about the origin function such that
m(A, B,(0)) is achieved by uy .
We will denote I§ = {u € My q : I, (u) < ¢} and for p > 0 and « > 1 we define

m* (A, p,a) = inf{[A (u) :u € Myp,,\B,, 5 (1) :0},
m* (1,\/Xp, a) = inf{f; (u) 1u € ]\Z,Baﬁp\Bﬁpaﬁ(U) = 0},
o)

1
= inf{—/ |Vu|? dx—/ F(u)dz :u #0,
2 Bap\Bp BOCP\BP

uEH&(Bap\Bp),/ IV dx:/B ) de, 5 w) :0}.

Bap\By

m* (1, p,

3. A COMPACTNESS RESULT

We need a compactness result when we study nonlinear elliptic equation in RY via
critical point theory. Here, we discuss a special compactness result to deal with the
“zero mass” situation.

Consider elliptic Dirichlet problem (1.9), i.e.

—Au = f(u) inRN
u >0 in RY
u € DYA(RY),

where f € C'(R,R) satisfies (f1), (f2), (f3) and f(¢) =0 for ¢ < 0.
The uniformly convex Banach space DY2(RY) can be characterized by

D2RY) = {u: |Vu| € I* (RY) ,u € L¥5 (RY) |

due to Sobolev imbedding.
The energy functional associated with problem (1.9) is

I(u) = %/RN Yl dz — /RN Flu) da.

We have the following lemma (see e.g. [15] and [20]).

Lemma 3.1. Let {p,} C L'(R") be a bounded sequence and p, > 0, then there exists
a subsequence, still denoted by {p,}, such that one of the following two possibilities
occurs:

(1) (vanishing): nh_)rgo yselgj)v fy+BR pndr =0 for all 0 < R < +o00.

i1) (nonvanishing): There exists o > 0, R < 400 and {y,+ C RY such that
(22) ( g ; y

lim pndr > a > 0.

nroo yn+BR
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Lemma 3.2. Suppose that f(u) satisfies
PO L G,

ot s[VF s |3

Assume that {u,} is a bounded sequence in D“2(RY) and uy € DV2(RY), such that
u, — uy weakly in DV (RY),
Up — ugp a.e. in RY.

Then

(31)  lim [/RNF(un)dx—/RNF(uo)dx—/RNF(un—uo)dx] ~0.

Proof For any R < 400, by the mean value theorem,

/RN F(uy) dr = /BR F(u,)dr + /RN\BR F(ug + (u, — up)) do

_ / Plun)do+ [ (Pl = u0) + £ (O + (u — w0)) o)

RN\ Bg
where 6 depends on R, satisfying 0 < § < 1. Then

/RN F(uy) dz — /RN Flug) dz — /RN Fluy — ug) di
/B (P () = F () d /R Pl
/BR F(up — ug) do /RN\BR f(Oug + (uy — 1)) da

By the assumption on f(u) and Strauss Lemma (see [4], [18]), we have for fixed

R < 400
/B (F() ~ F) do /B P o) dr

By (2.2), Holder inequality and boundness of {u,} in DY3(RY), we deduce that

/ f(Oug + (up — ug)) up da
RN\Bp

(3.2)

<

N

_|_

+ +

(3.3) — 0, — 0 asn — 4oo.

N+2
< 01/ |0U0+(Un—U0)|N’2 |U0| dx
RN\Bg

N+2 N-2

2N 2N on \ 2N
RN\BR RN\BR

N-2

on \ 2N
<Gy </ |U0|N2> -
RN\ Bg

So by (3.2), (3.3) and the above inequality, let n — oo, then R — 400, we deduce

lim [/RN Fluy) d — /RN F(ue) d — /RN Flun, — up) dx} —0.
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Hence, the Lemma is proved.
Now, we give the following compactness result

Theorem 3.3. Suppose that (f1), (f2) and (f3) hold. Assume that for fized ¢ € RY,
{u,} is a (P —S), sequence in D"*(RY) ,

ie. I(uy)=c+o(l) and I' (u,) — 0 in (DV2(RV))".

Moreover, assume that (I' (u,,),u,) = 0. Then there exist a nonnegative integer k,
solution u® to (1.9), nontrivial solutions u',u?, -+ u* to problem (1.9), and sequences
{xL}, - {2k} C RY with |2t| = 0o asm — 0o, i=1,---k, such that for some
subsequence {un} of {u,}, as m — oo

(3.4) ud = uy — u® weakly in DV2(RY) |
' w o= (W' — w7 (x+2)) — u weakly in DVY(RY),j=1,--- k.

m
Furthermore,

k
(3-5) > =D~ ||
=0

(3.6) c=1(u")+ ZT (v').

Proof First, we use similar method as in [14] to show that {u,} is bounded in
D2 (RN)
If ||un|| = 400, then we let
_2y/c _ 2y/cuy,

ty = . W (x) = thu, () = :
| [

So [lwal| = 21/C.
2N
Now we apply Lemma 3.1 to p, = |an|2 + Jwn| V2.
If “vanishing” occurs, then

sup/ pn(z)der —0 asn—oo0 V0< R < +oo.
RN Jy+Br

By Lemma IT 2 in [15] we obtain that
(3.7) / Wy f (wy) dz — 0, / F(wp)dx — 0 as n — oo.
RN RN

Then

B8 I =l - /RN Flw,) dz = (2\? to(l) =2 +0(1).

On the other hand, for any ¢t > 0,
t2

(3.9) [(tuy) = = fun|f? - / F(tuy) dz,
2 RN

(3.10) (I'(up),un) = un® - /RN U f (uy) dz = 0.
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By (3.9), (3.10) we deduce that

2

I (tun) = %/RN tn f (1) dx—/ Fltu,) da.

RN
Set

h(t) = %#s £(s) — P(ts),

by (f1), (f2), it is easy to see that

>0 if 0<tg1l,s>0
h'(t) =tsf(s) — f(ts) ¢ <0 if 0<t>1, >0
=0 if t>0, s<0
which means that
h(t) < h(l) Vit>D0.

S0
1
I(tun) < 5 [l _/ Flun) do = T(u,).
RN
Therefore,
(3.11) I(wn) =1 (thun) < I (uy) =c+o(l)

which is impossible by (3.8).
Hence, “nonvanishing” occurs, i.e. there exists n > 0, R > 0, {y,} C R" such that

(3.12) lim (|wn|2 + |wn|f%) dz =1 > 0.
oo Yyn+Br
Let w, () = wy, (z + yn). Notice that ||0,|| = ||wn||. Therefore, there is some w €

D2 (RY), such that

@p =@ weakly in D2 (RV),
(3.13) @, — & strongly in L (RY), 2 < p <27,
Op — @ a.e. in RV,

Since I'(u,) — 0 in (D“*(RY))*, we have for any ¢ € D** (RV)
(3.14) Vu,Vodr = [ (uy) @dx+o0(1).
RN RN

Set Up(x) = up( + Yn)-
From the translation invariance of I’ and (3.14), we have for any ¢ € D'? (RV)

/ Vi, Vodr= [ (i) ede+o(1)[lo].
RN RN
So for any ¢ € D** (RY)
_ 2 U,
(3.15) VG, Vidr = [ 2VET () o o(1) ol
o v Tl
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Let ¢ = £%(x) Wy, where £ € CP(RY), 0 < € < 1, suppé C Byg, and £ = 1 on Bg.
Then by (3.15), we have

/RN VoV (€ () By) do = / VT () (02 (35, ) do + 0 (1) [|€2 (2) B

rY [[unl]

So
/ Va2 < / V(€ () ) da
Br Bagr

/Bm (Mﬁ () By + B2 |VE (x)|2> dz + o (1)

|

< [sup |V§(x)|2+l]/ S dr+o(1).
Bsr

TzERN
We claim that @ # 0. Otherwise w = 0. By (3.13) and the above inequality, we have
lim [ |V@,| dz =0.

n—o0 BR

This implies
n—oo

lim <|Vc~un|2 + |(7)n|f\%vz> dx = 0 due to Sobolev imbedding,
Br

i.e.

. 2 2N
lim (|an| +|wn|N—2>d:E:0
nreo Yn+Br

which contradicts (3.12). So @ # 0. Set

L) - () > 0
3.16 p() =24 @
(3.16) i) ={ 5
Then by (3.13), (3.15), we know that
(3.17) / VoV dr :/ P (2) D da + o (1) for all o € DV (RY) .
RN RN

By (2.1), 0 < p, (z) < I and the fact that {p, ()} is bounded in L? (R"), there is
some h € L7, (RY) such that

loc

(3.18) P (z) = h(z) weakly in L;, (RV).

loc

By using (3.13), we know that for all ¢ € C§° (RY),

/RN () On(z) () de — h(z) @y dx.

RN
Thus, (3.17) implies

(3.19) / V@chdx:/ h(z)wpds for all o € C°(RY).
RN RN



266 GONGBAO LI AND GAOFENG ZHENG

Set A= {z € R : & (x) > 0}. It is easy to know that &, (z) — +oc a.e. in A. Then
h(x) =l a.e. in A. Similarly, we have h(z) = 0 a.e. in {z € RY : &(z) < 0}. So
vy € G5 (RY)

(3.20) / VoVedr = / h(x)@godxwL/h(x)&godx
RN {zeRN :w(z)<0}

A
= /l&]gpdmz/ lwtoda.
A RN

We claim that @ € L?(RY). Indeed, it is easy to see that (3.20) remain holds for any
Hclomp(]RN). For any R > 0, let p(z) = pr(x) = f(%)@(x), where £ € C3°(RY),
O < €< 1, suppé C By(0), and € =1 on By(0), |VE| < M for some M > 0, then

l/ (wh)dx gl/ @+¢Rdx:/ VoVgdx
Bgr RN RN

; ;
g(/ |va|2dx> (/ |Vg0R|2dx>
RN RN

<C+ [ IVenPdo<C+ [ IV.6(RIE +V(E(R) Valda

<C+AI&REﬁx+/ W((ﬁ w)| [Vw|dz
~2

<o+ [ o [ 1V.E@IEIVE + () Vo1 da

BQRR R

@l ~ 12
<C+M BzRRde—l—C' R|Vw|dx+0/ |\Vw|* dx

Bar Bar

~2

<C+C ﬁqutC’ VoP de
Bar

<C+C/ ||
RN

So " € L*(RY). Putting ¢(z) = £(%) @ () in (3.20), we have

VG V(G E()) dr = /RN 55 E() de =0,

d:z:+C’/ Vo2 dr < C.
RN

RN

So

<C < / &>
B2p(0)\Br(0)
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Let R — +00, we have [,y |[VO™[?dz =0, i.e. ©= = 0. Therefore © = &" € L*(RV).
This concludes @ € H'(RY) and by (3.20), for any ¢ € C°(RY),

/V@Vgodx:l/ wedx.
RN RN

This means @ is an eigenfunction of —A in H' (R"), which is impossible by Pohozaev
identity (see [4]).
Therefore {u,} is bounded in D"* (RY).
Then we may assume that for some u® € D2 (RV), as n — oo
u, = u® weakly in D"? (RY
(3.21) u, — u® strongly in L (RV), 2 < p <2~
up, — u’ a.e. inRYN.
Since I'(u,) — 0 in (D“?(RV))*, we get directly that u® is a solution to problem

(1.9).
Denote v} = u,, — u®.

We have
(3.22) et = @) = flal|* + ||| = 2(ttn, u°) = [Jun]* = | a®]|* + 0 (1) .
By Lemma 3.2 and (3.22), we obtain that
(3.23) I(v)) = I(uy) — I(u®) + o(1).
Next, we claim that
(3.24) I'(v)) = I'(u,) — I'(u®) + o(1) = o(1).
In fact, for any p € D2 (RV),

(') = 160, 9) = [ V0i¥pdr— /RN(f(un) ) da,

@) = [ VuiVeds— [ pleds

Then we only need to show that

(3.25) [ () = 7(6) = f(e)oda] = o) ]
Indeed, for any R < 400,
fuy)pdr = f(up)p dz +/ F@® + (up — u®))pdr
RN Br RN\Bgr
— [ fwdedrt [ (= i)+ 00+ ()i
Br RN\Bpr
where 6 depends on R, satisfying 0 < 6 < 1.

Then

<

[ ) = £ = Fob)e da

/ £ () da
RN\Br

/B (f () — () dz

+ + +

/N\ F1(0u’ +vh)yulpdo
RM\Bp

fug)p da
Br
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By (f1), we know that
f'(t) J'(®)

— —0 as t—=0+, =—=—=>0 as ¢— +oo.

tN=2 tN=2

So we have |f’ (t)] < C4 |t|ﬁ for some C > 0.
Hence

[ () = ) = Feh))pda

52 N2

<[(/\fwm—fwﬁwﬂdﬁ ([ 1 an) Tl
Br Br

syl [ o ] da

RN\Br RN\Bp

< [(/ )= @5 ar) " ([ fr el a) el

Br Br
2N e =2 SN

+ (/ ‘f(uo)‘N_“dx> —|—C’</ ‘uo‘ B dx) -Cell -

RN\Bgr RN\Bpg

By Strauss Lemma (see [4], [18]), letting n — oo and then R — oo, we obtain (3.25).
If [[ul]| — 0, as n — oo, by (3.22)-(3.25), we have completed the proof.

Without loss of generality, we may assume that ||v}]|> — I; > 0 as n — oco.

Let pp, = |Vul|* + |U}L|% We apply Lemma 3.1 to deduce that there exists a
subsequence, still denoted by {v!}, such that only one of the two cases holds: case
(i) “vanishing”, case(ii) “nonvanishing”.

If case (i) occurs, then

sup / (‘Vv,ll‘QwL‘vH%) dx — 0,
y+Br

yeRN

as n — oo VR < +o0.
Applying Lemma IT 2 in [15], we have

/ £ (1) vl dz — 0.
RN

By (3.24), we have

/‘Vv,llfdx—/ fh)vlde =0(1).
RN RN

SO [an IVul|®dz — 0 as n — oo, which is a contradiction to ; > 0.
So only “nonvanishing” occurs, i.e. Ja > 0, R < 400, {y,} C RY, such that

(3.26) lim (‘Vv,ll‘2+‘v,ll‘%) dr > a > 0.

n—o0 yn+BR

Since v; — 0 weakly in D2 (RY), we may assume that |y, | — +oc.
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Indeed, suppose that {y,} is bounded in RY. We choose R, large enough such
that |sup {|yn|} + R| < Ro. Let ¢ (z) € C5° (RV), 0 < ¢ (z) < 1, suppp C Bsg, and
¢(x) =1 on Bg,.
Multiplying (3.24) by ©? (z) v}, we get
/ VurV(p*vy) do = / ©* f(vp) vy dz + o(1) as n — oo.
RN

RN

So

/ ‘VUHZ dr < / ‘VUHZ dr < / ‘V(@U}L)‘Z dx
Yn+Br Bpg Barg

0

— [ flyeiePde+ / (012 [Vl dr + o (1)

Bsgy Bsgy
< [sup |Vg0|2+l] / (U}L)2 dr+o(l).
Q?GRN B2R0

Therefore lim Ly IVul|? dz = 0. By the Sobolev imbedding theorem,

2N
(3.27) lim (IVosf + Joi] =) dw =0
o0 yn+Br
which is a contradiction to (3.26). So |y,| — +oo.
Denote
(3.28) To = Yn,

uy (z) = vy (z+2,) = (u,—u’) (z+2,).
We can extract a subsequence of {u!}, still denoted by {u!}, such that for some
u' € DV (RV), u) — u' weakly in D'? (RV) as n — oc.
From the translation invariance of I' and (3.24), we have
(3.29) I'(up) = 0in (D*(RY))" asn — oo.
Because
: 1]2 1|7
lim (‘Vun‘ +‘un‘N 2>dx>a>0,

n—oo BR
by the similar argument as the deducing of (3.27), we get u! # 0.
By (3.29), we also get u! is a nontrivial solution to problem (1.9).

Denote v2 = u} — u'. Then
(3.30) Hvinz Hu}lH2— Hu1H2+0(1) as n — 00.

Without loss of generality, we may assume that u! — u' a.e. in RN as n — oc.
By Lemma 3.2, we have that

/ F(ul) dx:/ F(ul)dx+/ F(v2)dr +o(1),
RN RN RN
and then

(3.31) I(v2) = I(uy)—1(u")+o(l)=1I(vy)—1(u")+0(1)



270 GONGBAO LI AND GAOFENG ZHENG

If ||v2]| — 0, we have completed the proof. We may assume that |[v2]|> — I, > 0, as
n — 0o.

By the same argument as above, we can get {#2} C RV with |22| — +o0o, a
subsequence of {v2} (still denoted by {v2}), some u? € D'? (RY) with u? # 0, such
that

(3.32) uy (z) = vl (z+a7) = u® weakly in D" (RV),

I'(vZ) = I'(uy) —1I'(u') +0(1),

then u? is a nontrivial solution to problem (1.9).

We prove the theorem by iteration. We obtain sequence v! = u/=' —w/=! j > 2
and {z7} C RN with |2J| — +o0 such that u) (z) = v} (z +2J) — u/ weakly in
DLARN) as n — oo for some u/ € DM?(RY) and w/ # 0, v/ is a nontrivial solution
to problem (1.9). Moreover, as n — 0o

(3.33) ladll* = Joill” = ud ]° = o] + o) =
j—1
= Jluall” =3 || |* + 0 (1),
1=0

(334 T() = 1) =105 ) =1 () +o(1)=-
= I(up)—1(u’) =) I(u')+o0(1)

= c—[(uo)—ZI(ui)—i—o(l).

Applying Lemma 2.4, we know that equation (1.9) possesses a ground state ¢ (i.e.
1 is a solution to problem (1.9) and for any nontrivial solution u of (1.9), we have
I(u) > I(¥) > 0).

From (3.34), we know that the above iterative process must end at finite steps.
Therefore, we have completed the proof of theorem.

Remark 3.1. If the conditions in Theorem 3.3 hold and we also assume that ¢ =
m(1,RY), then by (3.6), we know (3.4)—(3.6) hold for k =0 or k = 1. If k = 0,
combining with (3.5) we can deduce that u,, — 1 strongly in DY*(RY), where ¢ is a
ground state solution to (1.9) realizing m(1,RY). If k = 1, we know that I(u®) = 0
and u' = . So by (f2), we have u® = 0. Also by (3.6), we know that u! — 1
strongly in D' (RY). By (3.4), tm = wm (z) + ¢ (x — ) where w,, — 0 strongly
in D" (RV).

Nevertheless, u., has the form wy, () + ¢ (x — z,,) with w, — 0 strongly in
D1,2 (RN) ]

4. PROOF OF THEOREM 1.1

Firstly, we will show that when A goes to infinity the least energy of the ground
state solution to (2.10) (i.e. m(1,€2,)) converges to that of the ground state solution
to (1.9).



THE ROLE OF THE DOMAIN TOPOLOGY ON THE NUMBER. .. 271
Lemma 4.1. For any fized o > 1, ing m*(1, p,a) > m(1,RV).
p>
Proof Tt is easy to know that m*(1,p,a) > m(1,RY). To prove the strict in-
equality, we argue by contradiction and we suppose that equality holds, i.e.
(4.1) m*(1, pp, ) = m(1,RY) as n — oo.

It is obvious that {p,} is unbounded. Otherwise, we suppose it were bounded by
L we should have m*(1, p,,a) > m(1, Bor,(0)) > m(1,RY), this contradicts (4.1).
So {pn} is unbounded. Then there exists a sequence of functions {u,} such that
Uy € Hy (Bayp, (0)\ By, (0)),

/ Vufde = [ tnf (n) da,
BaPn (0)\BPTL (0) BaPn (0)\BPTL (0)

5 (un) = 0,
1

—/ \Vu,|* de — / F(up)dz — m(1,RY) as n — oo.
2 J Bapy (0)\ B, 0) Bapr (0)\ By, (0)

So {u,} is a minimizing sequence of m(1,RY). By Ekeland’s variational principle on
Finsler manifold (see Lemma 2.5 in [14]), there are v, with |ju, — v,|| — 0,

1
—/ |an|2dx—/ F(v,)dr — m(1,RY) as n — oo,
RN RN

2
/ Vo> de = / vnf(vp) dz,
RN RN
Vu,Vodr — flo)pdr = o(1)|¢]| Ve e D9RY).

RN RN
By Remark 3.1, there are z,, € RY and w, € DVY*(RY) such that
vn () = (x — xy) + wp () with [|wy,|| = 0 as n — oo,

where 1 is the ground state to (1.9) realizing m (1,R"). Therefore we can obtain
un(x) = (xr — x,) + O (x) with ||w,| = 0 as n — co.

Since u, € HY(RY \ B,,), we have |z,| — +oc.

To get a contradiction to 3(u,) = 0, we can use the argument similar to the proof
of Lemma 2.2 in [2]. We omit the details here. Hence the lemma is proved.

In what follows, without any loss of generality, we assume that 0 € 2. Moreover, we
denote a number by r € R" such that Q;, Q;’ﬂ, (25, 2 are homotopically equivalent
and By, (0) C © which is possible because Q2 is smooth domain.

Lemma 4.2. m(1,92,) = m(1,RY) + o(1) where o(1) — 0 as A — +oo.
Proof Tt is obvious that m(1,Qy) > m(1,R"). So it suffices to show
(4.2) m(1,9y) < m(1,RY) +o(1).

Set ¢ € C5°(RY) such that 0 < ¢ <1, 9 =1 on B1(0), ¢ =0 on B(0)", [Vy| < 4.
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Letting @a(-) = ¢ (W)’ we conclude that there exists a ty, € R" such that vy =
taoay € Hy (Bﬁr) C Hj(2), vy € ]\/ZLQX for \ large enough, i.e.

(4.3) Vou|*de = /v)\f(v)\)dx and
O

Qx5
(4.4) th = 1 as A — 400,

where 1 is the ground state of (1.9) achieving m(1,RY).
Indeed, for t € RT, we define hy : Rt — R by

)= [ IV @)dr— [ fliow) e

QA QA

For any fixed A € R, by (f1) and Lebesgue’s Dominated Convergence theorem

1
Jim /Q ) ot de =0
So
(4.5) lim hy (t) = [ |V (ea0)]” dz > 0.

t—0+ Qy

Also by (f1) and Lebesgue’s Dominated Convergence theorem

(4.6) lim hy(t) = [ |V (ou)de— 1 / 222 da.

t—400 Qy Qy

Since v is a solution to (1.9), we have

(4.7) o Vo V(ipp3)de = o (@) v} de,
(45) [ wertar = [ jwvds
RN RN
Then by (4.7) we have
(49) Ve do= [ fwvidr+ [ Dol vtan
3\ O 25
Denote ax = [, IV (ox0)|* do — L, P ¥° da.
So
@ w= [ f@eddes [ Velwdo-1 [ Gedn
Qy 3\ Q
It is clear that
(4.11) Jim [ = [ ) pdn

We distinguish two cases:
(1) v € L*(RY). In this case, it is easy to show that

lim / |Vgp/\|2 1/)2 dr=0 and lim Soiw2 dr = w2 de.
A—+00 Qy . .

A—+00 Q
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So combining the above equalities with (4.10), (4.11), we have

A——+00

lim ay= | fl)dde—1] ¢*dr.
RN RN
By (2.1),
fW)de—1 [ ¢*de <0
RN RN
and if
f@yvde—1 [ v2ds=o,
RN RN
then f(¢) = It which contradicts (f1) (f2). So )\lir_{l ay < 0.
(2) v ¢ L*(RY). In this case,

(4.12) lim o3 v dr = 400,
A——+o00 Qy
@13) [ |Vl vz = / V|2 2da
Qx B\/XT\B%\/XT
2 N-2
N
</ Vel ar | | [ o1 do
Bz \Byys, By \By s
2 N—2
1\? z \|¥ ) .
— [ — V(p(—) d / > dx
(\/XT> /B\AT\B%AT \/X?” Bﬁr\B%ﬁr

Z|
I
M

i <ﬁ>2 /BI\B Vi@l (‘/XT)Ndx /B [ da

% ﬁr\B%ﬁr
N—2
5 N
<42 |B\ B.|" / lp* dx
’ B /5 (0\By 5, (0)
—+0 as A = +oo0.
Then by (4.10)—(4.13) we have
lim ay, = —o0.

A——+o00

Therefore, by (4.6), (4.10) and the above argument we get
(4.14) tliJl;n hy(t) <0 for A large enough.
400

273

Combining (4.5) with (4.14), and noticing that hy (t) € C*(R,R), we know there

exists t) € (0,+o00) such that
(4.15) hy (ty) = 0 for A > \.
So (4.3) holds.
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Notice that no matter which ¢ belongs to, (4.13) always holds. By (4.15) and (4.9),
we have

W egdet [ 1VeP v de= [ fltaven) vprd
QA Qx A QA
So

(4.16) P bdr = lim = [ [(taben) v do.
RN —H—oot)\ Q

We can easily know that t), - +oc.
Then by (f1) (f2) and the above equality we know lim ¢, exists and it is finite.

A——+o00

We may denote it by a. So [on f(¥) ¥dx =1 [on fa)ddz ie.

[ (2 2)

Also by (f2) we know o =1, i.e. (4.4) holds.
Therefore

m(1,Qy) < /Q (%txlb%f(txlb%)—F(tm/)%))dﬂ?

< [ (Gooren - Few) s

1

< 3/ erwde= [ Pwdeso)

= m(1,RY) +o(1),

i.e. (4.2) holds then Lemma 4.2 is proved.
Similar to Lemma 2.3, we have

Lemma 4.3. For any fivzed A > 0 and \ ¢ {’\—l’f}
m* (A p,0) = A" Em (1,V0p,a)
Corollary 4.4. There exists a X > 0 such that m*(\, p,a) > m(\, B,(0)) for any
A>Xand ¢ {31
Proof By Lemma 4.3, we know

m* (A, p,a) = AT (1, Vp, a) > AT ir>1g m* (1, p, ).
o

By Lemma 2.3 and Lemma 4.2, we have
m (A B, (0) =A% (m (1,RY) +0(1)).

Then by Lemma 4.1, there exists a A > 0 such that m* (\, p,a) > m (A, B, (0)) for
any A > Xand \ ¢ {3}

Lemma 4.5. There exists A > 0 such that B
u € My, I (u) <m (X B, (0)) imply B (u) € QF for A= X and X ¢ {/\—l’f}
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Proof Suppose that A > X and let % be a function such that
ﬂe M)\’Q, I/\ (ﬁ) gm()\,Br (0)),
where ) is as that in Corollary 4.4. We argue by contradiction and we assume that
T=p(u)¢ Q.
For any y € ,

|y—f|=\/ (y—2)- Vil da
RN

Then Q C Byjama (@) \ B, (%) = B, (Z) \ By (), where diamQ = ~r, v > 1.
Therefore,

// V| dz < diamQ.
RN

inf {I,\(u) tu € My B, (0)\B,(0)s 5(“) = 0}
= inf {[A tu € My ., (3)\B,(3) = x}
< L(w) < m()\, B,(0))

i.e. m* (A, r,y) < m(A, B, (0)). This contradicts Corollary 4.4.
To prove our main result, we need the following important proposition which was
proposed by Cerami in [8] and stemmed from [2].

Proposition 4.6. Given H, Q" and Q™ closed sets with Q= C QT and two continuous
maps B : H — QF, U : Q" — H such that 3o VU is homotopically equivalent to the
embedding j : Q= — QF, then catgH > catg+€2.

Proof of Theorem 1.1 By Lemma 2.1 and Lemma 2.2, we know that (P-S)

m(,Br(0), By LJusternlk Schnirelmann theory, we know that

m(\,B;(0

condition also holds on I,
I, on Im()"BT(O)) has at least Cat(
less than or equal to m(\, B,.(0))

) distinct critical points whose energy are

m(A,B:(0))

Applying Proposition 4.6 to H =1 we have that

A
(4.17) cat (I (%5 (0 ))) > cat () for A > X and \ ¢ { k}

where )\ is as in Lemma 4.5. In fact, if we take H = I;”()"BT(O)), then by Lemma 4.5 we

know 5 : H — Q. On the other hand, by the definition of ®, ,, if we take ¥ = @, ,,
then U : Q, — H. And we also know that o ¥ = j. So Proposition 4.6 implies
(4.17) since Q. and Q;, are topologically equivalent to  (ie. caty+Q;. = catgQ =
cat(2).

So, I, has at least cat{2 distinct critical points whose energy are less than or equal
to m (A, B, (0)). Then (1.1) has at least catQ2 positive solutions by the maximum
principle.

To get one more critical point when €2 is not contractible, we could consider the

set I'=W(Q,,). Tt is clear that W(Q,) is compact and closed.
A\ By
We claim that I' is not contractible in 7, m o )).
m(A,Br (0
To this end, we suppose, by contradiction, that [' is contractible in IA( 5 )),

m(\,Br (0
IA( o) such that h(0,z) = z,

2

i.e. there is a homotopic mapping h : [0,1] —
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m )\,BL 0 ~
h(l,z) =w € I, OB ) Vz € I'. By Lemma 4.5, there exists a A > 0, such that for

~ m(\,Br (0
any A > X and \ ¢ {3}, B(1, (g ”) C Q.

Define homotopic mapping H : [0,1] x Q5. — Q;’ﬂ by

H(t,z) = B(h(t,(x))).
Then

H(0,7) = B(0,9(x))) = B(y(x)) = j(x) =z
H(l,x) = B(h(L,¢(2))) = Bw) € Q.

This implies €25, is contractible in QF, which contradicts to our assumption that €2 is
2

not contractible.
Now we choose v* to be the function achieving m(A, 1),

*) UA,£(|SU —%l), € Bﬁ(yo)
v (x)—{ 0, e 0\ Ba ().
We also can choose suitable yo € €2 such that Bz (yo) N Q, = @, i.e. Yo €T,
(4.18) suppv* N suppv = <.
So v* € Mygq, v* ¢ I',v* > 0. Define © = {v* + (1 —0)v: v e, 0€]0,1]}.

Claim 1 © is compact. In fact, V{w,} C O, there exist #, € [0,1] and v, € T
such that w, = 6,v* + (1 — 6,) v,. Due to the compactness of I' and [0, 1], there are
subsequence of {#,} and {v,} which remain denoted by {6, } and {v,} such that 6,, —
0, v, — vin H}(Q) for some 0 € [0,1] and v € T'. Therefore, w,, — Ov*+(1—0)v € O
in Hy(€). This implies © is compact.

Clam?2 0¢ ©. If 0 € ©, then 3¢ € [0,1], v € T, such that v* + (1 —0)v = 0,
i.e. Bv* = —(1 —0)v. Then v < 0 in Q. This is impossible.

Claim 3 Vu € O, there exists only one ¢ € R* such that tu € M, g, i.e. there

is a mapping t : © — R". Furthermore,  is a continuous mapping. In particular,
t(v*) =1, t(v) =1 for any v € T.

Indeed, Vu € O, let
t
h(t) = / Vul? dz — )\/ GO
Q Q t

By (fl); (fZ)a

uf (tu)
t

Lebesgue’s Dominated Theorem implies that

< u? lim

T t t—+00

t—0+

lim h(f) = /|Vu|2dx >0
Q

t—+o00

lim A(t) = /|Vu|2dx—)\l/u2dx.
Q Q

Since u € O, there is # € [0,1], v € " such that u = 6v* + (1 — ) v. By (4.18), we

have
/ VoVo*dr = 0, / vv*dr = 0.
Q Q
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Therefore

/|Vu|2d:v—)\l/u2dx
Q Q

= /Q (0°|Vo* | + (1 — 0)*|Vu]*) dz — X <92 /Q(U*V dr + (1 — 9)2|Vv|2dx>

= 2 [/Q Av* f (v*) dz — Al/@(v*)?dx] +(1—0)? [/Q Avf(v) dz — Al/ﬂvQ dx]

<0

by (f2), i.e. limy o h(t) <O.
By the mean value theorem, there exists a ¢ € R", such that h(t) =0, i.e. tu € M) q.
If there exist ¢y, to € RY, t; < t5 such that tyu € My g, tou € M) q, i.e. h(t;) =

h(ty) = 0. This implies
/Uf(tlu) dx:/ uf(teu) ,
o h o o

On the other hand, by (f;), we know
/ uf(tiu) do < / uf(tau) A
o b o 1

A contradiction! So ¢ is unique.
Now suppose u, u, € © (n=1,2,---) such that u,, — v in H}(Q). Then

/ |Vu,|* dv — / unf(((zzl))un) dx = 0.

Let n — oo, we get

(4.19) / |Vul?dr — A lim de = 0.

n— oo t(un)

It is easy to know that limsup,,_, . t(u,) 7é +o00.
Set, lim inf,, o t(uy,) = t1, limsup,_, . t(u,) = to. We deduce from (4.19) that

/|Vu|2d:v /“f(““) dr =0

/|Vu|2d$—)\/mdx:0.
Q o U2

Then by the uniqueness, t; =ty = t(u), i.e. lim, oo t(u,) = t(u).

Denote A = {t(u)u : u € ©}. It is easy to know that A is compact due to the
compactness of © and I' C A C M) . Define y(\) = max{/(w) : w € A}. Then
Y(A) < 400,7(A) = Ln(v*) = m(X, §) > m(A,5).

We claim that T is contractible in I}

To this end, define homotopic mapping A : [0,1] x T’ — 17( ) by h(s,v) = t(sv* +
(1 —s)v)(sv*+ (1 —s)v), where ¢ is the mapping in Claim 3 h is continuous due to
Claim 3. Furthermore,

h(0,v) =t(v)v =v, h(l,v) =t*)v* =v* Vv el.

So T is contractible in I:\Y(’\).
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Denote K. = {u € Myq : I\(u) = ¢, dI) |m, o(u) =0}

(i) If Kin(aB, 500 7 @ or Ky # &, then I has at least cat) +1 distinct critical
points.

(ii) If K\, 5(0)) = @ and K,(») = &, then there must be at least one critical value
¢ € [m(X, B5(0)),7(A)]-

In fact, suppose that there is no critical value between m(A, Bz (0)) and v()). Using
deformation lemma on Finsler manifold (see [19]) and the theorem of finite covering
of Heine—Borel, we have there exists 6 > 0 such that V&, > 0 with 0 < ¢ < & < ¢,
there exists a continuous mapping n = 7.+ : [0, 1] X I;’()‘) — I;’()‘) such that

1) 50,2)=z VzenW

(2) nlt,z)=2 Vre IT(A’BT/Z(O))%
m(\,B,./5(0))—¢

(3) w1, RY)c T,

We can choose ¢ satisfying 0 < 6 < m(A, Bz (0)) — m(A, B(0)).

Define the homotopic mapping H : [0,1] x T — [;”(’\7Br/2(0)) by

H(tv l‘) = 77(17 B(ta l‘)),

(X, Br(0)) C:];uAJL/AODfE,“@ have

H(0,2) = n(1,h(0,2)) =n(l,z) =2 Vz el

H(l,z) = n(1,h(1,2) =n(1,0%) € 70

Then I is contractible in [T(A’BT/Q(O)). A contradiction!

Therefore, I, has at least cat{2 4+ 1 distinct critical points. By maximum principle,
we have that (1.1) has at least cat{2 + 1 distinct positive solutions. Thus we complete
the proof.
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where h is defined above. Because I' C If\n
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