Papers on Analysis:

A volume dedicated to Olli Martio on the occasion of his 60th birthday Report. Univ. Jyväskylä 83 (2001), pp. 181–205

ON THE CONCEPT OF THE WEAK JACOBIAN AND HESSIAN

TADEUSZ IWANIEC

1. Introduction and Notation

Carl Gustav Jacob Jacobi (1804–1851), one of the prominent mathematical figures of his century, did not perhaps suspect that the determinants of differential matrices would enjoy rather special and high status today. No doubt, this has resulted from enormously creative (and exciting) expansion of the geometric theory of nonlinear PDEs and the calculus of variations [M1, M2, BM, BZ, Š1, DM, W1, Š2, M4, RY], geometric function theory (including mappings of bounded and unbounded distortion) [R2, BI, R3, IM, IKO1, IKO2, AIKM, KKM1, KKM2], continuum mechanics and nonlinear elasticity [A, B1, B2, C2, GMS, M7, MS, MSS, MTS, T1, SS], micro-structures of materials and crystals [BJ, IVV], and much more. These theories are largely concerned with the mappings

f = (f^1, f^2, ..., f^m) : Ω → R^m

of an open region Ω ⊂ R^n whose coordinate functions f^1, f^2, ..., f^m belong to suitable Sobolev spaces. We call them Sobolev mappings. In particular, the linear differential map Df(x) : R^n → R^m (often called gradient) is defined at almost every point x ∈ Ω. Using the standard bases for R^n and R^m this linear transformation is represented by the Jacobi matrix, again denoted by Df(x) = [ ∂f^i ∂x_j ] ∈ R^{m×n} , where i = 1, ..., m and j = 1, ..., n. Observe that the notation R^{m×n} is being used here for the space of all m×n matrices. To every pair (I, J) of ordered l-tuples I : 1 ≤ i_1 < i_2 < ... < i_l ≤ m and J : 1 ≤ j_1 < j_2 < ... < j_l ≤ n for 1 ≤ l ≤ min{m, n}, there corresponds an l × l -subdeterminant of Df(x), commonly denoted by ∂f^I ∂x_J = ∂(f^{i1} , ..., f^{il} ) ∂(x_{j1} , ..., x_{jl} ) . An important special case is m = n = l, for which we reserve three basic symbols:

det [Df(x)] = J(x, f) = ∂(f^1, f^2, ..., f^n) ∂(x_1, x_2, ..., x_n) . When studying Jacobian determinants nothing deeper than integration by parts or Stokes’ formula provide us with the starting point to important estimates. That 181

is why the language of the exterior forms is best suited for dealing with Jacobian determinants. For example, we shall frequently write: (1) J(x, f) dx = df^1 ∧ df^2 ∧ ... ∧ df^n. Subdeterminants of the differential matrix are none other than the coefficients of the wedge products: df^I = df^{i1} ∧ ... ∧ df^{il} = ∑ 1≤j_1<...<j_l≤n ∂(f^{i1} , ..., f^{il} ) ∂(x_{j1} , ..., x_{jl} ) dx_{j1} ∧ ... ∧ dx_{jl} = ∑ ∂f I ∂x_J dx_J corresponding to all l -tuples I : 1 ≤ i_1 < ... < i_l ≤ m.

Let Λ^l = ∧^lR^n , l = 1, ..., n , denote the space of all l -covectors in R^n (that is, the l -linear alternating forms), and set Λ^0 = ∧^0R^n = R. A differential l -form on Ω ⊂ R^n is simply a function or Schwartz distribution, with values in Λ^l = ∧^lR^n . Sobolev spaces of differential forms, denoted by W^{k, p}_{loc} (Ω, Λ^l), k = 1, 2, ..., 1 ≤ p ≤ ∞ ; will be used throughout this text. This means that all k^{th} -order derivatives of the coefficients of those forms are locally L^p -integrable. The class of locally Hölder continuous functions of exponent 0 ≤ α < 1 will be denoted by C^α_{loc}(Ω), where C^0_{loc}(Ω) = C(Ω) simply consists of continuous functions. As for the space D^′(Ω) of Schwartz distributions, we shall distinguish its subspaces D^′_k(Ω), k = 0, 1, , ..., which consist of the distributions of order at most k. Thus a linear functional H : C^∞_0 (Ω) → R belongs to D^′_k(Ω) if and only if for each compact Υ ⊂ Ω there exists a number C_Υ ≥ 0 such that

| H[ϕ] | ≤ C_Υ sup_{x∈Υ} ∑ |α|≤k | D^αϕ(x) | for all test functions ϕ ∈ C^∞_0 (Ω) with support in Υ. Note, for the future discussion, that D^′_0(Ω) consists precisely of the Radon measures on Ω. Other relevant notation will remain standard or self-explanatory.

Besides the subdeterminants of a differential matrix, more general wedge products will also motivate our interest. To dignify the work of Jacobi we adopted the notation

(2) J (x, Θ) dx = θ^1 ∧ θ^2 ∧ ... ∧ θ^m.

In this formula the m -tuple Θ = (θ^1, θ^2, ..., θ^m) consists of closed (or exact) differential forms θ^i ∈ L^{pi} (Ω, Λ^{li} ) whose total degree, l_1 + l_2 + ... + l_m, equals the dimension n of the domain Ω. The reader may wish to know that the closed forms θ^i can always be expressed (at least locally) as θ^i = dη^i for some η^i of Sobolev class W^{1, pi}_{loc} . In many instances these η^i will play the role parallel to that of the coordinate functions (0-forms) of Sobolev mappings just discussed. For the purpose of our analysis it will involve no loss of generality in assuming that all θ^i are actually exact in the entire domain Ω. Precisely we shall take θ^i = dη^i, with η^i ∈ W^{1, pi}_{loc} (Ω, Λ^{li−1}), for all i = 1, 2, ..., m. We should indicate at this point that piecing together local estimates can routinely be effected in terms of a partition of unity. But detailed exposition of this procedure would take us too far afield.

2. Weak Extensions

A central theme in the theory of PDEs is the definition of the domain of a differential operator. One usually begins with a class of smooth functions. Then in case of linear PDEs the extension to larger classes goes through easily due to the concept of the formal adjoint operator. Of course, integration by parts is the key to this extension procedure. Such an extension is termed the closure of the operator. We emphasize that the definition of the closure depends upon the topology in both the domain space and the range space, see the seminal work of K.O. Friedrichs and further development by L. Hörmander [F, H1]. In this article we will set down weak extensions for some nonlinear operators. Bold face letters will be used to denote their new domains.

Perhaps most elegant and clear example is furnished by the Hessian in two real variables. We begin with a few elementary identities: Hu = u_{xx}u_{yy} − u_{xy}u_{xy} (3) = (u_xu_{yy})_x − (u_xu_{xy})_y = (u_yu_{xx})_y − (u_yu_{xy})_x =^1_2 (uu_{xx})_{yy} +^1_2 (uu_{yy})_{xx} − (uu_{xy})_{xy} = (u_xu_y)_{xy} −^1_2 (u_xu_x)_{yy} −^1_2 (u_yu_y)_{xx}

which are provisionally defined for u ∈ C^∞(Ω). From these starting identities we shall extend Hu to various Sobolev spaces. As a result the values of the Hessian operator will be Schwartz distributions of order 0,1,2 and 2, respectively. To this effect, we simply multiply the corresponding expression at (3) by a test function ϕ ∈ C^∞_0 (Ω) and integrate by parts to determine how Hessian acts on ϕ. This brings us to four different notions of the distributional Hessian.

DEFINITION 1 (Hessian in the plane). The identities at (3) give rise, respectively, to the following nonlinear differential operators:

i) zero order Hessian H_0 : W^{2, 2}_{loc} (Ω) → L^1_{loc}(Ω) ⊂ D^′_0(Ω)

ii) first order Hessian H_1 : W^{2, 4/3}_{loc} (Ω) → D^′_1(Ω)

iii) second order Hessian H_2 : W^{2, 1}_{loc} (Ω) → D^′_2(Ω)

iv) very weak Hessian H^∗_2 : W^{1, 2}_{loc} (Ω) → D^′_2(Ω)

Note the inclusions:

(4) W^{2, 2}_{loc} (Ω) ⊂ W^{2, 4/3}_{loc} (Ω) ⊂ W^{2, 1}_{loc} (Ω) ⊂ W^{1, 2}_{loc} (Ω).

These domains have been determined by using Sobolev imbedding theorems and Hölder’s inequality to ensure that upon integration by parts the resulting integrals will converge. We illustrate more explicitly the case H_2. By the definition, H_2 acts on a test function ϕ ∈ C^∞_0 (Ω) as

(H_2u)[ϕ] = 1 2 ∫ Ω u (u_{xx} ϕ_{yy} + u_{yy} ϕ_{xx} − 2u_{xy} ϕ_{xy}) dx dy. To justify existence of this integral we need only observe that the second order derivatives of u are locally integrable and, consequently, u is continuous. Other explicit formulas are presented in Sections 4 and 5.

Hessian arises in a large variety of geometric problems (Gaussian curvature) and nonlinear elliptic PDEs. By way of an example, let us take on stage a genuine nonlinear elliptic type equation A(x, y, u_x, u_y, u_{xx}, u_{xy}, u_{yy}) = 0, in Ω ⊂ R^2 . This includes the familiar equations of gas dynamics for subsonic flows, minimal surfaces or the p-harmonic equation div (|∇u|^{p−2}∇u) = 0. In any case the complex gradient f(z) = u_x −iu_y, z = x+iy, solves an elliptic first order system of PDEs and, therefore, is a mapping of bounded distortion. For instance, when u is p-harmonic we arrive at the quasilinear system which reduces to one complex equation for f; ∂f ∂z = 2 − p 2p ( f f ∂f ∂z + f f ∂f ∂z ) . This in turn yields the distortion inequality | | | | ∂f ∂z | | | | ≤ | | | |1 − 2 p | | | | | | | | ∂f ∂z | | | | . Within this wider context the Jacobian of f (Hessian of u) becomes an absolutely essential part of this theory. In quasiconformal analysis one usually assumes that f lies in the Sobolev class W^{1,2}_{loc} (Ω). Having disposed of the notion of the very weak Hessian, one could formulate and try to investigate the distributional Jacobian for f ∈ L^2_{loc}(Ω). But we shall not pursue these matters here because such very weak Jacobian is lacking weak continuity properties. A simple example is dealt with in Section 3.

Writing nonlinear differential expressions in a suitable form for the purpose to weaken the regularity hypotheses is an art. There are methods galore, especially if we admit nonlinear classes of functions or certain measures as new domains of those operators. For instance, plurisubharmonic functions in the complex space C^n can be used to investigate Hessian without getting into the second derivatives. In this article, however, our concern with nonlinear domains of the Jacobian and Hessian type operators will be restricted to rather general remarks.

We now bring the discussion back to a Sobolev mapping f = (f^1, f^2, ..., f^n) : Ω → R^n . In contrast to the very weak Hessian case the trick with the integration by parts will not entirely eliminate differentiation of the coordinate functions. Still we have something to gain; namely, we can lower the required degree of integrability of df^1, df^2, ..., df^n. The natural domain for the Jacobian operator consists of mappings whose coordinate functions f^i lay in W^{1,pi}_{loc} (Ω), where the Sobolev exponents 1 ≤ p_i ≤ ∞, are Hölder conjugate,^1_{p1} + ... +^1_{pn} = 1. With the aid of Hadamard’s inequality |J(x, f)| ≤ |df^1| |df^2|...|df^n| this natural exponents ensure that J(x, f) is a locally integrable function.

However, we can do slightly better once we integrate by parts

(5) ∫ Ω ϕ(x) J(x, f) dx = − ∫ Ω f^i df^1 ∧ ... ∧ df^{i−1} ∧ dϕ ∧ df^{i+1} ∧ ... ∧ df^n for all test functions ϕ ∈ C^∞_0 (Ω) and each index i = 1, 2, ..., n. Just as distributional Hessian was defined one may take this identity as the starting point for a definition of the weak Jacobian. This time, the integral in the right hand side converges if the coordinate functions f^i belong to W^{1,si}_{loc} (Ω). We need only assume that the exponents 1 ≤ s_1, s_2, ..., s_n < ∞ satisfy the so-called Sobolev relation (6) 1 s_1 + 1 s_2 + ... + 1 s_n = 1 + 1 n . Note that such Sobolev conjugate tuples always contain an exponent 1 ≤ s_i < n, and this index i is exactly the one we shall select to validate the definition below. Note that different choices of such indices yield the same value of the integral in the right hand side of (5). The following definition expands on the idea of J. Ball [B1]

DEFINITION 2 (Weak Jacobian). Under the above terms, the weak Jacobian J_f is a distribution of order 1. Its value on a test function ϕ ∈ C^∞_0 (Ω) is defined at the right hand side of Equation (5).

It is immediately obvious that the value J_f [ϕ] on a test function ϕ ∈ C^∞_0 (Ω) is controlled by (7) |J_f [ϕ]| ≤ ‖ ∇ϕ ‖_∞‖ df^1 ‖_{s1} ... ‖ df^{i−1} ‖_{si−1} ‖ f^i − f^i_0 ‖^{ns}i_{n−si} ‖ df^{i+1} ‖_{si+1} ... ‖ df^n ‖_{sn} , where f^i_0 can be any constant. All norms here are taken over a relatively compact subdomain Ω^′ ⊂ Ω containing the support of ϕ. We wish to arrange that Ω^′ be smooth. At this stage one may appeal to Poincarè - Sobolev Lemma to obtain | J_f [ϕ] | ≤ C_Ω′ (s_1, ..., s_n) ‖ ∇ϕ ‖_∞ ‖ df^1 ‖_{s1} ‖ df^2 ‖_{s2} · · · ‖ df^n ‖_{sn} . It is relatively simple to derive analogous estimates for the difference of two Jacobians. We then conclude, among other things, with the following result

THEOREM 1 (Weak compactness). The nonlinear differential operator

J : W^{1,s1}_{loc} (Ω) × W^{1,s2}_{loc} (Ω) × ... × W^{1,sn}_{loc} (Ω) −→ D^′_1(Ω)

is weakly compact, whenever the Sobolev exponents satisfy

(8) 1 s_1 + 1 s_2 + ... + 1 s_n < 1 + 1 n .

In other words, for each ϕ ∈ C^∞_0 (Ω) we have (9) lim_{ν→∞} J_{fν} [ϕ] = J_f [ϕ]

whenever the mappings f_ν = (f^1_ν , f^2_ν , ..., f^n_ν ) converge locally to f = (f^1, f^2, ..., f^n) with respect to the weak topology in W^{1,s1}_{loc} (Ω) × W^{1,s2}_{loc} (Ω) × ... × W^{1,sn}_{loc} (Ω). Probably, this fact was first brought to light in 1953 by R. Caccioppoli [C1] for two dimensional case. Then it was profitably extended to higher dimensions in [M1, M2, R1, B1]. Weak continuity of the Jacobian operator follows from the inequality (9) and compactness of the Sobolev imbedding W^{1,si}_{loc} (Ω) ⊂ L^s_{loc}(Ω), for 1 ≤ s <^{nsi}_{n−si} . A far reaching generalization of the weak continuity (biting convergence) is due to K. Zhang [Z1].

An exactly similar consideration pertains in proving weak continuity properties of wedge products of differential forms. The purely formal approach to the meaning of the distribution J_Θ proceeds by use of Stokes’ formula. Suppose that the components of the m-tuple Θ = (θ^1, θ^2, ..., θ^m) are closed forms. More precisely,

(10) Θ = (θ^1, ..., θ^m) ∈ L^{s1}_{loc}(Ω, Λ^{l1} ) × ... × L^{sm}_{loc} (Ω, Λ^{lm} ),

where dθ^1 = ... = dθ^m = 0. As remarked in Section 1, we can always assume that θ^i = dη^i for some forms η^i ∈ W^{1,si}_{loc} (Ω, Λ^{li−1}). For the interested reader let us also indicate that using L^p -Hodge theory we can control the W^{1,si}_{loc} -norms of η^i by means of the L^{si}_{loc} -norms of θ^i. The following formula is classical if all η^i are smooth

(11) ∫ Ω ϕ(x) J (x, Θ) dx = − ∫ Ω θ^1 ∧ ... ∧ θ^{i−1} ∧ (dϕ ∧ η^i) ∧ θ^{i+1} ∧ ... ∧ θ^m for each test function ϕ ∈ C^∞_0 (Ω). By virtue of the imbedding theorems, the right hand side can be extended satisfactorily to the case in which the Sobolev exponents, 1 ≤ s_1, s_2, ..., s_m < ∞, satisfy

(12) 1 s_1 + 1 s_2 + ... + 1 s_m ≤ 1 + 1 n , and 1 ≤ s_i < n, for some i = 1, .., m.

As one might expect, different choices of the forms η^i (closed forms can be added to them) will yield the same integrals in the right hand side of (11). Accordingly, we make the following

DEFINITION 3 (Weak wedge product). The weak wedge product, denoted by J_Θ ∈ D^′(Ω), operates on test functions ϕ ∈ C^∞_0 (Ω) by the rule given at the right hand side of (11).

We have to add one remark concerning Hadamard’s type inequality: |θ^1 ∧ θ^2 ∧ ... ∧ θ^m| ≤ C |θ^1| |θ^2|...|θ^m|. Rather surprisingly, the sharp constant C = C(l_1, l_2, ..., l_m) not always equals 1. But it does if l_1 = l_2 = ... = l_m = 1, see [IKKS] for sharp constants.

Now if s_1, s_2, ..., s_m satisfy strict inequality at (12) then the weak compactness of the wedge product operator

J : L^{s1}_{loc}(Ω, Λ^{l1} ) × ... × L^{sm}_{loc} (Ω, Λ^{lm} ) −→ D^′_1(Ω, Λ^l),

will indeed continue to hold when restricted to closed forms. Further details and generalizations can be found in [RRT, IL, I1, GIM, G1, CG, IV].

The above weak compactness property of the Jacobian, Hessian and wedge products is often useful in the discussion of the existence of minima of variational integrals [B1] or limit theorems in quasiconformal geometry [GI1, IKO2]. In this category of useful applications we must certainly include recent advances in the theory of mappings with unbounded distortion [IM, IKMS].

Concerning weak wedge products, a case of special interest is that in which the closed forms θ^i, i = 1, ..., m, are composed from a mapping f = (f^1, f^2, ..., f^n) : Ω → R^n by the rule θ^i = df^{Ii} = df^{i|1} ∧ df^{i|2} ∧ ... ∧ df^{i|li} , i = 1, 2, ..., m, where all the ordered l_i -tuples I_i : 1 ≤ i|1 < i|2 < ... < i|l_i ≤ n constitute a partition of the set {1, 2, ..., n}. The general underlying idea here is that we can take lower order minors of the differential matrix Df(x) in different L^p -spaces, as needed for a specific problem [IL, IM, GIOV, I4]. Before leaving this brief exposition mention should be made of seminal ideas about div-curl product and the principle of compensated compactness in [T2, M5, M6], with far reaching extensions in [CLMS], see also [I3].

3. Hessian in the complex plane revisited

The two dimensional case is of sufficient interest to call for closer examination. We then identify R^2 with the complex plane C = {z = x + iy; (x, y) ∈ R^2 }. The Cauchy-Riemann derivatives^∂_{∂z} =^1_2 (^∂_{∂x} − i^∂_{∂y} ) and^∂_{∂z} =^1_2 (^∂_{∂x} + i^∂_{∂y} ) are the basic differential operators in C . Now Hessian of a real valued function u is just the Jacobian determinant of the complex gradient f(z) = 2 u_z = u_x + iu_y. The point-wise Hessian

H(z, u) = u_{xx} u_{yy} − u_{xy} u_{xy} = |f_z|^2 − |f_z|^2 = 4 (|u_{zz}|^2 − |u_{zz}|^2)

is usually considered in the Sobolev space W^{2,2}_{loc}(Ω) as a regular distribution. Using the notation of exterior forms we find that H operates on test functions ϕ ∈ C^∞_0 (Ω) by the rule

(H_0u)[ϕ] = ∫ Ω ϕ du_x ∧ du_y = 2i ∫ Ω ϕ du_z ∧ du_z.

Our first extension of H_0 is defined for u ∈ W^{2, 4/3}_{loc} (Ω) by the equation H_1u = 4(u_zu_{zz})_z − 4(u_zu_{zz})_z.

Hence H_1u is a distribution of order 1. Accordingly, it acts on ϕ as

(H_1u)[ϕ] = ∫ Ω u_x du_y ∧ dϕ = 2i ∫ Ω dϕ ∧ u_zdu_z. We have two second order distributions. The first one H_2u = 4 (u u_{zz})_{zz} − 2 (u u_{zz})_{zz} − 2 (u u_{zz})_{zz} is defined for each u ∈ W^{2, 1}_{loc} (Ω) by the integral formula

(H_2u)[ϕ] = 1 2 ∫ Ω u (du_x ∧ dϕ_y − du_y ∧ dϕ_x) = 2 ℑ (∫ Ω u du_z ∧ dϕ_z ) . Our main interest in this section lies in the second type extension of H_1, called very weak Hessian H^∗_2u = 2 (u_zu_z)_{zz} + 2 (u_zu_z)_{zz} − 4 (u_zu_z)_{zz}.

The largest Sobolev space in which H^∗_2 makes sense is of course W^{1,2}_{loc}(Ω). We again use the language of exterior forms to express its action on test functions

(H^∗_2u)[ϕ] = 1 2 ∫ Ω du ∧ (u_ydϕ_x − u_xdϕ_y) = 2 ℑ (∫ Ω u_z du ∧ dϕ_z ) . In order to employ weak extensions of a nonlinear differential operator with confidence one must carefully investigate the question of continuity under the weak topology in the extended domains, like for linear operators. Being so, this will put a new complexion on the weak Jacobian or Hessian only if we can relate them with the underlying point-wise formulas. Our detailed account of what can go wrong will be confined to the case of the very weak Hessian H^∗_2 : W^{1, 2}_{loc} (Ω) → D^′_2(Ω). We aim to show that in such a large domain as W^{1, 2}_{loc} (Ω) the operator H^∗_2 fails to be weakly continuous.

EXAMPLE 1 (The failure of continuity). There is a sequence {u_k} converging weakly to zero in the space W^{1, 2}(Ω) such that (13) H^∗_2u_k ↛ 0 in D^′(Ω).

Proof. We shall use both complex and polar coordinates in the unit disk Ω = {z = re^{iα}; 0 ≤ r ≤ 1, 0 ≤ α < 2π}. The functions in question are defined by

(14) u_k(z) = 2 k r^2 cos (2k α) = 1 k ( z^{k+1} z^{k−1} + z^{k+1} z^{k−1} )

for k = 1, 2, ... . A short sketch proof of (13) runs somewhat as follows. It is clear that u_k → 0 uniformly in Ω. Elementary computation shows that ∂u_k ∂z = ( 1 + 1 k ) z^k z^{k−1} + ( 1 k − 1 ) z^{k+1} z^k . It is relatively simple to infer from here that {u_k} converges to zero weakly in W^{1, ∞}(Ω) ⊂ W^{1, 2}(Ω). Although the second gradient of each u_k lies in L^∞(Ω) the sequence {∇^2u_k} is not bounded in L^∞(Ω), neither in the space L^1(Ω). The latter can be seen from the following elementary formulas

∂^2u_k ∂z∂z = ( 1 k − k ) ( z^k z^k + z^k z^k ) ,

∂^2u_k ∂z^2 = ( k + 1 ) z^{k−1} z^{k−1} + ( k − 1 ) z^{k+1} z^{k+1} . Notice that the following integrals over every disk B = B(0, r) are unbounded 1 π r^2 ∫ B z^k z^k ∂^2u_k ∂z∂z dx dy = 1 k − k, k = 1, 2, ... .

We therefore reason that the sequence {u_k} is not bounded in any W^{2, 1}(U), whenever U contains the origin. It is perhaps worth computing the point-wise Hessian to find that it is strictly negative almost everywhere H(z, u_k) = 8 k^2

− 24 + ( 4 k^2 − 4 ) ( z^{2k} z^{2k} + z^{2k} z^2k ) (15)

= 16 k^{−2}(1 − k^2) cos^2(2k α) − 16 ≤ −16.

It remains to observe that, for fixed k = 1, 2, ..., the point-wise Hessian of u_k coincides (as a distribution) with the very weak Hessian. Precisely, for each test function ϕ ∈ C^∞_0 (Ω), we have

(H^∗_2u_k)[ϕ] = ∫ Ω ϕ(z)H(z, u_k) dx dy −→ −24 ∫ Ω ϕ(z) dx dy by the first equation at (15). Thus the limit of the sequence {H^∗_2u_k} ⊂ D^′(Ω) is a constant distribution equal to −24 in Ω.

This example illustrates clearly that even uniform bounds of the first order gradients are insufficient for the weak continuity conclusion. It is this failure of continuity that qualifies H^∗_2 for the name very weak Hessian. Some degree of integrability of the second order derivatives are really necessary if we are to consider a theory of Hessian in the widest reasonable sense.

Interesting Question. Is it possible to make up Example 1 so that H(z, u_k) ≥ 1 almost everywhere for each k = 1, 2, ... ?

4. Three Dimensional Analogues

Guessing the differential identities that might lead to the definition of weak Hessian in three and higher dimensions is much harder than in dimension two. The reader patient with (lengthy though elementary) computation may wish to verify the following identity

(16) 3 H(x, u) = 3 | | | | | u_{xx} u_{xy} u_{xz} u_{yx} u_{yy} u_{yz} u_{zx} u_{zy} u_{zz}

| | | | | =

( | | | u_{yy} u_{yz} u_{zy} u_{zz} | | | u ) xx + ( | | | u_{xx} u_{xz} u_{zx} u_{zz} | | | u ) yy + ( | | | u_{xx} u_{xy} u_{yx} u_{yy} | | | u ) zz −2 ( | | u^{xy} u^{xz} u_{zy} u_{zz} | | | u ) xy − 2 ( | | u^{yz} u^{yx} u_{xz} u_{xx} | | | u ) yz − 2 ( | | u^{zx} u^{zy} u_{yx} u_{yy} | | | u ) zx One major advantage of this identity is that, upon integration by parts (twice), we arrive at an integrand which depends quadratically on the second order derivatives of u. By contrast, the Hessian determinant is a cubic polynomial in ∇^2u. Take notice that our new expression is a distribution of order 2 (second order Hessian), whenever u ∈ W^{2, 2}_{loc} (Ω) ⊂ W^{1, 6}_{loc} (Ω) ⊂ C^{1/2}_{loc} (Ω).

More sophisticated calculation is required to obtain the integrands which depend linearly on ∇^2u. But this is possible only at the expense of involving quadratic terms with respect to the first gradient. By way of a curiosity, if u ∈ W^{2, 9/5}_{loc} (Ω) ⊂ W^{1, 9/2}_{loc} (Ω), then

(17) −6 H(x, u) = −6 | | | | | u_{xx} u_{xy} u_{xz} u_{yx} u_{yy} u_{yz} u_{zx} u_{zy} u_{zz}

| | | | | =

(u^2_y u_{zz} + u^2_z u_{yy} − 2u_yu_z u_{yz})_{xx} + (u^2_z u_{xx} + u^2_x u_{zz} − 2u_zu_x u_{zx})_{yy} + (u^2_x u_{yy} + u^2_y u_{xx} − 2u_xu_y u_{xy})_{zz} + 2 (u_zu_x u_{yz} + u_zu_y u_{zx} − u_xu_y u_{zz} − u^2_z u_{xy})_{xy} + 2 (u_xu_z u_{xy} + u_xu_y u_{zx} − u_yu_z u_{xx} − u^2_x u_{yz})_{yz} + 2 (u_yu_x u_{yz} + u_yu_z u_{xy} − u_zu_x u_{yy} − u^2_y u_{zx})_{zx}

the right hand side being a distribution of second order, called very weak Hessian.

This alternative formula owes its discovery to a more efficient calculation to be introduced in the next section. One may also ask at this stage if some amount of juggling with the integration by parts would result in a complete absence of the second gradient of u, as for the very weak Hessian in dimension 2. This is impossible for n = 3, and seemingly in higher dimensions as well.

5. Distributional Hessian in R^n

Hessian of u is none other than the Jacobian determinant of the gradient field f = (u_{x1} , u_{x2} , ...u_{xn} ). Following the definition of distributional Jacobian, we find that

for the distributional Hessian it is required that u be in the Sobolev class W^{2, n} 2 n+1 loc (Ω). It is worth while noting the inclusions W^{2, n} 2 n+1 loc (Ω) ⊂ W^{1, n2}_{loc} (Ω) ⊂ C^α_{loc}(Ω) , where α =^{n−1}_n .

We regard J_f as being the first order distributional Hessian of u.

DEFINITION 4 (First order Hessian). For each u ∈ W^{2, n} 2 n+1 loc (Ω) the distribution H_1u ∈ D^′_1(Ω) is defined to equal J_{(∇u)}. Accordingly, it acts on a given test function ϕ ∈ C^∞_0 (Ω) by the rule

(18) (H_1u)[ϕ] = J_f [ϕ] = − ∫ Ω du_{x1} ∧ ... ∧ du_{xi−1} ∧ u_{xi} dϕ ∧ du_{xi+1} ∧ ... ∧ du_{xn} .

As before, this integral is independent of the choice of the index i = 1, 2, ..., n. The gradient structure of f will be reflected in further integration by parts leading to less restrictive classes of functions. Before making any integration, we must establish the following identity.

LEMMA 2. Let Γ : Ω → Λ^1 = ∧^1R^n be a differential 1-form of Sobolev class W^{1, n−1} loc (Ω, Λ^1), where Ω ⊂ R^n . Then

(19) n∑ i=1 (−1)^i ∂ ∂x_i ( Γ_{x1} ∧ ... ∧ ^Γ_{xi} ∧ ... ∧ Γ_{xn} ) = 0 as a distribution.

The hat marks that Γ_{xi} has been omitted. The distributional meaning of (19) is that for each 1 -form Ξ ∈ C^∞_0 (Ω, Λ^1) we have n∑ i=1 ∫ Ω Γ_{x1} ∧ ... ∧ Γ_{xi−1} ∧ Ξ_{xi} ∧ Γ_{xi+1} ∧ ... ∧ Γ_{xn} = 0.

Here and subsequently the x_i -derivative of a differential form Ξ = χ^1dx_1 +...+χ^ndx_n is again a differential form, partial differentiation is simply made component-wise.

Ξ_{xi} = ∂ Ξ ∂x_i = ∂χ^1 ∂x_i dx_1 + ∂χ^2 ∂x_i dx_2 + ... + ∂χ^n ∂x_i dx_n.

Proof. We shall have established the lemma if we prove (19) for Γ ∈ C^∞(Ω, Λ^1), since smooth 1-forms are dense in W^{1, n−1}_{loc} (Ω, Λ^1). To this end we differentiate in (19) by applying the usual product rule. Caution must be exercised because the exterior multiplication of 1-forms is anti-commutative. This will produce the second order derivatives Γ_{xkxl} , with k ≠ l. For a given pair 1 ≤ k < l ≤ n there will emerge exactly two wedge products that contain Γ_{xkxl} as a factor. These products are hidden in two terms of the sum at (19), namely

(−1)^k ∂ ∂x_k ( Γ_{x1} ∧ ... ∧ ^Γ_{xk} ∧ ... ∧ Γ_{xn} ) + (−1)^l ∂ ∂x_l ( Γ_{x1} ∧ ... ∧ ^Γ_{xl} ∧ ... ∧ Γ_{xn} ) . The first term gives (−1)^kΓ_{x1} ∧ ... ∧ ^Γ_{xk} ∧ ... ∧ Γ_{xl−1} ∧ ∂ ∂x_k Γ_{xl} ∧ Γ_{xl+1} ∧ ... ∧ Γ_{xn} while the second term gives another wedge product (−1)^lΓ_{x1} ∧ ... ∧ Γ_{xk−1} ∧ ∂ ∂x_l Γ_{xk} ∧ Γ_{xk+1} ∧ ... ∧ ^Γ_{xl} ∧ ... ∧ Γ_{xn} . As^∂_{∂xk} Γ_{xl} =^∂_{∂xl} Γ_{xk} , the anticommutation of exterior multiplication shows that these two latter products cancel out, completing the proof of the lemma. □

We now apply Lemma 1 to Γ = du, provisionally assuming that u ∈ C^∞(Ω). Note the commutation formula (du)_{xi} = du_{xi} , thus we have n∑ i=1 ∫ Ω du_{x1} ∧ ... ∧ du_{xi−1} ∧ Ξ_{xi} ∧ du_{xi+1} ∧ ... ∧ du_{xn} = 0 which we apply to Ξ = ϕ d u. Our computation results in the following integral identity

(20) ∫ Ω ϕ(x) H(x, u) dx = − 1 n n∑ i=1 ∫ Ω ϕ_{xi} ( du_{x1} ∧ ... ∧ du_{xi−1} ∧ du ∧ du_{xi+1} ∧ ... ∧ du_{xn} ) . From here there are two ways to continue integration by parts, both facilitate the search for the distributions of the second order. At the expense of involving higher order derivatives of the test function we may pass the exterior differentiation on u to ϕ_{xi} . This is legitimate since du_{x1} ∧ .... ^du_{xi} ... ∧ du_{xn} is a closed form. Continuing in this way yields ∫ Ω ϕ(x)H(x, u) dx = 1 n n∑ i=1 ∫ Ω u du_{x1} ∧ ... ∧ du_{xi−1} ∧ dϕ_{xi} ∧ du_{xi+1} ∧ ... ∧ du_{xn} . While this formula remains valid for all functions u of class W^{2, n}_{loc} (Ω), the integrals in the right hand side actually converge for u ∈ W^{2, n−1}_{loc} (Ω) ⊂ C^α_{loc}(Ω), where α =^{n−2}_{n−1} . It is in this way that we are led to the following definition

DEFINITION 5 (Second order Hessian). The nonlinear differential operator H_2 : W^{2, n−1}_{loc} (Ω) → D^′_2(Ω) is defined by the equation

(21) (H_2u)[ϕ] = 1 n n∑ i=1 ∫ Ω u du_{x1} ∧ ... ∧ du_{xi−1} ∧ dϕ_{xi} ∧ du_{xi+1} ∧ ... ∧ du_{xn} .

Another way to integrate by parts at (20) is by passing the exterior differentiation from one of the selected factors, say du_{xj} with j ≠ i, to ϕ_{xi} . This will create the following n-linear forms with respect to the variables (∇u, ∇^2u): u_{xj} dϕ_{xi} ∧ du ∧ du_{x1} ∧ ... ^du_{xi} ... ^du_{xj} ... ∧ du_{xn} . The point to make here is that two factors in this form depend (linearly) on the first gradient of u whereas the remaining (n − 2) -factors depend (also linearly) on the second gradient. We have made somewhat lengthy though elementary computation to express the result in a symmetric form

(22) 2n(n − 1) ∫ Ω ϕ(x) H(x, u) dx = ∑ 1≤i≠j≤n ε_{ij} ∫ Ω (u_{xi} dϕ_{xj} − u_{xj} dϕ_{xi} ) ∧ du ∧ (du_{x1} ∧ ... ^du_{xi} ... ^du_{xj} ... ∧ du_{xn} ). The symbol ε_{ij} equals 1 provided i − j is positive and even, or negative and odd. Otherwise ε_{ij} equals -1. Imbedding theorems reveal that the integrals in the right hand side converge whenever u lies in W^{2, n} 2 n+2 loc (Ω). We state it as:

DEFINITION 6 (Very weak Hessian). Formula (22) defines (in the usual fashion) the very weak Hessian in n -dimensions,

(23) H^∗_2 : W^{2, n} 2 n+2 loc (Ω) −→ D^′_2(Ω).

In contrast to the case n = 2, we did not succeed in eliminating the second order derivatives of u. Nevertheless, we did gain some degree of the required integrability of the second gradient. The domains of the n-dimensional Hessian operators H_0, H_1, H_2 and H^∗_2 are coupled, respectively, in the following chain of inclusions

W^{2, n}_{loc} (Ω) ⊂ W^{2, n} 2 n+1 loc (Ω) ⊂ W^{2, n−1}_{loc} (Ω) ⊂ W^{2, n} 2 n+2 loc (Ω). They all consist of continuous functions of Hölder’s class C^α_{loc}(Ω), with α = 1−^2_n ≥ 0, at least. We emphasize that each of these operators is an extension to the preceding one. Perhaps nothing more can be extracted from the integration by parts.

In many instances distributional Jacobian is used to justify properties of point-wise differential inequalities. Just to mention the distortion inequality in the geometric function theory [IM, IKO1, IKMS]. Let us emphasize explicitly that a point-wise Jacobian, even if it happens to be locally integrable, need not coincide with its distributional counterpart; some measures can emerge [M11, M12]. It is therefore important to develop some technique for computing the point-wise determinants given their weak forms. Next section deals with these questions.

6. How to get back the point-wise determinant

We begin with the prevalent example of a Sobolev mapping in the unit ball B ⊂ R^n f(x) = x |x| = ∇|x|. Clearly, f belongs to W^{1,p}(B, R^n ) for all 1 ≤ p < n. Its point-wise Jacobian (Hessian of u(x) = |x| ) is equal to zero a.e., whereas the distributional Jacobian is a scalar multiple of the Dirac delta

J_f = H_1u = H_2u = H^∗_2u =^{ωn−1}_n δ, while J(x, f) = det [u_{xixj} ] = 0,

where the factor^{ωn−1}_n is none other than the volume of the unit ball in R^n .

As we all know, every distribution H ∈ D^′(Ω) can be approximated by smooth functions, usually via regularization procedure. Perhaps a brief description of the regularization of distributions is in order. Let Φ_ϵ(x) = ϵ^n Φ(^x_ϵ ), ϵ > 0 be the standard mollifiers supported in the balls B(0, ϵ) = {x; |x| < ϵ}. The regularization of H is the family {H_ϵ}_{ϵ>0} of smooth functions defined on the sets Ω_ϵ = {x ∈ Ω ; dist(x, ∂Ω) > ϵ} by the rule

H_ϵ(x) = (H ⋆ Φ_ϵ)(x) = H [Φ_ϵ(x− )] .

Here H acts on a test function y → Φ_ϵ(x − y) in y variable. This function is clearly supported in the ball B(x, ϵ) ⊂ Ω, for a fixed x. Recall that H ⋆ Φ_ϵ → H in D^′(Ω) when ϵ → 0. In case of the Dirac delta, this procedure leads us back to the mollifiers Φ_ϵ = (δ ⋆ Φ_ϵ) → 0, almost everywhere. More generally, given a Radon measure H ∈ D^′_0(Ω) , at almost every x ∈ Ω we have lim_{ϵ→0}(H ⋆ Φ_ϵ)(x) = H^{reg}(x) , where the regular part of a distribution in D^′_0(Ω) is the absolutely continuous part of the measure it represents. Being so, the function lim_{ϵ→0} (H ⋆ Φ_ϵ) is always locally integrable.

Returning to our example f(x) =^x_{|x|} , we find that lim_{ϵ→0} J_f ⋆ Φ_ϵ = 0, almost everywhere. And this is not by chance. In [IM] we have shown that

THEOREM 2 (Regularization of the weak Jacobian). For almost every a ∈ Ω it holds

(24) lim_{ϵ→0} (J_f ⋆ Φ_ϵ)(a) = J(a, f) , whenever f ∈ W^{1, n} 2 n+1 loc (Ω, R^n ).

Remark. The reader is urged to check that the distributional Jacobian remains well defined (by the same integral formula at (7)) for f ∈ W^{1, n−1}_{loc} (Ω, R^n ) , provided the cofactors of Df lay in L^q_{loc}(Ω) , with the exponent q =^{n2−n}_{n2−n−1} <^n_{n−1} . It turns out [IKO2] that (24) holds under these weaker hypotheses as well. An analogous result for the wedge products is in fact true.

THEOREM 3 (Regularization of weak wedge products). Given an m-tuple Θ = (θ^1, ..., θ^m) ∈ L^{s1}_{loc}(Ω, Λ^{l1} ) × ... × L^{sm}_{loc} (Ω, Λ^{lm} ), where dθ^1 = ... = dθ^m = 0 and the exponents satisfy the Sobolev relation^1_{s1} + · · · +^1_{sm} = 1 +^1_n . Then

(25) lim_{ϵ→0} (J_Θ ⋆ Φ_ϵ)(a) = J(a, Θ), for almost every a ∈ Ω.

The proof of this result is much the same as that for Theorem 2, and is based upon ideas found in [M9]. We leave details to the reader due to lack of space. Instead we shall pay more attention to analogous regularization of the weak Hessian, as this case will require some interesting new ingredients.

THEOREM 4 (Regularization of the weak Hessian). If u ∈ W^{2, n−1}_{loc} (Ω), then at almost every a ∈ Ω we have

(26) lim_{ϵ→0} (H_2u ⋆ Φ_ϵ)(a) = det [ ∂^2u(a) ∂x_i∂x_j ] .

But the proof must wait until we collect and improve a few facts concerning local approximation of Sobolev functions.

7. Taylor’s Approximation of Sobolev Functions

Let u ∈ W^{k,p}(Ω), k = 1, 2..., 1 ≤ p < ∞, and Ω ⊂ R^n . We are interested in a polynomial approximation to u(x) on balls B = B(x, r) ⊂ Ω. In the foregoing formulas, we always assume that the center of the ball is a Lebesgue point of all partial derivatives D^αu , with the multi-index |α| ≤ k. To each such point there corresponds unique k^{th} order polynomial P = P_{k,a}(x), so that the values of D^αP, |α| ≤ k, match the values of D^αu at x = a. This is what we call the k^{th} Taylor polynomial about a ∈ Ω for u. Precisely, we have

(27) P_{k,a}(x) = ∑ |α|≤k 1 α! D^αu(a) (x − a)^α.

The average error over the ball B(a, r) that results when u is approximated by P_{k,a} is described in the following theorem.

THEOREM 5 (Calderón-Zygmund [CZ]). Given u ∈ W^{k,p}(Ω), with k = 1, 2, ..., and 1 ≤ p < ∞. For almost every a ∈ Ω and all balls B = B(a, r) ⊂ Ω, we have

(28) ( 1 |B| ∫ B |u(x) − P_{k,a}(x)|^q dx ) !_q = o(r^k)

as r approaches zero. The exponent q is subjected to the following conditions:

Case 1. If 1 ≤ p ≤^n_k , then q can be any positive number not greater than^{np}_{n−kp} .

Case 2. If p >^n_k , then q = ∞ and we are reduced to a uniform approximation (29) sup_{x∈B(a,r)} |u(x) − P_{k,a}(x)| = o(r^k).

Here and in the sequel, we work only with the continuous representatives of the Sobolev function in W^{k,p}(Ω), whenever p >^n_k or p = 1 if k = n .

Remark. In the original paper [CZ, Theorem 12] P_{k,a} are not explicitly identified as being Taylor’s polynomials of u . Nevertheless, it follows from Theorem 13 in [CZ] that these P_{k,α} ought to be the Taylor polynomials, at least for almost every Lebesgue point a of {D^αu}_{|α|≤k}.

By virtue of the imbedding W^{n,1}(Ω) ⊂ C(Ω) one may ask whether local uniform approximations are still possible in the borderline case of k = n and p = 1 . Recall that the k^{th} -order gradient of u, denoted by ∇^ku = {D^αu}_{|α|=k} , is the list of all partial derivatives of order k. The following result seems to be missing in the literature.

THEOREM 6 (Uniform approximation). Let u be a continuous function in W^{n,1}(Ω) and let a ∈ Ω be a Lebesgue point of its n^{th}-order gradient. Then to every ball B = B(a, r) ⊂ Ω there corresponds a polynomial

(30) P_{n,B}(x) = ∑ |α|≤n−1 c_α(x − a)^α + ∑ |α|=n 1 α! D^αu(a) (x − a)^α such that (31) sup_{x∈B} | u(x) − P_{n,B}(x) | = o(r^n), as r approaches zero.

As a point of emphasize, our polynomials P_{n,B}(x) depend not only on the point a ∈ Ω but also on the radii of the balls. Though the n^{th} order coefficients 1 α! D^αu(a) , |α| = n, are still free from the radii of the balls.

Proof. For notational convenience two different symbols will be employed to denote the integral mean of a function u ∈ L^1(B), over a ball B = B(a, r) ⊂ Ω . Namely

u_B = 1 |B| ∫ B u(y) dy. For each integer k ≥ 0 we consider a k^{th}-order polynomial

P_k(x) = 1 |B| ∫ B P_k(x, y) dy, where P_k(x, y) = ∑ |α|≤k−1 1 α! D^αu(y) (x − y)^α + ∑ |α|=k 1 α! ( D^αu ) B (x − y)^α

for k = 1, 2, ..., n, and we set P_0(x) ≡ u_B . If u lies in the Sobolev space W^{1,1}(Ω) then its zero order error (when approximated by the constant polynomials) is given explicitly at almost every point by the familiar inequality | u(x) − u_B | ≤ C_n ∫ B |∇u(y)| dy |x − y|^{n−1} see, for example, [GT , Lemma 7.16]. At this point we shall appeal to the higher order counterpart of this estimate derived in [BH]. Accordingly, for all functions u ∈ W^{k,1}(Ω), we have | u(x) − P_k(x) | ≤ C_n ∫ B | |∇ku(y) − (∇ku)_B | | dy |x − y|^{n−k} for almost every x ∈ B = B(a, r) ⊂ Ω. What will be significant to us is the case when u ∈ W^{n,1}(Ω) . Once we choose the continuous representative of u the following inequality holds for all x ∈ B = B(a, r) ⊂ Ω | u(x) − P_n(x)| ≤ C_n ∫ B | ∇^nu(y) − (∇^nu)_B| dy.

From now on, we assume that the ball B = B(a, r) is centered at the Lebesgue point of ∇^nu = {D^αu}_{|α|=n}. Thus |u(x) − P_n(x) | = o(r^n), uniformly in x ∈ B. To complete the proof of Theorem 6, it only remains to modify the polynomial P_n so that the n^{th} -order term^1_{α!} (D^αu)_B (x − y)^α will be replaced by^1_{α!} D^αu(a) (x − a)^α. This replacement is legitimate since [(D^αu)_B − D^αu(a)](x − a)^α = o(r^n) , again uniformly in x ∈ B, as a was chosen to be the Lebesgue point of D^αu for all |α| = n . The proof of Theorem 6 is complete. □

8. Proof of the Regularization Theorem

We shall draw on an idea from [M9]. Let us reveal at once that the points a ∈ Ω for which we are going to validate Equation (26) are just the L^{n−1} -continuity points of the second gradient ∇^2u = {D^αu}_{|α|=2} . This means that for small balls B_ϵ = B(a, ϵ) ⊂ Ω centered at such points, we have

lim_{ϵ→0} 1 |B_ϵ| ∫ B_ϵ | | ∇^2u(x) − ∇^2u(a) | |^{n−1} dx = 0. Of course, this remains valid if we replace ∇^2 by any second order operator. Fix one of those points a ∈ Ω . For each sufficiently small ball B_ϵ = B(a, ϵ) we can find a quadratic polynomial

P_ϵ(x) = ∑ |α|≤1 c_α(x − a)^α + ∑ |α|=2 1 α! D^αu(a) (x − a)^α such that sup_{x∈Bϵ} |u(x) − P_ϵ(x)| = o(ϵ^2). Observe that the second order terms in this polynomial are independent of ϵ . This is immediate from Theorem 6 if n = 2 and Theorem 5 (Case 2) if n > 2. By virtue of the definitions given above, we convolve H_2u with the mollifier Φ = Φ_ϵ by the rule (H_2u ⋆ Φ_ϵ) (a) = (H_2u)[Φ_ϵ(a− )] = 1 n n∑ i=1 ∫ Ω u du_{x1} ∧ ... ∧ du_{xi−1} ∧ dΦ_{xi} (a − x) ∧ du_{xi+1} ∧ ... ∧ du_{xn} = B_ϵ + C_ϵ, where we have decomposed the integral into two parts:

B_ϵ = 1 n n∑ i=1 ∫ Ω (u − P_ϵ) du_{x1} ∧ ... ∧ du_{xi−1} ∧ dΦ_{xi} (a − x) ∧ du_{xi+1} ∧ ... ∧ du_{xn} ,

C_ϵ = 1 n n∑ i=1 ∫ Ω P_ϵ du_{x1} ∧ ... ∧ du_{xi−1} ∧ dΦ_{xi} (a − x) ∧ du_{xi+1} ∧ ... ∧ du_{xn} . The first part is easily shown to converge to zero. Indeed, we have |B_ϵ| ≤ ‖ u − P_ϵ ‖_L∞_{(Bϵ)} ‖ ∇^2Φ_ϵ ‖_L∞_{(Bϵ)} ‖ ∇^2u ‖^{n−1}_{Ln−1(Bϵ)} . When ϵ approaches zero the first factor is of the magnitude o(ϵ^2), the second O(ϵ^{−2}) and the third O(1). Thus lim_{ϵ→0} B_ϵ = 0, as claimed.

Concerning the term C_ϵ , we notice that the integrand therein possesses enough degree of regularity to integrate by parts twice. This time the procedure will be exactly backwards to the one we have used to define H_2u . Thus, we carry back the exterior differential in dΦ_{xi} to u by using Stokes’ formula. In order to pass the x_i -differentiation from Φ = Φ_ϵ to du we employ Lemma 2 again

C_ϵ = 1 n n∑ i=1 ∫ Ω Φ_ϵ(a − x) du_{x1} ∧ ... ∧ du_{xi−1} ∧ d(P_ϵ)_{xi} ∧ du_{xi+1} ∧ ... ∧ du_{xn} . Next observe that d(P_ϵ)_{xi} is a constant covector equal to du_{xi} (a), as the second order gradient of P_ϵ matches the values of ∇^2u at a . Therefore, we can take the constant term d(P_ϵ)_{xi} outside the integral sign. What we obtain upon this operation is the following n -covector

C_ϵ dx = 1 n n∑ i=1 (−1)^{i−1} du_{xi} (a) ∧ [ Φ_ϵ ⋆ (du_{x1} ∧ ... ^du_{xi} ... ∧ du_{xn} ) ] (a). Note that the convolution of Φ_ϵ with the function (du_{x1} ∧ ... ^du_{xi} ... ∧ du_{xn} ) ∈ L^1(Ω, Λ^{n−1}) is being employed here. Finally, as a ∈ Ω is the Lebesgue point of this function we conclude with the desired equation

(lim_{ϵ→0} C_ϵ) dx = 1 n n∑ i−1 (−1)^{i−1}du_{xi} (a) ∧ [du_{x1} ∧ ... ^du_{xi} ... ∧ du_{xn} ](a) = H(a, u) dx completing the proof of Theorem 4. □

The regularization theorems can be turned around so as to yield local integrability of the point-wise determinants and wedge products.

COROLLARY 1. Suppose that f, Θ and u are given as in Theorems 2, 3 and 4, respectively. If the distributions J_f , J_Θ and H_2 u have order zero (signed Radon measures) then the corresponding point-wise determinants J(x, f), J(x, Θ) and H(x, u) coincide with the absolutely continuous parts of those measures. Consequently, these point-wise determinants are locally integrable on Ω.

Proof. This corollary is readily inferred from two facts already observed. First, for every distribution H ∈ D^′_0(Ω) its regular part H^{reg}(x) equals (point-wise almost everywhere) lim_{ϵ→0}(H ⋆ Φ_ϵ)(x). Second, the regular part of every distribution of order zero is represented by a locally integrable function, whence the name regular. □

To be realistic, we have practically no way of verifying the hypotheses of this corollary without getting involved with integration by parts; a vicious circle inevitably would occur. Nevertheless, Corollary 1 has significant theoretical value, as attested to in our last section.

9. Weak Limits and Orientation

Surprisingly, in passing to the weak limit there can be a change in the sign of positive determinants. This phenomenon was first observed in [BM] and further refined in [IM] as follows:

EXAMPLE 2. There exist Sobolev mappings f_ν : Ω → R^n , ν = 1, 2, ... , with the following properties:

• sup_{ν≥1} ∫ Ω F (|Df_ν(x)|^n) dx < ∞ whenever F : R_+ → R_+ is a continuous function satisfying

(32) ∫_∞ 0 F(t) dt t^2 < ∞. • The mappings f_ν are orientation preserving. Indeed, we have J(x, f_ν ) = det [Df_ν (x)] ≥ 1 for almost every x ∈ Ω and for all ν = 1, 2, ... .

• The sequence {f_ν } converges uniformly to f(x) = (x_1, ..., x_{n−1}, −x_n). This is an orientation reversing map with J(x, f) = det [Df(x)] ≡ −1.

Note that the sequence {f_ν } is bounded in every Sobolev space W^{1, p}(Ω, R^n ), with p < n. Let us also reveal that in this example the weak Jacobians J_{fν} are indeed distributions of order zero (signed Radon measures). If they were positive the above anomaly with the change of orientation would not have happened, by Corollary 1. Mathematical formulation of the nonlinear elasticity and continuum mechanics [A, B1, C2] is based on the principle that the point-wise Jacobian of a deformation of an elastic body is nonnegative, or at lest does not change sign. The same assumption is made in the theory of mappings with finite distortion [IM, IKO1]. This does not mean that the mappings in question have automatically nonnegative distributional Jacobian. It, therefore, becomes very natural to ask for simple conditions that are sufficient in order that J(x, f) shall be integrable and obey the rule of integration by parts. Various such criteria have been discussed in [IS, BFS, G2, G3, G4, GI2, KZ, LZ, M3, M8, M9, M10, W2] . We shall briefly outline the most general recent result in [GIOV].

10. A Short Look at L^1 -Integrability

Throughout this section the Sobolev mappings f = (f^1, f^2, ..., f^n) : Ω → R^n , will have nonnegative Jacobian determinant. We shall take for our analysis the category of Orlicz spaces L^P (Ω) , where P : [0, ∞) → [0, ∞) is continuously increasing from P(0) = 0 to P(∞) = lim_{t→∞} P(t) = ∞ and smooth on (0, ∞). Note that no assumption regarding convexity of P is made here. However, Example 2 suggests that we should stay close to the Lebesgue space L^1(Ω) . The exact grows condition on P that will be required is just opposite to (32), namely

(33) ∫_∞ 1 P(t) dt t^2 = ∞. Cases of special interest include the the following logarithmic scale of Orlicz functions P(t) = t, P(t) = t ln(e + t) , P(t) = t ln(e + t) ln ln(e^e + t) , P(t) = t ln(e + t) ln ln(e^e + t) ... ln ln ... ln(e^{e..} + t) . In what follows we actually need some other technical assumptions on P but we shall not bother the reader about those really minor details [GIOV]. Before jumping to a conclusion, we indicate that the qualitative analysis of mappings with unbounded distortion naturally begins with the assumption that |Df|^n ∈ L^P (Ω) [IM], see also [IKO1, IKMS]. This hypothesis is legitimate if we work with the so-called outer distortion function. However, to formulate the theory in terms of the inner distortion we must work under slightly less restrictive hypotheses. Perhaps the best example to illustrate is the compactness principle for mappings with unbounded distortion. It relies on certain estimates in terms of the (n-1)×(n-1) -minors. At the beginning one only knows that |D^#f|^{nn−1} ∈ L^P (Ω) , where D^#f denotes the cofactor matrix of Df. Then, the following result comes to the rescue [IKO2].

THEOREM 7. Let f = (f^1, f^2, ..., f^n) ∈ W^{1, n−1}_{loc} (Ω, R^n ) have nonnegative Jacobian determinant, J(x, f) ≥ 0, and its (n-1)× (n-1) -minors satisfy

(34) | | | | ∂(f^1, ... ^f^i ..., f^n) ∂(x_1, ... ^x_j ..., x_n) | | | | n n−1 ∈ L^P (Ω) for i, j = 1, 2, ..., n. Then J(x, f) dx = df^1 ∧ df^2 ∧ ... ∧ df^n is locally integrable and obeys the rule of integration by parts.

In addition to this result we have an elegant and powerful local estimate.

(35) (∫ B df^1 ∧ df^2 ∧ ... ∧ df^n )_{n−1} ≤ C(n) |B| n∏ i=1 (∫ 2B |df^1 ∧ ... ^df^i... ∧ df^n| )

for every concentric balls B = B(a, r) ⊂ B(a, 2r) = 2B. As a matter of fact we have slightly stronger isoperimetric type inequality

(36) (∫ B df^1 ∧ df^2 ∧ ... ∧ df^n )_{n−1} ≤ C(n) n∏ i=1 (∫ ∂B |df^1 ∧ ... ^df^i... ∧ df^n| )

for almost every radius 0 < r ≤ dist(a, ∂Ω). Sobolev mappings with L^p -integrable cofactors were introduced to nonlinear elasticity by J. Ball [B1] and then studied by V. Šverák [Š1] and P. Hajłasz [H2].

We shall end this article with one more requisite that proves useful when dealing with the compactness questions in the geometric function theory. It concerns the mappings f : Ω → R^n of Sobolev-Orlicz class W^{1, Q}(Ω, R^n ) , where Q(t) = P(t^n) and P satisfies the divergence condition at (33 ).

COROLLARY 2. The class of orientation preserving mappings in the Sobolev- Orlicz space W^{1, Q}(Ω, R^n ) is weakly closed.

Proof. Consider a sequence {f_ν } of mappings with nonnegative Jacobian, and weakly converging to f in W^{1,Q}(Ω, R^n ). It is not clear a priori whether J(x, f) is also nonnegative, though at the end this is the case . Our proof runs as follows. By virtue of Theorem 1, we see that J_{fν} → J_f in D^′(Ω) . Thus it suffices to show that each distribution J_{fν} is nonnegative, as this will imply the same holds for J_f . It will then imply, by Corollary 1, that J(x, f) is nonnegative and locally integrable. At this point we appeal to Theorem 7, for the hypothesis simply notice that |D^#f|^{nn−1} ≤ |Df|^n ∈ L^P (Ω) . This theorem tells us not only that J(x, f_ν ) are locally integrable but also provides with the key to nonnegativity of the induced distributions

J_{fν} [ϕ] = ∫ Ω ϕ(x) J(x, f_ν ) dx ≥ 0 as desired. By way of digression, the distribution J_f has no singular part. □

Other related papers not mentioned here are: [BCO, BK, GV, GISS, HLMZ, I2, IO, L, MM, MZ, McM, S, Z2].

References

[A] S.S. Antman, Fundamental mathematical problems in the theory of nonlinear elasticity, Numerical solution of partial differential equations, III (Proc. Third Sympos. (SYNSPADE), Univ. Maryland, College Park, Md., 1975), 35–54, Academic Press, 1976.

[AIKM] K. Astala, T. Iwaniec, P. Koskela and G. Martin, Mappings of BMO-bounded distortion, Math. Ann. 317 (2000), 703–726.

[B1] J.M. Ball, Convexity conditions and existence theorems in nonlinear elasticity, Arch.

Rational Mech. Anal. 63 (1977), 337–403.

[B2] , Global invertibility of Sobolev functions and the interpenetration of matter, Proc.

Roy. Soc. Edinburgh Sect. A 88 (1981), 315–328.

[BM] J.M. Ball and F. Murat, W^{1,p}-quasiconvexity and variational problems for multiple integrals, J. Funct. Anal. 58 (1984), 225–253.

[BCO] J.M. Ball, J.C. Curie and P.J. Olver, Null Lagrangians, weak continuity, and variational problems of arbitrary order, J. Funct. Anal. 41 (1981), 135–174.

[BJ] J.M. Ball and R. D. James, Fine phase mixtures as minimizers of energy, Arch. Rational Mech. Anal. 100 (1987), 13–52.

[BZ] J.M. Ball and K.W. Zhang, Lower semiccontinuity of multiple integrals and the biting lemma, Proc. Roy. Soc. Edinburgh Sect. A 114 (1990), 367–379.

[BH] B. Bojarski and P. Hajłasz, Pointwise inequalities for Sobolev functions and some applications, Studia Math. 106 (1993), 77–92.

[BI] B. Bojarski and T. Iwaniec, Analytical foundations of the theory of quasiconformal mappings in R^n , Ann. Acad. Sci. Fenn. Ser. AI Math. 8 (1983), 257–324.

[BK] D. Burago and B. Kleiner, Separated nets in Euclidean space and Jacobians of bi- Lipschitz maps, Geom. Funct. Anal. 8 (1998), 273–282.

[BFS] H. Brezis, N. Fusco and C. Sbordone, Integrability for the Jacobian of orientation preserving mapping, J. Funct. Anal. 115 (1993), 425–431.

[C1] R. Caccioppoli, Funzioni pseudo-analitiche e representazioni pseudo-conformi delle superficie riemanniane, Ricerche Mat. 2 (1953), 104–127.

[C2] P.G. Ciarlet, Mathematical Elasticity, North Holland, Amsterdam, 1987. [CZ] A.P. Calderón and A. Zygmund, Local properties of solutions of elliptic partial differential equations, Studia Math. 20 (1961), 171–225.

[CG] R. Coifman and L. Grafakos, Hardy space estimates for multilinear operators I, Rev.

Mat. Iberoamericana 8, no. 1 (1992), 45–67.

[CLMS] R. Coifman, P.L. Lions, Y. Meyer and S. Semmes, Compensated compactness and Hardy spaces, J. Math. Pures Appl. 72 (1993), 247–286.

[DM] B. Dacorogna and J. Moser, On a partial differential equation involving the Jacobian determinant, Ann. Inst. H. Poincaré Anal. Non Linéaire 7, no. 1 (1990), 1–26.

[F] K.O. Friedrichs, The identity of weak and strong extensions of differential operators, Trans. Amer. Math. Soc. 55 (1944), 132–151.

[G1] L. Grafakos, Hardy space estimates for multilinear operators, II, Rev. Mat. Iberoamericana 8, no. 1 (1992), 69–92.

[G2] L. Greco, Su alcune Proprietà dei Determinanti jacobiani, Tesi per il Dottorato di Ricerca, Università di Napoli (1993), 1089–1100.

[G3] , A remark on the equality Det Df = det Df, Differential Integral Equations 6 (1993), 1089–1100.

[G4] , Sharp integrability of nonnegative Jacobians, Rend. Mat. Appl. (7) 18 (1998), 585–600.

[GI1] F.W. Gehring and T. Iwaniec, The limit of mappings with finite distortion, Ann. Acad.

Sci. Fenn. Math. 24 (1999), 253–264.

[GI2] L. Greco and T. Iwaniec, New inequalities for the Jacobian, Ann. Inst. H. Poincaré Anal. Non Linéaire 11, no 1 (1994), 17–35.

[GV] L. Greco and A. Verde, On some nonlinear expressions of the Jacobian, Differential Integral Equations 13, no. 10-12 (2000), 1569–1582.

[GT] D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, A Series of Comprehensive Studies in Mathematics, 1983.

[GIM] L. Greco, T. Iwaniec and G. Moscariello, Limits of the improved integrability of the volume forms, Indiana Univ. Math. J. 44 (1995), 305–339.

[GMS] M. Giaquinta, G. Modica and J. Ŝouček, Cartesian currents, weak diffeomorphisms and nonlinear elasticity, Arch. Rational Mech. Anal. 106 (1989), 97–159.

[GIOV] F. Giannetti, T. Iwaniec, J. Onninen and A. Verde, L^1-estimates of the Jacobian by subdeterminants, J. Geom. Anal., to appear.

[GISS] L. Greco, T. Iwaniec, C. Sbordone and B. Stroffolini, Degree formulas for maps with nonintegrable Jacobian, Topol. Methods Nonlinear Anal. 6, no. 1 (1995), 81–95.

[H1] L. Hörmander, Weak and strong extensions of differential operators, Comm. Pure Appl.

Math. 14 (1964), 371–379.

[H2] P. Hajłasz, A note on weak approximation of minors, Ann. Inst. H. Poincaré Anal. Non Linéaire 12 (1995), 415–424.

[HLMZ] J. Hogan, C. Li, A. McIntosh and K. Zhang, Global higher integrability of Jacobians on bounded domains, Ann. Inst. H. Poincaré Anal. Non Linéaire 17, no. 2 (2000), 193– 217.

[I1] T. Iwaniec, Integrability theory of the Jacobians, Lipschitz Lectures, preprint Univ. Bonn Sonderforschungsbereich 256 (1995).

[I2] , Nonlinear commutators and Jacobians, J. Fourier Anal. Appl. 3 (1998) Special Issue, 775–796.

[I3] , Nonlinear Differential Forms, Series of Lectures at the International Summer School in Jyväskylä, 1998, published by Math. Inst. Univ. Jyväskylä (1998), 1–207.

[I4] , Nonlinear Cauchy-Riemann operators in R^n , Trans. Amer. Math. Soc., to appear.

[IL] T. Iwaniec and A. Lutoborski, Integral estimates for null Lagrangians, Arch. Rational Mech. Anal. 125 (1993), 25–79.

[IM] T. Iwaniec and B. Martin, Geometric Function Theory and Nonlinear Analysis, Oxford University Press, 2001.

[IS] T. Iwaniec and C. Sbordone, On the integrability of the Jacobian under minimal hypotheses, Arch. Rational Mech. Anal. 119 (1992), 129–143.

[IO] T. Iwaniec and J. Onninen, H^1-estimates of the Jacobian by subdeterminants, preprint (2000), 1–23.

[IV] T. Iwaniec and A. Verde, A study of Jacobians in Hardy-Orlicz spaces, Proc. Roy. Soc.

Edinburgh Sect. A 129, no. 3 (1999), 539–570.

[IKO1] T. Iwaniec, P. Koskela and J. Onninen, Mappings of finite distortion: Monotonicity and continuity, Invent. Math. 144 (2001), 507–531.

[IKO2] , Mappings of finite distortion: Compactness, preprint (2001), 1–33. [IVV] T. Iwaniec, G. Verchota and A. Vogel, The failure of rank-one connections, preprint (2001), 1–39.

[IKKS] T. Iwaniec, J. Kauhanen, A. Kravetz and C. Scott, Hadamard-Schwarz inequality, preprint (1998), 1–11.

[IKMS] T. Iwaniec, P. Koskela, G. Martin and C. Sbordone, Mappings of exponentially integrable distortion, preprint (2001), 1–20.

[KZ] P. Koskela and X. Zhong, Minimal assumpions for the integrability of the Jacobian, preprint (2000).

[KKM1] J. Kauhanen, P. Koskela and J. Malý, Mappings of finite distortion: Discreteness and openness, preprint (2000).

[KKM2] , Mappings of finite distortion: Condition N, Michigan Math. J. 49 (2001), 169– 181.

[L] P.L. Lions, Jacobians and Hardy spaces, International Symposium in honor of Renato Caccioppoli (Naples, 1989), Ricerche Mat. 40, suppl. (1991), 255–260.

[LZ] C. Li and K. Zhang, Higher integrability of certain bilinear forms on Orlicz spaces, preprint.

[M1] C.B. Morrey, Quasiconvexity and the semicontinuity of multiple integrals, Pacific J.

Math. 2 (1952), 25–53.

[M2] , Multiple Integrals in the Calculus of Variations, Springer Verlag, 1966. [M3] G. Moscariello, On the integrability of the Jacobian in Orlicz spaces, Math. Japon. 40, no. 2 (1994), 323–329.

[M4] J. Moser, On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965), 286–294.

[M5] F. Murat, Compacité par compensation, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 5 (1978), 489–507.

[M6] , A survey on compensated compactness, Contributions to Modern Calculus of Variations (Bologna 1985), Longman (1987), 145–183.

[M7] S. Müller, Weak continuity of determinants and nonlinear elasticity, C. R. Acad. Sci.

Paris Sér. I Math. 307, no. 3 (1988), 501–506.

[M8] , A surprising higher integrability property of mappings with positive determinant, Bull. Amer. Math. Soc. 21 (1989), 245–248.

[M9] , Det=det, a remark on the distributional determinant, C. R. Acad. Sci. Paris Sér.

I Math. 311 (1990), 13–17.

[M10] , Higher integrability of determinants and weak convergence in L^1, J. Reine Angew. Math. 412 (1990), 20–34.

[M11] , A counter-example concerning formal integration by parts, C. R. Acad. Sci. Paris Sér. I Math. 312 (1991), 45–49.

[M12] , On the singular support of the distributional determinant, Ann. Inst. H. Poincaré Anal. Non Linéaire 10 (1993), 657–698.

[MM] J. Malý and O. Martio, Lusin’s condition (N) and mappings in the class W^{1,n}, J. Reine Angew. Math. 458 (1995), 19–36.

[MS] S. Müller and S.J. Spector, An existence theory for nonlinear elasticity that allows for cavitation, Arch. Rational Mech. Anal. 131 (1995), 1-66.

[MZ] O. Martio and W. Ziemer, Lusin’s condition (N) and mappings with nonnegative Jacobian, Michigan Math. J. 39 (1992), 495–508.

[MSS] S. Müller, J. Sivaloganathan and S.J. Spector, An isoperimetric estimate and W^{1,p} -quasiconvexity in nonlinear elasticity, Calc. Var. Partial Differential Equations 8 (1999), 159–176.

[MTS] S. Müller, Q. Tang and B.S. Yan, On a new class of elastic deformations not allowing for cavitation, Ann. Inst. H. Poincaré Anal. Non Linéaire 11 (1994), 217–243.

[McM] C.T. McMullen, Lipschitz maps and nets in Euclidean space, Geom. Funct. Anal. 8 (1998), 304–314.

[R1] Yu. G. Reshetnyak, On the stability of conformal mappings in multidimensional space, Siberian Math. J. 8 (1967), 69–85.

[R2] , Space Mappings with Bounded Distortion, Translations of Mathematical Monographs AMS 73 (1989).

[R3] S. Rickman, Quasiregular Mappings, Springer-Verlag, 1993.

[RY] T. Rivière and D. Ye, Resolutions of the prescribed volume form equation, Nonlinear Differential Equations Appl. 3 (1996), 323–369.

[RRT] J.W. Robin, R.C. Rogers and B. Temple, On weak continuity and Hodge decomposition, Trans. Amer. Math. Soc. 303 (1987), 609–618.

[S] C. Sbordone, New estimates for div-curl products and very weak solutions of PDE’s, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997), 739–756.

[SS] J. Sivaloganathan and S.J. Spector, On the existence of minimizers with prescribed singular points in nonlinear elasticity, J. Elasticity 59 (2000), 83–113.

[Š1] V. Šverák, Regularity properties of deformations with finite energy, Arch. Rational Mech.

Anal. 100 (1988), 105–127.

[Š2] , On regularity for the Monge-Ampère equations, preprint of the Heriot-Watt University (1991).

[T1] Q. Tang, Almost everywhere injectivity in nonlinear elasticity, Proc. Roy. Soc. Edinburgh Sect. A 109 (1988), 79–95.

[T2] L. Tartar, Compensated compactness and applications to partial differential equations, Nonlinear Analysis and Mechanics: Heriot-Watt Symposium IV, Pitman (1979), 136– 212.

[W1] H. Wente, An existence theorem for surfaces of constant mean curvature, J. Math. Anal.

Appl. 26 (1969), 318–344.

[W2] S. Wu, On the higher integrability of nonnegative Jacobian, preprint. [Z1] K. Zhang, Biting theorems for Jacobians and their applications, Ann. Inst. Henri Poincaré Anal. Non Linéaire 7, no. 4 (1990), 345–365.

[Z2] Y. Zhou, An L^p-theory of the compensated compactness, Proc. Roy. Soc. Edinburgh Sect.

A 112 (1992), 177–189.

Department of Mathematics, Syracuse University, Syracuse, NY 13244, USA E-mail address: tiwaniec@mailbox.syr.edu