Papers on Analysis:

A volume dedicated to Olli Martio on the occasion of his 60th birthday Report. Univ. Jyväskylä 83 (2001), pp. 109–126

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS

PIOTR HAJŁASZ

1. Introduction. The purpose of this paper is to present a modern approach to the proof of the Sobolev inequality in the subcritical case 1 ≤ p < n. The approach is very elementary. It is based on a truncation argument due to Maz’ya which leads to a surprising observation that some weak type estimates imply strong type estimates. The Maz’ya truncation argument is presented in his famous monograph [37] and the proof of Theorem 2 presented below is implicitly contained there. However the book [37] deals with very technical results which are stated in a great generality, and it is quite difficult to extract this little and beautiful observation from the results in the book. This is really a pity because the truncation argument of Maz’ya turned out to be incredibly important for the recent development of the theory of Sobolev inequalities in a general setting of metric spaces and vector fields. Since Maz’ya’s argument had not been widely known it was recently rediscovered several times and Maz’ya did not gain adequate recognition.

Theorem 2 is so elementary and important that there is a need to present it in such an elementary setting in order to make it accessible to a large audience. My intention was to make the paper easily accessible to students who are just beginners in the subject of Sobolev spaces.

It is well known that the proofs of the Sobolev inequality for the cases p = 1 and 1 < p < n are different in their nature. The proof for the case 1 < p < n is “potential theoretic”, while the proof for the case p = 1 is “isoperimetric”. The truncation method of Maz’ya explains in a transparent way how to put the “isoperimetric” proof in the “potential theoretic” framework.

As one of the applications of the method we will give a short, elementary and selfcontained proof of the Sobolev inequality for a wide class of, so called, John domains (Theorem 8). As we will explain this is a very natural and, in a sense, optimal version of the Sobolev inequality. Again, the proof does not contain new ideas, but it seems there is no single place where one would find all the details of this elementary presentation.

2000 Mathematics Subject Classification: 46E35. This work was supported by the KBN grant. The research was completed during the stay of the author in Department of Mathematics at University of Michigan. The author wishes to thank the University for the support and hospitality. 109

110 PIOTR HAJŁASZ

The development of the theory of John domains was to a large extent inspired by the research of Olli Martio. Actually it was Martio and Sarvas [34] who defined the class of John domains. Moreover Martio [33] and Reshetnyak [42] proved independently the Sobolev–Poincaré inequality for John domains when 1 < p < n.

Now let us explain what we shall mean by a Sobolev inequality. Roughly speaking Sobolev inequality is a name assigned to a large class of integral inequalities with an integral involving a function on the left and an integral involving the gradient on the right. This description is too rough and in what follows we shall focus on two types of Sobolev inequalities that we describe more precisely now.

The following inequality was proved by Sobolev [47], [48] in the case 1 < p < n and extended by Gagliardo [17] and Nirenberg [40] to the case p = 1: (1) (∫ IR^n |u|^{p∗} dx )_{1/p}∗ ≤ C(n, p) (∫ IR^n |∇u|^p dx )_{1/p}

for all u ∈ C^∞_0 (IR^n), where 1 ≤ p < n and p^∗ = np/(n − p). Actually inequality (1) holds for all Lipschitz^1 functions with compact support. This inequality is known as the Sobolev inequality. By this name we will also mean any inequality of the form (2) (∫ Ω |u|^q dμ )_{1/q} ≤ C (∫ Ω |∇u|^p dν )_{1/p} , where μ and ν are Borel measures in a domain Ω ⊂ IR^n, with ν being absolutely continuous with respect to the Lebesgue measure, provided the inequality holds for all Lipschitz functions u compactly supported in Ω.^2

There is yet another version of the Sobolev inequality known as the Sobolev– Poincaré inequality. By this we mean the inequality

(3) inf_{c∈IR} (∫ Ω |u − c|^{p∗} dx )_{1/p}∗ ≤ C (∫ Ω |∇u|^p dx )_{1/p} , where 1 ≤ p < n and p^∗ = np/(n − p), which holds in any bounded and Lipschitz domain Ω ⊂ IR^n (i.e. a domain with the boundary being locally the graph of a Lipschitz function) for all locally Lipschitz functions u in Ω (and hence for all u ∈ C^∞(Ω)^3). Now in contrast to inequality (1) we do not assume that u has compact support in Ω.

Again, as before, any inequality of the form

(4) inf_{c∈IR} (∫ Ω |u − c|^q dμ )_{1/q} ≤ C (∫ Ω |∇u|^p dν )_{1/p} , 1We have to employ Rademacher’s theorem which states that Lipschitz functions are differentiable a.e._2

It is necessary to assume that the measure ν is absolutely continuous with respect to the Lebesgue measure. Indeed, since u is Lipschitz, the gradient ∇u is defined a.e. with respect to the Lebesgue measure. Thus if ν were not absolutely continuous, it could happen that ∇u would not be defined on a set of a positive measure ν.

3Observe that each u ∈ C^∞(Ω) is locally Lipschitz, but it need not be Lipschitz e.g., x^{−1} ∈ C^∞(0, 1). On the other hand, each u ∈ C^∞_0 is necessarily Lipschitz. For this reason we state our results either for compactly supported Lipschitz functions or for locally Lipschitz functions.

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 111

where 1 ≤ p ≤ q < ∞, μ and ν are Borel measures in a domain Ω ⊂ IR^n and ν is absolutely continuous with respect to the Lebesgue measure, will be called Sobolev– Poincaré provided it holds for all locally Lipschitz functions u in Ω.

It easily follows from the Hölder inequality that (5) 1 2 (∫ Ω |u − u_Ω|^q dμ )_{1/q} ≤ inf_{c∈IR} (∫ Ω |u − c|^q dμ )_{1/q} ≤ (∫ Ω |u − u_Ω|^q dμ )_{1/q} , where 1 ≤ q < ∞, Ω ⊂ IR^n, μ(Ω) < ∞, and u is integrable on Ω with respect to μ. Here and in what follows u_X = ∫ X u dμ = μ^{−1}(X) ∫ X u dμ will denote the average value of u over X. Thus the Sobolev–Poincaré inequality (4) is equivalent to (∫ Ω |u − u_Ω|^q dμ )_{1/q} ≤ C (∫ Ω |∇u|^p dν )_{1/p} , provided μ(Ω) < ∞.

The paper is organized as follows. In Section 2 we prove that inequalities (2) and (4) are equivalent to other inequalities which seem much weaker and much easier to verify than inequalities (2) and (4), see Theorem 2 and Theorem 4. This is where we employ the Maz’ya truncation technique. In Section 3 we prove the Sobolev–Poincaré inequality (3) in the case in which Ω is a John domain and 1 ≤ p < n, see Theorem 8. To cover the case p = 1 we employ results from Section 2 based on the truncation technique. The case 1 < p < n follows then easily from the case p = 1. The last section, Section 4, is devoted to a discussion about a vector–valued Sobolev–type inequality due to Strauss, [50]. It is not clear how to adapt the truncation technique to this situation.

We close the paper with some problems related to the lack of the truncation argument both in the case of higher order derivatives and in the case of vector valued functions. The problems stated in the paper are not well known and it is me who takes the sole responsibility for the statements — I do not know if the problems are easy or difficult, but I would be happy to see the answers.

Notation employed in the paper is rather standard. By C we will denote a general constant which can change its value even in the same string of estimates. |A| will denote the Lebesgue measure of a set A ⊂ IR^n. We will always use p^∗ to denote the Sobolev exponent p^∗ = np/(n − p), where 1 ≤ p < n. By writing a ≈ b we will mean that there is a constant C ≥ 1 such that C^{−1}b ≤ a ≤ Cb.

2. Weak estimates versus strong estimates. Let μ be a positive measure on a set X. The Marcinkiewicz space L^p_w(X), where 0 < p < ∞, is defined as the set of all μ-measurable functions u on X such that sup_{t>0} μ({|u| > t})t^p < ∞. It is a direct consequence of Chebyschev’s inequality that L^p(X) ⊂ L^p_w(X). In general L^p(X) is a proper subset of L^p_w(X). For example x^{−1} ∈ L^1_w(0, 1) \ L^1(0, 1). The Marcinkiewicz space is known also as the weak L^p space.

In this section we prove a result (Theorem 1) which gives some situations in which a function belonging to the Marcinkiewicz space L^p_w belongs to L^p as well. The proof

112 PIOTR HAJŁASZ

is based on the Maz’ya truncation argument. Then we show applications of the result to Sobolev type inequalities.

First we define truncations. For a function u and 0 < t_1 < t_2 < ∞ we set

~u^{t2}_{t1} (x) = t_2 if |u(x)| ≥ t_2, |u(x)| if t_1 ≤ |u(x)| ≤ t_2, t_1 if |u(x)| ≤ t_1, and u^{t2}_{t1} (x) = ~u^{t2}_{t1} (x) − t_1.

The truncation u^{t2}_{t1} has a geometric interpretation which becomes clear when one makes a picture — we cut the function |u| between levels t_1 and t_2 to obtain a piece of the graph that we then lower down to touch the coordinate axis.

Theorem 1. Let μ and ν be two positive measures defined on the same σ-algebra in a set X. Let 0 < p ≤ q < ∞, u ∈ L^q_w(X, μ) and g ∈ L^p(X, ν). Assume that {A_t}_{t>0} is a decreasing family of measurable subsets of X (i.e., A_{t2} ⊆ A_{t1} for t_2 > t_1). If for every 0 < t_1 < t_2 < ∞ (6) sup_{t>0} μ({u^{t2}_{t1} > t})t^q ≤ ‖gχ_{At1 \At2} ‖^q_{Lp(X,ν)}, then u ∈ L^q(X, μ) and ‖u‖_Lq_{(X,μ)} ≤ 4‖g‖_Lp_{(X,ν)}. Proof. We have ∫ X |u|^q dμ ≤ ∞∑ k=−∞ 2^{kq}μ({2^{k−1} < |u| ≤ 2^k})

≤ ∞∑ k=−∞ 2^{kq}μ({|u| ≥ 2^{k−1}})

= ∞∑ k=−∞ 2^{kq}μ({u^{2k−1}_2k−2 ≥ 2^{k−2}})

≤ ∞∑ k=−∞ 2^{kq}2^{−(k−2)q} (∫ A_{2k−2} \A_{2k−1} |g|^p dν )_{q/p}

≤ 2^{2q} (_∞ ∑ k=−∞ ∫ A_{2k−2} \A_{2k−1} |g|^p dν )_{q/p}

≤ 2^{2q}‖g‖^q_{Lp(X,ν)}. In the second to last inequality we used the assumption q/p ≥ 1. □ This result fairly easily applies to various types of Sobolev inequalities.

Theorem 2. Let μ and ν be two positive Borel measures on an open set Ω ⊆ IR^n. Assume that ν is absolutely continuous with respect to the Lebesgue measure. Then for all 0 < p ≤ q < ∞, the following two conditions are equivalent:

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 113

(1) For every Lipschitz function u with compact support in Ω, (7) sup_{t>0} μ({|u| > t})t^q ≤ C_1 (∫ Ω |∇u|^p dν )_{q/p} . (2) For every Lipschitz function u with compact support in Ω, (∫ Ω |u|^q dμ )_{1/q} ≤ C_2 (∫ Ω |∇u|^p dν )_{1/p} . Remarks. (1) The most interesting case is when 1 ≤ p ≤ q < ∞. (2) The theorem is surprising since the second condition seems much stronger than the first one.

Proof of Theorem 2. Obviously 2 implies 1 by Chebyschev’s inequality. The opposite implication follows from Theorem 1 with g = |∇u|, A_t = {|u| > t}, and the observation that |∇u^{t2}_{t1} | = |∇u|χ_{{t1<|u|≤t2}} a.e. with respect to the Lebesgue measure and hence ν a.e.^4. □ Now we show how to use the theorem to prove the Sobolev inequality for p = 1 using Riesz potentials.

The well known inequality (8) |u(x)| ≤ C(n) ∫ IR^n |∇u(z)| |x − z|^{n−1} dz a.e.

holds for all compactly supported Lipschitz functions u in IR^n. For a proof see^5 e.g. [19], [49], [53]. The operator

I_1g(x) = ∫ IR^n g(z) |x − z|^{n−1} dz which appears on the right hand side of the above inequality is called Riesz potential. A well known Fractional Integration Theorem, see [53], states that (9) I_1 : L^p(IR^n) → L^{p∗} (IR^n) is a bounded operator for 1 < p < n. This together with inequality (8) gives the Sobolev inequality (1) for the case 1 < p < n.

The operator I_1 is not bounded from L^1 to L^{n/(n−1)}, and so the above argument cannot be directly applied to obtain inequality (1) for p = 1. Fortunately we still have some estimates for the Riesz potential even when p = 1. Namely it is easy to prove that the operator is bounded from L^1 to L^{n/(n−1)}w in the sense that (10) sup_{t>0} |{|I_1g| > t}| t^{n/(n−1)} ≤ C (∫ IR^n |g(z)| dz )_{n/(n−1)} , 4We employed here a well known fact that if two Lipschitz functions u and v defined in a domain Ω ⊂ IR^n coincide in a measurable set E ⊂ Ω, then ∇u = ∇v a.e. in E. In particular if u is constant in E, then ∇u = 0 a.e. in E. In what follows we will use this fact several times without notice.

5Below we will provide a self-contained proof of a more sophisticated version of (8) for John domains, see Theorem 10.

114 PIOTR HAJŁASZ

see Lemma 11. This leads to the following weak version of inequality (1): sup_{t>0} |{|u| > t}| t^{n/(n−1)} ≤ C (∫ IR^n |∇u| dx )_{n/(n−1)} . Now Theorem 2 completes the proof of (1) for p = 1.

Actually it is quite easy to deduce the case 1 < p < n of (1) from the case p = 1. To this end it suffices to apply inequality (1) with p = 1 to v = |u|^{p∗(n−1)/n}, see the proof of Theorem 8 for a similar argument. This way we avoid the use of the Fractional Integration Theorem in the proof of (1) for the whole range 1 ≤ p < n.

As a direct consequence of our discussion we obtain the following corollary. Corollary 3. Let μ, ν and Ω be as in Theorem 2. Let 0 < p ≤ q < ∞. If the Riesz potential I^Ω_1 g(x) = ∫ Ω g(z)|x − z|^{1−n} dz is bounded from L^p(ν) to L^q_w(μ), then the Sobolev inequality (∫ Ω |u|^q dμ )_{1/q} ≤ C (∫ Ω |∇u|^p dν )_{1/p}

holds for all Lipschitz functions compactly supported in Ω. □

The method presented above is due to Maz’ya. Actually Maz’ya [36], (cf. [37, Section 2.3.1], [21, Theorem 1]), proved that a Sobolev inequality is equivalent to a capacitary estimate which, in turn, is a direct consequence of the weak estimate in Theorem 2. We want to point out that the method based on the truncation argument mimics the proof of the equivalence of the Sobolev inequality with the isoperimetric inequality, see [53]. Inequality (7) plays the role of the relative isoperimetric inequality and the truncation argument provides a discrete counterpart of the co-area formula. The truncation method of Maz’ya has become very useful when proving various versions of the Sobolev inequality with sharp exponents in the borderline case where interpolation arguments do not work. Recently the truncation argument has been employed and sometimes even rediscovered by many authors; see Adams and Hedberg [1, Theorem 7.2.1], Bakry, Coulhon, Ledoux and Saloff-Coste [2], Biroli and Mosco [4], [5], Capogna, Danielli and Garofalo [10], Cianchi [12], Coulhon [13], Franchi, Gallot and Wheeden [15], Garofalo and Nhieu [18], Hajłasz and Koskela [22, Theorem 2.1], Heinonen and Koskela [23], [24], Long and Nie [30], Maheux and Saloff-Coste [31], Malý and Pick [32], Semmes [45], and Tartar [51].

Theorem 2 concerns the Sobolev inequality for compactly supported Lipschitz functions. Perhaps a more interesting version of the Sobolev inequality is the Sobolev– Poincaré inequality which deals with arbitrary locally Lipschitz functions. The following result shows that also in this case the strong version of the Sobolev–Poincaré inequality is equivalent to its weak form.

Theorem 4. Let μ and ν be two positive Borel measures on an open set Ω ⊂ IR^n. Assume that ν is absolutely continuous with respect to the Lebesgue measure and that μ(Ω) < ∞. Then for all 0 < p ≤ q < ∞ the following two conditions are equivalent:

(1) For every locally Lipschitz function u in Ω, inf_{c∈IR} sup_{t>0} μ({|u − c| > t})t^q ≤ C_1 (∫ Ω |∇u|^p dν )_{q/p} .

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 115

(2) For every locally Lipschitz function u in Ω,

inf_{c∈IR} (∫ Ω |u − c|^q dμ )_{1/q} ≤ C_2 (∫ Ω |∇u|^p dν )_{1/p} . Remarks. (1) As in Theorem 2, the most interesting case is 1 ≤ p ≤ q < ∞.

(2) If q ≥ 1, then we have two additional conditions equivalent to the conditions in the theorem. They are obtained from the above two conditions by replacing the left hand sides of the inequalities by sup_{t>0} μ({|u − u_Ω| > t})t^q and (∫ Ω |u − u_Ω|^q dμ )_{1/q} respectively. This follows from (5).

Proof of Theorem 4. As before the implication from 2 to 1 is obvious, so it remains to prove the converse implication. The proof employs the same method as in the case of Theorem 2, however, it is slightly more complicated now.

First choose b ∈ IR, such that (11) μ({u ≥ b}) ≥ μ(Ω) 2 and μ({u ≤ b}) ≥ μ(Ω) 2 . Let v_+ = max{u − b, 0}, v_− = − min{u − b, 0}. Since |u − b| = v_+ + v_− it suffices to prove that ‖v_±‖_Lq_{(Ω,μ)} ≤ C‖∇u‖_Lp_{(Ω,ν)}. The estimate for ‖v_+‖_Lq and ‖v_−‖_Lq goes exactly in the same way. In what follows v denotes either v_+ or v_−.

Lemma 5. Let γ be a positive measure on X with γ(X) < ∞. If w ≥ 0 is a measurable function such that γ({w = 0}) ≥ γ(X)/2, then for every t > 0 γ({w > t}) ≤ 2 inf_{c∈IR} γ ({ |w − c| > t 2 }) . The proof of the lemma is easy and we leave it to the reader. □ Now note that for any ∞ > t_2 > t_1 > 0, the function v^{t2}_{t1} is locally Lipschitz and has the property μ({v^{t2}_{t1} = 0}) ≥ μ(Ω)/2. Hence applying the lemma and inequality 1 we conclude that

sup_{t>0} μ({v^{t2}_{t1} > t})t^q ≤ C inf_{c∈IR} sup_{t>0} μ ({ |v^{t2}_{t1} − c| > t 2 }) ( t 2 )_q

≤ C‖∇v^{t2}_{t1} ‖^q_{Lp(Ω,ν)} ≤ C‖∇uχ_{{t1<|u−b|≤t2}}‖^q_{Lp(Ω,ν)}. Now the estimate for ‖v‖_Lq follows from Theorem 1. The proof is complete. □ The following corollary is a direct consequence of the proof.

Corollary 6. Under the assumptions of Theorem 4, if b is defined by (11), we have two additional conditions equivalent to the conditions in Theorem 4:

(1) For every locally Lipschitz function u in Ω, sup_{t>0} μ({|u − b| > t})t^q ≤ C_1 (∫ Ω |∇u|^p dν )_{q/p} .

116 PIOTR HAJŁASZ

(2) For every locally Lipschitz function u in Ω, (∫ Ω |u − b|^q dμ )_{1/q} ≤ C_2 (∫ Ω |∇u|^p dν )_{1/p} .

3. Sobolev spaces on John domains. Most of the textbooks on Sobolev spaces provide Lipschitz domains or the larger class of domains with the interior cone condition as examples of regions for which the Sobolev–Poincaré inequality (∫ Ω |u − u_Ω|^{p∗} dx )_{1/p}∗ ≤ C(Ω, p) (∫ Ω |∇u|^p dx )_{1/p} , 1 ≤ p < n, holds for all u ∈ C^∞(Ω). The class of domains with the interior cone condition is however a subclass of a much larger class of John domains. It turns out that the Sobolev–Poincaré inequality holds in John domains as well. The aim of this section is to provide an elementary and self-contained proof of this result.

Recall that a bounded domain Ω ⊂ IR^n is called a domain with the interior cone condition if there exists a finite cone

C = {x ∈ IR^n : x^2_1 + . . . + x^2_{n−1} ≤ ax^2_n, 0 ≤ x_n ≤ b},

such that any point of Ω is a vertex of a cone that is congruent to C and is entirely contained in Ω.

We say that a bounded domain Ω ⊂ IR^n is a John domain if there is a constant C_J ≥ 1 and a distinguished point x_0 ∈ Ω (called a central point) so that each point x ∈ Ω can be joined to x_0 by a curve (called John curve) γ : [0, 1] → Ω such that γ(0) = x, γ(1) = x_0 and dist (γ(t), ∂Ω) ≥ C^{−1}_J |x − γ(t)| for every t ∈ [0, 1].

The above definition and the usual one are slightly different, but they are equivalent. The class of John domains was considered for the first time by Fritz John in [29].

Later the class was named after John by Martio and Sarvas, [34], who realized how important the class was. Since that time the theory developed a great deal and now it is difficult to find anyone working in the area of geometric analysis who has not heard about John domains. The class of John domains plays an important role in the theory of quasiconformal mappings and in holomorphic dynamics. For references see e.g. [11], [35], [39], [52].

Lemma 7. Every domain with the interior cone condition is John. □

The lemma is obvious, simply extend the cores of the cones to suitable curves that end at a fixed point x_0 that is selected to be as far from the boundary as possible. Roughly speaking the difference between an interior cone condition domain and a John domain is in replacing the “rigid cone” by a “twisted cone”. The difference is huge however. For example one can easily construct John domains with fractal boundary of Hausdorff dimension strictly greater than n − 1 (von Koch snowflake is an example), while boundary of a domain with the interior cone condition consists

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 117

of a finite number of graphs of Lipschitz functions^6 and hence is of finite (n − 1)- dimensional Hausdorff measure.

The following theorem was proved independently by Martio [33] and Reshetnyak [42] for the case 1 < p < n and was extended to the case p = 1 by Bojarski [6]. Theorem 8 (Bojarski–Martio–Reshetnyak). If Ω ⊂ IR^n is a John domain, and 1 ≤ p < n, then

(12) (∫ Ω |u − u_Ω|^{p∗} )_{1/p}∗ ≤ C(C_J , n, p) (∫ Ω |∇u|^p )_{1/p}

for all locally Lipschitz functions u in Ω.

Martio and Reshetnyak proved Theorem 8 for the case 1 < p < n as a direct consequence of Theorem 10 below and the Fractional Integration Theorem. To cover the case p = 1 Bojarski employed a powerful Boman chain technique. Another proof was given in [21]. In the proof that we are going to present below we will show that also the case p = 1 of Theorem 8 is a consequence of Theorem 10.

Actually the class of domains for which the Sobolev–Poincaré inequality holds is not much larger than the class of John domains. Indeed, Buckley and Koskela [8] proved the following striking result (see [8] and [9] for further generalizations, including those for higher dimensional domains).

Theorem 9 (Buckley–Koskela). Let Ω be a bounded simply connected plane domain. Fix 1 ≤ p < 2. Then Ω satisfies the Sobolev–Poincaré inequality (12) if and only if Ω is a John domain.

The plan for the proof of Theorem 8 is the following. First we prove Theorem 10 which is a generalization of inequality (8) and Lemma 11 which can be viewed as a borderline case of the Fractional Integration Theorem.

Theorem 10 (Martio–Reshetnyak). Let Ω ⊂ IR^n be a John domain. Then for every locally Lipschitz function u in Ω and all x ∈ Ω |u(x) − u_Ω| ≤ C(C_J , n) ∫ Ω |∇u(z)| |x − z|^{n−1} dz. Lemma 11. Let Ω ⊂ IR^n be open and g ∈ L^1(Ω). Then sup_{t>0} |{x ∈ Ω : I^Ω_1 g(x) > t}|t^{n/(n−1)} ≤ C(n) (∫ Ω |g| dx )_{n/(n−1)} , where I^Ω_1 g(x) = ∫ Ω g(z)|x − z|^{1−n} dz. Lemma 11 and Theorem 10 imply a weak type estimate sup_{t>0} |{x ∈ Ω : |u(x) − u_Ω| > t}|t^{n/(n−1)} ≤ C(C_J , n) (∫ Ω |∇u| dx )_{n/(n−1)} , 6The boundary need not be locally a graph of a Lipschitz function — think for example of a disc with one radius removed.

118 PIOTR HAJŁASZ

which together with Theorem 4 completes the proof of Theorem 8 for the case p = 1. Thus we are left with the proofs of Lemma 11, Theorem 10 and with an argument that shows how to reduce the case 1 < p < n to the case p = 1.

Lemma 11 is a limiting case of the Fractional Integration Theorem, however the proof given below is much simpler than the proof of the Fractional Integration Theorem. The method goes back to Santalo. I learned it from Jan Malý.

Proof of Lemma 11. We start with a useful general observation. If E ⊂ IR^n is a measurable set of the finite Lebesgue measure, then

(13) ∫ E dz |x − z|^{n−1} ≤ C(n)|E|^{1/n}. Indeed, let B = B(x, r) be a ball such that |B| = |E|. Then ∫ E dz |x − z|^{n−1} ≤ ∫ B dz |x − z|^{n−1} = Cr = C^′|E|^{1/n}. Now we can return to the proof of the lemma. Replacing g by g/t we may assume that t = 1. Let E = {I^Ω_1 g > 1}. Then |E| ≤ ∫ E I^Ω_1 g = ∫ Ω ∫ E dx |x − z|^{n−1} g(z) dz ≤ C|E|^{1/n} ∫ Ω |g|. The proof is complete. □

Proof of Theorem 10. In the proof we will need the following familiar version of the Sobolev–Poincaré inequality. Actually we will need the case p = 1 only, but we provide a proof for all 1 ≤ p < ∞.

Lemma 12. Let B ⊂ IR^n be a ball of radius r and 1 ≤ p < ∞. Then (∫ B |u − u_B|^p dx )_{1/p} ≤ C(n, p)r (∫ B |∇u|^p dx )_{1/p}

for all locally Lipschitz functions u in B.

Proof. We can assume that B is centered at the origin. For x, y ∈ B we have |u(y) − u(x)| = | | | ∫_1 0 d dt u(x + t(y − x)) dt | | | = | | | ∫_1 0 ⟨∇u(x + t(y − x)), y − x⟩ dt | | | ≤ 2r ∫_1 0 |∇u(x + t(y − x))| dt. Hence integrating with respect to y and then applying Hölder’s inequality yield |u(x) − u_B | ≤ 2r ∫_1 0 ∫ B |∇u(x + t(y − x))| dy dt ≤ 2r (∫_1 0 ∫ B |∇u(x + t(y − x))|^p dy dt )_{1/p} .

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 119 Now ∫ B |u − u_B|^p ≤ C r^p |B| ∫_1 0 ∫ B ∫ B |∇u(x + t(y − x))|^p dy dx dt. Changing variables (x, y) ∈ B × B to (ξ, η) ∈ B × 2B by the formula ξ = x + t(y − x), η = y − x, we easily see that the Jacobian of the transformation is one and hence ∫ B |u − u_B|^p ≤ C r^p |B| ∫_1 0 ∫ 2B ∫ B |∇u(ξ)|^p dξ dη dt = C^′r^p ∫ B |∇u(ξ)|^p dξ. □

Now we can complete the proof of Theorem 10. Let x_0 ∈ Ω be a central point. Let B_0 = B(x_0, dist (x_0, ∂Ω)/4). We will prove that there is a constant M = M(C_J , n) > 0 such that to every x ∈ Ω there is a sequence of balls (chain) B_i = B(x_i, r_i) ⊂ Ω, i = 0, 1, 2, . . . with the properties (1) |B_i ∪ B_{i+1}| ≤ M|B_i ∩ B_{i+1}|, i = 0, 1, 2, . . . (2) dist (x, B_i) ≤ Mr_i, r_i → 0, x_i → x as i → ∞. (3) No point of Ω belongs to more than M balls B_i.

To prove it, assume first that x is far enough from x_0, say x ∈ Ω \ 2B_0. Let γ be a John curve that joins x with x_0. We construct a chain of balls as follows.

All balls in the chain are centered on γ. The ball B_0 is already defined. Assume that balls B_0, . . . , B_i are defined. Starting from the center x_i of B_i we trace along γ towards x until we leave B_i for the last time. Denote by x_{i+1} the point on γ when it happens and define B_{i+1} = B(x_{i+1}, |x − x_{i+1}|/4C_J ).

It easily follows that B_i ⊂ Ω. Property 1 and the inequality dist (x, B_i) ≤ Cr_i in 2 follow from the fact that consecutive balls have comparable radii and that the radii are comparable to the distances of centers of the balls to x.

To prove 3 suppose that y ∈ B_{i1} ∩ . . . ∩ B_{ik} . Observe that the radii of the balls B_{ij} , j = 1, 2, . . . , k are comparable to |x − y|. It follows from the construction that if m_1 < m_2, then the center of B_{m2} does not belong to B_{m1} . This results in the fact that distances between centers of the balls B_{ij} are comparable to |x − y|. The number of the points in IR^n with pairwise comparable distances is bounded i.e. if z_1, . . . , z_N ∈ IR^n satisfy c^{−1}r < dist (z_i, z_j ) < cr for i ≠ j, then N ≤ C(c, n). Hence k is bounded by a constant depending on n and C_J , so 3 follows.

Now 3 easily implies that r_i → 0 and hence x_i → x as i → ∞, which completes the proof of 2.

The case x ∈ 2B_0 is easy and we leave it to the reader.

120 PIOTR HAJŁASZ

Since u_{Bi} = ∫ B_i u → u(x) as i → ∞, we obtain |u(x) − u_{B0} | ≤ ∞∑ i=0 |u_{Bi} − u_{Bi+1} |

≤ ∞∑ i=0 |u_{Bi} − u_{Bi∩Bi+1} | + |u_{Bi+1} − u_{Bi∩Bi+1} |

≤ ∞∑ i=0 |B_i| |B_i ∩ B_{i+1}| ∫ B_i |u − u_{Bi} | + |B_{i+1}| |B_i ∩ B_{i+1}| ∫ B_{i+1} |u − u_{Bi+1} | (property 1) ≤ C ∞∑ i=0 ∫ B_i |u − u_{Bi} | (Lemma 12) ≤ C ∞∑ i=0 ∫ B_i |∇u(z)| r^{n−1}_i dz. Observe that 2 implies |x − z| ≤ Cr_i for z ∈ B_i and hence 1/r^{n−1}_i ≤ C/|x − z|^{n−1}. Thus (14) |u(x) − u_{B0} | ≤ C ∞∑ i=0 ∫ B_i |∇u(z)| |x − z|^{n−1} dz ≤ C ∫ Ω |∇u(z)| |x − z|^{n−1} dz. The last inequality follows from 3. Now it is easy to complete the proof. Since (15) |u(x) − u_Ω| ≤ |u(x) − u_{B0} | + |u_{B0} − u_Ω|, it remains to estimate |u_{B0} − u_Ω|. We have (16) |u_{B0} − u_Ω| ≤ ∫ Ω |u − u_{B0} | ≤ C ∫ Ω ∫ Ω |∇u(z)| |x − z|^{n−1} dx dz ≤ C|Ω|^{−(n−1)/n} ∫ Ω |∇u(z)| dz. In the last inequality we employed inequality (13). By the John condition we have C|Ω|^{1/n} ≥ dist (x_0, ∂Ω) ≥ C^{−1}_J |x − x_0|.

Taking the supremum over x ∈ Ω yields diam Ω ≤ C(n, C_J )|Ω|^{1/n}, and hence |Ω|^{−(n−1)/n} ≤ C |x − z|^{n−1} , for all z ∈ Ω. This and (16) give (17) |u_{B0} − u_Ω| ≤ C ∫ Ω |∇u(z)| |x − z|^{n−1} dz. Now the theorem follows from estimates (15), (14) and (17). The proof is complete. □

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 121

Proof of Theorem 8. We have already proved the theorem for the case p = 1 and we are left with the case 1 < p < n. Let b ∈ IR be as in (11) with μ being the Lebesgue measure now. Denote the corresponding subsets of Ω by Ω_+ and Ω_− respectively. According to Corollary 6 we know that

(18) (∫ Ω |u − b|^{n/(n−1)} dx )_{(n−1)/n} ≤ C ∫ Ω |∇u| dx and we want to prove that

(19) (∫ Ω |u − b|^{p∗} dx )_{1/p}∗ ≤ C (∫ Ω |∇u|^p dx )_{1/p}

for all 1 < p < n. Let α = p(n − 1)/(n − p) and set v = { |u − b|^α on Ω_+ −|u − b|^α on Ω_−. Since α > 1 we conclude that v is locally Lipschitz. The exponent α was chosen in such a way that |v|^{n/(n−1)} = |u − b|^{p∗} . Since |{v ≥ 0}| ≥ |Ω|/2 and |{v ≤ 0}| ≥ |Ω|/2, applying Corollary 6 to v yields (∫ Ω |u − b|^{p∗} )_{(n−1)/n} = (∫ Ω |v|^{n/(n−1)} )_{(n−1)/n}

≤ C ∫ Ω |∇v| = C ∫ Ω p(n − 1) n − p |u − b|^{n(p−1)/(n−p)}|∇u| ≤ C^′ (∫ Ω |u − b|^{p∗} )_{(p−1)/p} (∫ Ω |∇u|^p )_{1/p} , where we employed Hölder’s inequality in the last step. The above estimates readily yield (19). The proof is complete. □ The truncation argument easily applies to Sobolev inequalities with first order derivatives. For higher order derivatives we still have estimates by Riesz potentials^7 and hence in various situations we can obtain weak type estimates. However the truncation argument does not apply now, mainly because, in general, the function u^{t2}_{t1} is not k-times differentiable when k ≥ 2, even for u ∈ C^∞_0 . Thus I do not know if there are counterparts of Theorem 2, Corollary 3 and Theorem 4 for higher order derivatives.

Question 1. Let μ, ν and Ω ⊂ IR^n be as in Theorem 2 and let k ≥ 2 be an integer. Is it true that for any 0 < p ≤ q < ∞ the following two conditions are equivalent? 7Namely |u(x)| ≤ C ∫ IR^n |∇

ku(z)||x − z|^{k−n} dz for u ∈ C^∞_0 , see [37], [53].

122 PIOTR HAJŁASZ

(1) For every u ∈ C^∞_0 (Ω) μ({|u| > t})t^q ≤ C (∫ Ω |∇^ku|^p dν )_{q/p} . (2) For every u ∈ C^∞_0 (Ω) (∫ Ω |u|^q dμ )_{1/q} ≤ C (∫ Ω |∇^ku|^p dν )_{1/p} . If not, then how can we characterize those μ, ν, k, p and q for which the conditions 1 and 2 are equivalent?

4. The Strauss inequality. To a vector function u = (u_1, . . . , u_n) : IR^n → IR^n, we associate the deformation tensor ε defined as the symmetric part of the gradient of u, i.e., ε(u) =^1_2 (∇u + (∇u)^T ), or in terms of components, ε_{ij} = 1 2 ( ∂u_i ∂x_j + ∂u_j ∂x_i ) . The well known Korn inequality states that (20) ‖∇u‖_Lp_{(IR}n_) ≤ C‖ε(u)‖_Lp_{(IR}n_), u ∈ C^∞_0 (IR^n, IR^n), provided 1 < p < ∞, see [3], [16], [38], [43, Theorem 12.20], [46] and references therein.

This and the Sobolev inequality (1) imply that for all 1 < p < n (21) ‖u‖_Lp∗_{(IR}n_) ≤ C‖ε(u)‖_Lp_{(IR}n_), u ∈ C^∞_0 (IR^n, IR^n). Ornstein, [41], proved that inequality (20) fails for p = 1. However Strauss [50] proved a surprising fact that inequality (21) holds even for p = 1. Theorem 13 (Strauss). Inequality (∫ IR^n |u|^{n/(n−1)} dx )_{(n−1)/n} ≤ C ∫ IR^n |ε(u)| dx holds for all u ∈ C^∞_0 (IR^n, IR^n).

Strauss’ proof was a clever modification of Nirenberg’s proof, [40], of (1) for p = 1. We will not prove this theorem here but instead we will show some arguments which could perhaps lead to the proof. However, there are some missing steps. These missing steps lead us to some open problems that we will state later.

Let u = (u_1, u_2, . . . , u_n) ∈ C^∞_0 (IR^n, IR^n). For k = 1, 2, . . . , n, we have the well known integral formula, see [37, Theorem 1.1.10/2],

(22) u_k = 2 nω_n ∑ 1≤i≤j≤n ∂^2u_k ∂x_i∂x_j ∗ K_{ij}, where K_{ij} (x) = x_ix_j /|x|^n and ω_n denotes the volume of the unit ball. Note that ∂ε_{jk} ∂x_i − ∂ε_{ij} ∂x_k + ∂ε_{ki} ∂x_j = ∂^2u_k ∂x_i∂x_j .

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 123

Placing this identity in (22) and integrating by parts we obtain

(23) u_k = 2 nω_n ∑ 1≤i≤j≤n ( ε_{jk} ∗ ∂K_{ij} ∂x_i − ε_{ij} ∗ ∂K_{ij} ∂x_k + ε_{ki} ∗ ∂K_{ij} ∂x_j ) . Thus we obtained an explicit integral formula to represent u in terms of {ε_{ij}}. Note that |∂K_{ij} /∂x_l| ≤ C|x|^{1−n}, so the Fractional Integration Theorem implies inequality (21) for 1 < p < n. In the case p = 1 Lemma 11 gives only a weak type estimate (24) sup_{t>0} |{|u| > t}|t^{n/(n−1)} ≤ C (∫ IR^n |ε(u)| )_{n/(n−1)} . We would like to apply the truncation method of Maz’ya to conclude the proof of Theorem 13 from (24). Unfortunately there is no clear way how to do it. This is due to the fact that we do not deal with a single function but with a vector valued mapping.

Question 2. How can one modify the argument based on the truncation method in order to deduce Theorem 13 from the estimate (24)?

Question 3. What is the best constant in Theorem 13?

Question 4. Is there any “isoperimetric” interpretation of Theorem 13?

Estimate (24) is a special case of a much more general class of inequalities in which we replace ε(u) by other first order differential operators.

Let P_j = (P_{j1}, . . . , P_{jM} ), j = 1, . . . , N be linear homogeneous partial differential operators of order 1, with constant coefficients, acting on vector functions

u = (u_1, . . . , u_M ) and P_j u = M∑ k=1 P_{jk}u_k. Homogeneity of order 1 means P_{jk} = ∑_n i=1 a^{jk}_i ∂/∂x_i. By p_{jk}(ξ) we will denote the characteristic polynomial of P_{jk}.

The following result is due to Smith [46, Theorem 4.1].

Theorem 14 (Smith). If for every ξ ∈ C^n \ {0}, the matrix {p_{jk}(ξ)} has rank M, then there exist K_{ij} ∈ C^∞(IR^n \ {0}), K_{ij} (x) = |x|^{1−n}K_{ij}(x/|x|) when x ≠ 0, such that for u = (u_1, . . . , u_M ) ∈ C^∞_0 (IR^n, IR^M ) we have

u_i = N∑ j=1 K_{ij} ∗ P_j u. Note that formula (23) is a particular case of the Smith theorem. Indeed ε_{ij} = n∑ k=1 P_{(ij),k}u_k,

124 PIOTR HAJŁASZ

where P_{(ij),k} = 1 2 ( δ_{ki} ∂ ∂x_j + δ_{kj} ∂ ∂x_i )

and δ_{ab} = 1 if a = b, δ_{ab} = 0 otherwise. Thus M = n, N = n^2 and ε_{ij} plays the role of P_j. It is easy to check that the rank of a suitable matrix is n.

Now Smith’s theorem and the Fractional Integration Theorem lead to

Corollary 15. Under the assumptions of Theorem 14 for every 1 < p < n the inequality

(25) ‖u‖_Lp∗_{(IR}n_) ≤ C N∑ j=1 ‖P_ju‖_Lp_{(IR}n_)

holds for all u ∈ C^∞_0 (IR^n, IR^M ).

For the case p = 1 Lemma 11 yields only a weak type estimate sup_{t>0} |{|u| > t}|t^{n/(n−1)} ≤ C (_N ∑ j=1 ∫ Ω |P_ju| dx )_{n/(n−1)} . Now it is very natural to ask if there is a counterpart of Strauss’ theorem in the current setting i.e. if the above weak type estimate can be replaced by the strong one.

Question 5. Does inequality (25) hold with p = 1?

References

[1] Adams, D. A., Hedberg, L. I.: Function spaces and potential theory. Grundlehren der Mathematischen Wissenschaften 314, Springer-Verlag, Berlin, 1996.

[2] Bakry, D., Coulhon, T., Ledoux, M., Saloff-Coste, L.: Sobolev inequalities in disguise. Indiana Univ. Math. J. 44 (1995), 1033–1074.

[3] Besov, O. V., Il’in, V. P., Nikol’skiĭ, S. M.: Integral representations of functions and imbedding theorems. John Wiley& Sons, 1978.

[4] Biroli, M., Mosco, U.: Formes de Dirichlet et estimations structurelles dans les milieux discontinus. C. R. Acad. Sci. Paris, 313 (1991), 593–598.

[5] Biroli, M. Mosco, U.: Sobolev inequalities on homogeneous spaces. Pot. Anal. 4 (1995), 311–324.

[6] Bojarski, B.: Remarks on Sobolev imbedding inequalities, in: Proc. of the Conference on Complex Analysis (Joensu 1987), pp. 52–68, Lecture Notes in Math. 1351, Springer-Verlag, 1988.

[7] Boman, J.: L^p–estimates for very strongly elliptic systems. Department of Mathematics, University of Stockholm, Sweden (1982), Reports no 29.

[8] Buckley, S. M., Koskela, P.: Sobolev–Poincaré implies John. Math. Res. Lett. 2 (1995), 577–593.

[9] Buckley, S. M., Koskela, P.: Geometric criteria for inequalities of Sobolev-Poincaré type.

Internat. Math. Res. Notices 2 (1995), 577–593.

[10] Capogna, L., Danielli, D., Garofalo, N.: The geometric Sobolev embedding for vector fields and the isoperimetric inequality. Comm. Anal. Geom. 2 (1994), 203–215.

[11] Carleson, L., Jones, P. W., Yoccoz, J.C.: Julia and John. Bol. Soc. Brasil Mat. 25 (1994), 1–30.

[12] Cianchi, A.: A fully anisotropic Sobolev inequality. Pacific J. Math. 196 (2000), 283–295.

SOBOLEV INEQUALITIES, TRUNCATION METHOD, AND JOHN DOMAINS 125

[13] Coulhon, T.: Espaces de Lipschitz et inégalités de Poincaré. J. Funct. Anal. 136 (1996), 81–113.

[14] Federer, H. W., Fleming, W.: Normal and integral currents, Ann. Math. 72 (1960), 458– 520.

[15] Franchi, B., Gallot, S., Wheeden, R. L.: Sobolev and isoperimetric inequalities for degenerate metrics. Math. Ann. 300 (1994), 557–571.

[16] Friedrichs, K. O.: On the boundary-value problems of the theory of elasticity and Korn’s inequality. Ann. Math. 48 (1947), 441–471.

[17] Gagliardo, E.: Proprietà di alcune classi di funzioni in più variabili. Ricerche Mat. 7 (1958), 102–137.

[18] Garofalo, N., Nhieu, D. M.: Isoperimetric and Sobolev inequalities for Carnot- Carathéodory spaces and the existence of minimal surfaces, Comm. Pure Appl. Math. 49 (1996), 1081–1144.

[19] Gilbarg, D., Trudinger, N.: Elliptic partial differential equations of second order. Springer- Verlag, 1983.

[20] Goldshtein, V. M., Reshetnyak, Yu. G.: Quasiconformal mappings and Sobolev spaces.

Mathematics and its Applications (Soviet Series), 54. Kluwer Academic Publishers Group, Dordrecht, 1990. (Translated and revised from the 1983 Russian original.)

[21] Hajłasz, P., Koskela, P.: Isoperimetric inequalities and imbedding theorems in irregular domains. J. London Math. Soc. 58 (1998), 425–450.

[22] Hajłasz, P., Koskela, P.: Sobolev met Poincaré. Memoirs Amer. Math. Soc. 688 (2000), 1–101.

[23] Heinonen, J., Koskela, P.: Quasiconformal maps on metric spaces with controlled geometry. Acta Math. 181 (1998), 1–61.

[24] Heinonen, J., Koskela, P.: A note on Lipschitz functions, upper gradients and the Poincaré inequality. New Zealand J. Math. 28 (1999), 37–42 [25] Hurri, R.: Poincaré domains in IR^n, Ann. Acad. Sci. Fenn. Ser. A I. Math. Dissertationes, 71 (1988), 1–42.

[26] Hurri, R.: The weighted Poincaré inequality, Math. Scand. 67 (1990), 145–160. [27] Hurri-Syrjänen, R.: An improved Poincaré inequality, Proc. Amer. Math. Soc. 120 (1994), 213–232.

[28] Iwaniec, T., Nolder, C.: Hardy–Littlewood inequality for quasiregular mappings in certain domains in IR^n. Ann. Acad. Sci. Fenn. Ser. A I Math. 10 (1985), 267–282.

[29] John, F.: Rotation and strain. Comm. Pure Appl. Math. 4 (1961), 391–414. [30] Long, R. L., Nie, F. S.: Weighted Sobolev inequality and eigenvalue estimates of Schrödinger operators. In: Harmonic Analysis. (Tianjin, 1988). Lecture Notes in Math. 1494, Springer- Verlag, 1991.

[31] Maheux, P., Saloff-Coste, L.: Analyse sur les boules d’un opérateur sous-elliptique. Math.

Ann. 303 (1995), 713–740.

[32] Malý, J., Pick, L.: An elementary proof of sharp Sobolev embeddings. Proc. Amer. Math.

Soc. 130 (2002), 555–563.

[33] Martio, O.: John domains, bilipschitz balls and Poincaré inequality. Rev. Roumaine Math.

Pures Appl. 33 (1988), 107–112.

[34] Martio, O., Sarvas, J.: Injectivity theorems in plane and space. Ann. Acad. Sci. Fenn. Ser.

A I Math. 4 (1978/1979), 383–401.

[35] Martio, O., Vuorinen, M.: Whitney cubes, p-capacity, and Minkowski content. Exposition.

Math. 5 (1987), 17–40.

[36] Maz’ya, V. G.: A theorem on the multidimensional Schrödinger operator. Izv. Akad. Nauk.

28 (1964), 1145–1172 (in Russian).

[37] Maz’ya, V. G.: Sobolev spaces. Springer-Verlag, 1985.

[38] Mosolov, P. P. and Myasnikov, V. P.: A proof of Korn’s inequality. Dokl. Acad. Nauk SSSR 201 (1971), 36-39, English transl. Soviet. Math. Dokl. 12 (1971).

[39] Näkki, R., Väisälä, J.: John disks, Exposition. Math. 9 (1991), 3–43.

126 PIOTR HAJŁASZ

[40] Nirenberg, L.: On elliptic differential equations, Ann. Scuola. Norm. Pisa (III) 13 (1959), 1–48.

[41] Ornstein, D.: A non-inequality for differential operators in the L^1 norm. Arch. Rat. Mech.

Anal. 11 (1968), 40–49.

[42] Reshetnyak, Yu, G.: Integral representations of differentiable functions in domains with nonsmooth boundary (Russian). Sib. Mat. Sb. 21 (1980), 108–116.

[43] Reshetnyak, Yu, G.: Space mappings with bounded distorsion. Translation of Mathematical Monographs, vol. 73, American Mathematical Society, Providence 1989.

[44] Rudin, W.: Real and complex analysis. Third edition. McGraw-Hill Book Co., New York, 1987.

[45] Semmes, S.: Finding curves on general spaces through quantitative topology, with applications to Sobolev and Poincaré inequalities. Selecta Math. (N.S.) 2 (1996), 155–295.

[46] Smith, K. T.: Formulas to represent functions by their derivatives, Math. Ann. 188 (1970), 53–77.

[47] Sobolev, S. L.: On the estimates relating to families of functions having derivatives that are square integrable, Dokl. Akad. Nauk SSSR 1 (1936), 267–270 (in Russian).

[48] Sobolev, S. L.: On a theorem of functional analysis, Mat. Sbornik 46 (1938), 471–497 (in Russian). English translation: Amer. Math. Soc. Translations (2) 34 (1963), 39–68.

[49] Stein, E.: Singular integrals and differentiability properties of functions. Princeton Mathematical Series, No. 30, Princeton University Press, Princeton, N.J. 1970.

[50] Strauss, M. J.: Variations of Korn’s and Sobolev inequalities. In: Partial differential equations (Proc. Sympos. Pure Math., Vol. XXIII, Univ. California, Berkeley, Calif., 1971), pp. 207–214. Amer. Math. Soc., Providence, R.I., 1973.

[51] Tartar, L.: Imbedding theorems in Lorentz spaces and applications. Boll. Unione Mat. Ital.

Sez. B Artic. Ric. Mat. (8) 1 (1998), 479–500.

[52] Väisälä, J.: Uniform domains, Tohoku Math. J. 40 (1988), 101–118. [53] Ziemer, W.: Weakly differentiable functions, Graduate Texts in Mathematics 120, Springer- Verlag, 1989.

Piotr Hajłasz:

Institute of Mathematics, Warsaw University, ul. Banacha 2, 02–097 Warszawa, Poland; E-mail: hajlasz@mimuw.edu.pl Current address:

Department of Mathematics, University of Michigan, Ann Arbor, MI 48109, USA; E-mail: hajlasz@umich.edu