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A Jordan Sobolev Extension Domain

Pekka Koskela, Dachun Yang and Yuan Zhou*

Abstract Let 1 < ¢ < 2. In this paper, we construct a Jordan domain G, C R?
such that G, € Ext, if and only if 1 < p < ¢ and R* \ G, € Ext, if and only if
q/(g—1) < s <oo.

1 Introduction

Let D be a domain in R?, namely, D is a connected open subset of R%. For 1 < p < oo,
denote by W1P(D) the set of all functions in LP(D) whose first distributional derivatives
lie in LP(D). For any u € WHP(D), the norm of u is given by lullw.epy = llullepy +
V|| £r(py, where Vu is the distributional gradient of u.

Definition 1.1. Let 1 < p < co. A domain D C R? is called a domain of class Ext,, if
there erxists a bounded extension operator Ext : WhP(D) — W1 P(R2), namely, for each
u € WHP(D), there exists a function Ext(u) € WHP(R?) such that Ext (u)(x) = u(x)
for all x € D and || Ext (u)llwr.rm2)y < Cllullwrppy, where C is a positive constant
independent of u.

For p > 1, one could in fact require above that Ext is linear; see [1, Theorem 5].

In [5], Maz'ya constructed a planar Jordan domain D such that D € Ext, for all
1 <p<2but D¢ Ext, for any 2 < p < co. Furthermore the complementary domain
R2\ D of D satisfies R?\ D € Extg exactly when 2 < s < oco. This shows that the
possibility of W1P(D)-extensions depends not only on the structure of the domain D but
also on the exponent p. Motivated by this, for each 1 < ¢ < 2, Romanov [10] further
constructed a planar domain G, such that Gy € Ext,, if and only if 1 < p < ¢. In this
paper, we establish the following results by generalizing the above two constructions in
[5, 10].

Theorem 1.1. For each 1 < q < 2, there exists a Jordan domain Gg C R? such that
Gy € Ext, if and only if 1 <p < q and R*\ G, € Ext if and only if ¢/(q—1) < s < 0.
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Our construction is an improvement on the one by Romanov [10] and it partially relies
on his approach. We should point out that the boundary of G4 of Romanov [10] contains a
curve generated by a certain Cantor set. In order to deal with the complementary domain,
we actually simplify the construction from [10] and apply a certain sufficient condition for
extendability from [8].

Finally, we state some conventions. Throughout the whole paper, we denote by C a
positive constant which is independent of the main parameters, but which may vary from
line to line. The symbol A < B or B 2 A means that A < CB. If A < B and B < A,
we then write A ~ B. For any measurable set of positive measure £ C R? and locally
integrable function f, we set . f(z)dx = il 5 f(x) da.

2 Proof of Theorem 1.1

Theorem 1.1 follows from Lemmas 2.5, 2.7, 2.10 and 2.11 below. We begin with the
construction of the domain G, which is inspired by [10] and [5].

Construction of the domain Gy. Assume 1 < ¢ < 2. Throughout the whole paper, let
a =292 and b=1-2a. Then 0 < a < 1/2 and 0 < b < 1. Denote by I the interval

[0, 1] x {0}.

First we generate a sequence of subintervals,
(2.1) I={I%": meNU{0}; k=0,---,m+1;i=0,---,2F — 1},

following the idea of the construction of a Cantor set. When m = 0, let jg,o be the closed
middle interval of I with length b and fl " with i = 0, 1 be the closure of the two intervals
obtained by removing I 0 from I and ordered from left to right. When m = 1, let I

be 1%, T}"" be the closed middle interval of I;'* with length ba for i = 1, 2 and I>" with

T = 0, 1, 2, 3 be the closure of the four intervals obtained by removing I , fll % and fll 1
from I and ordered from left to right. When m > 2, for k <m—1andi=0, --- ,2% — 1,
let ﬁff be I—Zf{iii fork=mandi=0,---,2"™—1, let I™% be the closed middle interval
of i:;f’_il with length ba™; for k =m+1and i =0, --- , 2" — 1, let 17" be the closure
of the 2™+ intervals obtained by removing {ﬁf{l ck=0,---,m;i=0,--,28 —1} from

I and ordered from left to right.

Obviously, 7 has the following properties:

(i) for each m € NU {0}, I = Ui U Qk LIk,

(i) |I55%] = ba* when k < m and i = 0, ---,2% — 1, and |Th7
i=0,---,2mF 1.

Then we translate and dilate these intervals in Z by setting

= o™t when

1% = (1 —a)a™IF + (@™, 0)

m

for each Im’ € 7. Then we write

(2.2) IT={I%": meNU{0}; k=0,---,m+1;i=0,---,2F —1}.



A Jordan Sobolev Extension Domain 3

Obviously from (i) and (ii), it is easy to see that

(iii) for each m € NU {0}, [a™*1, a™] x {0} = Updt U251 I |

(iv) |17 = b(1—a)a™** when k <mandi =0, --- ,2"—1, and |[IFT"7| = (1—a)a2™ !
when i =0, --- 2™t — 1.

For each IN' € T , denote its upper hat by Ff,gi, namely,
Ihi = {2 = (21, 29) : dist ((z1, 0), DI%?) = x5},

where and in what follows, for any set E C R? and = € R?, dist (z, E) = inf{|lz —y|: y €

We also denote by T, ,f’;,z the closed triangle generated by Ff;;i and L}%z For m € NU{0},
set

m+12k—1 m+12F—1
= Uy, Tn= U1
k=0 =0 k=0 =0
and . .
I = {(0, 0} (U rm>, 7= {00, 0} (U Tm> .
m=0 m=0

Then we obtain a Lipschitz curve T' joining (0, 0) and (1, 0). By abuse of notation, we
always write I' = {(z1, ['(z1)) : 21 € [0, 1]}.
The following figure shows the curve I'g UT';, when a = 1/4.

0.3

Oa2 a 1

Let R be the rectangle (—1, 1) x (0, 1) and ¢ : R — R? such that ¢(z1, z2) = (21, 22)
if 11 <0 and p(z1, 22) = (21, 22 +23) if 21 > 0. Set (Gy)+ = ©(R) \ p(T) and let (G,)-
be the reflection of (G4)4 across the z1- axis. Then define

Gy = (Go)+ | J(Gy)- | (-1, 0) x {0},
which completes the construction of the domain G. O

Now we recall the following result, which was established when p > 1 in [11, Theorem
1] and when p = 1 by Lemma 4.9.1 of [12].
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Lemma 2.1. Let 1 < p < oo and w be a non-negative function on R%. If there exist
constants s > 1 and C(w, s) > 0 such that for all 7 > 0 and x € R?,

1/(ps)
(2.3) r( ][B( )[w(y)]mdy> < Clw, s),

then there exists positive constant C' such that for all f € WHP(R?), fw € LP(R?) and
| fwllprwzy < Cll fllwrrw2)-

For any ¢ > 0, set A, = {(x1, z2) : 0 < 21 < ¢, 0 < 22 < x1}. For any real-valued
function u on R?, define u.(w1, x2) = u(x1, x2)(r2/21)xA,. Then we have the following
result; see [10, Lemma 2] and also [6, p. 75]

Lemma 2.2. Let 1 < p < 2. Then there exists constant C such that for all u € W1 P(R?)
and 0 <c<1,

tellwrpiay < CeHullpean + Cllullwrra,)-
Similarly to Lemma 3 of [10], we have the following conclusion.

Lemma 2.3. There exists a positive constant C' and a sequence of functions, {vm}oo_, C
WLP(R2), such that vy, (x) = 1 if x € Ty, and vy (z) = 0 if 21 < 0; moreover,

[vmllwrp @2y < Cal?P=Hm,

Proof. Let vg € W1 P(IR?) such that vo(z) = 0 if 21 < 0 and vo(z) = 1 if 0 < 29 < 21 and
a <|z| <1. Set vy,(x) = vo(a™™x) for m € N. Then vy, (z) =1 if z € 'y, and vy, (x) =0
if z; =0 for m € NU {0}. Moreover,

‘|Um‘|€vl,p R2 §a2m||v0||}£p R2 +a2m_mp||VU0||Izp R2 §a2m_mp7
(R?) (R2) (R2)

which completes the proof of Lemma 2.3. O

Let Ry 4 = (0, h) x [0,d] for 0 < d, h < 1. Let E,F C Ry q be disjoint continua
connecting the vertical sides of Ry, 4. The following result has been proved in [10, Lemma
4].

Lemma 2.4. Let 1 < P S 0. Then fO'I" all = Wlp(R2) wzth U(.’L‘) -1 /fo c E and
w(z) =0 ifx € F, ||ullyipgey > hM/PdV/P1.

Lemma 2.5. Ifoo > p>q=2+log,2, then G4 ¢ Ext,.

Proof. Assume that G, € Ext,. Notice that quasi-isometry keeps the space Whp(R?)
invariant under the change of the variable. By this and Lemma 2.3, there exists a sequence
of functions, {vm }menugoy € WP (R?), such that vp,(z) = 1if 2 € p(I'y,) and vy, (z) = 0 if
x € (G4)— or 1 < 0; moreover, vaHngp(Gq) < a®7P)™ where ¢ is as in the construction

< a(2*p)m.

of the domain Gy. Let u,, be an extension of v,,. Then, Hum%vl,p(mp) S
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On the other hand, since u, (z) = 1 if z € (I'%%) and u,(z) = 0 if z; = 0, by Lemma
2.4 and 2a*>7P > 1,

m+12F-1
ki) 7k, i|1—
By pzy 2 D D w117

k=0 i=0

m—+1 m—+1

> Z ok o (2=p)(m+k) > (2—=p)m Z ok 2=k > ) 2=p)m
k=0 k=0
This is a contradiction, which completes the proof of Lemma 2.5. 0

Lemma 2.6. Let 1 <p < q=2+log,2. Set

oo m+12F—1

w= Z Z G_(k—’_m)XTTI:L,i.

m=0 k=0 i=0
If 1 < s < 2/p is such that 2a®>~°P < 1, then w satisfies (2.3).
Proof. If r > a/2, then for all z € R?, then by 2a?~*P < 1, we have
oo m+12F-1

/ )Py <33 3 a-krmenyrh
B(z,r)

m=0 k=0 =0

oo m+1 00
< Z Z 2ka(k+m)(2—sp) 5 Z am(2—sp) 5 1 S ?"Q_SP.
m=0 k=0 m=0

Similarly, it is easy to see that

oo m+12k—1

/ ) Pdy <> DD am T < gn2os),
B(O,an)

m=n k=0 =0

If r < a/2 and w(y) # 0 for all y € B(x, r), then |y| < 1 and |z| < 1+ r. For
1 < |z| <1+, observing that w(y) <1 for all y € B(x, r), we then have (2.3). Assume
now that a"*! < |z| < a™ for certain n € NU{0}. If 7 > (1 — a)a™*!/2, similarly to above
computations, then we have

/ (@)l dy < / [w(y)]*P dy < a™P5P) < p275p,
B(z.r) B(0,7+2r/a(1-0))

If r < (1 — a)a®™*t1 /2, then for all y € B(z, ), w(y) < a~?*, and hence,

~

[y sard i,
B(x,r)



6 P. Koskela, D. Yang and Y. Zhou

If (1 —a)a®™D/2 <r < (1 —a)a™/2, then (1 —a)a™*0t1/2 <r < (1 —a)a n+ko/2 for
some 1 < ko < n + 1, and thus B(z, r) contains at most 2°7% many of the Tr" for each

m=mn—1,n,n+1and k > kg, which implies that
n+2
/ [w(y)}sp dy < Z 2kfkoa*(n+k)spa2(n+k) < a(Qfsp)(n+ko) < p2-5p,
B(z,r) k=ko—1
This finishes the proof of Lemma 2.6. O

Lemma 2.7. If1 <p < q=2+log,2, then G4 € Ext,.

Proof. Notice that quasi-isometries keep the space W1 P(R?) invariant under the change
of the variable. By this and the symmetry of G, with respect to zi-axis, we only need
to prove that for any v € WHP(R\ T), there exists a function @ € WP(R) such that
u(z) = 0 for almost all x € (0, 1) x {0} and w(x) = u(x) for almost all x € R\ T.
Since the boundary of R\ T is Lipschitz, there exists a bounded extension operator Ext :
WLP(R\ T) — WHP(R2): see [10, p.725]. Let v = Ext (u) and Tp" be the interior of
TE. Now we will obtain @ by redefining v on T. In fact, applying Lemma 2.2 to v on each
Tfll, we obtain a function uk’ such that ul;(z) = v(x) for all z € Th* and uk;(z) = 0
for all x € Im’ , and moreover,

"1 S a” Py |7 + I}

Wi, p(Tk: 1) ~ Lp Tk i wlp Tk: 1)

Set
oo m+412F—1

U=uxp\7 t+ Z Z Z ul, Zka ;.

m=0 k=0 =0
Then

oo m+412k—1

[0y S Nalsmrvey + D0 D D N s

m=0 k=0 i=0
oo m412k—1

—(k
S HUH];VLP(R\T) + § E E a Mn)p”””ip 7k iy + HU||€V1,p(R2)
m=0 k=0 =0

S va”Lp R2) + ||“HW1 P(R\T)’

where
oo m+412F—1

= XS Y

m=0 k=0 =0
Since 2a%7P < 1, we can find 1 < s < 2/p such that 2a®>~*? < 1. By Lemma 2.6, we know

that w satisfies (2.3). Then, by Lemma 2.1, we have that
HUwHLp (R2) ~ ”UHWl P(R2) ~ HUHWLP(R\T);

which further implies that |[ul[y1,»(ry < [|ullw1,»(r\7)- This finishes the proof of Lemma
2.7. O
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So far, for 1 < ¢ < 2, we have already proved that G, € Ext, if and only if 1 <p < gq.
To prove the extendability properties for the domain R? \ Gg4, we need the following two
auxiliary conclusions.

Lemma 2.8. The mapping ¢ from {x € R?: 0 < 21 < a} to itself given by p(x1, x9) =
(z1, 2 + 23) is bi-Lipschitz.

Proof. In fact, since 0 < |22 — 3?| < 2alz1 — 1] for all 0 < 21,71 < a, we have
(1—2a)|z —y| <o —y| — 2T — 7]
< lp(@) = )| <z =yl + |25 — yi| < (1 +2a)|z —y],
which completes the proof of Lemma 2.8. O

We always write y(z, y) C D for a rectifiable curve joining 2 and y in a domain D C R2.
By abuse of notation, we also sometimes use vy to denote v(x, y). Denote by £(y) the arc
length of 7, v(s) the arc length representation of v, v(0) = = and y(¢()) = y. If g is a
real-valued function in D, we let

£(7)
/7 L ale)lds] = /0 4(x(s)) ds

be the line integral of g along ~ whenever the integral exists.
A domain D is called a Lip ,-extension domain if for any pair of points x, y € D, there
exists a curve y(z, y) C D such that

(2.4) / [dist (z, (‘BD)]O“1 |dz| < Clx —y|°,
¥(z,y)

where C' is a positive constant independent of x and y; see [4].
Then by [8, Theorem A and Corollary 4.1] and [3, Theorem 5.2], we have the following
conclusion.

Lemma 2.9. Let p > 2.

(1) If D is a simply connected planar domain and D € Extp, then D is Lip (p—2)/(p—1)"
extension domain.

(i) If D is Lip (,_9)(p—1)-extension domain, then D € Ext s for all s > p.

Lemma 2.10. If1<g<2and1<p<gq/(q—1), then R?\ G, ¢ Ext,,.

Proof. By Theorem 6.4 of [2] for 1 < p < 2, if D is a WP extension domain, then D has
the property LLC(2), namely, there exists a constant ¢ > 1 such that for all z € R? and
r > 0, any pair of points z, y € D\ B(z, r) can be joined in D\ B(z, r/c). For p =1, we
claim that R? \ G, € Ext; implies that G, is a quasiconvex domain. Assume this for the
moment. Then by [7], G4 is a bounded turning domain, which together with [7, Theorem
4.5] further implies that R? \ G, has the LLC(2) property.

So for 1 < p < 2, the proof of Lemma 2.10 is reduced to proving that R? \ G, does not
have the property LLC(2). To see this, obviously, for any fixed positive constant ¢, we
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always find m large enough such that a>™ < (1 — a)a™/(cN), where N is a fixed positive
constant such that o(Tim ™% c B((a™, 0), Na?™). Thus the pair of points (a™*!, 0)
and (a™~!, 0), which lie in R? \ G, but not in B((a™, 0), (1 — a)a™*!), cannot be joined
in (R%\ G,) \ B((a™, 0), Na®?™) and thus not in (R?\ G,) \ B((a™, 0), (1 — a)a™"!/c).
This implies that R? \ G, does not have the property LLC(2) and thus R? \ G, ¢ Ext,
for any 1 < p < 2.

Now we turn to prove the above claim that R? \ G, € Ext; implies that G, is a
quasiconvex domain. To this end, we first observe that for any 1 < p < oo, RQ\CT(] € Ext,
implies that E_; = ({(z1, x2) : 1 > —1}\G,) € Ext,. In fact, let  be a smooth function
such that 0 < n(z) < 1 and |Vn(x)| < 4 for all z € R?, and n(z) = 0 for z; < —1 and
n(z) =1forzy > 0. Let S = {(w1, x2) : 71 > —1}\([~1, 0] x[-1, 1])}. Ifu € WhP(E_y),
then un € WHP(R?\ G,), u(1 —n) € WHP(S) and

lunlly @2y + 1w =Dllwrs) S lullwrrs_y)-
By the assumption R? \ G, € Ext ,, we have that Ext (un) € W1 ?(R?) and
Bt () lwogey S Nl gy S Nullwnoogs oy

Since S is a uniform domain, u(1 — 7)) can be extended to the entire R? (see [2, p.9)]).
The extension, Ext (u(1 — 7)), satisfies || Ext (u(1 —n))llwrme) S lu(l —n)llwirs) S
wllw.p(g_,)- Obviously Ext (u(1—n))+ Ext (un) coincides with u on E_1, which implies
E_; € Ext,. Then an argument similar to but easier than the above shows that £_; N
B(0, 10) € Ext,. Observe that E_; N B(0, 10) is a bounded, simply connected W1 1-
extension domain. Applying [9, Corollary 1.2], we know that the complement domain
of E_; N B(0, 10) is quasiconvex, which further implies that (Ei_l)c7 and thus Gy, is a
quasiconvex domain. This proves the above claim.

For 2 < p < q/(q — 1), since R? \ G, € Ext, implies E_; € Ext, as above, to prove
Lemma 2.10, by Lemma 2.9, it suffices to prove that £_; is not a Lip ,-extension domain
forany 0 < a <2 —gq.

To see this, choose N € N, and z = (a™, 0) and y = (a™~!, 0). Then for any v(z, y) C
E_1, take 7 to be the component of v N {(z1, z2) : 0 < z; < a} containing x. Obviously,
[a™, a™ Y C {21 : (21, 22) € 7}, and without loss of generality, we may assume that
29 > 0 for all (21, 22) € 5. Moreover, for all z € 7, by Lemma 2.8,

dist (2, 9G,) = dist (z, p(T'\ Tp)) ~ dist (p~'(2), T'\ Tp).
Assume that (z1, 0) € T Then
dist (91 (2), T\ [g) = dist (91 (2), TF7) < dist (21, —22), TF¥) < o2~ Y £ D(2)),
where (z1, ['(21)) € T. Since 2a® > 2a?~9 = 1, we have

amfl

/ [dist (2, 0G)]" " |dz| 2 / [a?m=Y) £ D (2))]* tdz
v(z,y)

a™m
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II'”/

Z / a®™ 4+ 1% dt
0 0

+
k;:
_l’_
Z k+m]a - a2ma)
k=
m
Z2kama ko > ma ™ > m|x 7y|a
k=0

which implies that £_; is not a Lip ,-extension domain. This finishes the proof of Lemma
2.10. 0

Lemma 2.11. If q/(q — 1) < s < oo, then R?\ G, € Ext.

Proof. By Lemma 2.9, it suffices to prove that R? \G7q is Lip ,-extension domain for all
a>2—gq. Let o_(T \ Tp) be the reflection of (T \ Tp) with respect to x1-axis, namely,
o_(T\ To) = {(x1, —x2) : (x1, x2) € o(T'\ Tp)} and for m € NU {0}

B = (T \ Ul T) U (T \ UpgT,) U (a1, o) ¢ Jaa] < a2, 0 < a1 < ™).

Then GyUE,, is a Jordan domain with Lipschitz boundary since I'(21) is Lipschitz function.
Obviously, R? \ G, = Ey U (R?\ G, U E»). Then the proof of Lemma 2.11 is reduced to
proving that for any x, y € Ej, there exists a curve y(z, y) C E; such that

(2:5) [l o U ) i 5 o i

Assuming that (2.5) holds for the moment, we now establish Lemma 2.11. Since
dist (2, o(I') U p_(I')) = dist (z,0G,) for all z € Ei, then for any x,y € Ej, there
exists a curve y(x, y) C Ej such that

(2.6) [ ldist(e 06,7 | 5 fo - i
¥(z,y)

Obviously, R? \ G, U E» is a uniform domain and thus Lip ,-extension domain for all
0 < a < 1; see [4]. Thus for any z, y € R? \ G, U Es, there exists a curve v(z, y) C
R?\ G, U By satisfying (2.6) with dist (x, 0G,) replaced by dist (z, (G4 U E2)). Observe
that for all x € R?\ (G, U Ey), dist (z, (G, U Ez)) < dist (z, dG,), which implies that
v(z, y) C R?\ G, satisfies (2.6). For any z € F; and y € R?\ (G, U Ey), assume that
there exists a point w € J = {(a, y2) : (a, y2) € OF} such that

(2.7) [z =yl ~ [z —w| +|w -yl

Then there exist curves v (z,w) C Ey and y(w, y) C R?\ G, U F satisfying (2.6). Let
vy = 1 U~xs. Therefore, v(z, y) C R?\ Gy satisfies (2.6). To see (2.7), if y1 > 1, since
|z2| < a? + ba, then |z1 — 31| > 1 — a and

[y = (a, 0)| +(a, 0) — x| <[y —a|+2|(a, 0) =z < |z —y[+4a S |z —y],
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which implies (2.7) with w = (a, 0). Set
fl@,y) =z —y7! inf {|lz — w|+ Jw - y[}.
weJ

Obviously, f(z, y) > 1 whenever defined. Moreover, f is continuous on the bounded closed
set

{(z,y) €R*: 2 € Ey, y€ Ep\ Ey, |z —y| > a*/4},

which implies f is bounded on this set and thus (2.7) holds for (z, y) in this set. Finally,
if v € E1,y € Fo\ B and |z — y| < a*/4, then it is easy to see that (2.7) holds. Thus, so
far, we proved that the claim (2.7) is true, and therefore, except (2.5), we have finished
this proof of Lemma 2.11.

Now we turn to proving the above claim (2.5). Set D = (T'\ To) U{(z1, z2) : 0 <z <
a, —z3 < x5 < 0}. Observe that the union of p(D) and ¢_ (D), the reflection of (D)
with respect to xj-axis, is just the set Fj. Then the claim (2.5) is reduced to proving that
for any x, y € D\ T, there exists a curve vy(x, y) C D such that

(2.8) / [dist (2, )2 |dz| < |z — y|°
v(z,y)

In fact, assume that (2.8) holds for the moment. Then for any z, y € (D \T'), there
exists a curve y(¢~1(x), ¢ 1(y)) C D satisfying (2.8). Since ¢ is bi-Lipschitz, the curve
e(y)(z, y) € @(D\T) also satisfies (2.5). A similar argument applies to any z, y €
w_(D\T). For any x € p(D\T') and y € p_(D \ T'), letting w be the intersection of the
r1-axis and the line joining = and y, we have that w € E; and |z —y| ~ |z — w| + |w — y|.
Applying similar arguments to z, w and w, y, we obtain the curves v, (z, w) C Ey and
vo(w, y) C Ey satisfying (2.5). Taking v = 1 Uy gives the desired result.

To prove (2.8), we consider three cases.

Case 1. ¢,y € Df,;i = Tfﬁ;i U{(z1, z2) : (z1,0) € Tff{i, —2? < 29 <0} for m € N.

It suffices to verify that if x1 = y; or x9 = yo, then there exists y(z, y) C D satisfying
(2.8). In fact, assume this for the moment. In general, we assume that z; # y; fori = 1, 2,
and we may further assume that x; < y; without loss of generality. If xo < o, then
let z = (y1, z2), and if z9 > yo > —x%, then let z = (z1,y2). Obviously, z € Dlﬁgz and
|x —y| ~ |x — z] + |z — y|. Moreover, by the choices of z and the assumptions, there exist
curves 71 and 7y, such that v;(x, z) C D and y2(z,y) C D satisfy (2.8), respectively. Taking
v = 1 U7, we know that v(z, y) C D satisfies (2.8). If yo < —a?, then let z = (z1, —2?)
and u = (y1, —a2). Obviously, z,u € D&% and & — y| ~ |z — 2| + |z — u| + [u — y|.
Moreover, by the choices of z and u and the assumptions, there exist curves 71, v2 and 3
such that v1(z, z) C D, v2(z, ) C D and y3(u, y) C D satisfy (2.8), respectively. Taking
v =1 Uva U~s, we have that vy(x, y) C D satisfies (2.8).

Now assume that x1 = y; or x2 = yo. If 11 = y1, taking v to be the line segment joining
x and y, we have that v(x, y) C DE*. Since

(2.9) dist (z, ') = dist (z, %) ~ D(21) — 20
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for all z with (21, 0) € Tiy" and 2y < I'(21) = I'(21), we have

dist (z, D)7 ' |dz| ~ [ [D(x1) — 20]* 1 |dz
/J (2, D))" [de] /ul) ot

o

|z2—y2|
5/ to‘fldtg |ze — ya|* ~ |z — y|*.
0

If 29 = ys, taking 7 to be the line segment joining = and y, we have that v(z, y) C D,knz
Moreover, we have

dist (z, D)]* 7V |dz| ~ [ [D(z1) — 2] |d=
/W[ (2, D))" [dz] /ul) o

y

|1 —y1]
§/ to‘_ldtg lz1 — y1|* ~ |z — y|*.
0

Case 2. x € Dfn’i and y € Df{j, where T,f’j is adjacent to T,]flz Let {(w1,0)} =
Tf{i N Tf’j and assume that x; < y;.

If z9 < 0, letting u = (y1, x2) and w = (w1, x32), then |z —y| ~ |z —w|+|w—u|+ |u—1y|.
By Case 1, there exists curve vi(x, w) C D, yo(w, u) C D and vy3(u, y) C D satisfying
(2.8), respectively. Taking v = 1 U2 U~s3, we know that v(z, y) C D satisfies (2.8).

If o > 0 and yo > 0, noticing that zo < wi; — 1 and y3 < y1 — wiy, and letting
u = (r1, —¢), w = (w1, —c) and z = (y1, —c), where 0 < ¢ < min{za, ya, 23}, we
conclude that

|2 + ¢ + |y2 + ¢| < 2|y1 —wi| + 2|z1 —wi] ~ |21 — 1],
which implies that
2 =yl ~ |z —ul +u—w|+|w—z|+ [z —y[ ~ |r1 — y1].

Thus, there exist curves vi(z, u) C D, v2(u, w) C D, vy3(w, z) C D and y4(z,y) C D
satisfying (2.8), respectively. Taking v = 71 U 2 U 3 U 74, we know that v(z, y) C D
satisfies (2.8).

If 29 > 0 and —2? < y < 0, then similarly to the proof for the case 1 < 0, we obtain
a curve y(x, y) C D that satisfies (2.8).

If 290 > 0 and —22 > yo > —y?, letting u = (y1, —2?), and 2z = (1, —9:1_2), we have
that |z —y| = |z — 2|+ |z —u| +|u—y|. Since there exist curves vi(z, z) C D, v1(z, u) C D
and v3(u, y) C D satisfying (2.8), respectively, taking v = 41 U 2 U y3 gives the desired
curve.

Case 3. z € Df,{i and y € Df[j, where Tne’j is not the one adjacent to Tr]ﬁb’ We may
assume that z1 < y; without loss of generality. A

Let (u1, 0) be the right endpoint of I;* and (21, 0) be the left endpoint of I, Then
—2? <29 <up — 21 and —y? < yo <y — 21. Since 22 +y? < a4+ a® < |up — 21| S
|x1 — y1|, we know that |zo — yo| < |x1 — y1], which implies that |z — y| ~ |z; — y1| and
[ — (ur, )] + (1, 0) — (21, O] + (21, 0) — 9] < |z — .
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Let v be the line segment joining the pair of points u = (u1, —2%) and z = (21, —z%).
Then we claim that

(2.10) / [dist (v, T)]* tdv < Jug — 21|*.
Y2

Assume that (2.10) holds for the moment. Then by Case 1, there exist curves v (x, u) C D
and v3(z, y) C D satisfying (2.8), respectively. Thus the curve v = 1 Uy2U~3 is as desired.

Now we show (2.10). If m = n, let |I7]2)’i°| be the largest for the subintervals from
our construction contained in 7y = 75 + (0, :L'%) Then |u; — 21| ~ am™tko and F, C
Ukm:ﬁclo U?kzzko Iﬁ{ij. Since dist (v, I') ~ I'(vy) for all v € Iﬁ{i, by Case 1, we have

/ [dist (v, D)]* L do < a®mHR),
In

s T

Thus, by 2a* < 1,i.e. a > —log,2 =2 — g, we have

/ [dist (v, T)]°Ldv < / [dist (v, T)]°~ do

72

m+1
< Z 2k—k’oaa(m+k)
k=ko
m—ko+1
SJ aa(erko) Z ok ok < aa(erko) S |’LL1 _ Z1|a'
k=0
If m =n+1, then |u; — 21| = [a™ — u1| + |a™ — 21|, and thus, by the above estimate

in the case m = n,

dist (v, D)% 1dv < dist (v, T)]* ' dv
/w[ (o, 1)) o < [ [dist (v, T)

Y

< ( / + / ) [dist (v, T)]°~" do
F2N(a™, a”] FeN[a™, an—1]

Sla™ —up|* 4z — a™|* S Jug — 2™

Similarly, if m > n + 2, then |u; — 21| ~ a™, and thus
m

3 / [dist (v, T)]°~" do
§2m[am/, amlfl]

m/=n

/ [dist (v, YL dv <
Y2

m
!
5 2 : amaiana§|ulizl|a‘
m/=n

This shows (2.10) and finishes the proof of Lemma 2.11. O
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