ON GENERALIZED BOUNDED VARIATION
AND APPROXIMATION OF SDES

RAINER AVIKAINEN

Preprint 383 September 2009

2000 Mathematics Subject Classification. 60H10, 41A25, 26A45, 65C20, 65C30.

ISSN 1457-9235



ON GENERALIZED BOUNDED VARIATION
AND APPROXIMATION OF SDES

RAINER AVIKAINEN

September 2009

2000 Mathematics Subject Classification. 60H10, 41A25, 26 A45, 65C20, 65C30.
1



ON GENERALIZED BOUNDED VARIATION AND
APPROXIMATION OF SDES

RAINER AVIKAINEN

ABSTRACT. We consider upper bounds for the error E|g(X) —
g(X)|p in terms of moments of X — X, where X and X are random
variables. We extend the results of [3], where g was a function
of bounded variation, to a class of generalized bounded variation
containing functions of polynomial variation. This is obtained by
compensating for the variation by the tail of the distribution of X
and X. We apply the results to the approximation of a solution of
a stochastic differential equation at time 7' by the Euler scheme,
and show that in this particular case, exponential variation of the
function g is also allowed. An application to the multilevel Monte
Carlo method is considered.

1. INTRODUCTION

1.1. Background. Suppose that we have a probability space (2, F, P)
and two random variables X, X : 2 — R. Consider X to be an approx-
imation of X in the L,-norm. In [3] we computed bounds for the error

E|X{k,00)(X) — X[K,oo)(X)‘y where K € R, by reducing it to the error
HX - X ‘ . This gave us a tool to compute convergence rates v > 0 for
P
irregular functionals of stochastic differential equations, i.e. in
lg(X7) = g(XP)I, < Cll”, (1.1)

where 1 < p < o0, g € BV, Xr is a diffusion, and X7 is an approxi-
mation of X7 corresponding to a partition 7 of the interval [0, 7.
Inequalities of the type (1.1) play an important role in two fields of
financial mathematics. It is an integral part of the multilevel Monte
Carlo method for SDEs, developed by M. B. Giles [11,12], to approxi-
mate the expected payoff of an option with a significant improvement
in the computational complexity of the problem. The inequality (1.1)
is required to determine the complexity of the algorithm for options
with a non-Lipschitz payoff, as the complexity is expressed in terms
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2 R. AVIKAINEN

of the convergence parameter . This motivates us to look for opti-
mal values of v in (1.1). Another application is the L,-variation of
backward stochastic differential equations with non-Lipschitz terminal
condition, due to C. Geiss, S. Geiss and E. Gobet [8]. When studying
fractional smoothness for BSDEs, convergence rates of certain condi-
tional expectations are needed. In this context the inequality (1.1)
again appears.

Our goal is to extend the convergence results of type (1.1) in [3] to
a larger class of functions, namely functions that are unbounded or
have infinite variation. The starting point is the result in [3], where we
showed that if X has a bounded density fx, then

_p_

o (1.2)

P
for all K € R and all 0 < p < oco. We also proved optimality of
the power of the L,-norm on the right hand side of (1.2), i.e. that
the power p/(p + 1) is the largest possible power in general. However,

E|X(,00) (X) = Xi00) (X)] < 3 (sup fx)77 | X — X

additional information about the distribution of X and X enables us
to show estimates better than (1.2). An example is the following result
in [10, Discussion after Proposition 3.5]:

Theorem 1.1. Suppose that X, X ~ N(0,1) and (X, X) is a Gaussian
random vector, and let p > 2. Then

E|X(x,00)(X) = Xi00) (X)| < Cp | X = X

p

for all K € R.

Therefore it is natural to take as an assumption the statement

B
;o (13

p

ElX (k.00 (X) = Xixto0)(X)] < C(p, X) HX e

where the exponent is given by an unspecified function g, : [1,00) —
(0,00), and to show results of the type (1.1) for as large class of func-
tions as possible.

The problem of determining the exponent 3, is related to fractional
smoothness. The statement of Theorem 1.1 is equivalent to knowing
the fractional smoothness of the indicator function in terms of Malli-
avin Besov spaces [9]. Taking another class of test random variables
{X, X } would result in a changed notion of fractional smoothness, and
a different power of the L,-norm on the right hand side of (1.3). The
inequality (1.2) with the power p/(p + 1) gives the most general sit-
uation enabling us to take any random variables X and X such that
X has a bounded density. The boundedness assumption of the density
of X is essential, because without it the statement of Equation (1.3)
would contradict itself, unless we replaced the indicator function by a
Lipschitz function. Namely, with the choice X = K and X=K-¢
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for € > 0, the left hand side of Equation (1.3) does not converge at all
as € — 0, but X converges to X in L,.

1.2. Results. We develop an extension of bounded variation by com-
pensating for the variation of functions by the tail of the distribution
of X and X. If the tail behavior is described by a function p : R — R,
which vanishes at +00, then we define a space of functions of p-bounded
variation, to be called BV,,. The space BV, is a Banach space, and
its size depends on the decay of the function ¢, i.e. faster decay of
© allows more compensation and thus more variation for functions in
BV,,. A function in BV,, can be represented as an integral of 1/¢ with
respect to a signed measure, and is by definition left-continuous. The
latter condition can be relaxed by adding jumps, also compensated by
. This is analogous to the spaces BV and NBV in [17]. If X Xe L,

and HX '
9.1 that the function ¢ decays faster than any polynomial, allowing
polynomial variation for the functions in BV,,.

Given a function g € BV, and assuming the condition (1.3), we
show in Theorem 6.2 that, if 1 < ¢ < oo and 0 < 6 < 1, then

H9<X> - Q(X)HZ < C(0,4,9,9)C(p, X)"™" HX x|

< (), < oo forall 1 <p < oo, then we show in Lemma
P

A

(1.4)

p
for every 1 < p < oco. This is a natural extension of [3, Theorem 2.4],
where we showed an analogous result with ¢ € BV and § = 0. We
also show that Equation (1.4) holds if the left-continuity assumption
of functions in BV, is dropped.

By concavity arguments we can further extend the class of functions
we can handle. Suppose that 0 < r < 1 and g = |f|"sgn f for some
f € BV. In Theorem 7.1 we show that, if 0 < ¢ < oo, then

~ Bp(rgnl)
a(x) = (%)

for every 1 < p < oo. This is valid e.g. for functions with frequent
variation on a finite interval, like the function in Example 7.3.

We have sharp convergence results on the space of Lipschitz functions
and BV on a finite interval [a,b], so we can apply the real interpola-
tion method to get sharp convergence rates in the interpolation spaces
(Lip([a,b]), BV (|a, b]))s,, with parameters 0 < § < 1 and 1 < g < 0.
Theorerr}\ 8.4 shows that for g in one such space, and random variables
X and X with values in [a, b],

~

L< Clra. NOEX)[x - X

p

1-6(1-135)

p

Hg(X) —9(X) S CpX.0.9.9) HX - X
for every 1 < p < co. The rate is optimal by Theorem 8.6.

All of the results above can be applied to the approximation of so-
lutions of stochastic differential equations. Let X be a solution of an
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SDE such that X7 has a bounded density. Given an approximation
(X7 )teor) of X with

| X7 = X7l, < G Ir[",

then using (1.4), we show in Corollary 10.2 that for 1 < ¢ < oo and
0<e<n,

lg(X7) — g(X7)lg < Clg, 7,6 X) =", (1.5)

whenever ¢ is a function of polynomial variation. If X7 is the Euler
scheme, then in Theorem 11.4 we find estimates for the decay of the
function ¢ that are better than in the general case. This extends the
result (1.5) to functions with variation higher than polynomial. If the
coefficients of the SDE are bounded, then even exponential variation
is possible.

We use our results on the Euler scheme to determine the variance
parameter 3 in the multilevel Monte Carlo method of Giles [12]. By
Corollary 12.1 we get § = 1/2 — ¢ for any ¢ > 0, for functions g with
variation related to the decay of ¢ given in Theorem 11.4. In the case
that g has polynomial variation, Theorem 11.6 provides a logarithmic
expression for ¢, i.e., e = C'/(—log|r|)'/3, which converges to zero as
|| — 0. In Corollary 12.2; we extend the variance estimate (iii’) in [3,
Section 6], shown for functions of bounded variation, to functions of
polynomial variation. Consequently, the complexity result [3, Theorem
6.1] holds for functions of polynomial variation as well.

1.3. Organization of the paper. We start by recalling some pre-
liminary definitions in Section 2. In Section 3 we define the space of
functions of ¢-bounded variation, BV, and show that it is complete.
By definition the functions in BV, are left-continuous, but in Section 4
we extend the class to different types of discontinuity using the idea of
compensating jumps by the tail probabilities. We present an alterna-
tive characterization of the space BV, in terms of integrals of 1/¢ with
respect to signed measures in Section 5. The main convergence result
of type (1.4) is presented in Section 6. In Section 7 we use a simple con-
cavity trick to deal with certain functions for which the compensation
idea of p-bounded variation fails. Section 8 contains another extension
to find sharp convergence rates for functions in the real interpolation
spaces between Lipschitz and BV -functions defined on a finite interval.
In Section 9 we consider a typical situation where the functions in BV,
can have polynomial variation. The convergence result of Section 6 is
applied to approximation of stochastic differential equations in Section
10. In Section 11 we recall the Euler scheme and use specific informa-
tion about the scheme to get better convergence results. Finally, we
apply the results concerning the Euler scheme to the multilevel Monte
Carlo method in Section 12.
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2. PRELIMINARIES
Let us first recall a set of definitions, starting with N = {1,2,...}.

Definition 2.1. Let (X,F) be a measurable space. A partition of
F € F is a countable collection {F;}°, C F such that F; N F; = 0 if
1# 7, and UF; = F.

Definition 2.2 (Signed measure). A signed measure p on a measurable
space (X, F) is a set function p : F — R such that

p(F) = Zu(Fi)

for all F' € F and all partitions {F;}°, of F'.
Remark 2.3. A signed measure is always finite, i.e. |u(X)| < oo.

Definition 2.4 (Total variation measure). The total variation measure
|pe| of a signed measure p is the set function

ul : F —[0,00), |ul(F) = supZ u(F),

where the supremum is taken over all partitions {F;}3°, of F.

Remark 2.5. The total variation measure || is always a finite positive
measure, i.e. [u|(X) < oo, see [18, Theorems 6.2 and 6.4]. Moreover,
|p(F)| < |u|(F) for all F € F.

Definition 2.6. A measure p : X — [0, 00] on a measure space (X, F)
is o-finite, if there exist a partition {F;} of X such that u(F;) < oo
for all © € N, i.e. the space X can be written as a countable union of
measurable sets of finite measure.

We also recall the definition of functions of bounded variation:

Definition 2.7. Given a function f: R — R, set
Ty(x) =sup ) |f(x;) = fl2;1)]; (2.1)
j=1

where the supremum is taken over n and all partitions —oo < zy <
r1 < ...<x, = be the total variation function of f. Then we say
that f is a function of bounded variation, f € BV, if

V(f) = lim Ty(z)
is finite, and we call V(f) the (total) variation of f.

Remark 2.8. We will occasionally use the fact that a left-continuous
function f € BV has a unique representation f(x) = ¢+ u((—o0,x)),
where ¢ € R and p is a signed measure. Conversely, any signed measure
w defines a function f(z) = p((—oo,z)) € BV, which is left-continuous
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and vanishes as x — —oo. Moreover, V(f) = |u/(R). See Theorems
8.13 and 8.14 in [17].

3. GENERALIZATION OF BOUNDED VARIATION

Our aim in this section is to define functions g that may be of un-
bounded variation on the real line, but have a strong enough bound on
the variation to enable us to show a result of the type

900 = ()

which is proved for BV-functions in [3, Theorem 2.4] with 3, = k5.
We obtain the bound by compensating for the variation of g by a
function ¢ vanishing at infinity, resulting in a notion of p-bounded
variation. Let us now define such functions rigorously, and show that
the functions of p-bounded variation generate a Banach space.

q ~ ||
SC(p,q,g,X)HX—XHp, 1§p,q<OO,
q p

Definition 3.1 (Bump function). Let ¢ : R — R be a continuous
function such that 0 < @(z) < 1 for all z € R, »(0) = 1, and ¢
is increasing in (—oo, 0] and decreasing in [0, 00). Then ¢ is called a
bump function.

Definition 3.2. Let M be the set of all set functions
p:{F € B(R): F bounded } — R

that can be written as a difference u = pu! — p? of two non-negative
measures u', u? : B(R) — [0, 00] such that p'(K) < oo for i € {1,2}
and all compact sets K C R.

A set function pu € M restricted to B(K) is a signed measure for all
compact sets i C R. It is not necessarily a signed measure on B(R),
because it can be undefined for unbounded sets. However, we now show
that a set function in M has an optimal decomposition corresponding
to the Jordan decomposition of signed measures.

Theorem 3.3. Suppose that € M. Then there exist a unique decom-
position = pt — p=, where pt, ™ B(R) — [0, 00| are non-negative
measures such that p™(K) < oo and p~ (K) < oo for all compact sets
K C R, with the property that u*(F) < u'(E) and p~(F) < p*(E) for
all other decompositions u = u* — p? and all E € B(R).

Proof. Let N € 7. Then p is a signed measure on the interval [N, N +
1). By the Hahn decomposition theorem [18, Theorem 6.14] there exist
sets AN, BN € B([N, N + 1)) such that AN UBY =[N, N +1), AN n
BY =0, and the Jordan decomposition pyn+1) = py — py on the
interval [N, N + 1) satisfies

$(E) = (A A B) and pu5(E) = —u(BY 1 E)
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for E € B([N, N +1)). We define the sets
A= ] AY and B*:= ] BY,

NEeZ NEeZ

which have the properties A% U B® = R and A N B*® = (). Now we
set

pH(E) =Y wANNE) and p (E)=)Y —u(B"NE)

NeZ NeZ

for E € B(R). Then put and g~ are non-negative measures on B(IR)
that are finite on all compact sets and bounded from above by measures
of any other decomposition p = u! — p?, since p < p' and

pH(E) = w(AVNE) <> u(AVNE) < m(E)

NeZ NeZ

for all E € B(R). Similarly u~ < p?, since —pu < p?. The finiteness
of u* and p~ on compact sets now follows from the corresponding
property in the definition of M. We conclude that the measures p*
and p~ give the Jordan decomposition of u, and the sets A~ and B>
give the Hahn decomposition of R induced by . U

Definition 3.4. For u € M, we define

lul, = /R () i (2),

where |u| := p™ + p~ is the o-finite measure given by the optimal
decomposition of y in Theorem 3.3. Moreover, we define

M ={p e M:|u|, < oo}.

Remark 3.5. If we restrict p to B([—N, NJ), then the measure |u| in
the Definition 3.4 is the total variation measure of y in the classical
sense.

Lemma 3.6. (M, || ,) is a normed space.

Proof. Let p € My,. If u(F) = 0 for all F € F, := {F € B(R) :
F bounded }, then obviously |u], = 0. To show the opposite, take F' €
Fp. Since F' is bounded, by the positivity of ¢ the condition |uf, =0
implies that |u|(F) = 0. Thus |u(F)| < |p|(F) = 0, so pu(F) = 0,
and ||, is positive definite. Let a € R. Since |au[(F) = |a[u[(F),
the homogeneity property |apu[, = |al ||, follows from the properties
of the integral. So does the triangle inequality, since |u; + po|(F) <
| |(F) + |p2|(F) for py, e € My,. Thus we conclude that M., is a
vector space and ||, is a norm in M. O
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Definition 3.7 (The class BV,,). For any u € M., we define the
distribution function related to u by

h(p) — w([0,x)), for z >0,
g'@) {—,u([a:,O)), for x <0,

where [0,0) = (. We denote the class of all such functions by BV,.

Remark 3.8. By definition a function g € BV, is left-continuous with
at most countably many jumps, and ¢g(0) = 0. The size of the class
BV, depends on the decay of ¢; we will show in Theorem 3.10 that no
decay for @, i.e., p =1 leads back to BV. Using the uniqueness of the
signed measure representation of BV functions we can show that there
is one-to-one correspondence between measures in M, and functions
in BV, i.e. for ui, o € M, we have gtt = g if and only if 1 = po.

Theorem 3.9. BV, is a Banach space with respect to |g"|, = [u].,-

Proof. 1t is easy to see that BV, is a vector space, and Lemma 3.6
ensures that [-[, is a norm. Recall that X is a Banach space if and
only if every absolutely convergent sum of elements of X converges [16,
Theorem IIL.3]. Let (¢")2, C BV, be a sequence that converges
absolutely, i.e. Y 2, ||9“ i, < oo. By deﬁmtlon this is equivalent to

Z/ ) d| i) (z) < 0. (3.1)

Here (p;)72, is a sequence in M,,, and each p; has the representation
wi = p; — p; according to Theorem 3.3. For any z > 0 we have

>l @) = 2 02| < 3 el (0.)

Z [ i =3 /[ mw(w)czmmz)

— p(z)

Z / eEdnle) < Zugm

and for x < 0 we can do a similar computatlon. ThlS shows that the
sum Y o, g"i(x) exists for all z € R. Moreover, since p < || and
;< |pi|, we also get that

< 00,

Z,u;r([o,av)) < oo for z > 0, and Z,u:r([x,O)) < oo for z < 0.
i=1 i=1

Similar results hold for u; . We define

L :iuj and  p? ::i,ui.
=1 =1
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Now p!',p? : B(R) — [0, 00] are measures as sums of measures, and
finite on all compact sets. Thus they satisfy the conditions of Definition
3.2 and hence p := pt — p? € M. For x > 0 we have

p(lo.2) = D w(0.2) =3 pir (0,2)

= > (i (0.2) — i ([0,2))

=1

= Zuz([o,x)) = ng(l’),

and for x <0,

w(lw,0) ==Y ¢"(x).
i=1
Moreover, the function g defined by p is in BV, if the condition

/R pdli] < o0 (3.2)

is satisfied. Because p = ! — p? is not necessarily the optimal (Jordan)
decomposition of p, we get by Theorem 3.3 that |u| < pu' + p?. This
implies that

/s@dlulS/wd(ﬂl+u2)=/¢dﬂl+/s@du2-
R R R R
pdu' = /sod pi| = /sod/ﬁ

< Z/Rsodw < o0,
=1

where the second equality follows from [6, p. 179]. We can do a similar
computation for the integral with respect to p?. Thus the condition
(3.2) is satisfied, and we conclude that ¢g* € BV,.

It remains to show that the sum )., g" converges to the element
g* as n — oo. This follows from the fact that

9= g" =yl ===
i=1 i=1 i=1 g

Domh =D =y (=) Do = m
i=1 i=1 i=n+1 i=n+1

=1

Now

® ®

® ®
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Z/sﬁd Zu@ iﬂ[ S/sad(Zuﬂer)

i=n+1 i=n+1 i=n+1 i=n+1
/s@d(zmz) Z/sodlm—w
i=n+1 i=n+1
as n — 00, because the sum on the right hand side converges. O

Let us show that the class BV, contains all correctly normalized and
left-continuous functions of bounded variation. Define

A := BV N {g left-continuous and ¢(0) = 0}.

Theorem 3.10. We have A C BV, for any bump function ¢. If p =1,
then A = BV,

Proof. Suppose that ¢ € BV is left-continuous. Then, by Theorems
8.13 and 8.14 in [17], there exist a unique signed measure pu and a
constant ¢ € R such that g(x) = ¢ + u((—o0,x)). The assumption
g(0) = 0 then implies that ¢ = —p((—00,0)). Thus for z > 0 we have

g(l’) =c+ M((—O0,0)) + /J([O,[E)) = M([O,JZ)),
and for x < 0 we have

g(x) = ¢+ p((=00,0)) = p([z,0)) = —pu([x,0)),

which coincides with the measure representation of functions in BV,.

Moreover,
lgl, = / pdl|p| S/ dlu| =V (g) < oo,
R R
and g € BV,,.

If o =1 and g" € BV, for some € M, then there exists M > 0
such that g#] , = [u[(R) < M. Since p*(R) + p~(R) = [u|(R), we see
that both p* and p~ are finite measures, p is a signed measure on R,
and ¢g* € BV by Theorems 8.13 and 8.14 in [17].

O

The space BV, satisfies the following comparison properties:

Lemma 3.11. Suppose that ¢ and v are bump functions. If p < 1,
then BVy, C BV,,. In particular, if g € BVy, then |g[, < |g],-

Proof. Let g € BV, and let i € My, be the measure related to g. Then

lul, = /}R 2) dpl(z / (@) dip (&) = [l < oo,

which implies the statement. Il
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Remark 3.12. The space BV, is not separable, which can be seen by
considering the uncountable set of functions x(x..)/¢(K), K € R.
Namely, we can write x(ko0)/@(K) = g"* with px = dixy/e(K),
where 0 is the Dirac delta. This implies that if K; # K5, then
|gtsr — gtz | », = 2, and it is impossible to find a countable dense
subset.

4. INCORPORATION OF JUMPS

By definition, functions g# € BV,, have only countably many jumps,
are left-continuous, and vanish at the origin. We can relax the latter
two restrictions by adding to the function g* a constant ¢ € R and a
jump function A, which is zero outside a countable set. This extends
the class BV, to include functions that have different types of disconti-
nuity, i.e. points of left-continuity, right-continuity and neither left- nor
right-continuity. For example, we can make g* € BV,, right-continuous
by choosing

p "
Alx) = g'(x+) — g*(x) for z € A,
0 elsewhere,

where A is the set of points of discontinuity of g*.

Definition 4.1. Define a set of jump functions
A, ={A" :R—=R | A"(z) =v({z}),v € Mﬁ},

where

o0
MS ={peM,: u= Zaié{xi} with a;, z; € R, z; # x; for i # j}
i=1
This gives us a set of functions that can have non-zero values only in
countably many points (x;)$2,, and the condition v € Mﬁ states that

A, = lv], = Zso(m)lv({:ci})y = th(xi)|oz,-| < 0.

We have uniqueness of the decomposition g = ¢ 4 g* + A”:

Theorem 4.2. If ¢; + g" + A" = ¢ + g"2 + A with ¢1,c5 € R,
fi, pe € My and vy, 15 € /\/lﬁ, then c; = co, p1 = o and vy = vy.

Proof. Take two functions g; and go such that g; = ¢; + g + A¥,
i € {1,2}, and suppose that g; = go. Define A; = supp A%, i € {1,2}.
Now A; U A, is countable and A¥ = 0 in (A; U A)¢. Take a sequence
(zj) C (A3 U Ay)° such that z; /0 as j — oo. Since g is left-
continuous and ¢#i(0) = 0, it follows that g;(x;) = ¢; + g"(x;) — ¢; as
Jj — 00, and thus ¢; = ¢o. This implies that for zy € (A;UA3)¢ we have
g (zg) = g2 (x0). Now let xy € A; U Ay. Again we choose a sequence
(x;) C (A1 U Ay)¢ such that z; /" xp as j — o0, and by left-continuity
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of g we get that ¢g" (zo) = g"*(x¢). Thus g = g"* everywhere, and
also A"t = A"z, 0
Theorem 4.3. BV C {g=c+g"+A":c€ R, ¢g" € BV,, AY € A }.

Proof. Theorem 3.10 shows that the component g* covers all g € BV
that are left-continuous and satisfy ¢g(0) = 0. Since the latter condition
can be relaxed by adding a constant ¢ € R, we only need to deal with
the points of discontinuity of g. But if {x;}:°, is the set of these points,
then we can alter the left-continuous part g“ by adding a function A
with v(x) = 3777 AiX{a,} (), where the coefficients \; are the necessary
changes at the points ;. Then A” € A, since

1471, Z@xz ({z:} |—Z¢x1|A|<ZIAI<V

and any g € BV admits a representation g = ¢ + g" + A”. O

5. ALTERNATIVE CHARACTERIZATION OF BV,

In this chapter we characterize the class BV,, in a more intuitive way.
Given a bump function ¢ and a signed measure v, we can generate a
function in BV, by computing the integral of 1/¢ with respect to v.

Definition 5.1 (Class BV R,). For a bump function ¢, we denote by
BV R, the class of all functions

i N Ldy, for x > 0,
g(l’) = [Of) 1 d f <0
= Jiwo) 5 W or x <0,

where v is a signed measure and [0,0) = (.
Theorem 5.2. BV, = BV R,.

Proof. Let g* € BV, with p € M. Then by Theorem 3.3,  admits
the Jordan decomposition = pu* — p~ with

/godu++/<pdu<oo.
R R

For E € B(R), we define finite measures

v (E) = / pdit and v (E) = / odii,
FE E

or dvt = pdpt and dv™ = pdu~. Hence, for E € B(R), we have

1 1
/ﬁ(E)—/ du*—/—sodxﬁ—/—df,
E EY¥ E®¥

and similarly
1

p(E) = /E; v
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Thus

1 1 1
,u(E):/ d,u+—/ du_:/—dVJr—/—dV_:/—dl/
E E B P B P B ¥

and g" € BV R,,.

The converse follows by similar arguments. Let ¢ € BV R, with the
underlying signed measure v with Jordan decomposition v = v+ — v~
We define a set function p = p' — p? such that

1 1
MI(E):/ —dv" and ,u2(E):/ —dv~
E¥ E¥

for all £ € B(R). Then we get
dvt = @dp' and dv™ = o dp?,

and the finiteness of v and v~ imply that

/@dlulé/wdu1+/s@dﬂ2<00-
R R R

Thus p is in M, and g = g* € BV,,. O

Example 5.3. Suppose that ¢ is a continuously differentiable bump
function. Because ¢ € BV, we may choose in Definition 5.1 a signed
measure v such that ¢(z) = v((—oo,z)), in accordance with Remark
2.8. Then by [1, Theorem 7.35] we have dv = ¢/ dx and g = logy €
BV R,, and thus log ¢ € BV, by Theorem 5.2.

6. CONVERGENCE RESULTS

Let X and X be random variables defined on a common probability
space. We define a bump function % that connects the random
variables with their tail behavior. Then, assuming that the rate 3, > 0
in the error

R ~ 1Bp
E|X[k,00)(X) = X[rt,00)(X)| < C(p, X) HX - X

p

is known, we find convergence rates v, for the error

|9(x0) = 9(%)

Tp

)
p

< C(p,q.9, X, X) HX—X
q

for functions g in the class ngox, < associated with the function ng’X .

We can apply the above principle together with results giving the
value of §,. We may use [3, Theorem 2.4] to show that the optimal
power is 3, = p/(p + 1) for random variables X and X such that X
has a bounded density, or take advantage of a setting with additional
information about X and X , such as Gaussianity as in Theorem 1.1,
to obtain better powers 3,.
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Definition 6.1. Take two continuous and strictly positive functions
e :(0,00) = (0,1] and ¢~ : (—o0,0] — (0, 1] with the properties that
T is decreasing and ¢ (0) = 1, ¢~ is increasing and ¢~ (0) = 1,
P(X > K)VP(X > K) < " (K) for K >0
and
P(X < K)VP(X < K) < ¢~ (K) for K <0.
Then we define a bump function X~ : R — (0, 1] by

' HK) if K >0,
@X’X(K) — ()0_( ) '
e (K) it K<O0.

The main result of this section is the following convergence theorem:

Theorem 6.2. Let 1 < p < oo and 3, > 0. Suppose that X and X
are random variables that satisfy

R 18
E[X(k,00) (X) = X500 (X)| < C(p, X) HX - X

p
for all K € R. Suppose that 0 < 6 < 1 and consider the bump function
eNX  If1<qg< oo and g€ BV Ny then

(1-6)8p

o0 =9 < 2Mal? 0 XX - X (6.1)

p

Remark 6.3. Theorem 6.2 is an extension of [3, Theorem 2.4], which
considers the case § = 0 and 3, = p/(p + 1). The intuition given by
plugging 6 = 0 into Equation (6.1) is correct for the class BV;, which is
a subspace of BV by Theorem 3.10. The statement is formally proved
for all functions in BV in [3, Theorem 2.4].

Proof of Theorem 6.2. Let g € BV(pX,X and let p be the set function
associated with g, i.e. ¢ = g*. We use the optimal decomposition
w=pt — p given by Theorem 3.3. Now

)) 000)( )
([0,2)) = 17 ([0, 2))) X(0,00) (

u([0,
(1

= ?{0 . X(0,00) (%) dp™ (2) /[O , X(0 dp(2)
[0

X (z,00) / B <Z>7
,00) [0,00)
and similarly

()X (—o00) () = —p([2,0))X(~00,0/()

= — ( /( o N (z) du*(2) — /( ) (z) dﬂ_(z’)) :

g#(x)X(O,oo) (ZE) =
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Thus we can use these representations to get that

~ ~

9" (X)X (0,00) (X) = ¢" (X)X (0,00) (X)

9" (X)X (200,01 (X) = g™ (X)X (—o0,0)(X)

g"(X) — g"(X)

<
q

q

+

q

q

- H/[O >’X(z’°°)(X> — Xz (X) ] dpi* (2)
+

0,00

q

* /( )‘X<—oo,zl(X)—X<—w7z](X)|du+(Z)
—00,0

q

+ /( 0)‘X<—oo,z1(X)—X<—oo,z](f()!du(Z)

q

For the first term we have

q

< [ e = x| '),
0,00

and similarly for the other three terms. Let us now look for an upper
bound for the L,-norm in the integrand. Denote by (X, X) the error
given in the assumption, i.e.

W(X, X) == C(p, X) HX _x|”

p

and notice that a A b < a' =% for any a,b > 0 and 0 < 6 < 1. Since

E|X(x,00)(X) = X(x00)(X)| = P(X > K, X< K) + P(X < K, X > K)
<2(P(X > K)VP(X > K)),

it follows that, for K > 0 and 0 < 0 < 1,

ElXir00) (X) = Xiseoe) ()] € (X, X) A2 [P(X 2 K) VP(X 2 K)]

< (X, X)) [IP(X > K)VP(X > K)r
< 2% (X, X) 0t (K.
In a similar way we get for K < 0 that
E[X{#,00) (X) = Xi,00) (X)] < 270(X, X) 007 (K,
so we write for K € R,

E| X (r,00)(X) = X0y (X)| < 279 (X, X) 00X (K.
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which in turn im-

This gives an estimate for ‘ Xz,00) (X) = X[2,00) (X)‘ :
q

plies the needed estimate for the function x( ) by writing x(;,.c) =
lim. 0 X[24¢,00) and using the dominated convergence theorem. More-
over, we get the same estimate for the function x(_ . by looking at
the complement of the interval (z,00). Therefore,

9"(X) = ¢"(X)

q

S /[ ) HX(Z,OO)(X) - X(z,oo)(X)
0,00

)
(70070)

/ 28 (X, X) T XX () dlu (2)

|t )

A

X (—00,7] (X> — X(—00,7] (X)

) d(p™ + p7)(2)

a-0)8p o
/ Clp, X X ()% dlul(2)

(1-0)8
0 1-0
<2%C(p, X)'F / XX () dlpl (2 \X XH
R

=210 (p, X)'T |g| kx| ,
(wx,x)q p

which gives the assertion. U

Similar result holds for the jump functions defined in Section 4:

Lemma 6.4. Let 1 < ¢ <00, 0< 60 <1, and A € A _ _ o with
(pXX)a

v e ./\/leX o . Under the assumptions of Theorem 6.2,
(p* )

- (1-6)8p
|20 —an )| < argay e X)X - X
q XX

p

Proof. First, note that the function A” can be written in the form

AY(z) = /{ K2 /{ Ml 8) X (5) ()

Then by arguments similar to those employed in the proof of Theorem
6.2,

HA”(X) - AY(%)

q

q
+/RHX(OO,Z)(X) — X(—s00)(X)
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(1-0)8p
<2.2000.0)F [ @) (e HX XH
R

q+6

q+0 [
<27 Cp,X) " |AY

o
q

X = XH 3
(@X’X) P
0

Now Theorem 6.2, Lemma 6.4, and Minkowski’s inequality imply the
following result for not necessarily left-continuous functions.

Corollary 6.5. Let 1 < g<ooand 0 <0 < 1. If g =c+ gt + A",
where ¢ € R, g* € BV __ o, and AY € A _ _ o, then under the
(% X)a (p*X)a

assumptions of Theorem 6.2,

o) =D < 271" yr g + 18]

x2ys)

(1-0)8p
-C(p, X)) HX — .

P
7. EXTENSION FOR FINE VARIATIONS

The functions in the space BV,, have bounded variation on a com-
pact set. By simple concavity arguments, we show a result similar to
Theorem 6.2 for certain functions that have variation that is small in
amplitude, but so frequent that the function has unbounded variation
on a compact set. We give an example of such a function in Example
7.3.

Let X and X be random variables on the same probability space.
For 0 < r <1, we define the set

BV":={g.f:R—R : g.y=|f]"sgnf, fe BV}
where sgn is the signum function.

Theorem 7.1. Let 1 <p <oo, 3,>0,0<r <1, and g,y € BV".
Suppose that X and X are random variables that satisfy

~ NS
E|X(5.00)(X) = Xx.00) (X)] < C(p, X) Hx -X|

for all K € R, and suppose X has a bounded density fx. If0 < ¢ < oo,
then

ﬁp (rgnl)

~ q
9r.f(X) = grs(X) ,

Proof. For 0 <r <1 and z,y > 0, we have

< 3V ()0, X) |X - X

p

2" =y <z -y,

because the function =", x > 0, is increasing and concave. Similarly
for z,y < 0 we get

[lz[" = [yl < |z = y[".
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If zy < 0, then
|z["sgna — |y|"sgny| < |z|" + |y|” <20z —y|". (7.1)

Thus we see that Equation (7.1) holds for all z,y € R. By the assump-
tion and [3, Proof of Theorem 2.4], if f € BV then

Bp

700 —1®)| <svirow ) [x - X" @2)
Thus,
050 =943 < J21re0 - s Syr|]
= 2|70 - /X ]
= || (rev1)(rgrl)
< e - o))
~ || Bp(rgAl)
< By x) [x - %)
as desired. O

Remark 7.2. If we only know that X and X are random variables such
that X has a bounded density, then the optimal power in Equation
(7.2) is B, =p/(p+ 1) by [3, Theorem 2.4].

FExample 7.3. Let 0 < r < 1 and define a function g : R — R such that

o1/ = E0

for k =1,2,..., and g(0) = 0. Elsewhere on the interval [0, 1] we de-
fine g by linear interpolation, and outside [0, 1] by continuous constant
extension. Then g ¢ BV, because

Vig) > >

but f := |g|"/"sgng € BV, since 1/r > 1 and

:OO’

| =

— 2
k=1

Therefore g,y = g € BV" and the result of Theorem 7.1 holds for g, ¢.

For r = 1 the spaces BV" and BV are equal. By Example 7.3 we see
that BV is not included in BV for 0 < r < 1. However, the converse
is true by the following theorem. Hence BV is a nontrivial subspace of
BV for 0 <r < 1.

Theorem 7.4. Let 0 <r <1. Then BV C BV".
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Proof. The case r = 1 is trivial, so let us consider 0 < r < 1. Take
g € BV such that ¢ > 0. We wish to represent g as g = |f|"sgn f
for some f € BV. The condition g > 0 requires that f > 0, and the
representation simplifies to ¢ = f7. Therefore the function f = ¢/
gives the correct representation. Moreover, f € BV by the mean value
theorem, since

N N .
ZZ:; |g(l'z')1/r — g(l'i—1)1/r| _ ; ; 5;—1|g($i) _ g(xi_1)|

for a partition —oco < zyp < --- < xy < oo and some value ¢ €

[min(g(z), g(zi-1)), max(g(z:), g(zi-1))] C [0,sup,er g(x)]. This im-
plies that

V(f) < ! (supg(ﬂf:))i_1 V(g) < oo.

r zeR
Thus g = f" € BV".

If g has values in the reals, then we write ¢ = ¢g* — g—, where
g7 = max(0,g9) and g~ = max(0,—g) are the positive and negative
parts of g. It it easy to see that both parts are in BV. Now by the
first part of the proof the functions gt and ¢~ are in BV" and have
the representations ¢g* = (fT)" = |fT|"sgn f* with f* € BV and
g = ()" =|f"|"senf~ with f~ € BV. Then also f* — f~ € BV.
For all z € R at least one of gt and ¢~ , and respectively of f* and f~, is
always zero. Thus, due to the pointwise nature of the representation,
we have g = g* — g~ = |[f*["sgn f* + | — f7|"sgn(—f") = [fT —
I sen(f — f7) € BV, .

Remark 7.5. We may also define
BV, ={g,y :R—>R : gy=|f["sgnf, f€ BV},

where ¢ is a bump function. This could be a subject for further inves-
tigation.

8. INTERPOLATION BETWEEN LIPSCHITZ AND BV

Let Lip(]a,b]) be the space of Lipschitz functions on the interval
la,b], a < b, and BV ([a,b]) the space of functions of bounded variation
on [a,b]. Tt is known that

Lemma 8.1.

(i) Lip(|a, b)) is a Banach space with respect to

1l = 111V sup L=
s
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(ii) BV ([a,b]) is a Banach space with respect to

1flsv = (@) + V().

Remark 8.2. If we continuously extend a function g € BV ([a, b]) to be
constant outside the interval [a, b], then the extension is a function in
BV (RR) defined in Definition 2.7, and has the same variation as g.

We also have Lip([a,b]) C BV([a,b]), so that the spaces Lip(|a, b))
and BV([a,b]) form an interpolation couple. We may use the real
interpolation method described in [5] to improve the convergence re-
sults for functions in the interpolation spaces (Lip([a,b]), BV ([a, b]))s.q
equipped with the norm |-[, o Let us first recall the definition.

Definition 8.3. The K-functional related to the spaces Lip([a, b]) and
BV ([a,b]) is

K(g,t; Lip([a, b]), BV ([a, b]))
= inf{lga] 5, 192y = 9 = 91 + 92,91 € Lip([a.b]). g2 € BV ([a, b))},
Then for 0 < <1 and 1 < ¢ < oo, the interpolation space is

(Lip(la, b]), BV ([a,b]))oq = {g € BV ([a,b]) : gl < o0},
where for 1 < ¢ < oo the norm is defined by

ooy = ([ "ot Lin(la ). BV (a))]" )
and for ¢ = oo

ol = supt ="K (9,8 Lip([a.H), BV (a. 1)

Theorem 8.4. Let 1 <p<oo,0< 0 <1andl < q < oo. Suppose

that X and X are random variables with values in [a,b], and that X
has a bounded density fx. Then

o0 = 90| < (347 up 1)) gl
for g € (Lip(la, b]), BV ([a,b]))a,q
Proof. By the Lipschitz property, if g € Lip([a, b]) then
| < x =] 1ol

On the other hand, by [3, Theorem 2.4 (i) with ¢ = p|, if ¢ € BV ([a, b])
then

-6(1-137)

l9(x) —9(x

X - x|

< 3P (sup fy) T gl gy -
P

Jo(x) ()]
We define a linear operator 7' : BV ([a,b]) — L, by

Tg = g(X)— g(X).
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The results above show that T is bounded and thus an admissible
operator. Then by the interpolation theorem [5, Theorem V.1.12] we
get for g € (Lip([a, b)), BV ([a,b]))s,, that

~

la(x) = 9(X)
which gives the assertion. U

Theorem 8.5. Let 0 < a < 1 and g : [0,1] — R, g(x) = 2*. Then
g € (Lip([0,1]), BV([0,1]))1-a,c0-

Proof. We simplify the notation of the K-functional by omitting the
spaces. By definition,

-0
190 Lingo.1),8v (0,110 .. = SUPE K (g,1)

t>0

0 -0+
< (3 sup )7 ) [x =X 1l
p I’

p

for 0 < @ < 1. Then by choosing ¢g» = g € BV ([0, 1]), we have

K(g,t) <tlglpy

so that

sup K (g,t) < gl gy sup 7% < o0
0<t<1 0<t<1

for all 0 < 6 < 1. Therefore to conclude that g is in the interpolation
space (Lip([0,1]), BV([0,1]))1-a.00, we need to show that

supt~ YK (g,t) < oo.

t>1

Let zy € (0,1]. We can write g = g1 + go, where
(z) 0, 0<z <
gi\r) =
g(z) — g(x0), o<z <1

and
), 0<x<zx
92(1:): g( ) 0
g(xg), wo<ax <1l

Obviously g; € Lip([0,1]) and go € BV(]0, 1]). Now

:L’ J—
g1l + tlgolay = lonlv sup D) —91w)
z,y;[o,u |I — y|
TFY

= (1—2Vazrd ' +tz2.
0 0 0

There exists m,, € (0, 1) such that ax§ ™" > (1—x§) for all 7y € (0, m,).
In particular, for ¢ > 1 we can choose xg = m,/t € (0,m,), so that

+1(g2(0) + V(g2))

lg1l sy + 2l gy = aaf™ +taf = a5 (o + tag)
= (ma/t)afl(oz + M),

This implies
tl —Q

O+ Mgy
K(g,t) < —=
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for t > 1, and thus

+ Maq
sup =001 (g, 1) < 25
t>1 my @

< Q.

Theorem 8.6. Let 1 < p < oo. The convergence rate 1 — 6 (1 — ﬁ)

in Theorem 8.4 is optimal, i.e., if
Ja(x) = 9(%)
for all random wvariables, parameter values, and functions g considered

in Theorem 8.4, thenr < 1—0 <1 — ﬁ)

T

< Clp. X, 0,,0) [ - X
p

p

Proof. Suppose that @ = [0,1], P is the Lebesgue measure on [0, 1],
and 0 < v < 1. We choose the random variables X (z) = = and

S 0, =<7,
X<x):{x T >y

for x € ). Note that X has a bounded density. We know that
g(x) = x% is in the interpolation space (Lip([0,1]), BV ([0,1]))1-a.c0
by Theorem 8.5. Now we have

X )? p ¥ op d ,Yap+l
— = P dx =
o0 - o) = | T
and
~||P Y ,prrl
HX - X|| = / 2P dx = )
p 0 P + 1

This shows that the exponent of v on the left-hand side of Theorem
8.4 is (ap+1)/p, whereas on the right-hand side it is, since § = 1 —

()

Since the exponents coincide, the rate is optimal. O

Remark 8.7. Theorems 8.4 and 8.6 also imply that the parameter 1 —«
in Theorem 8.5 is optimal, i.e. it cannot be decreased.

9. POLYNOMIAL VARIATION AND BV,

We show that if the random variables X and X are in L, for all
1 < p < o0, then the function @X’X can be chosen in such a way that
it does not depend on X, and it decays faster than any polynomial, i.e.
ch’X(x) =o(z77) for all 1 < g < oo. If ¢ satisfies this property, then
we show that BV, contains all functions with polynomial variation.
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Lemma 9.1. Suppose that X and X are random variables such that
X € (Npepioo) Lvs and suppose there ezists C = (Cy)pefi,0) € (0,00)

such that HX - XH < C, for all p € [1,00). Then we can choose the
p

function XX such that XX = X, where the function ©Z is a bump
¥ ¥ Y Y
function that decays faster than any polynomial.

Proof. The triangle inequality gives that X € L, and
|*

< x4
p

ST IXT < G+,
Thus by Chebychev’s inequality we have for all A > 0 that
E|X|P
P(x| > ) < 2

and

EIXP _ G+ 1X1,)
AP T AP '
So we have a polynomial tail estimate for X and X that depends only

on the constants C), of the L,-estimates, not directly on X. This implies
that

P(|X] > \) <

p
P(X] 2 ) VP2 3 < ing Y2
peN AP

for A > 0. For A < 0, we define X (\) := p&(|A]) and »&(0) = 1.
The function ¢ is continuous, because Cp, V p + [ X|, — oo as p —
oo. Indeed, let 2y € R. Then on the interval [—|zo| — 1,|zo| + 1],
only finitely many functions in the infimum contribute, i.e. are less
than one. They are all continuous in A, and the infimum over a finite
number of continuous functions is continuous, in particular at xy. By
similar reasoning we see that g is strictly positive. It also satisfies the
monotonicity properties of a bump function, and by definition decays
faster than any polynomial. O

A =:p5(N)

Definition 9.2. For yu € M, define
J(p) ={z € R | p({z}) # 0}

Moreover, we denote the continuous part of u by pe. = pyr\7(u)) and
the jump part of p by py = 7).

Remark 9.3. If ¢ is a bump function and p € M, Definition 9.2 gives
a decomposition of any g* € BV, into a continuous part g"c and a
jump part g7, and the set J(u) is countable.

Theorem 9.4. Suppose that i € M, and ¢ is a bump function that de-
cays faster than any polynomial. Then g* € BV, if there exist constants
$,C > 0 such that d|p.| < C(1+ |z[*) dx and 3, 5, o(@)|p({z})] <
00.
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Proof. Since ¢ decays faster than any polynomial, we have
p(a) < Cla| "2 AL

and

lol, = | edinl = [ pdpc+
< [ e+ + [ ellua) i)

< CC’/]R(\ZI(8”)/\1)(1+\Z|8)d2+ Y e@lu{z})] < oo.

z€J (1)
This implies that g € BV,,. U

Example 9.5. Suppose g € C', g(0) = 0, and the derivative satisfies
ld'(x)| < C(1+ |z|*) for some s > 0. By the fundamental theorem of
calculus we can write g = gt<, where du.(z) = ¢'(z) dz. If ¢ is a bump
function that decays faster than any polynomial, then Theorem 9.4
implies that g € BV,,. Moreover, we can add jumps to function g by
defining another signed measure f1 = pi.+ 17, where p; = 3% ;014,},
with o;,2z; € R and z; # z; for ¢ # j, satisfies the assumption of
Theorem 9.4.

Example 9.6. For any s > 1, the function

9(@) =Y kX (@)
k=0

is in BV, where ¢ is a bump function that decays faster than any
polynomial. Namely, if we define

then we see that g = ¢*, J(u) = N, and

S e@lpap)] < 3 Chk Ik — (k= 1)) < .

weJ(p)

10. STOCHASTIC DIFFERENTIAL EQUATIONS

We recall the setting of [3], i.e. we fix a terminal time 7" > 0 and
suppose that (W;)¢cjo,r) is a standard one-dimensional Brownian motion
defined on a complete filtered probability space (2, F,P, (Fi)icpo1),
where the filtration is the augmentation of the natural filtration of W
and F = Fr. We consider a diffusion process X, which is a solution to

{ dX, = o(t, X,) dW, + b(t, X,) dt,

10.1
X, — o (10.1)
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with zy € R and continuous coefficients o,b : [0,7] x R — R. We
assume that for f € {o,b} there exist constants Cr and a > 3 such
that

(1) [f(t,2) = f(t,y)| < Crlz —yl,
(i) [f(t,2) = f(s,2)] < Cr(1 + [x])]t = s|*.
Assumptions (i) and (ii) imply the existence of a unique adapted strong
solution X of the SDE (10.1), see e.g. [14]. Moreover, we assume that
(iii) X7 has a bounded density.

Remark 10.1. There are known sufficient conditions for the assumption
(iii), e.g. uniform ellipticity of the SDE. See [3, Remark 4.1] for details.

Now we can formulate a Corollary corresponding to [3, Corollary 4.2]
for the function class defined in Section 3.

Corollary 10.2. Suppose that X is the solution of (10.1), and Xt has
a bounded density. Let v > 0, and let XT be an approrimation of Xrp
such that, for all 1 < p < 0o, there exist constants C, > 0 with

| X7 — X7, < Cplm|".

Then for any 1 < g < 0o and 0 < € < v, we have for § = Qf_a, go)C(T
according to Lemma 9.1, and g € BV< XT)e/q, that
Pc

7r 1-£ —€
lg(X7) = g(XP)3 < 3 (Crjosup fxr) Mgl | o lm"

(ec?)"

Proof. By [2, Lemma A.2] we have that Xt € ()¢, o) Ly, 50 by Lemma

9.1 we can choose XTXT = ng , where " is a bump function with
decay faster than any polynomial. By [3, Lemma 3.4] we have

[ X000 (X7) = Xiseoo) (XF) [, < 3(sup fxy )77 | X — X7l
so by Theorem 6.2, for any p € [1,00) and 6 € (0, 1),

lg(X7) — g(XP)I3
p(1-6)

< 231 sup f,) 5T ||9||q 1y o [Xr = X[,

( p(1-6) 9) (1-6)
< 3(sup fxy) P 91 ;0 G ] o
)a

(ec

X

Let 0 < & < ~. Choose p = ?7 — 1 and let # = 1/p. Note that p > 1
since € < 7. Then

p1—0) p—-1 _ €

p+1  pH+1 v
and thus for all g € BV, e/,

(vc7)

lg(Xz) — g(XPIE <3 (Crjpsup frep)' ||9||((1 8 o 7"

Yo
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g

Remark 10.3. As the bump function goé(T decays faster than any poly-
nomial, Theorem 9.4 implies that Corollary 10.2 is valid for functions
with polynomial variation.

Remark 10.4. In Corollary 10.2 the function ¢X7*7 depends on the
distribution of X7 and is replaced by the uniform bound w)c(T. However,
when considering the convergence rate we are looking at partitions with
small mesh size. If approximating random variables X7 corresponding
to partitions with large mesh size had heavy tailed distributions, the
use of the uniform bound could unnecessarily narrow down the class of
functions. Therefore in such a case it would be better to take a more
delicate approach and study the result

T 1-= —€
lg(X7) — g(XD)IG < 3 (Crjosup fx,) 7 gl o [T

(1)
11. EULER SCHEME

In the case of the Euler scheme we use specific moment estimates to
improve the result of Lemma 9.1 for the decay of the function ngT’X%E .
We now bound it from above by explicit bump functions that do not
depend on XE. Before showing this in the main result of this sec-
tion, Theorem 11.4, let us recall the definition and a classical moment
inequality.

Definition 11.1 (Euler scheme). Let X¥ be the Euler scheme relative
to m, ie. XF =, and fori=0,...,n—1,

XP = XT 40, XP) Wiy, — W) 4 b(ti, XP) (tigr — ).

tit1
Given the values at the partition points, we also define the Euler scheme
in continuous time by setting

XP =X+ o(te, XD Wy = Wi,) + b(ty, X7)(t — ty)
for ¢t € (tk,tk+1).

i+1

Lemma 11.2. If the assumptions (i) and (ii) in Section 10 hold, and
1 <p < oo, then there exists M(xo,T,Cp, ) > 0 such that

sup [XP|| <M
t<T p

and

sup | X, — XE|| < eMp |7r\% :
t<T

p

Proof. The result is proved in [7, pp. 275-276] without writing ex-
plicitly the dependence of the upper bound on p. We get the explicit
constant using the proof of [2, Theorem A.1] and [2, Lemma A.2], and
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the optimal constant in the Burkholder-Davis—Gundy inequality given
in [4]. O

Remark 11.3. In [3] we used a moment estimate similar to Lemma
11.2, but with the constant eM?’. As kindly remarked by Andreas
Neuenkirch, we can drop the square in the constant by using the results
in [4]. Consequently, the power of the logarithm in the convergence rate
given in [3, Theorem 5.4] can be slightly improved.

E .
X1 X7 in a way that

Theorem 11.4. We may choose the function ¢
@XTXE < OXT where T is a function such that
(i) if the functions o and b are bounded, i.e. |o|,|b] < Mg, we have
for zog = |xo| + MpT that

_ (zl=20)?

eXr()={¢ MET g 2| > 20,
if |z| < zo.
(i) if the functions o and b are Lipschitz, then for zy = * we

have

7 (2) = AT 2] > 5

where M = M(xy, T, Cr, ) > 0.
Proof. (1) We consider the Euler approximation with n time nodes in

the integral form

t n—1

X = $0+/ Za(tkyX;f)X(tkmﬂ(S)dWS
0 k=0
t n—1

+ / > bt X)X ttnsa)(s) ds, £ €[0,T] as.
0 k=0

Following the techniques used in [13] and [15], let us denote

L, = o (b, Xi)X(tk,tHﬂ(u)'
k=0

Then by the boundedness of ¢ and the Novikov condition,
M, = o Ji L AW, —22 [P L2 du

is a martingale for any o > 0, and EM; = 1. Thus by Chebychev’s
inequality we have for A > 1 that
P (eafoTLudW“_aTQ I A) <

1
A
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Taking logarithms shows that

T 042 T
]P(a/ Luqu——/ LiduZA) <e?
0 2 0

for A > 0. Since

T
/ L2 du < M3T,
0

T 2
A aM2T
]P(/ Lydw, > 2 + 25 )ﬁe"\,
0 o 2

which we can reparametrize as

T 2,2
P (/ Lo dW, > )\) <A a
0

when A\ > aMAT /2. Now we may choose o = \/(MAT) to get

T 22
]P(/ Luqu2A> < e MBT
0

for A > 0. A similar proof with Zu = —L,, shows that

T a2
IP(/ Luqug)\> < e 2MBT
0

for A < 0. Therefore, for A > x¢o + MgT,

we get

T
P(X7>)\) < P(x0+/ Luqu+MBT2)\>
0

_ (A—(zp+MpT))?
< e 2]%%T

and for A < xg — MpgT,

Y

T
P (X7 <A) < ]P(xo—l—/ Luqu—MBTg/\)
0

_ (A=(zg-MpT)?
< e 2M%T

Obviously a similar proof works for the random variable X7 instead of
XE so we get an upper bound for ngT’Xg . Moreover, we choose the
upper bound to be one on the interval [xqg — MT, zo + MpT| to get
that

_ (z=(zg+MpT))?

2 .
e 2MpT if z > To + MBT,
Xp _ (z—(wg—MpT))?
pp'(2) = ~EEERS
5 (2) e 2MET if z <xg— MgT,
1 elsewhere.

By extending the set where @37 (2) = 1 to |2| < |zo| + MpT =: 2 and
making the corresponding shift in the function gives the assertion.
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(i) If o and b are Lipschitz, then we know from Lemma 11.2 that
| X7, < ™.

where the constant M > 0 depends on zq, T, Cr, and a. Now by
Chebychev’s inequality we have for A > 0 that

2

Ep Mp
P(xf|2 0 < Dl < O
Choose 3Mp = log X for A > \g = 3. This gives
_ log A
p= M
and thus for A > \y we get
e5plog A , N
P(XE| = 3) = S = xh =y

Again the same proof works for the term P(|X7| > A) because of [2,
Lemma A.2]. Thus we get an upper bound

—garloglzl  if

Xz 2|~ our if |2[ > 2,
Z) =

# (2) {1 if |2 < 2o,

where for zp = e*. To get a bump function, we again adjust the
function to be continuous by making a shift in the exponent. U

Ezxample 11.5. Let ¢ > 0,0 <0 <1, 0 < g < oo, and suppose that the
functions o and b are bounded. Then Theorem 11.4 implies that the

functions
o

gi(x) = e N ()
k=0
and
go(a) = e —1

are in BV o for any 0 < v < 2. Indeed, g; can be represented

(¢2")

using the measure
= 8oy + ) (e — et g,
k=1

which satisfies g = g"* and

00 _ (k—zp)%0
g ||( Xy <D e e AL <o
©

2 k=0

Since gs is not differentiable at zero, define g(z) := g5(x) if x # 0 and
g(0) := 0. By choosing a signed measure du(z) = §(z) dz, we see that
the representation g» = ¢* holds, and

1 eyt = | @)l a:

E
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(Izl=20)%0
- 2 _
= / (e T /\1) el evy| 2zt dz < oo,
R

because the singularity at zero for 0 < v < 1 is not too strong.

Theorem 11.6. Suppose that the coefficients o and b of the SDE (10.1)
are bounded, and Xp has a bounded density. Let g : R — R be a
function with a representation g = g, where up € M such that there
exists s € {0,1,2,...} with

el < [ plalafas
R R

for all bump functions @. Then for any 1 < q < oo there exists m €
(0,1) such that

2+ M

1. oM
HQ(XT) - Q(Xf)HZ < 3(sup fx, V1)|w|? (loelx?/3
for |r| <m and M > 0 taken from Lemma 11.2.

Proof. By Corollary 10.2, Lemma 11.2, and Lemma 3.11, for 0 < € <
1/2=7,C, = eMr® and g € BV xp\e/a, 1t holds that
YE

(v2")

1_e\2 1-2¢ 1.
lo(xXr) = g(xE) 2 <3 (MO sup fy ) Mgl o Il
q (wET)q(l B)

M q 1,
<3 (eFsup fro, V1) gl 7T

(#=")

(11.1)

since 75— > < implies (gpgT)q“‘f) < ((pgT)E. Now we choose

e = (—logla|)™"?
for || < e7®. Then
e — M(-Togln)** _ (= loglm)M(~loglx) ™/ _ | 11" gl
and obviously
M M
eZ sup fx, V1 <e(sup fx, V1).
Hence
Ba 1 1+M
lg(Xz) = g(XP)|5 < B(sup fr, VD) gl” o fw]? e
(QDET> a(— log|w)1/3
1 S
Let us write ¢/l := (@)E(T>Q(_1°g|”‘)l/3 = (gogT)q for convenience. By

Lemma 11.7 we have

lgl =1 < Ce™" = C(—log |e|)/?
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for r = (1+s)/2 and C = C(zy,s, Mp,T,q), with Mp from Theorem
11.4 (i), and thus g € BV for any mesh size |r| < e™®. Moreover,
for any 1 < ¢ < oo there exists m = m(xg, s, Mg, T, q) > 0 such that

—L - Gy loglml
||9||Za\7r| || Cleaimp® < 1 o8O S 7
< (9% log(~ loglr])— (~ loglr[)2/3
< 1
for |w| < m, and we get
1 14M 1 1 24 M
|? (mreelrnl/3 <L 7| CloglnDZ | |2 " (= loglx)1/3
1 24M
< m|? (reslnnt/®
for |m| < m, which proves the statement. 0

Lemma 11.7. Suppose that g is a function satisfying the assumption
of Theorem 11.6. Then g € BV s forany 0 <e <1 andq > 0,

(wa(T) q
= < (Ce™"

ol 05 <
E

forr=(14+s)/2 and a constant C' = C(xq, s, Mg, T,q) > 0.

and

Proof. By assumption the function g can be written using a measure
1 € M such that

ol ryi = [ 02 il < [ (o) @t e

where s € {0,1,2,...}, and by symmetry it is sufficient to integrate
over the positive reals. Now by Theorem 11.4 (i) we get

o0 . 20 0o (z—zg)%e
o 2
/ (apgT) “(x)x®dx = / x¥dr + / e *MBTe g dx,
0 0 20

where the integral from 0 to 2 is finite. If s > 1, then for the other
integral we get

2

oo} _(1—20)25 oo a;g
2
/ e MpTa xsdx:/ e 2Mp BT (x 4 20)° dx
0

25 1/ 2M2Tq l‘ +ZO) dx

12 o 00 g2
2

T oMm2 BTd S d:E—f- 0 e 2MpTq dl‘)

62 0

s

S 0(207 S, MB; T7 Q)gi 1; .
The case s = 0 is similar. Thus we have

lgl <WXT)% < Ce™’
E
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for r = (14s)/2 and C' = C(xo, s, M, T, q), as zy = zo(vo, Mp,T). [

12. APPLICATION TO THE MULTILEVEL MONTE CARLO METHOD

We can directly apply the results of this paper to extend the results
of [3, Section 6] concerning the multilevel Monte Carlo method of Giles
[12], with the Euler scheme as the underlying discretization. Take
M > 2 and L > 0, and consider timesteps h; = T/Ml with 0 <[ < L.
We denote by X2 the Euler scheme related to the partition of the
interval [0, T'| using the timestep h;. Then we write the telescoping sum

L
yhi—q
Eg(X7") = Bg(X7") + Y " Elg(X7™) — g(X7 ")),
=1

We estimate Eg(X2 ") with

> 1 Ehoy,;
Yo=-Y g(xEh
E E,h;_1 .
and each of the summands E[g(X;™) — ¢(X;'™")] with
1 &

= 3 Lo 0) — g (X7 ()

=1

=0

where for each i we use the simulated Brownian motion path with
step size h; to compute the path with step size h;_; by summing up
the additional increments of the finer partition. By construction, the
estimators }Aﬁ are independent. Then we approximate Eg(Xr) by the
combined estimator

L

ey
1=0

The complexity of the multilevel method is given in [12, Theorem 3.1]
in terms of two parameters, a weak convergence parameter «, and a
variance parameter 3. The latter can be deduced from our strong con-
vergence results. Let us choose T = 1 for simplicity. As an immediate
consequence of Corollary 10.2 for ¢ = 2 and Theorem 11.4 we get the
following;:

=

Corollary 12.1. Let 0 < ¢ < 1/2. Then for 6 = /(1 — ¢) and
g e BV( XT>9/2, the variance parameter 3 in [12, Theorem 3.1] satisfies
YE

B=1/2—c¢.

In the setting of Theorem 11.6, we show that the variance property
(iii’) in [3, Section 6] is again satisfied, and thus the result [3, Theo-
rem 6.1] extends from functions of bounded variation to functions of
polynomial variation.



ON GENERALIZED BV AND APPROXIMATION OF SDES 33

Corollary 12.2. Suppose g is a function satisfying the assumption of
Theorem 11.6. Then the variance of the multilevel estimator Y, satisfies

l
Var(Y)) < eN, M2 T sV
forl=0,1,2,..., where c, A, B > 0 are constants independent of [.

For the convenience of the reader, we recall the proof of [3, Theorem
6.1] with minor modifications caused by the extension.

Proof of Corollary 12.2. Let 1 < p < oo and T" = 1. By Theorem
11.6, there exists a constant m = m(xg, g, Mg, T, p) € (0,1), where the
parameter Mp is from Theorem 11.4 (i), such that

Co(xq,T,Cp,a)

lg(Xr) — g(X7) Hp<C’1XT)|7r|2 E=CTINE

for |r| < m. On the other hand, Corollary 10.2 applied for the Euler
scheme implies that, for any 0 < § < 1/2,

1
lo(Xr) — g(XE)| < Colp. T, X, g,0) 3~
for all mesh sizes || > 0. Note that the assumption g € BV( XT)G/q
YE

in Corollary 10.2, with 8 = §/(1 — 0), is satisfied by Lemma 11.7. We
choose

CQ(SL’O, T, CT, Oé)

(—logm)!/?
As || < m implies —log |7| > —logm =: my, this implies that for all
mesh sizes |7| > 0,

6:

Co (29, T,Cp,)

1__©2lwo, &)
Hg(XT) - g(XTL'?)Hz S C5<p7 T7 X7 g, Zo, CTJ «, MB) |7T|2 (7log|ﬂvm0)l/3 .

By definition, || = h; = M~'. We plug this into the above estimate
and get

Co(xg,T,Cp,)

o) - gXB) < Gy T —p). (2

Let us now assume that V(Y}) = Nl_lVl, where V] is the variance of a
single sample. Then by Minkowski’s inequality, for [ > 1,

Vi = V(B -P) _(\/VB )+\/V(1311—P)>2,

where both of the variance terms on the right hand side can be bounded
from above by ¢(l). First,

V(B — P) < E(P - P)? < v(0),

where we apply the result (12.1) for p = 2. Similarly, V(P_; — P) <
(I — 1), but here we would like to have (1) instead of ¢)(I — 1). Now

Ca

Wl—1) = Cs(MH)? @Dt 73
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1_ C 1_ C2
— C5(Mfl)2 ((1=1)log Mvm)Y/3 |2 ((1-1)log Mvmg)1/3

Ca

1_
S O5(M_l>2 ((llogM*logM)\/'mQ)l/3 . M

Co
- 1/3
(lloglwvm ) /

< 06<p7T7X797x07CT7a7MBﬂM>(M7l) B )
where the last inequality follows from the fact that for [ > 2,

log M
llogM—logMZlOg2 ,

D=

and for | = 1 we can increase the constant Cg if (log M)/2 > my,
and otherwise we could use mg in the estimate. Collecting the above

results, we get that

Ca
log M 1/3
15 vm )

1_
‘/2S07(p7T7X7g7x07CT705aMBaM)(M_Z) (l

Note that by adjusting the constant C;, the term V; := V(ﬁo) also
satisfies the above estimate. Indeed, we have

V(Ry) < EP? = BEg(XE)? = Bg(xg + (0, 20)Wr + b(0, 20)T)>.
Thus it suffices to show that Eg(c; + caW;)? < oo for ¢1, cs € R. Now,

1 22
Eg(c; + 62W1)2 = E/ g(c1 + CQ:B)Qe_T dx
R

_(@—cp)?

1 9 3
— €T e 2 dl’
. TW/RQ( )

2 2 2

1 7(937621) 7(17621)

= g(x)e 52 e %z dx.
CoV 2T JRr

_(510—61)2
/ du(z) e o3
[0,2)

7(17c21)2
< [ o aue)
[071)

For x > 0 we get

_(@—cp)?
2
602 J—

g(z)e

_(w—cp)?
The function e < can be bounded from above by a bump function

®(z) that has exponential decay, and

_(m—cp)? 5
e 63 d z d(x)d z
/M Hlz) < /[) (2) dJu(2)
< d(2)d z
_/M (=) dlul(2)
< d(2)d 2).
_/[O’OO) (=) dlul(2)
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The proof for x < 0 is similar. Therefore, by assumption we have for
some s € {0,1,2,...} that

_(e—cp)?

g)e | < /R B(2) dljil(z) < /R B(2)|2) dz < oo,

which immediately implies that Eg(c; + coW;)? < oo.
Returning to our variance estimate, we have

[18]

Ca

1
27 1/3
(llogzlw Vmo) /

V(Y) = N7W < N7 (MY

adjust the constants to get the statement. U
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