DIMENSION AND MEASURES ON SUB-SELF-AFFINE SETS
ANTTI KAENMAKI AND MARKKU VILPPOLAINEN

ABSTRACT. We show that in a typical sub-self-affine set, the Hausdorff and
the Minkowski dimensions coincide and equal to the zero of an appropriate
topological pressure. This gives a partial positive answer to the question of
Falconer. We also study the properties of the topological pressure and the
existence and the uniqueness of natural measures supported on a sub-self-affine
set.

1. INTRODUCTION

An iterated function system (IFS) on R? is a finite collection of strictly con-
tractive mappings fi,..., f.: R? — R?% For such a system there exists a unique
nonempty compact set £ C R? satisfying

EIUME, (1.1)

see Hutchinson [16]. When the mappings are similitudes, the set E satisfying (1.1)
is called self-similar, and if they are affine, then E is called self-affine. There are
many works focusing on calculating the dimension and measures of these sets, see
for example [16, 20, 7, 8, 15, 11, 2, 19].

Falconer [9] introduced a generalization of self-similar sets by relaxing equality
in (1.1) to inclusion. He termed a compact set satisfying such an inclusion sub-self-
similar. The same generalization can of course be done with self-affine sets. If the
mappings fi, ..., f. are affine, then any nonempty compact set £ C R? satisfying

ECUM@

is called sub-self-affine. These sets include many interesting examples, such as
sub-self-similar sets, graph directed self-affine sets, unions of self-affine sets, and
topological boundaries of self-affine sets. The reader is referred to [9, §2] for a
more comprehensive list of examples.
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For sub-self-similar sets satisfying a sufficient separation condition, the so-called
open set condition, Falconer [9] proved that the Hausdorff and the Minkowski
dimensions coincide and equal to the zero of an appropriate topological pressure.
We show in Theorem 5.2 that the same result is true for typical sub-self-affine sets.
This gives a partial positive answer to the question of Falconer [9]. The proof of
Theorem 5.2 is based on the existence of an equilibrium measure. The existence of
such measures on a self-affine set was proved by Kéenméki [18]. To our knowledge,
it is the first proof for the existence of an equilibrium measure that is not based
on the existence of the Gibbs-type measure. Cao, Feng, and Huang [5] have later
studied the variational principle in a more general setting. The uniqueness of
the equilibrium measure was implicitly asked in [18]. In Example 6.2, we answer
this question in negative. Sufficient conditions for the uniqueness can be found in
Lemma 3.5 and Theorem 3.6.

We also study the behavior of the topological pressure. It follows that there
are at most countably many points where the pressure is not differentiable. A
sufficient condition for the existence of the derivative is given in Theorem 4.4.

2. SETTING AND PRELIMINARIES

Throughout the article, we use the following notation: Let 0 < @ < 1 and I be
a finite set with cardinality & := #I > 2. Put I* = |J7_, I" and [~ = [". For
each i € I* there is n € N such that i = (i1,...,i,) € I". We call this n as
the length of i and we denote |i|] = n. The length of elements in I*° is infinity.
Moreover, if i € I* and j € I*UI* then with the notation ij we mean the element
obtained by juxtaposing the terms of i and j. For i € I* and K C I*°, we define
[i; K] = {ij : j € K} and we call the set [i] := [1; /] a cylinder set of level |i].
If jeI*UulI® and 1 <n < |j|, we define j|, to be the unique element i € I"™ for
which j € [i]. If j € I" and n > |j| then j|,, = j. We also denote i~ = i|j;_;.
We say that elements i, j € I* are incomparable if [1] N [j] = 0.

Defining

_ . amin{k—l:ilk?fjlk}’ i3

i-3=9, T

’ 1= J
whenever i,j € I°°, the couple (I*°,]-]|) is a compact metric space. We call
(I°°,]-1]) a symbol space and an element i = (iy,is,...) € I*® a symbol. If there is

no danger of misunderstanding, let us also call an element i € I* a symbol. Define
the left shift o by setting

U(il,ig,...) = (ig,ig,...). (21)
It is easy to see that as a mapping o: I*° — I* is continuous. With the notation
o(i,...,i,), we mean the symbol (iy,...,i,) € I""!. Observe that to be precise

in our definitions, we need to work with “empty symbols”, that is, symbols with
zero length. However, this is left to the reader.
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The singular values [|A| = a1(A) > -+ > a4(A) > 0 of an invertible matrix
A € R are the square roots of the eigenvalues of the positive definite matrix
A*A, where A* is the transpose of A. Given such a matrix A, we define the singular
value function to be

P(A) = ai(A) - ag(A)ar (A)
where 0 < t < d and | = [t] is the integer part of . When ¢t > d, we set
@A) = | det(A)[/¢ for completeness.
For each i € I, fix an invertible matrix A; € R¥? such that ||A;|| < @. Clearly

the products A; = A;, - - - A;, are also invertible for all i € I" and n € N. Denoting
o = minger aq(A;) > 0, it follows that

P! (Ar)a < " 0(Ay) < @ (Ay)a (2.2)
for all £, > 0 and i € I*. According to [27, Corollary V.1.1] and [7, Lemma 2.1],
we have
¢! (Asy) < ©'(A)g'(4)) (2.3)
forallt >0and i,j e I".
For K C I*® we denote K,, = {i|, € [" :1 € K}. If 0(K) C K, then it follows
that
ije Kpyym = 1€ K, and j € K, (2.4)
for all i € I™ and j € I"™. The converse does not necessarily hold: choose
I ={0,1} and define K = {(0,0,...),(1,1,...)} C I* for a trivial counterexample.
We also set K, = |J,— | K,,. Now (2.3) together with (2.4) imply that

D PA) < DY WAL (Am)

iEKn+m ieKner
< Z P (As)p'(A;) = Z ' (As) Z ¥'(A;)
ek i€Kn j€Km

whenever t > 0 and n,m € N. This observation allows us to give the following
definition. Given aset K C I with o(K) C K and t > 0, we define the topological
pressure to be
P (t) = lim +log Z o'(Ay).
e icK,

The limit above exists by the standard theory of subadditive sequences. Further-
more, it holds that Py (t) = infney +log > o p ¢'(A;). To simplify the notation,
we denote P(t) = Pr(t).

Lemma 2.1. Suppose for each i € I there is an invertible matriz A; € R4, [f
K C I is a nonempty set with o(K) C K, then the function Pk : [0,00) — R is
continuous, strictly decreasing with lim;_, ., Pk (t) = —00, and convex on connected
components of [0,00) \ {1,...,d}. Furthermore, there exists a unique t > 0 for
which Pk (t) = 0.



4 ANTTI KAENMAKI AND MARKKU VILPPOLAINEN

Proof. Denoting o = minges ag(A4;) > 0 and @ = max;e; a1(A4;), (2.2) implies
0 < —dloga < Pg(t) — Px(t+9) < —dloga

for all t,0 > 0. It follows that Pk is continuous and strictly decreasing with
lim; .., Px(t) = —oo. Furthermore, since Pk (0) = limn_,ooilog #K, > 0, also
the last claim is immediate.

To prove the claimed convexity, take v € (0,1) and 0 < t; < t5 < d. Denoting
Iy = |t1], lo = [t2], and | = |vt; + (1 — )tz ], we have for each i € K,

a1 (A)" e (As) - - aa(As)

L) e e . N tl_l = 2 3
ap(A;) - oq(As) a1 (Az) @ (A;) e (A; )0

and

A.)tz—l
Ai e Ai Ai to—l _  t2 Ai aH—l( i '
o (As) oAy (Ay) @ ( )oq+1(z41) oo, (A ag, 1 (At

Hence
(pfyt1+(1—“/)t2 (A;) = (a1(Ai) o ag(Ag)ag (As)
(a1 (Ay) -~ eu(As) g (As)
A\ o (A)
< t1 Ai M ( t2 Ai H—l) :
= (@ ( )al_l_l(Ai)l—tl v )a12+1(z41)t2_l

The convexity on connected components of [0,d] \ {1,...,d} is now an immediate
consequence of Hoélder’s inequality. Indeed, choosing 0 < t; < ty < d such that
|t1] = [t2], we obtain from (2.5) that for each n € N

Yo IR < (Z Sotl(Ai))PY(Z @tz(Ai))l_w.

ieKn ieKn ieKn

tl—l)'Y
tg—l)l_'y

(2.5)

Notice that the convexity on [d, c0) follows by a similar reasoning. The proof is
complete. 0

Remark 2.2. Observe that (2.5) implies
P (yt1 4 (1 = y)t2) < vPg(t1) + (1 — )Pk (t2) + dlog(@/a)

whenever 0 < #; <ty < d and v € (0,1). It follows from [6, §2] that there exists
a convex function Py : [0,00) — R such that |Px(t) — Pk (t)] < log(a/a) for all
0<t<d.

Suppose for each i € I there is an invertible matrix A; € R4 with || 4;|| <@ <
1. For a = (a1, ...,a.) € R¥* where a; € R? is a translation vector and k = #1I,
we define a projection mapping m,: I — R? by setting

(o)
ﬂ-a(i) = Z Ai‘n—lain
n=1
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as i = (iy,19,...). The mapping 7, is clearly continuous. The collection of con-
tractive affine mappings {A; + a;}ics is called an affine iterated function system
(affine IFS).

If K C I* is a nonempty compact set with o(K) C K, then we define Ex =
7o(K) and call this set sub-self-affine. We also denote F = Ej~ and call this set
self-affine. It follows that the compact set Ex satisfies

Ex | J(Ai + a))(Ex). (2.6)

el

This is an immediate consequence of the fact that
Wa(ii) = (AZ + ai) Z Ai|n71&in = (AZ + ai)ﬂ'a(i)
n=1

whenever i € K and i € K. The converse is also true. Namely, if E’ is a compact
set satisfying (2.6), then for the compact set K = (7 {i € I : 0™(i) € 7, ' (E')}
we clearly have o(K) C K and 7,(K) C E’. To see that E' C m,(K), pick zp € E’
and use (2.6) repeatedly to discover a symbol i = (iq,1s,...) € I*° such that for
each n € N there exists z,, € E' so that

w0 = (Aiy +ay) - (A, +ai,)(Tn) = A, 20 + Ayp, 04, + -+ @,

Since |A;),x,| — 0 as n — oo, we have zy = 7,(i). That i € K follows from the
fact that m,(0"(1)) = @, for all n € N. See also [9, Proposition 2.1] and [1, §3].

Since the self-affine set E satisfies (2.6) with an equality, it is also called an
invariant set of the affine IFS {A; + a;}icr. It follows from [16, §3.1] that E is
the only nonempty compact set satisfying such an equality. If there is no danger
of misunderstanding, the image of a cylinder set F; = m,([i]) will also be called a
cylinder set.

Recalling Lemma 2.1, we define the singularity dimension to be the unique ¢t > 0
for which Pk(t) = 0. See also [7, Proposition 4.1], [9, Proposition 3.2], and [19,
§2]. Inspecting the proof of [7, Theorem 5.4], we see that the singularity dimension
serves as an upper bound for the upper Minkowski dimension of E.

3. EQUILIBRIUM MEASURES

Denote with M(I°°) the collection of all Borel probability measures on [°°.
We set M, (1) = {p € M(I*®) : u is o-invariant}, where the o-invariance of u
means that p([i]) = p(o7([i])) = 3,  p([ii]) for all i € I*. Observe that if
1 € My (1), then p(A) = p(o~'(A)) for all Borel sets A C I by [3, Theorem
5.4]. Furthermore, we denote &,(I°) = {u € M,(I>°) : p is ergodic}, where the
ergodicity of u means that u(A) =0 or u(A) = 1 for every Borel set A C I with
A =0"'(A). Recall from [28, Theorem 6.10] that the set M, (/>°) is compact and
convex with ergodic measures as its extreme points.
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For K C I*® we also denote M,(K) = {u € M,(I*®) : spt(n) C K} and
E(K) ={p € &) :spt(n) C K}. Here spt(p) is the support of p, that is, the
smallest closed set F' C I for which u(1°°\ F) = 0. Observe that if K C I* is
a nonempty compact set, then M, (K) is nonempty by [28, Corollary 6.9.1]. It is
also compact and convex with &,(K) as the set of its extreme points.

Remark 3.1. (1) Let K C I be a nonempty compact set with o(K) C K. If u €
E, (1) satisfies p(1°°\ K) > 0, then the invariance of p yields u(Ky) = p(1°°\ K),
where Ko = (02,0 "(I*\ K) C I*®\ K. Furthermore, since o~ '(Ky) = Ky, the
ergodicity of p yields u(I°\ K) = 1.

(2) There exists a measure p € &,(1°°) and a nonempty compact set K C I
with o(K) C K so that pu(K) = 0. Namely, let I = {0,1} and define p € M(1*)

by setting ({(0,1,0,1,.. )}) = = u({(1,0,1,0,...)}). Since u([3]) = u([0]) +
w([1i]) for all i € I*, the measure y is invariant. Furthermore, let A C I* be

a Borel set with A = 67'(A) and 0 < p(A) < 1. It follows that pu(A) = 1. If

(0,1,0,1,...) € A = oc7'(A), then also (1,0,1,0,...) € A, which clearly cannot
be the case. Similarly the other way around. Hence p is ergodic. Choosing now
K =1{(0,0,...),(1,1,..)} (or K ={i € I®: 0" (i]ns1) # (0,1) for all n € N}),
we have found the desired compact set.

We define a concave function H: [0,1] — R by setting H(z) = —xlogx when
0 <z <1and H(0) = 0. Notice that 0 < H(z) < £ for all z € [0,1]. The
following lemma is an immediate consequence of [18, Lemmas 2.3 and 2.2].

Lemma 3.2. If p € M(I*®), then

2N H(u SRAZZHMOUJ' [i])) + Elog #1

ieln J=0 iegrk

for all integers 0 < k < n. If in addition t > 0 and for each i € I there is an
invertible matriz A; € R, then

LN pu([i]) log (A S%ZZMOUj ])log ¢'(As) + Zloga™

ieln Jj=0 ierk

for all integers 0 < k < n. Here o = miner ag(A4;) > 0.

If p € My(I®), then we define the entropy of p by setting
= lim £ > H(u([i])
ieln

If in addition ¢ > 0 and for each i € I there is an invertible matrix A4; € R,
then we define the t-energy of u by setting

M) = lim 1> p([i]) log (As).

ieln
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The limits above exist since

1
hgls;}p Z H < /i%g 2 Z H
ieln iclk
<
lim sup ; i])log '(A;) < fnf ¢ Z;k p([d]) log ' (As)
ieln ie

by the invariance of y and Lemma 3.2.

Suppose K C I* is a nonempty compact set and p € M(K). Since trivially
w([i]) = 0 for all I*\ K, we may write Lemma 3.2 and the definitions of entropy and
t-energy by using K, instead of I™. For our purposes the assumption y € M(K) is
natural, see Remark 3.1. Observe that the mapping p — A’(u) defined on M, (K)
is the infimum of continuous and affine (i.e. convex and concave) mappings. Since
also the mapping p — h(u) defined on M, (K) is upper semicontinuous and affine
(see [28, Theorems 8.1 and 8.2] or [18, proof of Theorem 4.1}), the mapping u —
h(p)+ A*(p) defined on M, (K) is upper semicontinuous and affine for each ¢ > 0.
Finally, it is easy to see that 0 < hy () <log#I and tloga < A'(u) < tlog@ for
all p € My(K) and t > 0, where o = min;e; ag(A;) > 0 and @ = max;ey aq(4;).

If pw € M(I*°) and t > 0, then for each n € N and C,, C I" Jensen’s inequality

implies
Zu([ﬂ)(—logu([i])ﬂogso longo )

ieCy JGCn
p([3]) 1
=Y swn (") <n( T o) co
ieCh ieCn
where 3(1) = ¢'(A1)/ D 0, #'(A;) for all i € C,. In particular, if K C I is a
nonempty compact set with o(K) C K, then (3.1) applied with C,, = K, yields
Prc(t) = h(p) + A ()

for all p € M,(K) and t > 0. A measure u € M, (K) is called a (K, t)-equilibrium
measure if

(3.1)

P (t) = h(p) + A'(p).
To simplify the notation, we speak about t-equilibrium measures when K = I*°.
From now on, without mentioning it explicitely, we assume that for each 7 € [
there is an invertible matrix A; € R%<4,

Theorem 3.3. If K C I is a nonempty compact set with o(K) C K andt > 0,
then there ezists an ergodic (K, t)-equilibrium measure.

Proof. To prove the theorem, we use similar approach as in [18, Theorem 2.6]. For
each n € N we define a Borel probability measure

- ZieKn ©'(As)0sn,
! ZieKn H(Ay) 7
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where 5y, is the Dirac measure and for each i € K, the symbol hy € I*° is chosen
such that ih; € K. Now with the measure v, € M(K), we have an equality in
(3.1) (when C, is chosen to be K,,). Furthermore, we set

for all n € N. Going into a subsequence, if necessary, it follows that {u,}, con-
verges weakly to some pu € M, (K). According to Lemma 3.2 and the concavity
of H, we have

N H(wa([d]) <+ H(ua([d]) + % log #1 (3:2)
ieKny ieKy
for all integers 0 < k < m. Denoting @ = min;ey ag(A;) > 0, Lemma 3.2 also

implies

IS (i) log o' (As) < 2 pa([i]) log o' (As) + Eloga™  (3.3)

ieK, ieKy
for all integers 0 < k < n. Now (3.1) (With the equality), (3.2), and (3.3) yield
Llog » ¢(A) < ¢ > H(pa([i)) + 7 Y mal(i]) log ' (As) + Llog #1a™"
ieK, ieKy ieKy

for all integers 0 < k < n. Letting n — oo along the chosen subsequence, we get

<13 H(u([)) + £ 32 ([ log o(Ay).

ieK;, i€Ky,

Recall also [21, Theorem 1.24] and the fact that cylinders are both open and closed.
Letting k — oo we have shown that u is a (K, t)-equilibrium measure.

Since the mapping p +— h(u) + Af(p) defined on M, (K) is upper semicontinu-
ous and affine, the set of all (K, t)-equilibrium measures is compact and convex.
Moreover, for a (K, t)-equilibrium measure p, by Choquet’s Theorem ([22, §3]),
there exists a Borel probability measure 7, on &,(K) such that

B() + A () = / o )+ N ) )

This implies the existence of an ergodic (K, t)-equilibrium measure. See also [18,
Theorem 4.1]. O

If K C I*® is a nonempty compact set with o(K) C K, then p € M,(K)
is called a (K, t)-semiconformal measure if it satisfies the following Gibbs-type
property: there exists a constant ¢ > 1 such that

e HIROG(A,) < p[1) < e RO (4y) (3.4
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for all 1 € K,. To simplify the notation, we speak about t-semiconformal measures
when K = I*°. For a motivation to the use of the term “semiconformal”, the reader
is referred to [8, Lemma 1]. Since a (K, t)-semiconformal measure p satisfies

h(p) + A (p) > lim 5 p([i]) (= log u([i]) +log e Op([d])) = Pr(1),

ieKn

a (K, t)-semiconformal measure is always a (K, t)-equilibrium measure.
We will discover that semiconformal measures may or may not exist: If for given
t > 0 there exists a constant D > 1 such that

D™l (A (4y) < ¢'(Ayy)
for all 1,j € I*, then there exists an ergodic t-semiconformal measure. Take
account of Remark 6.1. Moreover, if a t-semiconformal measure is ergodic, then it
is the only ¢t-semiconformal measure. These facts follow from [20, Theorem 2.2] by
a minor modification. More precisely, in [20] it was assumed that the parameter
t is an exponent, but an examination of the proof reveals that this fact is not
required. In Example 6.4, it is shown that semiconformal measures do not always

exist. Also, even if there exists a semiconformal measure, it is not necessarily
ergodic, see Example 6.2.

Remark 3.4. Suppose K C I*° is a nonempty compact set with o(K) C K. If a
(K, t)-semiconformal measure exists when Pg(t) = 0, then it is easy to see that
H'(E) < co. Here H' denotes the t-dimensional Hausdorff measure, see [21, §4.3].
Indeed, it follows from |7, proof of Proposition 5.1] that there exists a constant c,
depending only on the dimension of the ambient space, such that

H'(Ex) < climinf Z ©'(Ayz).

ieK,

From this, the claim follows immediately. Moreover, if Pk (t) = 0 for 0 < ¢t < 1,
then the existence of a (K, t)-semiconformal measure implies P'(Ex) < oo. Here
P! denotes the ¢-dimensional packing measure, see [21, §5.10]. This fact follows
from [10, Proposition 2.2(d)], since for every x € Ex and 0 < r < diam(Ek) it
holds that

pors (Blar)) | llib) _ ¢'(Au)
rt z diam(Eﬂn)t = Oél(Ai\n>t

=c>0,

where © = m,(1) for some i € K, u is a t-semiconformal measure, and n is the
smallest integer for which Fj, C B(x,r). It seems difficult to extend this to the
case t > 1.

The following two results give sufficient conditions for the uniqueness of the
equilibrium measure. A self-affine set carrying two different ergodic equilibrium
measures is given in Example 6.2.
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Lemma 3.5. Suppose that there is an invertible matriz A € R¥™? such that A; = A
for all v € I. Then for each t > 0, the uniform Bernoulli measure is the unique
t-equilibrium measure.

Proof. In this case, for a given n € N, the value of ¢'(A;) is independent of the
specific i € I"™ chosen. Using this, one easily finds that

P(t) =logk + lim 1logp'(A™),
and, for any p € M, (1),
A'(p) = lim +log '(A").
Applying Jensen’s inequality, we have
m > H(u([i) < H(G) = flogs
ieln
with equality if and only if u([i]) = ,%n for every i € I"™ whenever n € N. Hence

h(p) < logk for every u € M, (1) and h(u) = log k if and only if p is the uniform
Bernoulli measure. The proof is finished. O

We remark that generalizing the result of Lemma 3.5 for an arbitrary nonempty
set K C I* satisfying o(K) C K seems to be difficult. The following theorem
shows that if (K, t)-semiconformal measure is ergodic, then it is the only (K, t)-
equilibrium measure.

Theorem 3.6. Suppose K C I° is a nonempty compact set with o(K) C K,
t >0, and c > 1. If p € My(K) satisfies p([i]) > ¢ te BIPKOQH(AL) for all
i € K,, then any (K, t)-equilibrium measure is absolutely continuous with respect
to w. Moreover, if p lies in the convex hull of a countable family of ergodic (K, t)-
equilibrium measures, then the closure of the convex hull is precisely the set of all
(K, t)-equilibrium measures. In particular, if p is itself ergodic, then it is the only
(K, t)-equilibrium measure.

Proof. Let pbe a (K, t)-semiconformal measure. To prove the first claim, we follow
some of the ideas of Bowen [4]. Assume to the contrary that there exists a Borel
set A C I* such that u(A) = 0 and v(A) > 0, where v is a (K, t)-equilibrium
measure. Choose 0 < & < exp(—2(logc + 2)/v(A)), where ¢ > 1 is as in (3.4).
Now there exists a sequence of symbols {i,} such that

AC D[lk] :Zé

and u(C) = p(C\ A) < e. Since v(C) > v(A) > 0, there exists N € N large
enough such that v(Cy) > v(A)/2, where
N

Cy = [J[axl-

k=1
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Since we are now dealing with a finite union, we can rewrite Cy as a union of
cylinders of the same length n. Let us call the collection of these symbols C;,, and
also set C! = Cy. Note that v(C}) > v(A)/2 and p(Cl) < u(C) < e. Let us also
denote K, = U;cf [1]-

Using the fact that v is a (K, t)-equilibrium measure and applying (3.1) and
semiconformality of the measure p, we have

nPg(t) < — Z ) log v([1]) + Z ])log ' (A;)

_ Z v([i]) (= log v([i]) + log " (A;))
i€EKRNCn
+ 3 vl (~log v([i]) + log ¢'(Ay))
i€ K, \Cn
V(K NC)log Y @A) + v\ C)log Y ! (As) + 2
ieK, N0y ieKp\Cn

< v(K NGy log u(C) + v(E,\ Cr) log u(Ky, \ C) + nPre(t) +loge + 2
Since spt(v) C K, this implies
0 < 1v(A)logu(C) +loge+ 2 <0,

which is a contradiction.

For the second claim, suppose that u lies in the convex hull of {v;}32,, where
each v; is an ergodic (K, t)-equilibrium measure. Denote the closure of the convex
hull by C. Clearly all measures in C are (K, t)-equilibrium measures. Suppose that
there exists a (K, t)-equilibrium measure fi which is not in C. Recalling that the
set of all (K, t)-equilibrium measures is compact and convex, it follows that there
exists an ergodic (K, t)-equilibrium measure 7 which is not in C. Since any two
different ergodic measures are mutually singular, for each i there is a Borel set A;
such that v;(A;) = 0 and (A;) = 1. Letting A = (72, A;, we see that u(A) =0
and U(A) = 1. Therefore 7 is not absolutely continuous with respect to p, which
is a contradiction.

The last assertion is immediate, since in this case C = {u}. This completes the
proof. O

4. TOPOLOGICAL PRESSURE

We will now look at the topological pressure in more detail. The existence of
an equilibrium measure allows us to study the differentiability of the pressure.
If the ergodic semiconformal measure exists, then we are able to determine the
derivative. Suppose that for each i € I there is an invertible matrix A4; € R%*?
with || 4;|| < @. We denote o = min;er ag(A4;) > 0.
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Lemma 4.1. If K C I*® is a nonempty compact set and p € M,(K), then there
exist 0 > loga > A\y(p) > -+ > Aa(p ) > loga > —o0 such that

Jim LN p([i]) log an(As) = Ai(p)

ieK,
whenever | € {1,...,d}. Moreover, if n € E,(K), then

Ai(p) = lim *logoy(Ay),)
foralll € {1,...,d} and for p-almost every i € K.

Proof. If 1 € M,(K), we define \j(u) = A(p) — A=(p) for I € {1,...,d} to
get the first claim. On the other hand, if p € &,(I%°), it follows from (2.3) and
Kingman’s subadditive ergodic theorem [25] that

lim = log ¢'(Ay),) = A'(p)
for p-almost every i € I whenever t > 0. The proof is finished. O

Suppose K C I is a nonempty set with o(K) C K and ¢t € (0,00). Left and
right derivatives of the topological pressure at a point ¢ are defined by

by Pr(t+96) = Pr(t)
Py (t+6) — Pk(t)
6 Y

Pr(t+) =1i
k(t+) = lim
respectively.

Lemma 4.2. Suppose K C I is a nonempty compact set with o(K) C K and
t € (0,d)\N. If p is a (K,t)-equilibrium measure then

Pi(t=) < Mpa(p) < Pie(t+),
where | = |t]. In fact, Pj(t) = \41(p) except for at most countably many points
of (0,4d).
Proof. Choosing 0 € R so that [t + ] = [, we have
Pre(t+6) = h(p) + A (1) = h(p) + A'(1) + 6Ma ()
= Px(t) + 0N41(p)

by Lemma 4.1. This gives the first claim. The second claim follows from Lemma
2.1 by recalling some of the basic properties of convex functions, see, for example,
[24, Theorem 24.1] and [26, §3 Lemma 3.12]. O

Remark 4.3. (1) If Pj(t) exists and pq, g are ergodic (K, t)-equilibrium measures,
then )\l+1(,u1) = )\l+1(u2), where [ = LtJ

(2) If K C I* is a nonempty compact set with o(K) C K and ¢ € [0, 1), then
there exists a (K, t)-equilibrium measure p such that Pj(t+) = A1 (u). To see this,
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choose a converging sequence {i,},, where p, is a (K, t,)-equilibrium measures
and t, | t. By the upper semicontinuity of the mapping pu — h(u) + A'(p)
defined on M, (K), the limiting measure is a (K, t)-equilibrium measure. Since
(2.3) yields Aj(p) = inf,en 2 > ek, H([1])log aiy1(A;), the claim follows now by a
simple calculation.

(3) We can apply the idea used in the previous remark to show the following: If
for every t > 0 there exists a constant D > 1 such that

D_lSDt(Ai)SOt(Aj) < SOt(Aij)
for all i,j € I*, then for each ¢ € (0,d) \ N we have P'(t) = Ay1(u), where
[ = |t] and p is the ergodic t-semiconformal measure. See Remark 6.1. To see
this, observe first that the mapping p — A'(p) defined on M, (I°°) is also lower
semicontinuous. Hence the mapping p — Aj;1(1) defined on M, (1) is easily seen

to be continuous. The claim now follows from the uniqueness of the equilibrium
measure.

In the following theorem we show that if the ergodic semiconformal measure ex-
ists, then we can determine the derivative of the topological pressure. In Example
6.5, we exhibit a nondifferentiable pressure.

Theorem 4.4. Suppose K C I*® is a nonempty compact set with J(K) C K,
t€(0,d)\N, and ¢ > 1. If u € &,(K) satisfies u([i]) > ¢ te RIPKO Lt (AL) for all

i€ K,, then

Pre(t) = N (p),
where | = |t].
Proof. To prove the theorem, we use methods similar to those in Heurteaux [14].
Let us first show that Ajqi(p) > Pg(t+). Take f < P (t+) < 0, choose 6 >
log ¢/ (P (t+) — B), and set & = ¢~ 'ePx(tH)9 — e > 0. Since p is ergodic, Lemma
4.1 implies that it suffices to find a set C' C I*° with p(C) > 0 so that

lim Llogai(Ay,) = 3

n—oo

forall i € C.
Recall that Py (s) < tlog > ;e ©°(A;y) forall s > 0 and n € N. Choose ng € N
so that |t +d/n] =1 for every n > ng. Now Lemma 2.1 implies
Z (pt+6/n > TLPK(t+5/TL) > P}’{(t-l-)(;-i-nPK(t) (41)
IEKTL
for all n > ng. Denoting C,, = {i € K,, : cyy1(Ay),) > €’} and C), = ;¢ [3], it
follows from (4.1) and (2.2) that for every n > ngy we have
6P}<(t+)66nPK(t) S Z (pt"ré/n(Ai) S Z (pt(A )al+1 /n + Z 90
ieKnp iEKn\Cn ieCp
< ce®e KO (1 — p(C)) + ce™ D p(CL).
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Hence —1 P (t+)6 36
i _
)z s

for all n > ngy and consequently, p(C') > ¢ for C' = (.2, U, C}- Since for every
i € C and for all n € N there is k > n so that %log a41(A;),) > 3, we have proven
the first claim.

Let us next show that A\ (u) < Pj(t—). Take loga < Py (t—) < 5 < 0, choose
§ > loge/(B — Pi(t—)), and set e = (cle Pult=)d — ¢=00) /(e=0log _ ¢=A0) > (),
Let ng € N be such that [t —d/n] = for every n > ny. Similarly, as in the proof
of the first claim, it follows that

e~ P (=03 gnPic(t) < Z o0/ (A Z (A (A" +a~? Z ©'(A;)

i€k, 1€Ch, 1€K,\Cn
< ce PP (1 — (K \ OF)) + ce™®los2en sy (K \ C7),
where C,, = {i € K, : q11(4y),) > €} and C), = ;. [i]. Hence
Lo Pic(t=)5 _ ,—B6

pENC) = > €

e—&logg _ e—,@é —

for all n > ny. The second claim now follows similarly as in the proof of the first
claim. The proof is finished. U

5. DIMENSION RESULTS

Suppose K C I* is a nonempty compact set with o(K) C K. If for each i € [
there are an invertible matrix 4; € R4 with ||4;]| < @ < 1 and a translation
vector a; € RY, then both the affine IFS {A; + a;}ic; and the sub-self-affine set
Ex C R? are called tractable provided that A, (@d) C QuU {0} for all i € I and
E¥ is not contained in any hyperplane of R%. See [19, Appendix A] and Example
6.6 for details. Here Qg is the collection of all vectors v € R? with strictly positive
coefficients and Q, its closure.

Given a nonempty compact set K C I with o(K) C K and a tractable affine
IF'S, define for r > 0

={i€ K, :diam(E;) < r < diam(E;-))}
and if in addition x € Fk, set
Z(x,r)={1i€ Z(r): E; N B(z,r) # 0}.

We say that a tractable sub-self-affine set E satisfies the ball condition if there
exists a constant 0 < d < 1 such that for each x € Ex there is vy > 0 such that
for every 0 < r < 7y there exists a set {z; € conv(E;) : i € Z(z,7)} such that the
collection {B(z;,0r) : i € Z(x,r)} is disjoint. Here with the notation conv(A), we
mean the convex hull of a given set A. Inspecting the proof of [20, Theorem 3.5],
we see that the ball condition is equivalent to sup,cp, limsup, o #Z(z,r) < oo.
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With the notation H', we mean the t-dimensional Hausdorff measure, see [21,
§4.3]. The n-dimensional Lebesgue measure is denoted by £". Finally, the Haus-
dorff and the upper Minkowski dimensions are denoted by dimyg and dimy;, re-
spectively. Consult [21, §4.8 and §5.3] and [10, §10.1].

Theorem 5.1. Suppose K C I is a nonempty compact set with o(K) C K and
Ex is a tractable sub-self-affine set satisfying the ball condition. If Pk (s) =0 for
some 0 < s <1, then dimy(Ef) = dimy(Ex) = s.

Proof. Choose 0 <t < s and let u be an ergodic (K, t)-equilibrium measure. Since
AM(p) <loga <0 < P(t), it follows from [18, Proposition 4.2] that

o Jogu(il) _ P@

n—oo log a1 (Ay),, )t ~tha(p)

for p-almost all i € K. Now, using Egorov’s Theorem, we find a compact set
C C K with (C) > % and ng € N so that p([i],]) < a1(Ay),)! for all i € C' and
n > ngy. Hence, recalling [19, Lemma A.3], there are constants ¢/, ¢ > 1 such that

wle([i]) < day(As) < cdiam(E; )

for all i € K,. Since the ball condition implies sup,p, limsup, o #Z(z,r) < oo,
there exists M > 0 such that for each x € Ex there is vy > 0 so that for every
0 <r <rywe have #Z(x,r) < M and

ploom, (B(z,r)) < Y u(li]) <e Y diam(B;)" < ceMr',
ieZ(x,r) ieZ(z,r)

It follows now from [10, Proposition 2.2(a)] that H(Ex) > 0. The proof is finished
since 0 < t < s was arbitrary and s serves as an upper bound for the upper
Minkowski dimension. U

> 1

The following theorem generalizes [7, Theorem 5.3] and [18, Theorem 4.5] into
sub-self-affine sets.

Theorem 5.2. Suppose for each i € I there is an invertible matriz A; € R¥>*? with
|A;|| < . If K C I™® is a nonempty compact set with o(K) C K and Pg(s) =0,
then for L¥-almost every choice of a = (a,,...,a.) € R, where a; € RY is a
translation vector and k = #1, we have

dimp(Fg) = dimg (g o m, ') = min{s, d},
where Ex = 7,(K) and p is an ergodic (K, s)-equilibrium measure.
Proof. If p € £;(K) and dimy, () = I — (h(p) +A' (1)) /Nis1 (1), where | = max{k €
N : 0 < h(u) + A¥(p)}, then [17, Theorem 1.9] implies that dimy(p o 7, !) =
min{dimy,(p), d} for £%-almost all a € R%¥. A simple calculation shows that if p

is a (K, s)-equilibrium measure, then dimy, () = s if and only if Pk (s) = 0. The
existence of an ergodic (K, s)-equilibrium measure finishes the proof. O
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Falconer [9] asked if dimyg(F) = dimy(E) for all sub-self-similar sets E. The-
orem 5.2 gives a partial positive answer to this question. The question remains
open for sub-self-similar sets which does not satisfy the open set condition and are
constructed by using exceptional (in the sense of Theorem 5.2) translation vectors.

6. REMARKS AND EXAMPLES

In this last section, we give the examples mentioned in the previous sections. We
begin by recalling a geometric condition implying the uniqueness of the equilibrium
measure.

Remark 6.1. Suppose that for each ¢ € I there is a contractive invertible matrix
A; € R?? such that the following geometric condition is satisfied: There exist
6 € S* and 0 < 3 < /2 such that

A7 (X(9,8)) € X(0,8)
for all i € I. Here A* denotes the transpose of a given matrix A, B the closure of
a given set B, and X (0, 3) = {z € R? : cos(3/2) < |0 - z|/|z|, * # 0} U{0}. Then
it follows from [19, Lemma 4.1] that there exists a constant D > 1 such that for
every 0 <t <2

D7 (A1) (A;) < ¢'(As)
whenever i,j € I*. Consequently, there exists an ergodic t-semiconformal mea-
sure. Theorem 3.6 implies that it is the only t-equilibrium measure.

We calculate the topological pressure for 0 < ¢ < 1 when the 2 x 2 matrices are
diagonal. Let I = {0,1} and

(B 0 (A0
(Y (Y

where 0 < 3,7, \,0 < 1. Suppose 1 € I" has k zeros and n — k ones. Notice that
A; is a diagonal matrix with diagonal elements, which are also its singular values,
BEA"F and v*9"~*. Hence, if 0 < ¢t < 1, then

@' (Ay) = max{BEN"E, 10 HY,

Therefore

max{(8' + )", (7' + )"} < ) (Z) max{BEA" K, yFon k)
k=0

n n ~ .
SDIACOEDS (k) (BENH) 4 ythginbl)
k=0

ieln

— (/Gt + )\t)n + ('Vt +6)t)n S 2max{(/6t +)\t)n’ ('Vt _l_et)n}
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FIGURE 1. An illustration for Example 6.2 when \ = % and v = i.
and consequently,
P(t) = max{log(8" + \"),log(v" + 6")} (6.1)

for 0 <t <1.

Ezxample 6.2. We exhibit a self-affine set E' having exactly two different ergodic
s-equilibrium measures and, as a consequence, infinitely many s-equilibrium mea-
sures, where P(s) = 0. We also show that any convex combination of these two
ergodic s-equilibrium measures is s-semiconformal and P*(E) < oc.

Let I = {0,1} and
(A0 (7 0
=5 2=6%)

where 0 < v < A < 3. Now the mappings of the affine IFS {4y, 41+ (1—~,1—\)}
map the unit square as illustrated in Figure 1. Let 7: I — R? be the projection
mapping associated to this affine IFS and E = w(I°°) the corresponding self-affine
set. Let us also denote E, = proj,(£) and E, = proj,(£), where proj, and proj,
are orthogonal projections onto the z-axis and y-axis, respectively. We choose
0 < s < 1 to be the unique number for which A\* ++* = 1. It is easy to see that
E, and E, are self-similar sets and s = dimy(E,) = dimy(E,) < dimyg(E) < 1.
It follows from (6.1) that P(t) = log(A! + '), yielding dimg(F) < s. Therefore
dimy (F) = s.

Let p and v be the ergodic Bernoulli measures on /*° obtained from probability
vectors (A°,7°) and (7%, \®), respectively. Consult, for example, [20, Theorem
2.2]. Tt follows from standard arguments that p o (proj, m)~! has full dimension
on E, and v o (proj, 7)~! has full dimension on E,. Hence dimy(puo 7™ t) =
dimy(vor™) = dimg(E) = s. Using [17, Theorem 1.9], we get s = —h(u) /A (1) =
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—h(v)/A1(v), and thus h(u) + A%(u) = h(p) + shi(p) = 0= P(s) = h(v) + A*(v)
yielding that both the measures p and v are s-equilibrium measures. See also [23].

The convexity of the set of all s-equilibrium measures implies that any convex
combination of the measures p and v is an s-equilibrium measure. We claim that
any such a measure 7 is an s-semiconformal measure. Since P(s) = 0, we have to
check there exists a constant ¢ > 1 such that

¢ (As) < ([i]) < cp*(Ay)
for all i € I'*. But this follows immediately from the fact that
% (As) = max{ A"y 7R, AR,

We can now apply Theorem 3.6 to conclude that the set of s-equilibrium measures
is the convex hull of {u, v} and, in particular, x4 and v are the only ergodic s-
equilibrium measures.

That P*(E) < oo follows now from Remark 3.4.

Question 6.3. Is the number of different ergodic t-equilibrium measures on a
self-affine set always finite? In a forthcoming paper [12], we show that in R? a
self-affine set can have at most two different ergodic t-equilibrium measures.

Example 6.4. In this example, we show that semiconformal measures do not always
exist. We also exhibit a self-affine set E for which H*(E) = oo, where s is the

singularity dimension.
11
AO - Al = A (O 1) )

Let I = {0, 1} and set
where 0 < A < 1/2 is fixed. Observe that the equilibrium measure is unique
by Lemma 3.5. Let us show by a direct calculation that there cannot be an s-
semiconformal measure when P(s) = 0. It is straightforward to see that if 1 € I,

then
nfl n
A =2 (0 1)’

and consequently, a;(A;)* = n?A*(1/n* 4+ 1/2 + (1/n* 4+ 1/4)"/?). This, in turn,
shows that

(nA")" < ¢'(A;) < 2(nA")!
whenever 0 < t < 1. We deduce that P(t) = log(2)\) for 0 < t < 1, yield-
ing the singular value dimension to be s = log2/log(1/)A). Suppose p is an s-
semiconformal measure, let ¢ be as in (3.4), and pick an integer n > ¢/*. Then

1= Z p(i) >t Z ©*(As) > 12" (nA™)* = ¢ n?,
ieln ieln

giving the desired contradiction.
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Let us consider the affine IFS {Ag, A; + (1,1)}, and denote the invariant set by
E. In what follows, we will show that H*(E) = oo. Let P(x,y) = x —y. This is a
Lipschitz map, so it is enough to show that H*(P(E)) = co. Note that

P(m(i)) =Y kMipn

for any i = (iy,1s,...) € I*°. In particular, if 1 € I, then

I+ (n—=1)(1-=2X)
(1 —N)2

diam(P(E;)) = ) kAP = A" =: 0,
k=n

A short calculation yields

5y — 20in = (1~ 3+ 2X2) — ).

(1=24)
Notice that 1 — 3\ +2X\? > 0 since A < 1/2. Thus we may choose ny such that
Op — 20,41 > 0 for all n > ny.

Fix any i € I™. The choice of ny guarantees that for any two incomparable
j, 3" € I*, the sets P(FE;;) and P(E;y) are disjoint. We can therefore construct a
Borel probability measure v supported on F' := P(FE;), by assigning equal mass
27" to all the sets P(Ej;j) where j € I". Recall that 27" = A" and pick z € F
and 0 < 7 < 0py+1. Noting that {6,} is decreasing in n, we may fix n for which
Op <1 < 0p_1. Now

v(Blz,r)) _ v(B(x,6,11)) _ 3\
rs - 53 - 5;;
since P(Ei;) N B(z,8,-1) # 0 for at most three different j € I"~*. Noting that

lim,, o0 A"/d,, = 0, it follows from [21, proof of Theorem 5.7] that H*(F) = oc.
Thus H*(F) = oo, as claimed.

Example 6.5. We exhibit a nondifferentiable topological pressure. This example is
a modification of [13, Example 3.5]. Let I = {0,1} and

L 19
_ 4 — 4
"‘0—(0 3—12)’ A“(o %)'

According to (6.1), we now have P(t) = max{Pi(t), P,(t)}, where Pi(t) = (1 —
2t)log2 is affine and P(t) = log(327" + 27%) is strictly convex. It obviously
follows that P has a point of nondifferentiability in (0,1), since Pi(3) > P»(3) and
Pl(l) < PQ(l)

Ezample 6.6. In this example, we construct an affine IFS {A; + a;}icr on R?
satisfying A;(Q2) C Qo U {0} for all i € I, but dimy(E) < s for P(s) = 0.
This shows that in the definition of the tractable affine IFS, the condition on
hyperplanes is indispensable.
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Let I = {0,1} and set

A — X = 0; 0; [0+ N 0;
e B A—0;) Bi Bi + A

for all i € I, where B, = 6, = 17/100, B, = 6; = 13/100, A = 1/3, and ), =
X — i —0; =1/30 for all i € I. Now trivially 4;(Q) C Qo U {0} for all i € I.
Define L, = {(x,y) € R* : 2 +y = ¢} for all ¢ € R. Observe that dist(L,, L,) =
l¢ — p|/v/2. Now choosing a; = (1 — X\)(6;, 3))/(5; + 6;) and denoting f; = A; +
a;, an elementary calculation gives fi(L,) = L;_5;_, for all i € I. Especially,
fi(L1) = Ly and fi(L,_5») = L,_s»+ for all n € N. Since f;(0,0) € L,_5, we get
fi(0,0) € L y» for all i € I". But since f;(1,0) € L; for all i € I'*, we have

N'VZ = dist(Ly, L_x) < |£2(1,0) = £:(0,0)] < a(Ay)

for all i € I™.

On the other hand, since fi(z,1—z) = (M, N(1—x)) +(1—=X;)(6:, 5;)/(B: +6;)
for all i € I and = € R, it follows that f;|z, is a similitude mapping acting on L,
with a contraction ratio A,. Since both systems, {f;}:c; and {fi|r, }ser have the
same invariant set E, it follows from the choices of X and ), that dimy(E) < s for
P(s) = 0.

We remark that this example can be easily modified to show that the assumption
[15, Hypothesis 3] is indispensable and also that the assumption according to which
the invariant set is not contained in any hyperplane does not suffice either. Namely,
adding a third mapping f3 of similar kind except that for which L;/3 is invariant
and performing some obvious calculation is enough.
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