Quantitative isoperimetric inequalities and
homeomorphisms with finite distortion
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Abstract

We prove quantitative isoperimetric inequalities for images of the
unit ball under homeomorphisms of exponentially integrable distortion.
We show that the metric distortions of such domains can be controlled
by their Fraenkel asymmetries. An application of the quantitative
isoperimetric inequality proved by Hall and Fusco, Maggi, and Pratelli
then shows that for these domains a version of Bonnesen’s inequality
holds in all dimensions.
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1 Introduction

The classical Bonnesen inequality states that for a planar Jordan domain 2
the inequality

(1.1) HY(0Q)? — 47|Q| > 72(R — p)*

holds, where R and p are the circumradius and the inradius of €2, respec-
tively, see Osserman [12]. There are several related inequalities which show
that if a planar Jordan domain is almost a disk in the sense of the isoperimet-
ric inequality, then it is also geometrically close to a disk, with quantitative
bounds. Such inequalities are called Bonnesen-style inequalities in [12].

By considering cusp domains, one sees that inequalities like (1.1) do
not hold in dimensions higher than two. However, Hall [5] (see also [6])
showed that another natural quantitative isoperimetric inequality holds in
all dimensions. Let 2 C R™ be a bounded domain. The Fraenkel asymmetry
A(R) is

where 7 is defined by |B(z,7)| = |2|. The isoperimetric deficit of € is

H* 100
5(0) = 1/n( ),
noy ‘Q|(n—1)/n
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Hall proved that the isoperimetric deficit controls the Fraenkel asymmetry,
and conjectured that the sharp inequality is

(1.2) A(Q) < C(n)\/8(Q).

A beautiful solution to this problem was given in [3], where it was shown
that (1.2) indeed holds. Recently, a lot of progress has been made in under-
standing related inequalities, cf. the references in [3]. For convex domains,
Fuglede [2] proved essentially sharp higher-dimensional versions of (1.1).

In [13] we applied Hall’s result in our study of the branching of quasireg-
ular mappings in space. We especially showed that an inequality like (1.1)
holds for images of the unit ball under global K-quasiconformal maps. This
was done by proving that the Fraenkel asymmetry of such a domain €2 con-
trols its metric distortion

B(Q) = min{? : 3z € R" so that B(z,r) C Q C B(x,R)} :

(1.3) BE)" < C(n, K)A(Q),

and then applying Hall’s theorem. In this paper we consider the more general
case where the class of quasiconformal maps is replaced by the class of
homeomorphisms with exponentially integrable distortion. From the point
of view of conformal analysis, this is essentially the largest class for which
inequalities like (1.3), and, consequently, inequalities like (1.1) hold true.
Our main objectives are to prove fairly sharp extensions of (1.3), and to
demonstrate, again relying on (1.2), that besides convex domains there are
also other natural classes of domains in the n-space which satisfy Bonnesen-
style inequalities.

Denote by |Df| and J; the operator norm and the Jacobian determi-
nant of the distributional differential of a W!'-homeomorphism f, respec-
tively, and assume that Jy > 0 almost everywhere. Then K(z) = K¢(x) =
|Df(z)|"/Js(x) if Je(x) > 0, K(z) = 1if [Df(z)] = J¢(z) = 0, and
K (x) = oo otherwise. Our main theorem reads as follows.

Theorem 1.1. Let f : B(2) — fB(2) C R" be a Wht-homeomorphism so
that Jy > 0 almost everywhere, and

(1.4) / exp(uK(z)) de < K
B(2)

for some K and > 0. Then

(1.5) B(fB™Y™ /1 < C(n, p, K)N(fBT).



In Section 4 we prove a similar result for the preimage of the unit ball
under a polynomial integrability condition on K. The following example
demonstrates that, except for the constant n? in (1.5), there is not too
much room for improvement in Theorem 1.1.

Theorem 1.2. There exists ¢(n) > 0 so that if n > 2 and p > 0, there
exist K = K(n,pu) > 0 and a sequence (f;), so that each f; satisfies the
assumptions of Theorem 1.1, X\(f;B") — 0 as j — oo, and

ﬁ(ijn)nJrc(n)/,u > /\(f]Bn>
for every j.

By combining Theorem 1.1 with the sharp inequality (1.2) proved in [3],
we have the following Bonnesen-style inequality. Recall that a homeomor-
phism f is by definition K-quasiconformal, 1 < K < oo, if the distortion
K (x) defined above satisfies K (x) < K almost everywhere.

Corollary 1.3. Let f be as in Theorem 1.1. Then

(1.6) BB < O, . K)S(fB").

If f is K-quasiconformal, then
B(fB™)** < C(n,K)§(fB™).

The exponent in (1.6) should not be sharp even for quasiconformal maps,
and it would be interesting to find the sharp exponent, as is done in [2]. Also,
there should be a geometric characterization for the domains for which in-
equalities like (1.6) hold true. In [13] we essentially used the quasisymmetry
property of quasiconformal maps to deduce (1.3). Such a method does not
work in the case of maps unbounded distortion because the quasisymmetries
they possess are too weak for the purpose of Theorem 1.1. Inequality (1.2)
holds for general Borel sets, and it is stated, as isoperimetric inequalites
usually are, in terms of the perimeter measure. One can apply [1], Propo-
sition 3.62, to show that the estimates above can be stated in terms of the
Hausdorff (n — 1)-measure.

2 Proof of Theorem 1.1

We denote an n-ball with center = and radius r by B(z,r), and B(r) =
B(0,r), B™ = B(0,1). The corresponding notations for (n — 1)-spheres are
S(z,r) and S(r) = S(0,7). The Lebesgue measure of £ C R" is |E|, and
an = |B"|. The matrix D!f~!(x) is the adjoint matrix of the differential
Df~Y(z). Under the assumptions of Theorem 1.1 we have

fr—1n n—1
(2.1) DEf < KT
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almost everywhere, see [8].
In this section we assume that f satisfies the assumptions of Theorem
1.1. Let G C fB(2) be open, y € R", E C (0,00) a Borel set, and

A={U;:te E}={GNS(y,t):t € E}.

Moreover, we denote by Y the family of all Borel functions p : R™ — [0, o0]
for which

/ p(y) dH" Y(y) > 1 for every t € F,
Uy

and by X the corresponding family with the requirement
/ p(x) dH" ' (z) >1 for every t € E.
f1H(U)

Lemma 2.1. We have

MA = inf/ p(y)™ 1) dy
pEY Rn

< inf / p(z)™ VK ()Y D Az = My f1A.
peX n

Proof. Let p € X. Under our assumptions we have f~! € VVI}):( fB(2),R™),
see [7]. In particular, the restriction of f~! to U; locally belongs to Wi for

almost every t. In such Ui, the change of variables inequality

IDFFH W) p(f () AR (y) = / p(x) dH"H(z) > 1.

Ut F=1(U)

holds. Thus the function

y — [D ) p(fH(y)),

belongs to Y (after redefining the function in a set of measure zero). The
n-dimensional change of variables formula holds under our assumptions, see
[8], and by (2.1) we have

[ (ot @l w) " a
fB(2)

/ |DEf ()Y
fB(2)

T (o) P )V (y) dy

/ K ()00 05 () 0D T (y) dy
fB(2)

IA

_ / K ()00 (/=1 iy
B(2)

The lemma follows by taking the infimum with respect to p € X. O



We will also apply a distortion estimate. Similar estimates have been
proved in [9].

Lemma 2.2. If B(z,t) C B(3/2), then

L~ maxyes(3/2) |f(z) = f(y)l C K¢~ V/(n=3/2)
= s 7 ] < P (O K1 )

Proof. We first show that

L —-1/(n—3/2)
<
(2.2) t exp (C’(n, w, Kt ),

where Ly = max,cg(,4) |f(z) — f(y)|. We choose a point xg € S(3/2) such
that |f(z¢) — f(x)] = L, and
I =~ ({f(z0) + T(f(x0) = f(z)): T = 0}).

Then there exist p € B(2) and ¢/4 < r < 3/2 such that, for every r < s <
r +t/8, the sphere S(p, s) contains a spherical cap Q(s) C B(2) such that

(2.3) Q(s)NI#O and Q(s)N B(x,t) # 0.
Let
g = max{min{log |f — f(x)|,log L},log L},

and By = {L; <|f— f(z)| < L}. Then, by (2.3) and the Sobolev embedding
theorem on spheres,

E £ n=1/2 T8 n—1/2 n—1
(1og ) < C’(n)/r /Q . IVg(2)| dH"1(2) ds
[Df(z)["1/?
e /E ) - FpeE &

By Hélder’s inequality and the distortion inequality |Df|" < K Jy, the last
integral is bounded from above by

L \ven J1(2) (n-1/2)/n
(L) (e o ) '

By Jensen’s inequality and (1.4), the first integral is bounded by C(n, u, K).
Also, by change of variables, the second term is bounded by

<log Ii)(n—lﬂ)/n'

Combining the estimates gives (2.2). We also have
L .
(2.4) Tt < exp (C(n, A K)til/("fd/z))

Inequality (2.4) is proved in a similar way as (2.2), and we thus omit the
proof. See [9], Theorem 3.6 for a more general result. The lemma follows
by combining (2.2) and (2.4). O



The following continuity estimate is proved in [11]
Theorem 2.3. If v and y € B(5/4), then

C(n,u, K)
1

g [ B@3/2)[".

[f(z) = fly)l <

|lz—yl

We now begin to prove Theorem 1.1. We may assume that |fB"| = a,.
We choose zg so that A(fB") = |fB™\ B(zo,1)|. Without loss of generality,
zo = 0. Lemma 2.2 applied to the unit ball now shows that 3(fB") <
C(n, pu, K). Thus we may assume that

(25) >‘:>\(an) < 626(”’7#7[()’
where € > 0 is to be determined later. Let
R =min{s: fB" C B(s)},

and
r =max{s: B(s) C fB"}.

Then B(fB™) < R/r — 1. We first give an estimate for R — 1.
We choose a € S™"! so that |f(a)] = R. Without loss of generality,
a =e; and f(e;) = Rey.

Lemma 2.4. There exists &' = k'(n, u, K) > 0 such that
f~1B(Rey,r') C Bley,1/4).

Proof. Since |fB"™| = oy, we have |f(e1) — f(z)| > 1 for some = € B(3/2).
Thus by Lemma 2.2,

() = flen)| = |f(z) = Res| = K/(n, p, K)
for every x ¢ B(e1,1/4). O

Now let K = min{R — 1,x'}, and U; = fB" N S(Rey,t). We may assume
that x is so small that s < 1/10 in Lemma 2.5 below.

Lemma 2.5. There exists C = C(n, u, K) > 0 so that if s = exp(—Ck~"/H),
then f~1U; separates B™ \ B(ej,1/4) and B™ N B(ey,s) in B"™ for every
K[2 <t <K.

Proof. Let /2 < t < k. From Lemma 2.2 it follows that
[FB(B3/2)| < Cn, p, K)|f B"| = C(n, p, K)a,.

Combining this with Theorem 2.3 shows that | — e;| > s whenever x €
f~'U;. Lemma 2.4 then shows that

(2.6) s<|r—e| <1/4

for every x € f~'U;. Since U; separates B(Rei,x/2) and any point y €
fB"\ B(Rey,t) in fB", the lemma follows by (2.6). O



Lemma 2.6. Let k and U; be as in Lemma 2.5, and
A={U;:Kk/2 <t <K}
Then
K/ (n—1)
> .
= 9on/(n—1) \1/(n—1)
Proof. Let p € Y, see Lemma 2.1. Now

k)2 < / /p(z) dH"1(2) dté/ p(y) dy
k)2 J U fB™\B"
n nil/n n/(n—1) (n=1)/m
7B\ B p()" "7 dy)
FBM\B"

by Hoélder’s inequality. The lemma follows, since A = |fB™ \ B"|. O

MA

IN

Lemma 2.7. Let A be as in Lemma 2.6. Then
Mg f A < C(n,p, K)/ﬁ7"2/(("71)“).

Proof. By the separation property in Lemma 2.5 and a simple calculation,
p(x) = 10"z — 61‘17nXB"\B(61,s) (z)

satisfies p € X, where s is as in Lemma 2.5. We may assume that log% is
an integer. Then

MKf_lA

IN

/ ()™ =D K () 0D g

log %

Cn) S |B;| ! / K(2)V/0 da,
=0 B;

IN

where B; = B(ey,exp(—j)). Since the function ¢ — exp(ut"~!) is convex,
we can use Jensen’s inequality as follows:

B[ K@Tde < @ o (157 [ e(uk(a) do)
J J

< pTlogT (ot exp(ng)K) < C(n, pu, K)jr.

Thus
log%
-1 O 1
Mgf—A < C’(n,u,K)E j»—1 < C(n,pu, K)logn-1 —
S
j=0

2

= C(n,u, K)mi—"lm.



Combining Lemmas 2.1, 2.6 and 2.7 yields
KM < C(n, pu, K)A.

Thus, when we assume that € in (2.5) is small enough depending on n,
and K, we have

(2.7) (R — 1)™*/1 < C(n, p, K)A.

We now give an estimate for 1 — r. Notice that we could have r = 0.
However, we will soon see that, when A is small enough, 7 is close to one.
We denote

a=inf{|f(z)|:x € B(2)\ B(3/2)}.
Lemma 2.8. We have
1—a < C(n,p, K)AY™.

Proof. We may assume that a < 1. Let n = min{l — a,1/2}. Since
max,c5(3/2) |f(x)] > 1, for every 1 —n < t < 1 there exists

p(t) € S(t) N f(B(2) \ B(3/2)).

We may assume that A < e(n), so that S(¢t)NfB" # () for every 1—n < t < 1.
We choose a point

q(t) e S(t)n fB™
so that
s(t) = [p(t) — q(t)| = min{|p(¢) — y[ : y € S(t) N fB"}.
Since f~! belongs to W1 by [7], also the restriction of f~! to S(t)N fB(2)
belongs to W1 for almost every t. We denote
Q(t) = 5(t) N B(p(t), s(t)).
Then, by the Sobolev embedding theorem in Q(t),

1

5 < 7 e®) = £ a®)l

(2.8) < Cln)s(t W"( / VI )l dH"—1<y>)
< o0 ([ 1550 o)

1/n

for almost every ¢, 1 —n <t < 1. Since K;-1(y) < K(f'(y))" "' almost
everywhere, see [8], (2.8) yields

C(n 1</ K(f )" -1 (y) dH T ().



By integrating and changing variables (the change of variables formula holds
under our assumptions, see [8]), we have

Lo "l dg n
(2.9) /1775(75) SC(n)/B(z) K(z)" " de < C(n,pu, K).

Here the last inequality follows from Jensen’s inequality and our assumption
on K. By Holder’s inequality, and (2.9),

1 (n—1)/n
n = / ORIy
1

_y s(t)=1/n
< (/1:75(15)”‘1 dt)l/n</1:7 $)<n—1)/n
(2.10) < C(n,u,K)( ' HP1(S(t) N B™\ B dt)l/n

1-n
< C(n,p, K)AV™,

Thus, when X is small enough depending on n, ;4 and K, n =1 — a and the
lemma follows from (2.10). O

Now we continue in a similar way as in the proof of (2.7). We claim that
(2.11) (1= )"t/ < C(n, p, K)A.

We may assume that f(e;) = min{|f(z)| : x € S(1)} = »'. Notice that
if 7 is close to one and if X is small, then ' = r. The argument given
below will show that 7’ is indeed close to one. Hence we will from now on
abuse notation and denote r’ by r. By Lemma 2.8, we may assume that

a > (1+r)/2. Let b=min{1,a}. Then, if
ro=r+(1—r)/4,
b—ro > (1—7r)/4. We denote
Wy = S(t) N f(B(2) \ B").

Then
YW, c B(3/2)\ B(ey, s)

for every ro <t < b by Theorem 2.3 and Lemma 2.8, where
s = exp(—C/(n, p, K)(1 —r)7""),

Therefore, f~'W,; separates B(e,s) \ B™ and S(3/2) in B(3/2) \ B" for
every such t. We denote A = {W; : ro <t < b}. Then Lemma 2.1 gives

(2.12) MA < Mg f'A.



We estimate M A from below as follows: if p € Y, then

Lo // Da i des [ g dy

ol [ o) "

(1 _ T)n/(n—l)
(2.13) MA 2 ey

IN

IN

and so

In order to give an upper bound for My f~'A, we notice that the separation
property mentioned above implies that the function p : B(2) — [0, c0),

p(x) = 100"z — e1]' "X p(3/2)\B(er,) (¥)

belongs to the test function space X. By calculating as in Lemma 2.7, we
see that

(2.14) My f™'A < C(n, p, K)(1 —r)~*/((0=m)

Combining (2.12), (2.13) and (2.14) then yields (2.11). Since r > 1/2 for
small enough A, Theorem 1.1 follows by combining (2.7) and (2.11).

3 Proof of Theorem 1.2

We fix ;1 > 0 and a small a > 0, and denote € = a“("/# << 1, where € (n)
will be determined later. The main part of the proof will be the construction
of a Lipschitz continuous homeomorphism ¢ : R" — R" with the following
properties. Denote H, = {1 < —a}, and by V the truncated cone

{—a < x1 < —|z|cose}.
Then we require that
(3.1) g(Hp) =H,UV and g¢(0)=0.

Also, we require that
(3.2) | expliukty(a) do < Clym),

and that ¢ is K (n)-quasiconformal in R\ B".

Suppose for the moment that such a g exists. Denote 7,(x) = = + aeq,
and let M : R" — R" be a Mobius transformation that maps B™ onto H
and ey to 0. Then consider

f=M"1or,0og0M.

10



Then, since Mg, 1/2) s bi-Lipschitz continuous, f maps B" onto the union
of B™ and a bi-Lipschitz image of V' when a is small enough. Thus

)\(an) < C(n)anenfl _ C(n)an+(nfl)el(n)/u < C(n)ﬁ(an)'an(?’L*l)El(TL)/,LL7

which is the desired estimate (when a — 0). Also, assuming (3.2), we can
use the conformality and the local bi-Lipschitz property of M to show that

[ expluty (@) do < Ol
B(2)

We conclude that in order to prove Theorem 1.2 it suffices to construct, for
any given small ¢ > 0, a homeomorphism g as above.

Let po = Co(n)u, where Cy(n) is determined later. We will consider the
case n > 3; the case n = 2 is an easy modification. Let = = (r, ¢, ¢), where
r = |z| and 0 < ¢ < 7 is the angle Z(x,0,e1). Also, ¢ € S 2, ¢ = &/|2]
when Z # 0, where & = (x9,...,zy,). Then the map ¢ is of the form

9(r,0,8) = (gr:(r, ¢), ¢)
when z # 0, g(0) =0, and g(z) = grz1/|z1| otherwise. Here
rexp(1) exp(~1) < 7 < o0,
gr =1 log#o L exp(—(2a)71/#) < < exp(-1),

o

2a exp((2a) "V o)y 0 <7 < exp(—(2a)~1/H0).

In order to define 7, we first set

a > a _I/HO
o = { T — arccos (97), r_exp(— <COSE) >,

T—€ otherwise.

Then

_ [ e 0<p<m/2
77 (2=2n9/m)p —m+2n9, T/2<¢<mT.

Now ¢ is a Lipschitz homeomorphism and satisfies (3.1). We next esti-
mate K,. The Jacobian determinant J, is given by

0, i n—2
Jg = 67’97‘ ' Il . (gr S.lnn> y
r rsin @

and

gracpn grSiHU}
r ' rsing )’

|Dg| < C(n) max {&,gr,

Thus ¢ is K(n)-quasiconformal when r > exp(—1). Let A; be the set where
gr = log™H0 % Then

1
argr = :UJOIOg 17'977"’
T T

gl < Cm*

11



in A;. Also, since 19 < 27/3 in Ay,

sinn\n—2 1
> .
a@n(simp) > C(n)
Therefore,
Cn), 1
< —
K, _max{C(n), o logr},
and

/ exp(uK,(x)) dz < 100" +/ |z|~* d,
A1 Al

where a = C(n)/Cp(n). Thus, when Cp is chosen to be large enough so that
a < 1, the integral is bounded by 200™1#.
Let Ay be the set where g, = 2aexp((2a)~/#0)r. Then

C(n)gr

|Dg| < ———=, Opgr = &, and  Jy,n Sy
r r

n—2
) > C(n)~ten !

sin
in As. Therefore,
K, <C(n)e'™,

and
/exp(,qu(x))dm < exp(C’(n)uek”)\Agl
Ao
< exp (Clmue' ™ = Cln, a1,

If we now choose €1(n) to be small enough depending on Cy(n), then the
integral is smaller than 1 for small a. By combining the estimates we see
that (3.2) holds when a is small. The proof is complete.

4 Theorem 1.1 for inverse images

In this section we show that, when a suitable polynomial integrability con-
dition on K is assumed, an estimate similar to Theorem 1.1 holds for the
inverse of a ball under f.

Theorem 4.1. Let f : f~1B(2) — B(2) be a Wh-homeomorphism so that
J > 0 almost everywhere, and

(4.1) / K(z)P dz < K|f~'B"|
F1B(2)

for some K >0 andp >mn—1. Then
B BT et < C(n, p, K)A(F ' B")
whenever

(4.2) MfIB™) < e(n).

12



We do not know if assumption (4.2) is really needed. By (4.1) and
Hoélder’s inequality,

(4.3) / Df(2))" da < C(n.p. K, |fB")),
f71B(2)

where ¢ =np/(p+1) >n—1 whenp >n — 1.

The proof of Theorem 4.1 is similar to the proof of Theorem 1.1. There-
fore, we will leave out some details to avoid unnecessary repetition. Let
G C f7'B(2) be open, x € R", and E C (0,00) a Borel set. As in the
beginning of the proof of Theorem 1.1, we consider the family

(4.4) A={U,:te E} ={S(z,t)NG: t € E},

and define the quantities

MI/KA = inf

n/(n—l)K -14
inf [ pla) DK (@) da,

where X is the family of all Borel functions for which
/ p(x) dH" Y(z) >1 foreveryt € E,
Uy

and M fA as before.

Lemma 4.2. We have
Ml/KA < MfA.

Proof. Since f € Wh4(f~1B(2),R") for some ¢ > n—1 by (4.3), the (n—1)-
dimensional change of variables formula holds on almost every U;. The
proof can now be carried out as the proof of Lemma 2.1. Notice that the
n-dimensional change of variables formula is not needed here. The inequality

/ o(f (@) () du < / o(y) dy,
U

fU
valid for all W' !-homeomorphisms, is sufficient. O

We will use the following continuity estimate for the inverse. In the case
n = 2 this was proved in [10], and the case n > 3 can be proved similarly.

Theorem 4.3. Let f be as in Theorem 4.1, and x and y in B(3/2). Then

C(n,p,K,|f~*B"|)
1 )
lz—y|

[f7H ) = [yl <

log®

where a = p(n — 1)/n.

13



We may assume that |f~!B"| = a,, and that
A=A(fT1BY) =|fH(B")\ B"|.

Let
R =min{s: f1B" C B(s)},

and
r =max{s: B(s) C f1B"}.

We first claim that
(4.5) (R — 1"/ 0=+ < C(n, p, K)A.

We may assume that Re; = f~!(e;). We choose U; and A in (4.4) so that
r=0,G=f"1B" and E=(1,1+ (R—-1)/2).

Lemma 4.4. There exist k = k(n,p, K) > 0 and a continuum ~ in B™ N
f~1B™ so that diam fvy > k.

Proof. If A is small enough, then there exists p € B(1/2) N f~1B™. Conse-
quently, p and S(1)Nf~!B" can be connected in B"N f~! B™ by a continuum
7. Since diam~y > 1/2, diam fv > k(n, p, K) by Theorem 4.3. O

Lemma 4.5. There ezists C' = C(n,p, K) > 0 so that if
s = exp(—C(R — 1)~/((n=1)p)),

then fU; separates fvy and F = B™ N B(e1,s) in B™ for every 1 < t <
1+(R-1)/2.

Proof. Apply Theorem 4.3 as in the proof of Lemma 2.5. ]

Lemma 4.6. We have
C(n,p, K)My/xA > (R — 1)”/(”—1)A(”—l—P)/(p(n—l)).

Proof. Let p € X. Then, by polar coordinates and Holder’s inequality,

-1 _ / p(2) K ()~ -V K () =D/n gy
2 f—l(Bn)\Bn
n—1)/n
< ([ oy r ) an)"
f71B(2)
(n=0)/(wp) ., nir
< ([ K@ra) BB
f71B(2)
where 7 = (p —n+1)/(np). The lemma follows. O
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Lemma 4.7. We have
MfA < C(n,p, K)min{l, (R — 1)—”/((71—1)19)}_

Proof. We use the duality of the modulus M A of separating surfaces and
conformal capacity, and apply a classical estimate for conformal capacity.
Namely, by Lemma 4.5 and [14], and the so-called Loewner property of the
unit ball (cf. [4]), we have

(4.6) MFA < C(n) 1og§
when s < k (s is as in Lemma 4.5 and  as in Lemma 4.4), and
MfA < C(n,p, K)
otherwise. The lemma follows. O

The estimate (4.5) now follows by combining Lemmas 4.2, 4.6 and 4.7.
Now we give an estimate for 1 — r. We claim that

(4.7) (1 — r)" /=t < O(n, p, KA.
We denote
a=n{|f~(2)|: © € B2)\ B(3/2)}.
Lemma 4.8. We have
1—a<C(n,p, K))\(pfnﬂ)/(np).

Proof. We may assume that a < 1. Let n = min{l — a,1/2} and s(t) =
H™1(S(t) \ f~1B"). As in the proof of Lemma 2.8, we apply the Sobolev
embedding theorem on spheres to conclude that

1< Cn)s(t)m+! /

VI fI(2)]? dH" ()
S(H)Nf-1B(2)

for almost every 1 —n < ¢t < 1, where ¢ = np/(p + 1). Therefore, by
integration with respect to ¢, and (4.3),

1
/ s(t)"" 174 dt < C(n,p, K).
1

-
By Holder’s inequality,

(/11 S(t)nflfq dt) I/T(/llns(t)nl dt> (r-1)/7

-n
< C(n,p, K)\T-V/7,

3
IN

where 7 = ¢/(n — 1). The lemma follows. O

15



We now prove (4.7). Notice that
np n?

— <
p—n+1 =nt

p—n-+1

Thus we may assume that a > (1 + r)/2 by Lemma 4.8. Also, as in the
proof of (2.11), we may assume that

r=min{|f"(y)| : y € S(1)}.

Let b = min{1,a} and ro = r + (1 — r)/4. Moreover, let

A={W;:rg <t <b},

where

W, =5(t) N f~1(B(2)\ B").

Then, as in the proofs of (2.11) and (4.5), we have

C(n,p, K)M A > (1 - )/ (=) \(n=1=p)/(p(n 1)

and

MFA < C(n,p, K)(1—r) 7/ #n70),

Combining these estimates with Lemma 4.2 gives (4.7). The proof is com-
plete.
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