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both in terms of integrability properties of H. These results are applied to the approxi-
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1. INTRODUCTION

During the last years quantitative problems in stochastic finance
have become more and more important. One typical example consists
of replacing a continuously adjusted hedging portfolio in the Black-
Scholes option pricing model by a discretely adjusted one, as portfolios
are adjusted in practice only finitely many times. If we consider the
quadratic error which occurs in this replacement (and which we can
interpret as risk in finance), then we obtain the following stochastic
approximation problem:

We model the share price by an appropriate positive diffusion X =
(X¢)tepo,) such that

dXt = O'(Xt>th with XO =xg > 0,

where W = (Wt>t€[0,1] is a standard Brownian motion, o satisfies certain
regularity properties, and (F;):co,1) is the augmentation of the filtration
generated by W. Assume that f : (0,00) — (0,00) is a polynomially
bounded and Borel measurable payoff function of a European type
option. Setting Z = f(X}), we consider

(1) C(Z,7" X, v) =2 -EZ =) via(Xy, — X, ),

i=1
which is the difference between the exact payoff 7 and the payoff of
the discretely adjusted hedging portfolio zg + Y . v;io1(Xy, — X3, )
with initial capital zo = EZ and rebalanced at the deterministic time
points 7" = (t;)l o with 0 = tg < t; < -+- < t,—1 < t, = 1. Here
1
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vi—1 : 2 — R is the number of shares one holds between ¢,_; and t;.
We are interested in the minimal quadratic risk under the constraint
that one trades only n times, i.e.

(2) ax(Z) := infax(Z,7")

where ax(Z,7") = inf (E|C(Z, T, X, U)|2)% with the infimum taken
over all v = (v;)l'S;, where v; :  — R is a JF;,-measurable step function
forall i =0,....,n — 1.

Under certain conditions on Z and o, C. and S. Geiss showed that
if 7" = (%)i, is the equidistant time net with cardinality n + 1, then

one has that c

vn
if and only if Z belongs to the Malliavin Sobolev space Dy 5 [3, The-
orems 2.3, and 2.6]. Furthermore, they proved that there exists a

constant ¢ > 0 such that a (Z) > #ﬁ unless there are constants cgy

and ¢; such that Z = ¢y + ¢; Xy a.s. [3, Theorem 2.5] (if such con-
stants do exists, then aX(Z) = 0). It is also known by [3, Theorem
2.9] that there exists a constant ¢ > 0 such that a; (Z) < <=, if Z has
a certain polynomial smoothness measured by Besov spaces generated
by real interpolation. In this case the rate \/Lﬁ is obtained by adapted
non-equidistant time nets.

M. Hujo showed in [8, Theorem 3], for X being the Brownian motion

or the geometric Brownian motion, that there exists random variables

Z = f(Xy) € Ly(§2, F,P) such that
sup Ve (Z) = oo,

neN

ax<Z, Tn) S

which means that the approximation rate is not always \/Lﬁ even if the

underlying process is the standard Brownian motion. However, in a
sense, there are no explicit examples of such functions.

These results lead us to the question of how to characterize those
Z = f(Xl) S LQ(Q,f, P) with

ax(2) < % for some ¢ = ¢(Z) > 0.

Using Theorem 4.4 below, we see that finally the problem can be re-
duced to a non-stochastic one. Actually we characterize the property

: 9 c
Tléqun <;1 /til(tz t)H (t)dt) SN

where the function H : [0,1) — [0, 00) is increasing and

T, ={r=(t)ig: O=to<ti < - <t,=1}
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using the integrability properties of H. This with Theorem 4.4 imme-
diately gives the characterization of @\ (Z) < 7+ Moreover, we give

sufficient conditions for

1
n t; 2
inf t— OH2)dt | < —
p (S o) = 1

and

1
n t; 2 1
inf ti —t)H*(t)dt | > ,
T7ETH (;/t;_1< ) ( ) > C\/TLB

where § € [0,1), in terms of the growth rate of H : [0,1) — [0, c0).
As we see, the results do not strictly depend on the setting introduced
above and can be applied also to other situations, for example to the
quadratic approximation of multi-dimensional stochastic integrals (see

[9], [12] and [13]).

In Section 2 we introduce the main results of the paper, their proofs
can be found in Section 3. In Section 4 we apply the results of Section

2 to the setting explained above. We also give an example of random

variables for which the approximation rate is aX (Z) ~. ﬁ, for 8 €

(0,1) in case X is the standard Brownian motion or the geometric
Brownian motion. In Section 5 the results of Section 2 are applied
to the approximation of d-dimensional stochastic integrals where the
underlying diffusion might have a drift.

2. RESULTS

To shorten the notation in the following, we say that A ~. B if there
exists ¢ > 1 such that %A < B < cA.

2.1. Definition. Let H : [0,1) — [0,00) be a measurable function. If
T = (t;)y € T, we define

A(H,7) = (S J0 (6= E ()
An(H) :=inf, 7, A(H,T).

2.2. Definition. We say that an increasing function H : [0,1) — [0, 00)
belongs to the set A if and only if

[HlL = sup /i, (H) < oo,
ne

and to the set H if and only if

1
[ [ :=/ H(t)dt < oo.
0
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2.3. Theorem. Let H : [0,1) — [0, 00) be an increasing function. Then
sup vnA,(H) < oo

neN
if and only if fol H(t)dt < co. In particular, one has that
[H ||l ~ 5 |1H]5
2.4. Remark. Theorem 2.3 implies that [ := fol H(t)dt < oo gives

I
An(H) < 7 for alln € N.

This rate can be obtained by regular sequences (see [10] and [11])
generated by H. Regular sequences generated by H are time nets
" = (", for which

/0 " B = % /0 CH ()t

2.5. Theorem. Let H : [0,1) — [0,00) be an increasing function and
a € (%, 1). Then one has the following:

(1) If there exists a constant ¢y > 1 such that

Ht) < e, (1 —log(1 —1))™*
- 1-1t¢

for all ¢ € {0, ...,n}.

for all t € ]0,1),

then

for alln € N,

where ¢ = c(a)) > 1.
(2) If there exists s € [0,1) and a constant c; > 1 such that

(1 —log(1—1t))~™
02(1 — t)

H(t) > forallt € s, 1),

then

1
A(H) > ——
)= s

where ¢ = c(a, ca) > 1.

for alln € N,

2.6. Remark. Geiss showed in [5, Lemma 4.14, Proposition 4.16] that
if H is increasing and there are C' € (0,00), a € (1, 00) with

C
H) < o osi + )P =)

for all ¢ € [0,1), then one has that
sup vnA,(H) < oo for all n € N.
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2.7. Remark. Let H : [0,1) — [0, 00) be a measurable function such that
H*(t) := sup,eo H(s) < oo for all ¢t € [0,1). Then the monotonicity
properties of A, (-) imply the following:
(1) sup,eny vVRAL(H) < ||H*|| as a consequence of Lemma 3.1.
(2) If H*(t) < ¢ We0=D)" gor all ¢ € [0, 1), then

1—
c
A, (H) < for alln € N.
A /n2a—1
3. PROOF

In this chapter we prove Theorems 2.3 and 2.5. To prove Theorem
2.3 we need two lemmas concerning the connection between A,,(H) and

fol H(t)dt, where H is a non-negative and increasing function.

3.1. Lemma. Let H : [0,T) — [0,00), T > 0, be an increasing function
such that

T
15/H@ﬁ<m
0

Then for all n € N there exists a sequence 7" = (1)1, 0 =t <t} <

- <t =T such that
e i
/)H@ﬁ:—f
0 n

for all i < n and for this sequence it holds that

A(H, ™) <

= 5=

Proof. The existence of the sequence (7

\_/

n
1=

o for which
t;.” Z

H(t)dt = —1
0 n

follows from the continuity of the integral. Now we have that
n £ n tn
S [ w-nmwwe=3 [ @ - onwH0
i=1 Yt ' i

—Z sup (tr —t)H(1).

— tet}

zlz

Since H is increasing, it is clear that
tn i
(tr —t)H(t) < H(s)ds < H(s)ds

t 0,

for all t € [t

", t"). Hence
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3.2. Lemma. Let H : [0,1) — [0,00) be an increasing function. If for
all n € N there exists a time net ™ = (7)1, € T, such that

7

for some fized ¢ > 0, then H is integrable and

/1 H(t)dt < V2.

Proof. If H =0, then the claim is trivial. Assume then that H(¢) > 0
for some t € [0,1). Let a := inf{t € [0,1); H(t) > 0} and 7 =
{a} U{t? € 7",t? > a}. Since H is positive on (a, 1), our assumption
implies that ||7"||cc — 0 as n — oo. Using the Cauchy-Schwartz

A(H, ™) <

inequality and assumption A%(H, ") < % we see that

Let b € (a,1) and 0 < € < /c. Choose n such that b < ¢ _; and

b n—1
/ H(t)dt < 3 H(E)(E — 1) +e.
0 i=1

(We can choose n satisfying this, since the positivity of the function H
on the interval (a, 1) implies that ¢!, — 1 and ||7"||oc — 0 asn — c0.)
Now (3) gives that

/bH(t)dt <V2c+e

and since this is true for any b € (a,1) and any € > 0, we finally have
that

/ 1 H(t)dt < V2e.
O

3.3. Lemma. Let H : [0,1) — [0,00) be an increasing function. Then

A (H) < inf —UOTH(t)dt)

~ Te(0,1) n—1

N

+ /1(1 — t)H?(t)dt

for alln > 2.
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Proof. Let T € [0,1) and let 7™ = (¢;)?_, € 7,, be a time net such that
O=to<t1i < - <th1=T<t,=1and

t; - T
/H(t)dt: ! /H(t)dt foralli=1,...,n— 1.
0 n—1J

Using Lemma 3.1 we get that

A*(H, ™) = nz:i/tt (ti—t)HQ(t)dt—i—/

( I (t)dt>2
n—1

(1 —t)H?(t)dt
1
< +/ (1 —t)H*(t)dt.
T
By definition, we have that A, (H) < A(H,7,) and we are done. [

3.4. Remark. The best rate that Lemma 3.3 can give, is obtained by
choosing T' such that

/OT H@dt = V=1 </Tl(1 _ t)HZ(t)dt) "

However, it is not known if Lemma 3.3 gives the optimal upper bound,
i.e. we do not know whether the inequality

( I H (t)dt> i

Te(0,1) n—1

1

+/ (1 —t)H?(t)dt
T

holds. What we have is

A2(H) = inf {Ai_l(HHO,T])nL /

T€(0,1) T

1

(1— t)HZ(t)dt} :

where

0=to<-<tp_1=T “

A2 (H|[0,T]) := inf nz_:/tt (t; — t)H2(t)dt.

In order to obtain inequality (4) we would need to know that there
exists a constant ¢ > 0 such that

A2_1(H|[O,T]) > EM

c n—1

for all n > 2, but we do not know whether this is true.

Proof of Theorem 2.3. Assume first that H € H. Then [ := fol H(t)dt <
oo and Lemma 3.1 implies that

VnA,(H) <1 forallneN
and [[H 4 < [|H |-
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Assume now that H € A, which means that
sup v/nA,(H) < cc.

neN
Lemma 3.2 implies that

/ CH(t)dt < vsup /A, ()

neN
and [ Bl < V3| H||.
The computations above imply that
1
/ H(t)dt < oo <= supv/nA,(H)
0 neN

and that ||H |y ~ 5 || H||.4. O
For the proof of Theorem 2.5, we need the following lemmas.

3.5. Lemma. Let § € (0,1). Then there exists a constant ¢ > 0 such
that

(1 —1log(l —t))~0+A
(1—1)?

~e / 27721 — t)iﬁde for all t € ]0,1).
1

Proof. Let (1) = S 4= and

0 __j3_ 1 —log(1—t))~(B+D)  ~—log(1—t —x
pa(t) = [ 221 — t)2 72y = sl D pres0 de e gy,

The statement follows from

- wp(t) [T s .
lgr%m—/o 2Pe™"dx € (0,00).

[l

3.6. Lemma. [8, Lemma 7] Let 6 € [1,2) and Hy : [0,1) — [0,00), be
given by

Hy(t) =/ (2—0)(1 —t)=¢ forallt € [0,1).
Then

n

inf z; /:1(@ — ) HZ(t)dt > (§ — 1)" !

(t)io €T £
foralln € {1,2,...}.
3.7. Lemma. Let H : [0,1) — [0,00) be an increasing function and
Be(0,1). If
H*(t) > / 27721 — t)%_de for allt € [0,1),
1

then
1

An(H) > cm/ﬁ

where cg = V2% 2e.

for alln € N
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Proof. Let g : [1,00) x [0,1) — (0,00) be given by
g(z,t) = 27772(1 — t)5_2.

Then

f+2 ;
st (r) 0-ommer
g )

forall k > 1 and ¢t € [0,1). We have that
d (1—t):2
EQ(ZJ) = (—log(1—1)—(2+ ﬁ)z)w

and it is easy to see that for any fixed ¢ € [0,1) there exists k; € N
such that g(z,t) is increasing for all z < k; — 1 and decreasing for all
z > k;. Hence

kt72 [o¢]

JRCUEED STV RN ST

k=k¢+1

where we treat an empty sum as zero. Since g(k,t) < 2°2g(k + 1,t)
for all £ > 1, we have that

g(kt - ]-7t) +g(ktat) +g(kt + 17t) S Cﬁg(kt + lat)a

with cg 1= (49+2 4202 + 1), (where we omit g(k; — 1,t) if k; = 1) and
therefore

> glht)y =gk — 1t) + gk, t) + gk + 1)+ > glk+1,%)
k=(ki—1)V1 k=ki+1
< cg Z g(k’ + 1,75).
k=k:

This implies that

00 k¢—2 00
/ g(z,t)dz > Z g(k,t) + Z g(k+1,t)
1 k=1 k=

ki—2 1 0o

k=1 B h=(ke—1)v1

o0

V
| —
=
=
=

for all t € [0,1).



10 HEIKKI SEPPALA

Let ar, =2 — + and py = k=%, By assumption,

H2(t) > /100 g(z,t)dz

TETn .
n t 1 oo
> inf ti—t)— 2 —ap)(l —1t) %dt
N A PP UICEIRE

1 [e'e) n ts
= — inf Zka/ (t: —)(2 — ap) (1 — t) " dt
Cp el o
1 00 n t;
> — ) p inf Z/ (ti — £)(2 — ag)(1 — )"t
€6 = 7€Tn i=1 Jti—1
To prove our claim it is enough to consider n > 2. We set
He, (t) = /(2 — ag) (1 — ),

and now Lemma 3.6 implies that

A(H) > 3 pilay — 1)

IV
2|
| =
5

|
'~

il

o

+

=

v

where ¢z = efcg.
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3.8. Lemma. Let 8 € (0,1) and H : [0,1) — [0,00) be an increasing
function such that there exists a constant ¢c; > 1 for which

1
cvVnb

Then there exists a constant co > 1 such that

A,(H+1)> for alln € N.

—_

A (H) >

for alln € N.

2

Q

2
8 -2
Proof. Assume first that n > 7 := 27-8¢;”, then we have that

% and since

1
Zep 2

1
A5 (H+1) < A2(H) + A2(1) < A%2(H) + 5, forallneN,
n

we get that

1 1 1 1

AH) > > _
n(H) 2 A2n—18  2n = 24(2n)8  &nf

for all n > n, where ¢y = 2#01.
If n < n, the computations above imply that
1 1
A2(H) > A% (H) > >

SIS

where ¢, = 6[7]% and [f1] := inf{k € Z : 1 < k}. O

Proof of Theorem 2.5.
(1) Let T = 1—¢%(™ where c,(n) = 1—((1—a)n'~®+1)7=a. Then

/T Ht)dt < ) /T (1= log(1 =)™

1—t
[(1—log(1 1))~ —1]

&1

:1—a

= clnl’

and

/1(1 — ) H?(t)dt < & /1 (1-log(1—t))*

. 1—1¢
U (1~ log(1 - T))
20 — 1
2
1 -« 1—2a
— ]_ 1 1—a
A (1 -t 1)
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and hence Lemma 3.3 says that, for n > 2,

- ! 1 (/OTH(t)dt>2 + (/Tlu - t)HZ(t)dt)r/2

2 1/2
L 2-20 c%éanl_m}
n—1
(2+¢,)2
Vn2a-1"’
=
where ¢, = %
(2) Assume that there exists a constant ¢y > 1 such that

(1—log(1— )~
02(1 — t)

A (H) <

IN

<Cl

H(t) > for all ¢ € [s, 1).

Then there exists a constant ¢z > 1 such that

(1 —log(1 —1))™

Hi)+12 c3(1—1)

for all t € [0,1).

If we write § = 2a — 1 € (0,1), Lemma 3.5 implies that there exists a
constant ¢4 > 1 such that

1 o
(H(t)+1)* > —/ P21 —1)>"%dz forall t € [0,1),
1

Cq

and Lemma 3.7 implies that there exists c5 > 1 such that

A (H+1) > for alln € N.

1
csVnP

Now Lemma 3.8 implies the existence of a constant ¢ > 1 such that

A.(H) > for alln € N.

aH
=

c
U

4. APPLICATION: OPTIMAL APPROXIMATION RATE OF CERTAIN
STOCHASTIC INTEGRALS

Throughout the section, we assume a standard Brownian motion
W = (W4)iepo,1) on a stochastic basis (2, F, P, (F1)ico,1]), where (F)ecpo
is the augmentation of the natural filtration of W and F = F;. We
let the process S = (S¢)icjo,1) be the geometric Brownian motion, i.e.
Sy = V=5 for all t € [0,1]. Moreover, we let X = (Xt)tepo,) be a
diffusion such that

(5) dXt = U(Xt)th with XO =2 € R,
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where the process X is obtained through Y = (¥}):cp,1 given as unique
continuous solution of

dY; = 6(Y,)dW, + b(Y;)dt with Yy = yo € R,

with 0 < g < 6 € C°(R) and b € Cz°(R), in the following two ways:
(a) yo =m0 €ER, 7 := 0, b:=0, X, :=Y,,
(b) yo = log xg with xg > 0,

N o(eY A 1.
o(y) = —< ), b(y) = —éa(y)z, and X, = €.
Moreover, we let v be the Gaussian measure on R, i.e.
1 «2

e 2 dx.
\ 2T

4.1. Definition. Let C. be the linear space of Borel measurable func-
tions f : R — R such that there exists m > 0 for which

ey

dy(z) ==

supe ™R f2(z 4 tg) < oo
zeR

for all ¢ > 0, where g is a centered standard normal random variable.
Moreover, we define

C={Z=fM):Q—R| feClC. and Y as above}.

The main tool for investigating the approximation problem in papers
of C. Geiss, S. Geiss, and Hujo was the H-functional defined in the
following way.

4.2. Definition. Let X be a stochastic process as in (5) and assume
that Z € C (or Z € Ly(Q, F,P) if X € {W,S}). Then we set

I?*F
(02w) (t, Xy)

where F' : [0,1) x [ — R is given by F(t,z) = E(Z|X; = z), with
I =R in case of (a) and I = (0,00) in case of (b).

(6) HxZ(t) = ‘ for all t € [0, 1),

Lo

4.3. Lemma. [3, Lemma 5.3] The function HxZ : [0,1) — [0,00) is
continuous and increasing.

In order to deduce from Theorem 2.3 a characterization of the ap-
proximation rate
X

n(Z)§%7

a

we need the following theorem.
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4.4. Theorem. [3, Lemma 3.2] [6, Theorem 4.4] Let X be a stochastic
process as in (5), Z € C (or Z € Lo(Q, F,P) if X € {W,S}) and
7= (t;) € T,. Then

ax(Z,7) ~ (i /t _ti (t — t)H§Z(z)dt>

=1

NI

where ¢ > 1 is an absolute constant depending on o only. Consequently,
ap (Z) ~e An(Hx Z).

n

4.5. Corollary. Let X be as in (5) and Z € C (or Z € Ly(Q2, F,P) if
X e {W,S}). Then
62
t, X dt
( 8932)( ! Lo ’

sup vna; (Z) ~, /
neN 0

where F': [0,1) x I — R is given by F(t,z) = E(Z|X; = x), with [ =R

in case of (a) and I = (0,00) in case of (b).

Proof. Theorem 2.3 together with Lemma 4.3 and Theorem 4.4 gives
the result immediately. U

is inte-

4.6. Remark. Remark 2.4 implies that if H( 29 F) (t, Xy)
Lo

grable, then the regular sequences generated by H( 20°F ) (t, Xy)

2
give the rate T Using these sequences, denoted by 7., we have that

if A= ] H( WF) x|,

ax(Z) < ax(Z, 1) <

dt < oo, then

0(4.4)A
vn
where c(4.4) > 0 is taken from Theorem 4.4 above.

One can also optimize over random time nets instead of deterministic
ones considered here. The result [4, Theorem 1.1.] from C. and S. Geiss
implies that \/iﬁ is the best possible approximation rate also for the
random time nets in case the underlying diffusion X is the Brownian
motion W or the geometric Brownian motion S and Z is not equal to
co + 1 X1 a.s. for some ¢y, ¢; € R. This means that if X € {W, S}, the
random time nets do not improve the approximation if the deterministic

time nets already give the rate \/Lﬁ According to this, Corollary 4.5
Lo

J () e

then the optimal approximation rate is 7 also for the random time

for alln € N,

implies that if

dt < o0,

nets and this rate is obtained by using the regular sequences generated
82
by | (55) . %0,

2
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Now we give for § € (0,1) an example such that

1
b's
a; (Z) ~. —— foralln eN,
D 7
in case X is a standard Brownian motion or the geometric Brownian

motion. According to Theorem 2.5, Lemma 4.3 and Theorem 4.4 it is
sufficient to find a random variable Z = f, (W) such that

(1—log(1— 1))~

HXZ(t) ~ec 1_+¢ )

4.7. Example. Let a € (1/2,1) and f, = > ;o axhi € La(y), where
a = (ax)2, is given by

0 if k € {0,1,3}
X if k=2
%log_a(k -2) ifk>4

and (hg)72, C La(7y) is the complete orthonormal system of Hermite

polynomials,
fd < 1) é d - 2

N
Then Z, := fo(W1) € Lo(2, F,P) and it can be shown that

o 1/2
_ 201k (1 —log(1—t))™
Hyy Zo(t) = <1+Zklog (k)t ) ~e, —
k=2
for all t € [0,1) (according to Lemmas 4.9 and 4.8 below). Using
Lemma 4.9 it is easy to show that there exists a constant c; > 0 such
that

HywZo(t) ~e, HsZ,(t) for allt € (0,1).
Theorem 2.5 implies that there exists a constant c3 > 1 such that
1 C3
— < a¥Z,) <
03,/n2a—1 - ”( ) /n2a—1

for all n € N, where X € {W,S}. In other words, letting 5 € (0,1)

and defining « := % we have

1
X(Zy) ~ey —— for all :
ai (Zy) o orallneN

The following lemma should be folklore. For completeness and con-
vinience of the reader we include a proof.
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4.8. Lemma. Let 3 > 1. Then for allt € [0,1), one has that

~loe(1 — )-8 0
) g e Yo

where the constant ¢ > 1 depends at most on (3.

Proof. Let n > €° be an integer, ¢ € [%H,%), and t = e~ . Since

klog™?(k) is increasing if k > €® and we assumed that n > e, we have
that

0o 2n
L+ klog (k)tF >3 " klog " (k)(e™/™)"
k=2 =

Moreover,

o0 m+1

1+iklog_ﬁ(k)tk§1+iklog +Z Z klog#(k)e it
k=2 k=2 m=1 k=mn+1

< cg Z nlog™?(n) + Y (m+1)n?log ?(n)e n+t

m=1

< cgn*log™"(n) +n?log™” Z m+1)e ™2
m=1

< (cs + ¢)n*log™"(n),
where cs depends at most on 3 and ¢ = >_°_ (m + 1)e”™/2. This
implies that

L+ klog (k)t* ~, n*log?(n) for all n > ¢”,

where ¢; > 1 is a constant depending at most on §. Adapting the
constant ¢; > 0, we get this for n > 2.
Now we show that if n > 4, then

—lo — -8
(1 1(1g(_1t)2t>) ~e; n*log ™ (n),

where ¢y > 2 is a constant depending at most on (3. Firstly, we have

that log(%) s n, where c3 = 2. Moreover

log(u_l) ~ey 1 —
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for all u € [e7/2,1], where ¢4 = [2(1 — e72)]"L. Hence
1

1=t~y —

n

)

1
where ¢s = 2[1 — e~2]7'. Furthermore,

1
oen <log(n/cs) <log((1 —t)~') <log(csn) < 2logn

since c¢s < 2 and n > 4. Now

1

and hence
(1 —log(1 —1t))=#
(1—1)?

~ey 2 log ™ m,
where ¢y = 48¢2.

Ift> e’i, the computations above imply that

(1—log(1—1))~"
(1—1)?

0o
~eo n2 logiﬁ n ~e I+ Z k logiﬁ(kﬁfk?
k=2

where n is such that e~n < t < e If 0<t< e_i, then one has
that

1<1+ ) klog P (k)th < cg,
k=2
where the constant c¢g > 0 depends only on 3, and
— —_ )8
1Ol o)
s 1—1p
where the constant dsz > 0 depends only on 3. Hence

—lo — P N
(1 ?FE}QZU) rvcl—kgg;kﬂog‘ﬂ(kﬁk

for all t € [0,1), where the constant ¢ > 1 depends on f. O

4.9. Lemma. [7, Lemma 3.9] For f =Y 7 jayhi € Lo(7y), t € [0,1)
and Z = f(W1) one has that

Hyw Z*(t) = ) aj ok +2)(k + 1)tF,
k=0

HsZ*(t) =) | (am - %) (k +2)(k + 1)t*,
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where W is a standard Brownian motion and S is the geometric Brow-
nian motion. Moreover

1 2
EHWZ2(75) — 5(ai +a3) < HsZ?(t) < 4Hyw Z*(t) + 2a3.

5. APPLICATION: APPROXIMATION OF CERTAIN D-DIMENSIONAL
STOCHASTIC INTEGRALS WITH DRIFT

We can apply Theorems 2.3 and 2.5 also to the discrete time ap-
proximation of d-dimensional stochastic integrals considered by Zhang
[13], Temam [12] and Hujo [9]. Our setting is the same as in [9], which
generalizes the 1-dimensional setting of Section 4 to d dimensions.

We assume a stochastic basis (Q, F, P, (F¢)iecjo,11), Where (F)icpo,1] is
the augmentation of the natural filtration generated by the d-dimensional
standard Brownian motion W = (Wt)te[o,u with F = F;.

We consider a diffusion X = (X1, ..., X%), where

t d t
8) X =ux}, +/ bi(X,)du + Z/ 0ij(X,)dW?,  t€[0,1], a.s.

for all i = 1,....,d and zo = (2}, ..., 2d). We assume that X is obtained
through Y given as unique path-wise continuous solution of

t d t
9) Y=yl + / b;(Ya,)du + Z/ 6:;(Y,)dWi, te€[0,1], a.s.
0 = Jo

foralli =1,...,d, where b;, 5;; € Cs°(R%) and (667);j(z) = S0, 64(x)6j(2)
is uniformly elliptic, i.e.

d
> (667)i(x)&& = ME]P, for all z,¢ € R and some A > 0,
ij=1

where || - || is the Euclidean norm. We assume that X is obtained

through Y by one of the following two ways:
(a) 20 = yo € RY, by(x) := bs(x), 64(x) := 05;(x), and X; = Y},
7 bi(e¥ d 4 .
(b) To = e € (Oa Oo)da bl(y) = ) % 0-2 (y)7 JZ](y) =

eYi j=1"1j

(Y

2l and X, = e,
eYi

Here and in the following e¥ = (e¥', ..., e¥%) for y = (y1,...,ya). As in
one dimensional case, (a) is related to the standard Brownian motion
and (b) is related to the geometric Brownian motion.

Moreover, we assume that f : E — R is a Borel-function such that
for some ¢ € [2,00) and C' > 0 it holds that

(10) [f(2)] < CA A+ [l2]|), = € E,
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where the set F is defined by
R¢ in case (a
. { ()

(0,00)% in case (b).
Finally, we define the function ¢ : R? — R by

fy) in case (a)
9ly) = {f(ey) in case (b).

5.1. Theorem. [1, Theorem 8 on p. 263|, [2, Theorem 5.4 on p. 149]
For 1;, o with 667 uniformly elliptic, there exists a transition density
[:(0,1]xRIxRY — [0,00) € C*® such that P(Y; € B) = [ T(t,y, &)dE,
fort € (0,1] and B € B(R?), where Y = (Y})ep,1) is the strong solution
of SDE (9) starting from y. Moreover, the following is satisfied:

(i) For (s,y, 5) (0 1] x R? x R? we have that

LAV D ) pr v an sy§+2b (s,9,6).

klljl

(ii) For a € {0,1,2,...} and multi-indices b and c there ezists pos-
itiwe constants C' and D, depending only on a,b,c and d such
that

Qo lbltlel C _plu=¢l?
t

aatabyacéf ( Ys f)‘ — ¢(d+2a+[b|+|c[)/2 €

If we apply Theorem 5.1 to the stochastic differential equation
= Z} + Z] o6 Uzy W) AW in case (a)
fo <2 - Z]( )) du—i—Z] o 0i5(Z,)dW] in case (D),
we obtain a transition density I'g such that we can define the function
G € C*>([0,1] x R?) by
Git.y) = [ To(1=ty.g(6)dg, 0<t <1
R
SO that
2+ 1(MT<y>)kl%"@yl) G(t.y) =0 (a)
% ~ 2L (383 w) 2 + 3 S (667) 5l ) Glty) =0 (b).
We define the function F': ' — R by setting
F(t,z) = G(t,x), ?n case (a)
G(t,log(x)), in case (b),

where log z = (log(xy), ..., log(x4)), and the operator L by
d

o 1 0?
E o a + 5 Z Lkl(w)axkaxl’

k=1
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where Ly = Z;l:l ok;(x)oy;(x). Now we have that
LF(t,z) =0 on [0,1) x E,

and Ito’s formula implies that
F(t, X,) = F(0, X,) +Z/ —FuX JAXE as. te0,1).

From Theorem 5.1 we get that
F(t,X;) — f(Xy) in Lyast /1

and

f(X1) = F(0, X,) +Z/ 8—xkFuX )dXF as.

5.2. Definition. For f, F' and X as above we define

sun(f(Xl) )
ti'As 9 k

Z /n (a_xkF v, & ) 8xkF(ti—1’Xt?1)) dX, )

i=1 k=1 .

for all 7 = (¢;)I, € 7, and s € [0, 1).
5.3. Definition. We define Hx f, Hy f : [0,1) — [0, 00) by setting

21\ 3
Hx f(t): (supE ] ) and
a,p

H /(1) = sup Hx /()
s€0,t]

5.4. Remark. According to [9], one can check that H% f(t) < oo for

te0,1).

2

Vaa(Xt)Vﬁﬂ(Xt)

F(t, Xy)

0z, 0xg

Finally, we define functions @Q; : R? — R for i = 1, ...,d by

1, in case (a)

Qulr):= {xl in case (b).

In this setting we have the following theorem, which refines [9, The-
orem 1].

5.5. Theorem. Assume that for all v € E
0* Qi(x)

7 0ij (T T v

oo, | = g

b;(z)| < C1Qi(x) and V; > C%Q?(x) fori e {1,...,d} and some fized
Ci; > 0.

< where g +r =s, q,r,s € {0, 1,2},
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(1) If one has that

1
/ Hy f(t)dt < oo,
0
then

inf sup @ (f(X0), 7,5) <
T€Tn s€[0,1]

where D1 = D1(C1,d) > 0.
(2) If there exists Cy > 0 and o € (3, 1) such that

(1 —log(1 — 1))
1—t

for alln € N,

RIS

Hy f(t) < Cqy for allt € [0,1),

then

: D
inf sup o\ (f(X1),7,5) < 2

TeTn 56[071] A /n20471
where D2 = DQ(Cl, Cg,d) > 0.

Proof of Theorem 5.5 . Hujo showed in the proof of [9, Theorem 1, p.
18] that under the assumptions of Theorem 5.5 we have that

n d t"As 2
v 3 5 n k
% [ (o) - e F (e X)) axh

i=1 k=17l 1/\s

noosn ot
<CZ/ / supE

i1 Yt Jt o, af

for alln € N,

2
Vaa(Xu)Vﬁﬁ(Xu)

F(u, Xy,)

0z, 0xg

2
] dudt

for any s € [0,1) and any time net 7 = (¢)_,. Hence we can conclude
by Theorems 2.3 and 2.5. O
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