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Abstract

The Malliavin derivative for a Lévy process (X;) can be defined on
the space Dy o using a chaos expansion or in the case of a pure jump
process also via an increment quotient operator [12]. In this paper we
define the Malliavin derivative operator D on the class S of smooth
random variables f(Xy,,..., X, ), where f is a smooth function with

compact support. We show that the closure of Lo(P) O S 2L, (m®P)
yields to the space D 2. As an application we conclude that Lipschitz
functions operate on D o.
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1 Introduction

In the recent years Malliavin calculus for Lévy processes has been developed
using various types of chaos expansions. For example, Lee and Shih [7]
applied a white noise approach, Leon et al. [5] worked with certain strongly
orthogonal martingales, Lokka [6] and Di Nunno et al. [2] considered multiple
integrals with respect to the compensated Poisson random measure and Solé
et al. [11] used the chaos expansion proved by It6 [4].

This chaos representation from Itd applies to any square integrable func-
tional of a general Lévy process. It uses multiple integrals like in the well
known Brownian motion case but with respect to an independent random
measure associated with the Lévy process. Solé et al. propose in [12] a
canonical space for a general Lévy process. They define for random variables
on the canonical space the increment quotient operator

W (o) = L) Z L) v #0,

X

in a pathwise sense, where, roughly speaking, w;, can be interpreted as the
outcome of adding at time ¢ a jump of the size x to the path w. They show
that on the canonical Lévy space the Malliavin derivative D, ,F’ defined via
the chaos expansion due to Ito and W, F' coincide a.e. on Ry x Ry x
(where Ry := R\ {0}) whenever F' € Ly and E [p [, F[*dm(t, ) < 0o

(see Section 2 for the definition of m).

On the other hand, on the Wiener space, the Malliavin derivative is in-

troduced as an operator D mapping smooth random variables of the form
F=fW(hy),...,W(hy,)) into Ly(2; H), i.e.

pr=3 aif(W(m), W (R,

(see, for example, [8]). Here f is a smooth function mapping from R"™ into R
such that all its derivatives have at most polynomial growth, and {W(h),h €
H} is an isonormal Gaussian family associated with a Hilbert space H. The
closure of the domain of the operator D is the space D 5.

In the present paper we proceed in a similar way for a Lévy process
(X¢)i>0. We will define a Malliavin derivative operator on a class of smooth
random variables and determine its closure. The class of smooth random
variables we consider consists of elements of the form F' = f(X,,..., X3,)
where f : R” — R is a smooth function with compact support.

Analogously to results of Solé et al. [12] about the canonical Lévy space
the Malliavin derivative DF' € Ly(m ® IP), defined via chaos expansion, can
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be expressed explicitly as a two-parameter operator D, ,. For certain smooth
random variables of the form F' = f(X,,,...,X;,) it holds

o 9f
Dt,:pf(th,. -.,th) = ;a_%

U f (X oy X ) Dgaioy (),

for m @ P-a.e. (¢,z,w). Here W ,, for x # 0, is given by

(Xtrs - Xe ) Lot g0y (8, )

\Ijt,wf(ti s 7th)
f(Xh + xﬂ[o,tl](t)v <o 7th + x]I[(ltn}(t)) - f(tha S 7th)
- .

Our main result is that the smooth random variables f(X,,...,X:,) are
dense in the space D; o defined via the chaos expansion. This implies that
defining D as an operator on the smooth random variables as in Definition
3.2 below and taking the closure leads to the same result as defining D using
It6’s chaos expansion (see Definition 2.1).

The paper is organized as follows. In Section 2 we shortly recall 1td’s
chaos expansion, the definition of the Malliavin derivative and some related
facts. The third and fourth section focus on the introduction of the Malliavin
derivative operator on smooth random variables and the determination of its
closure. Applying the denseness result from the previous section we show in
Section 5 that Lipschitz functions map from D 5 into Dy .

2 The Malliavin derivative via It6’s chaos ex-
pansion

We assume a cadlag Lévy process X = (X;)i>0, on a complete probability
space (Q, F,P) with Lévy triplet (v, 02, v) where v € R, 0 > 0 and v is the
Lévy measure. Then X has the Lévy-1td6 decomposition

Xt:'yt+0Wt+/

[0,¢]x{||=1}

rdN(t,x) + / zdN(t, ),

[0,t] x{0<|z|<1}

where W denotes a standard Brownian motion, N is the Poisson random
measure associated with the process X and N the compensated Poisson
random measure, dN (t,z) = dN(t,z) — dtdv(z). Consider the measures p on
B(R),

du(z) == o?ddo(z) + 2%dv(z),
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and m on B(R,; x R), where Ry := [0, c0),

dm(t, x) := dtdp(x).
For B € B(R; x R) such that m(B) < oo let
M(B) = a/ dW; + lim zdN(t, ),
{teR4:(t,0)€B} =0 J{(t,x)eB:1/n<|z|<n}

where the convergence is taken in Ly(Q, F,P). Now EM(B,)M(B;) =
m(B;NBy) for all By, By with m(B;) < co and m(Bs) < co. Forn =1,2,...
write

Ly =Ly (Ry x R)", B(Ry x R)®", m®").

For f € L3 1to [4] defines a multiple integral I,,( f) with respect to the random
measure M. It holds I,,(f) = I,(f), a.s., where f is the symmetrization of

fs

f(zl,..., Zn) ] Zf Zr(1)s -5 Zr(m))  forall z; = (¢, 2;) € Ry x R,
TESR
and S,, denotes the set of all permutations on {1,...,n}.

Let (F7 )0 be the augmented natural filtration of X. Then (F/);>q is
right continuous ([9, Theorem I 4.31]). Set F¥ :=\/,., F*. By Theorem 2
of 1to [4] it holds the chaos decomposition

Ly = Ly(Q, FX, P EBJ L},

where Iy(L9) := R and I,,(L}) := {L.(f,) : fn € L3} for n = 1,2,.... For
I € Ly the representation

n=0

with Iy(fo) = EF, a.s., is unique if the functions f,, are symmetric. Further-
more,

oo
IFI17, = ) nlll fallzy
2

n=0



Definition 2.1 Let Dy, be the space of all F' =" I,,(f,) € Lo such that

o0

I3, , ==Y (0 + DN fallzy < oo

n=0

Set Ly(m @ P) := Ly(Ry X R x Q, B(R; x R) ® F¥, m ® P). The Malliavin
derivative operator D : Dy 5 — Lo(m ® P) is defined by

DioF =) nl,a(fu((t,2),), (tz,w) € Ry xR x Q. (1)

n=1

We consider (as Solé et al. [12]) the operators D.y and D.,, z # 0 and
their domains D, and D{,. For o > 0 let DY, consist of random variables
F=3%",IL,(f.) € Ly such that

||F||1%>g’2 = ||F||%2 + Z” : n!||fn]I(R+><{O})><(R+><]R)"*1||%g < 0.

n=1

For v # 0, let DY, be the set of F' € Ly such that

(o)
1FIS,, = IF12, + 3 n nllfulg, cop e eyt < oo,

n=1

where Ry := R\ {0}. If both ¢ > 0 and v # 0, then it holds
Dy, = DY, NDY,. (2)

In case v = 0, D.g coincides with the classical Malliavin derivative DV
(see, for example, [8]) except for a multiplicative constant, D}V F' = oD, oF .

In the next lemma we formulate a denseness result which will be used to
determine the closure of the Malliavin operator from Definition 3.1 below.

Lemma 2.2 Let L C Ly be the linear span of random variables of the form
M(T1XA1)"'M(THXA7L), n:1,2,...
where the Als are finite intervals of the form (a;,b;] and the T!s are finite

disjoint intervals of the form T; = (s;,t;]. Then L is dense in Ly, Dy, DY,
and D{Q'



Proof. 1° First we consider the class of all linear combinations of
M(By) -+ M(Bn) = I,(1p, x-x,),

n =1,2,..., where the sets B; € B(R; x R) are disjoint and fulfill the con-
dition m(B;) < oco. It follows from the completeness of the multiple integrals
in Ly (see [4, Theorem 2|) that this class is dense in Ly. Especially, the class
of all linear combinations of Ip, «...x 5, With disjoint sets By, ..., B, of finite
measure m is dense in L} = Ly ((Ry x R)™, B(R, x R)®" m®"). Let H, be
the linear span of Wiz, xa,)x-x(T,x4,) Where A; = (a;,b;] and T; = (s;,1;].
One can easily see that H, is dense in L} as well: Because m is a Radon
measure, there are compact sets C; C B; such that m(B; \ ;) is sufficiently
small to get

||]131X---XBn - ]ICl><---><Cn Ly <é€

for some given € > 0. Since the compact sets (C;) are disjoint one can find
disjoint bounded open sets U; 2 C; such that ||T¢, x..xc, — Tvyx..xv, |2 < €.
For any bounded open set U; C (0,00) x R one can find a sequence of ’half-
open rectangles’ Q; x = (s}, th] % (a}, by] = T} x A}, such that U; = Uy~ Qi
(taking half-open rectangles @), C U; with rational ’end points’ containing
the point z € U; gives U; = U(?QOICUi Q).

Hence for sufficiently large K;’s one has

H]IU1><---><Un - I[UkK:l1 Q1 x--xUKn, mk’ng <e

where the );;’s can now be chosen such that they are disjoint. This implies
that the linear span of Iy, «..xg, Where the @);’s are of the form T; x A; is
dense in Lj.

2° For the convenience of the reader we recall the idea of the proof of
Lemma 2 [4] to show that the intervals 7; can be chosen disjoint. Consider

]I(T1><A1)><~~~><(T7L><An)7 (3)

with pu(Ay) > 0,...,u(A,) > 0, where (T; x A;) N (T; x A;) = 0 for ¢ # j.

Assume, for example (all other cases can be treated similarly), that T} =

- =T, =:T while T}, ..., T, are pairwise disjoint. Given the expression
]I(T><A1)><~~-><(T><Am)><(Tm+1><Am+1)><-~~><(Tn><An)

choose an equidistant partition (E;)5_; of T so that |E;| = T and set

k
¢ i= p(A) -+ plA) Tl -+ 1T,
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Now

]I(T><A1)><~~-><(T><Am)><(Tm+1 X Am41) XX (T X Ar)
k

- E ]I(Ejl X A1) XX (Ej, X Am ) X (Tmgp1 X Amg1) XX (T X An)

J1
all j; distinct

k
+ Z ]I(Ejl X A1) X X(Ej, X Am) X (T 1 X Amgp1) XX (T X An)

) jl ,,,,, j:,n—'l
7; not distinct

= 51+ 5,

where S7 is a sum of indicator functions with disjoint time intervals. We
complete the proof by observing that

k
I1S207; = > m(Ej x A1) m(Ej, x Ay)

G1sesdm=1
7i not distinct

Xm (1 X Apyr) - -m(T, X Ay)
k

= c > BB,

d1sendm=1
7i not distinct

() (3
(e o)

3° The denseness of 'H,, in Ly implies that £ is dense in Ly and Dy 5. The
remaining cases follow from the fact that

for £k — oo.

| fal®y x{oyx @ xryn—1lze < || fullzy

and

| fr Ry xRo)x (R xRy ||z < | full Lo



3 The Malliavin derivative as operator on &

Let C2°(R™) denote the space of smooth functions f : R — R with compact
support.

Definition 3.1 A random variable of the form F' = f(X,,,..., X;,), where
f e CR"), n €N, and ty,...,t, > 0, is said to be a smooth random
variable. The set of all smooth random variables is denoted by S.

Definition 3.2 For F' = f(X,,,...,X;,) € S we define the Malliavin deriva-
tive operator D as a map from S into Ly(m ® P) by

D, .f( Xy, .., Xs,)

"L 0
= 3 X X gt (60

i=1 Oz

+f(Xt1 + ZC']I[O,tl]<t), N ,th+ :CI[[O,tn] (t)) — f(th, e 7th)
X

for (t,xz) € Ry x R.

We have the following result.

Lemma 3.3 It holds DF = DF in Ly(mn ® P) for oll F € S.
Since for f(X3,,..., Xy, ) € S one has
IE/ |Dyof(Xe,, ..., X,)[dt < oo
R4
and
E/ |Dt,xf(Xt1a-"7th)|2dm(t7$) <00
R+XRO

Lemma 3.3 follows for the canonical Lévy space from |12, Proposition 3.5]|
and [12, Proposition 5.5].

A proof of Lemma 3.3 for the situation where the Lévy process (X;) is
a square integrable pure jump process which has an absolutely continuous
distribution can be found in [6].



An outline of the proof in the general case is given in the appendix. Like
in |6, Proposition 8] one can derive from the proof an explicit form for the
functions (f,,) of the chaos expansion f(Xy,,..., Xy, ) = > " L.(fn),

fal(s1,21)y oy (Snyxn))
= F Z (_1)n_|1| f(Xt1+ZieI xiﬂ[ﬂvtﬂ(si)’ S ’thJrZiel xiH[O,tk](Si))

n! T1v Ty,

9

with the convention that to get f.((s1,21),...,(s:,0),...,(Sn,xy,)) one has
to take the limit limyg, |10 f((51,21), ..., (Sn, T0)).

Especially, we conclude from the fact that any FF € L, O S has a
unique chaos expansion that also D F' does not depend on the representation
F=f(Xy,....,X,).

Using the equality of D and D on § and the fact that § is closed with
respect to multiplication we are now able to reformulate Proposition 5.1 of
|12] for our situation:

Corollary 3.4 For F and G in S it holds
Dt7x(FG) = GDt@F + FDt’xG + th,xFDt,xG

form®@P—a.e. (t,z,w) € Ry xR x Q.

4 The closure of the Malliavin derivative oper-
ator

The operator D : § — Lo(m ® P) is closable, if for any sequence (F,) C S
which converges to 0 in Ly such that D(F},) converges in Ly (m®P), it follows
that (DF,) converges to 0 in Ly(m®P). As we know from the previous section
that D and D coincide on & C D 5, it is clear that D is closable and the
closure of the domain of definition of D with respect to the norm

S

IFllp = [E[F]* + E|DFIL, )] .

is contained in ;. What remains to show is that the closure is equal to
Dy 5.

Theorem 4.1 The closure of S with respect to the norm || - [|[p = || - ||p,, 5
the space D 5.



Theorem 4.1 implies that the Malliavin derivative D defined via It6’s chaos

expansion and the closure of the operator Ly O S 2 Ly(m ® P) coincide.
Before we start with the proof we formulate a Lemma for later use.

Lemma 4.2 For ¢ € C°(R) and partitions m, := {s = tf < tf < --- <
th = u} of the interval [s,u] it holds for ¥(x) := xp(x) that

Dy, — lim (Zzz](xt? — X )= > (X — Xt;_zl))
j=1 j=1

|77 |—0

— [ ele) (e,
(s,u] xR

where |m,| == maxy<;<, [tI — "]

Proof. To keep the notation simple, we will drop the n of the partition points

t7. Notice that [, . 5 o(x) dM(t, ) = LT ® @). We set

G" = (X, — X)) —EY (X, - X,,_,)
j=1 j=1
and
G ::/ o(x) dM(t, ).
(s,u] xR

Choose functions 3, € C°(R) such that 0 < 3,, < 1 and f,,,(x) = 1 for
|z| < m, the support of 3, is contained in {z;|z| < m+2} and || ], ]| < 1.
As P(Xy, — Xy, ) Bm(Xy,_,) € S, we get from Lemma 3.3 that

Dy h(Xe; — Xy 1 )Bn(Xe, 1) = Dea0(Xe; — Xy 1) B (X, ) (4)

One easily checks that Lo —lim,, oo ¥(Xy, =Xy, ) Bn(Xe,_,) = V(Xy, — Xy, )
and the limit of (4) in LQ(IIIl@P) is thl/J(th _th_l) = Dt,mw(th _th—l)’
So we can write D, ,G" explicitly as

Dt,z (Z Q/J(th - thl))
j=1

= Z 1//(th - th—1>]I(tj—17tj}><{0} (t7 I)
j=1

]I(t]',ht]'} XRo <t7 .',C) .

& w(th - th—l +x) — 1/’(th - thfl)
+> .
7=1
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Moreover, we have Dy, I; (15 ® ¢) = L (t)¢(x) m—a.e. Using the gen-
eral fact that for any F' € Dy, with expectation zero it holds [|F||3, , <
2| DF3, (mep) We obtain

HG - GnH]%)l,z
< 2||DG — DG”H%Q(HH@IP)
= 2% [ 3 Wy ) (®)[0(0) - (X, = X,y )]t

R+]1

+2E Z T, (0 [p(2) = Doath(Xy, — Xy, )] “dmn(t, z)

R+XRO ] 1

= 20°FE Z T,y 0)(t) [0(0) — W(th - thfl)]2dt

R+ 51

+2E Z ]I(tj—l,tj]<t)[w(x) - w(th - th,l + )

R+><R0 ] 1

+U(Xy, — Xy, )] dtdv(z)

— 0

as n — oo because of dominated convergence and the a.s. cadlag property
of the paths of (X;). Indeed, one can use the estimates

|0(0) = ' ()] < lelloo + [1¥]lc0,

(@) =y +2) + )] < (1l + 119" lloo + 3lllloe) (|2 A 1)

and the fact that [ (2 A 1)dv(x) < oo. Moreover, for |m,| — 0 the cadlag
property of the paths implies the pointwise convergence in t € (s, u| of the
expressions

2

Z Lien (D) [0(0) = ' (Xin — Xon )] = [0(0) — ¢/ (X, — X))

J

(note that ¢(0) — ¢’(0) = 0), and

Z]I i O(x) = (X — X |+ 1) + (X, — X))

— () = (X — X +2) + (X — X))

11



Because the set {t > 0; X, — X, # 0} is at most countable for cadlag paths
the assertion follows. 0J

Proof of Theorem 4.1. According to Lemma 2.2 it is sufficient to show that
an expression like M (77 x Ay)--- M(T,, x A,), where the Als are bounded
Borel sets and the T7s finite disjoint intervals, can be approximated in D; 5
by a sequence (Fy)r C S.

1° In this step we want to show that it is enough to approximate

L(Ty, ® 1)+ L (L1, @ @), (5)

by (Fi)r € S where ¢; € C°(R). Since the intervals 7; are disjoint the
definition of the multiple integral implies that

M(Ty X Ay) - M(Ty % A) = Ly(Tpyn, @ - @ gy on) s,
By the same reason,
LIy, ® 1) -+ Li(g, @ 9n) = Ln((In @ 1) @ -+ @ (17, ® o)) as.
We have
1 (T x Ay %o (T x An)) — In(Ty, ® 1) @ -+ @ (1, @ <Pn))||n23>1,2

< (DT m sy x(@xan) — (In @ @1) @ -+ @ (I, @ pn)
< DU Tl e, — 01 @+ @ 025 o).

2
Ly

The last expression can be made arbitrarily small by choosing ¢; such that
L4, — ol i 1s small. For example, for each ¢ there are compact sets
CiCCiC---CA; and open sets Ui D Ul D --- D A; such that

pU\ Cy) = 0
as k — 00. By the C* Urysohn Lemma ([3|, p. 237) there is for each k a
function ¢} € C°(R) such that 0 < ¢f < 1, i =1 on C} and supp(¢}) C
U;. Then
1, — oty < (U CF) — 0

as k — 00.
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2° Now we use Lemma 4.2 to approximate the expression (5) by a sequence
(Fr)r €S. Fori=1,...,nset ¢;(z) := zp;(x) and

k k
= Z ]I{tj7tj—1€Ti}¢i(th - th71) —-E Z H{tj,tjflefi}wi(th - thq)'
j=1 j=1

The partition m, = {0 < t§ < ... < t{} can be chosen such that all end
points of the closed intervals T; belong to 7. Put

Fe(Xigs ooy Xy, ) =117, G¥

and notice that f, € C®(RF). Setting x_; := 0 and a,,(xo, ..., 7x) =
1%, Bm(z; — x;_1) where the (3,,) are taken from the proof of Lemma 4.2 we
have f(z)am,(z) € C°(R*1). By dominated convergence one can show that
Dy o — limy, oo fu(Xigs -y Xoy ) (Xigs - -, Xp) = fro( Xty - -, X, ). Because
the intervals (7;) are disjoint it follows that the product rule holds in our
case:

DI\ Gf = Z GE---GF (DGMGE - GF meP—ae. (6)

n

Indeed, because of D, ,G¥ = (D;,G¥)1r(t) it follows
2(Dy oGy, (1) (D oG5 g, (1) =0 mP — ae.
for any i # j. Equation (6) follows then by induction. Let
Gi = L1, @ ;).

We observe that GY,...,G* as well as Gf,...,GF |, DG, GF_, ... ,GF are
mutually independent by construction. Hence in order to show Ly— conver-
gence of these products it is enough to prove Ls—convergence for each factor.
From Lemma 4.2 we obtain that G¥ — G; in Dy, for alli = 1,...,n, so that

Ly(m ® P) — | hm G- GY(DGHGE, - GE
ﬂ'k —>
=G -G (DG)Giyr -+ Gy,
Consequently, we have found a sequence (Fj) C S given by

Fk = fk(Xt()7 e ,th:)O[mk<Xt0, e 7th)

where the my’s are chosen in a suitable way that converges to expression (5)
in DLQ. O
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Corollary 4.3 The set S of smooth random variables is dense in Ly, DY,
and DY ,.

Proof. The denseness in Ly is clear. To show that S is dense in DY,
assume F € DY, has the representation F' = > I,(f,). For a given
e > 0 fix N, such that || 37\ I(fo)llpe, < & From F € L, we con-

clude FNe .= Zivio I,(fn) € Dys. By Theorem 4.1 we can find a sequence
(Fy.) C S converging to F™= in Dy 5 and therefore also in D(l),Q' In the same
way one can see that § is dense in Di2. OJ

5 Lipschitz functions operate on D 5

Lemma 5.1 Let g : R — R be Lipschitz continuous with Lipschitz constant
L,.

(a) If 0 >0, then g(F) € DY, for all F € DY, and
Diog(F) = GDioF dt®P — a.e., (7)
where G is a random variable which is a.s. bounded by L.
(b) If v #0, then g(F) € DY, for all F € D ,, where

g(F +xD; , F) — g(F)
x

form® P-a.e. (t,z,w) € Ry x Ry x Q.

Proof. We will adapt the proof of Proposition 1.2.4 [8] to our situation.
Corollary 4.3 implies that there exists a sequence (F,) C S of the form
F = fu(X4,, ..., Xy,) which converges to F'in DY ,. Like in [8] we choose
a non-negative ¢ € C°(R) such that supp(¢)) C [—1,1] and [, ¥(z)dz =1
and set Y, () := my(mz).

Then g,, := g * 1, is smooth and converges to g uniformly. Moreover,
g lle < Lg. Hence g, 0 Fy = g (fr( Xy, ..., X4,)) € S and (g,(F,)) con-
verges to g(F') in L.
Moreover,

E / | Dt 0gn(Fy)|2dt
R4
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/ ~ d
= Egn(Fn)2 / ’ Z %fn(th cee ath)I[[O,ti] (t)’2dt

Ry =1
< LR

Since we have convergence of (g,(F,)) to g(F) in Ly and it holds

sup llga (F)I12y , < oo.

Lemma 1.2.3 [8] states that this implies that g(F') € DY , and that (D. o g,(F))
converges to D.og(F') in the weak topology of Lo(£2; Lo(Ry x {0})). Now
Elg,(Fn)[> < L? implies the existence of a subsequence (g;, (Fy,))r Which
converges to some GG € L, in the weak topology of Ls. One can show that
|G| < L, a.s. Hence for any element o € Loo(€2; Lo(R4 x {0})) we have

k—o0

lim E/ g;k(Fnk)(Dt’o F,)a(t)dt
R

_ lmE (g;k(Fnk) /R D Fnk)a(t)dt>

k—o0

— ImE (g;k(Fnk) / (Deo F)a(t)dt) _E (G / (Dyo F)a(t)dt) |
k—o0 Ry R4

since [Bgl, (Fu,) fu (Duo Fay —Dyo F)a(0)dt] < Lllallesnaes | Foy—Flos

converges to zero for £ — oo and fR+ (Dyo F)a(t)dt € Ly because ||a| 1, ®, x{0})

is finite. Consequently,

E / (Diog(F))alt)dt = E / G(Duo Fa(t)dt

+

which implies Dy g(F) = GDip F dt @ P — a.e.

(b) Let (Fy.), C S be a sequence such that D{, — lim F,, = F. Since the

expression Z(t, ) := g(FHDt’;F)_g(F) I, g (t,z) is in Ly(m®P) it is enough

to show that (Dgy,(F,)lg, xr,) converges in Lyo(m ® P) to Z where (g,) is
the sequence constructed in (a). Choose T'> 0 and L > 0 large enough and
0 > 0 sufficiently small such that

limsup E |Z(t, 2)|> + | Dt .ogn(Fn)Pdm(t, ) < e.

n /([O,T}x{égacSL})c

Then, for n > ny,
1Z — Dgu(Fo)Tr, xko |7, (mee)
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< ¢
+2E/ 2tz — S E 2 Deabn) = 9 2y
0,T)x{6<|z|<L} x

+80*Tu({d < || < L})llg — gull2-

Hence we obtain (8) from the Lipschitz continuity of g and the uniform
convergence of g, to g. O

Proposition 5.2 Let g : R — R be Lipschitz continuous. Then F € D,
implies g(F) € Dy o, where Dg(F') is given by (7) and (8).

Proof. The assertion is an immediate consequence from Lemma 5.1 and (2).
O

6 Appendix

Proof of Lemma 8.3. We denote by J,(f,) the multiple integral

/ / / Fulltz)s o (b)) dM(tr, 20 -+ M (£, ).
Ry xR J[0,tn) xR [0,t2) xR

where for the definition of a stochastic integral with respect to M we refer
to [1]. It holds

In(fﬂ) = n!Jn(fn)- (9)

Let us first prove on § a Clark-Ocone-Haussman type formula that uses D.
For u € R* and s € R, denote &(u, s) := 27i Z?Zl u;lo,,)(s) and

2 gt .
n(u,t) = %/o 52(u, s)ds+7/0 &(u, s)ds
+/0 /RO (ewé(u,S) —1— xﬁ(u,s)]l{md}) dV(x)dS.

By the Fourier inversion formula (see, for example, [1] or [3]) it holds for
f € C(RF) that

. e

f(X{;l, e ,th) = f(u)€27T’L zjzl UAJth du

f(w)e"™ D Yp(u)du,

I



where T' = max{ty,...,t} and
Yi(u) = e%iZ?:l“J'th“_”(“’t), for t € [0, 7.

From It&’s formula we obtain

t
Yi(u) = 1 +/ Y- (w)é(u, s) adWy
0
+/ Y- (u) (emg(“’s) — 1) dN(s,x),
(O,t]XRO
so that

(X, Xey,)
= Flw)e™™ D) dy (10)

T

+/ f(u)en®?) (/ Y- (w)€(u, s) O'dWs> du (11)
R¥ 0

+/ fu)en ™) (/ Y- (u) (e“”S(“’S) —1) dN (s, I)) du. (12)
RF (0,T]xRg

Since E exp{2mi Z?Zl (u;Xy;)} = e"™D) it follows by Fubini’s theorem that
(10) =& [ )™ S du = Bf (X, Xo,),
RE

Using the fact that (Y;)icjo7] is a square integrable martingale, we obtain
by the conditional theorem of Fubini (see, e.g., [1]) and Fubini’s theorem for
stochastic integrals (see, e.g., [10]) that

= [ B[ [ vt feMetu.s) du

fs] odW,.

Applying Theorem 8.22(e) of [3| and the Fourier inversion formula we rewrite
the inner integral as follows.

/ Y () f (1) De (u, 5) du
]Rk

k k
— Z Mo, (s) /k 2miu; f (u) exp{27riZqutj} du
RE

7=1 7j=1
k
of
e Z ]1[07,5].](8)%()(151, e ,th).
=1 !



Similarly we can see that

(12) = /(;)ﬂ ] E [ 5 f(u)eﬂ(u,T)YT(u> (exf(u,s) _ 1) du
1 XIRo

]—“s] dN (s, ),

where

F(w)e"™ D Y(w) (e“’cﬁ(“’s) —1) du
Rk

A ey .
_ f(u) <e2m Zj:1“j(th+$I[0,tj](S)) _ 627FZZ§:1 Uthj) du
Rk

= f (th + $H[0’tl](s>, c. ,th -+ .I'I[[07tk](8)> — f (th, c. ,th) .

Consequently, for F' = f(Xy,,..., Xy, ) € S it holds
F= EF+/ E[D,.F|F-] dM(t, ). (13)
R+XR

Since Dy, f( Xy, ..., Xy,) € Sfor any (¢,x) € Ry xR, we obtain by iterating
equation (13) that

FXu o X)) =EBf(Xe.. .., X))+ > Jo (ED"f(X,,,.... X)),
n=1

where
an(th, e ,th) = D s Df(th, e ,th).

Notice that ED" f(X,, ..., X;,) is a symmetric function on (R} x R)™ The
relation (9) between the multiple and the iterated integral and equation (1)

imply
DyoJy (ED"f(Xyy,.. .. Xy,)) = Juo1 (ED" "Dy f( Xy, ..., Xy,)) -

From D, . f(Xy,,...,X;,) € Lo(m ® P) and

Dy, f(Xy,.... X)) =Y Juoy (ED" ' Dy f (X, ..., X))

n=1

it follows f(Xy,,...,X;,) € Dyo and

Dt,zf<Xt17 .. 7th) = Dt,mf(Xt17 e 7th), m ® IP — a.e.
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