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ABSTRACT. Let X be a metric measure space with an s-regular measure pu.
We prove that if A C X is p-porous, then dim,(A4) < s — ¢o® where dimy, is
the packing dimension and c is a positive constant which depends on s and
the structure constants of p. This is an analogue of a well known asymp-
totically sharp result in Euclidean spaces. We illustrate by an example that
the corresponding result is not valid if p is a doubling measure. However,
in the doubling case we find a fixed N C X with u(N) = 0 such that
dimp,(A) < dimp(X) — c(log ;)" o' for all g-porous sets A C X \ N. Here
c and t are constants which depend on the structure constant of p. Finally,
we characterize uniformly porous sets in complete s-regular metric spaces in
terms of regular sets by verifying that A is uniformly porous if and only if
there is t < s and a t-regular set F' such that A C F.

1. INTRODUCTION

The purpose of this paper is twofold: we study dimensional properties of porous
sets in s-regular and doubling metric measure spaces and characterize uniformly
porous sets in terms of regularity. For definitions we refer to Sections 2 and 3.

In Euclidean spaces dimensional properties of porous sets have been studied
extensively, see for example [BS], [JJKS], [KS], [KR], [L], [MV], [M1], [N], [S],
[T] and references therein. It is well known that if A C R™ is g-porous, meaning
that A contains holes of relative size g at all small scales, then

dim,(A) <n —cp" (1.1)

where dim,, is the packing dimension and c is a positive constant depending on n
only (see [MV, T]). Furthermore, (1.1) is asymptotically sharp as p tends to zero
([KR], [KS, Remark 4.2]). In [DS] and [BHR] it is shown that the dimension of
a porous measure in a (globally) s-regular space is smaller than s. In this paper
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we address the question to what extend the quantitative estimate (1.1) is valid in
metric measure spaces X. It turns out that the following analogue of (1.1) holds
provided that X is equipped with a (locally) s-regular measure p: if A C X is
o-porous, then

dim,(A4) < s —cp’ (1.2)

where c is a positive constant which depends on s and the structure constants a,
and b, of u (see Theorem 4.8). Note that by [Cu, Theorem 3.16] dim,(X) = s
provided that X is s-regular. We also show that the dependence on a, and b, is
necessary, that is, unlike in R”, it is not possible to find ¢ which depends on s
only (see Remark 4.13.(3)).

In (1.2) it is not sufficient to assume that u is doubling: in Example 4.9 we
construct a geodesic doubling metric space X having a subset with maximal
dimension and porosity. However, in general the failure of the dimension drop
is due to a fixed set with p-measure zero provided that u is doubling. More
precisely, in Theorem 4.10 we show that there exists N C X with u(N) = 0 such
that dim,(A4) < dim,(X) — ¢(log é)*lgt for all o-porous A € X \ N. Here ¢t and
c are constants which depend on the structure constant ¢, of p.

As in Euclidean spaces, in complete s-regular metric measure space X uniform
porosity is closely related to regularity. We prove that A C X is uniformly
porous if and only if there are ¢t < s and a t-regular set F' C X such that A C F
(see Theorem 5.3). The easier if-part was proven in [BHR], but we give some
quantitative estimates on the relations between porosity, ¢ and s.

The paper is organized as follows: In Section 2 we discuss the concept of
porosity we are using in metric measure spaces whilst Section 3 is dedicated to
measure theoretic preliminaries. Dimension estimates for porous sets are dealt
in Section 4. In last section we focus on connections between uniform porosity
and regularity.

2. NOTATION

Let X = (X, d) be a separable metric space and A C X. Forz € X and r > 0,
we set

por(A, x,r) = sup{p > 0 :there is y € X such that B(y,or) N A =10

and or +d(x,y) <r}. (2.1)

Here B(z,7) denotes the closed ball centred at x with radius . The porosity of
A at a point x is defined to be

por(A,x) = limlg)nf por(A, x,r) (2.2)

and the porosity of A is given by
por(A) = ireljf;1 por(A, x). (2.3)
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We call A C X porous if por(A) > 0, and more precisely, o-porous provided that
por(A) > p. Furthermore, A C X is uniformly (o-)porous if there exist constants
0> 0 and r, > 0 such that por(A,z,r) > pforallz € Aand 0 < r < r,.

Remarks 2.1. (1) Even though it would be more accurate to use the term lower
porosity for por(A,z) and por(A) to distinguish them from upper porosities
defined by replacing lim inf by lim sup in (2.2), we keep the terminology shorter.
Upper porosities are irrelevant for our purposes; there is no nontrivial upper
bound for dimensions of upper porous sets. In fact, there exist sets in R™ with
maximum upper porosity and with Hausdorff dimension n, see [M2, §4.12].

(2) We follow the convention introduced in [MMPZ] to use por(A,z,r) and
por(A, x) instead of

por*(A,z,r) =sup{e >0 : B(y,or) C B(x,r)\ A for some y € X}

and
por*(A,x) = liml%nf por*(A, x,r)

to guarantee that 0 < por(A,z,r) < % forall A C X,z € Aandr > 0. From the
point of view of our results, however, there is no difference between por and por*
since we always have por(A, z,r) < por*(A,z,r) < 2por(A, z,2r), and therefore,
por(A,z) < por*(A,z) <2por(A4,z).

(3) To emphasize the underlying metric space, we write porZ‘X’ d) instead of por*
in what follows. Observe that 0 < por’{Rn,‘,D(A) < % for all A C R"™, where | - |
denotes the usual Euclidean metric. This is not necessarily true in general metric
spaces. Indeed, choosing 0 < & < 1, we have por’(*Rm','s)(A) = por’(“Rn".D(A)8 for
every A C R". Hence, for example, porg. . ({z}) = (3)° for every z € R™. In
the following remark, we show that s-porosity may be exactly one.

(4) We work in R? with the polar coordinates. Define

X ={(lg,2mq) :0<I<landqgeQn[0,1)}

and equip X with the path metric. We claim that por* ({(0,0)}) = 1. Let
0 <r < 1. For each i € N choose ¢; € QN [0, 7] such that sup{¢; : i € N} =r.
It follows immediately that for every i € N and € > 0

B((Qia 27TQi)aQi - 5) C B((O>O)7T) \ {(070>}7

that is, por* ({(0,0)}, (0, 0),7") > (¢; — €)/r. Hence por* ({(0,0)}, (0, 0),7") =1
for every 0 < r < 1 and the claim is proved.

(5) The following simple but extremely useful fact will be frequently needed:
If por(A) > p, then A = UgenAyg where

Ay ={z € A :por(A,z,r)>pforall 0 <r<1/k}.

Given any € > 0, we may, using the separability, choose Ay; such that A, =
UjenAyg; and diam(Ay;) < e for all k and j. (Here diam is the diameter of a set.)
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3. MEASURE THEORY IN METRIC SPACES

This section contains some basic facts of measure and dimension theory in
metric spaces that will be needed later. Recall that X is a separable metric
space. By a measure we always mean a Borel regular outer measure defined on
all subsets of X, see [M2, Definition 1.1]. We say that p is o-finite if X = UgenAy
where p(Ay) < oo for each k.

The separability assumption is natural given our interest in dimension esti-
mates since the Hausdorff dimension of a non-separable metric space X is infinite
and usually one can find porous sets A C X that are non-separable. Moreover,
no o-finite doubling measures exist in non-separable spaces.

We denote by H* the s-dimensional Hausdorff measure defined on X. As in
M2, §5.3], we define for a bounded set A C X, A >0andr >0

k
M*A,r) =inf{kr* : A C UB(a:i,r) for some x; € X, k € N}
i=1
with the interpretation inf() = oo. The (upper) Minkowski dimension of a
bounded set A is

dimyg(A) = inf{\ : limsup M*(A,r) < co}.

r|0

The packing dimension of A C X is given by

dimy,(A) = inf{sup dimys(4;) : A; is bounded and A C | ] A;}.

=1

Alternatively, the packing dimension may be defined in terms of the (radius
based) packing measures P* (see Cutler [Cu, §3.1] for the definition) by the
identity (here sup () = 0)

dim,(A) =sup{s >0 : P*(A4) > 0},

see [Cu, Theorem 3.11]. Since H*(A) < liminf, ;o M*(A,r) for all bounded sets
A C X, we immediately get dimpg(A4) < dim,(A) < dimy(A), where dimpg
denotes the Hausdorff dimension. It is also easy to see that dim,(X) < oo
whenever X carries a doubling measure, consult [Cu, Theorem 3.16].

Let s > 0. A measure pon X is s-reqular on a set A C X if there are constants
0 <a, <b, and r, > 0 such that

a,r® < p(B(z,r)) < byr (3.1)

forallz € Aand 0 <r <7, Aset AC X is s-regular if there is a measure p
which is s-regular on A and u(X \ A) = 0. In particular, a metric space X is
s-reqular if there is a measure y which is s-regular on X.
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A measure ;1 on X is called doubling if there are constants ¢, > 1 and r, > 0
such that

0 < pu(B(z,2r)) < cupu(Blz,r)) < o0 (3.2)

for every x € X and 0 < r < r,. When we deal with ¢, we always assume that
it is the smallest constant that satisfies (3.2) with a given r,. A metric space is
doubling if there exists a constant N € N such that for each r > 0, every closed
ball with radius 27 can be covered by a family of at most N closed balls of radius
r. Notice that an s-regular measure on X is doubling, and moreover, by [LS],
every complete doubling metric space carries a doubling measure. We use the
convention that ¢(u) always denotes a constant depending only on ¢, (or a,,b,
and s) if p is doubling (or s-regular).

Often in the literature it is assumed that (3.1) and (3.2) are valid for all
0 < r < diam(X), that is, u is globally s-regular or doubling (see for example
[BHR]). However, for our purposes this is not needed by Remark 2.1.(5). The
following example shows that it is not always possible to choose r, = diam(X).

Example 3.1. Equip X = [0,1] x N C R? with the metric d defined by

1 — Ta|, — 7
d<(x1’y1)7(x27y2)) = {‘ ! ol Y1 =192

17 U1 7éy2

Let u = H' be the length measure on X. Now r < u(B(z,r)) < 2r whenever
0<r <1, but u(B(x,1)) = oo for all z € X.

It is straightforward to see that all doubling measures are o-finite, in particular
this is true for s-regular measures.
An easy exercise leads to the following lemma:

Lemma 3.2. Suppose that i is a doubling measure on X. For all v € X,
0<r<r,and0<a<1we have
log

w(B(z, ar)) > CL%J/L<B(I,T)) (3.3)

where |a] is the greatest integer p satisfying p < a. Moreover, if u is s-regular,
then

n(B(z,ar)) > @asu (B(z,1)) (3.4)

=

=

forallr € X, 0<r<r, and0<a<1.

Let p be an s-regular measure on X. For all A > 0 and r > 0 we define

p(A(r))

rsf)\

Mp(A,r) =

)

where

A(r) ={x € X : dist(z, A) <}
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is the open r-neighbourhood of A and dist(z, A) = inf{d(z,a) : a € A} is the
distance of z from A. The following easy lemma shows how M} (A,r) can be
utilized to calculate dimy;(A). We give a detailed proof for the convenience of
the reader.

Lemma 3.3. Suppose that p is an s-reqular measure on X. Let A C X and
A>0. Then

—s71—1 A A s —1 A
27, M (A, r) < M (A,r) < 5%a, M, (A7)
whenever 0 < r < %“

Proof. Fix 0 < r <7, and A > 0. For the right hand side inequality, we may
assume that p(A(r)) < oo. Attaching to each x € A a ball B(z, ir), we find,
using the 5r-covering theorem, an index set I and points x; € A, ¢ € I, such that

AC U B(xz;,r)
i€l
and B(xz;, :r) N B(xj, 2r) = 0 for i # j. Let #I be the number of elements in 1.
Since

p(A(r)) > “(U B(x;, 37 ) Z,u (x5, 37)) > #1a,5°
iel iel
it follows that #I < oo. This in turn implies that
p(A(r))
rsf)\

M;\(A, r)= > a5 I > a5 MM A, 7).

For the left hand side inequality, we may assume that M*(A,r) < oo. Let
€ > 0. Choose k € N and z1,...,x; € X such that

AcC UB(a:i,r) and M*MA,r) > kr* —e.
i=1

Since now

k
p(A(r)) < M(U B(IBZ',QT)) < Z,u(B(wi, 2r)) < kb, (2r)°,
i=1 ;
we get
A(r
MS(A’ r) = M(rs(x)) < QSbukT)\ < 2%, (M’\(A, r)+ 5).
The proof is finished by letting € | 0. 0J

The next observation shows that any porous set on a space carrying a doubling
measure must have zero measure. Note that the proposition (with its simple
proof) is easily seen to hold for upper porous sets as well.
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Proposition 3.4. Suppose that p is a doubling measure on X. If A C X is
porous then u(A) = 0.

Proof. By Remark 2.1.(5), we may assume that A is uniformly e-porous for
some ¢ > 0. Furthermore, we may assume that A is closed since the closure
of a uniformly porous set is uniformly porous. Assume on the contrary that
((A) > 0. Using the density theorem [H, Theorem 1.8], choose x € A for which

lim (AN B(z,r)) _
ro p(B(z,7))

Since A is uniformly p-porous we find 0 < r, < r, such that for all 0 < r <,
there exists y € X for which

B(y, or) C B(z,r) \ A.

(3.5)

Hence by Lemma 3.2, we get for any 0 <7 <1,
p(Blrr)\A)  p(Bly,or)) Lz
p(Blx,r)) = p(Bz,r) ="
contrary to (3.5). O

> 0,

4. DIMENSION ESTIMATES FOR POROUS SETS
It is well known that in R"
dim,(A) < n —co" (4.1)

for any o-porous set A C R™. Here c is a positive constant depending on n. In
particular, dim,(A) < n for all porous sets A C R". In this section we discuss
whether these estimates are valid in s-regular metric measure spaces and, more
generally, on spaces that carry a doubling measure. In [DS, Lemma 5.8] it is
stated that in the s-regular case dim,(A) < s — 1, where 7 depends on porosity
and the constants of the s-regular measure. The proof is based on dyadic cubes
whose side lengths are powers of p. Thus (as in R™) this argument will give that
n = c(log %)_IQS. In [BHR, Lemma 3.12] a different method is used to show that
even the Assouad dimension of a porous subset of a globally s-regular space is
less than s. (Recall that the Assouad dimension is always at least the packing
dimension.) Pushing this argument further we will show that the factor (log é)_l
is not needed in the s-regular case. As a tool we need the following generalization
of (2.1)-(2.3) which is a modification of the mean e-porosity from [KR].

Definition 4.1. Let 0 < o<1, D >1,0<p <1 and ng,ky € N. For all k ¢ N
and z € X, we denote by Ag(z) the annulus

Ap(r) ={ye X : D% <d(x,y) < D"}
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Furthermore, for A C X define
1 if Ax(x) contains y with dist(y, A) > od(y, x)
Vi (r) = .
0 otherwise.

Let
ko+n

Skom(®) = > ().
k=ko+1
The set A C X is (o, D, p, no, ko)-mean porous if S, ,(z) > pn for all z € A and
n > ng.

Lemma 4.3 generalizes the arguments of [MV, Lemma 2.8], [KR, Theorem 2.1]
and [BHR, Lemma 3.12] to our setting. For the purpose of proving it, we state
an auxiliary result that can be found from [H, Exercise 2.10]. If B = B(z,r) is
a ball in X and R > 0, we denote by RB the ball B(z, Rr). Moreover, we use
the notation yp for the characteristic function of B.

Lemma 4.2. Suppose that p is a globally doubling measure on X, that is,
r, = diam(X). Let B be a countable family of balls in X and let {ap}pes
be a collection of non-negative real numbers. Then for all R>1 and 1 < g < 00

| Z apxrsllLax) < C1R'q|] Z apXsl|Lax),
BeB BeB

where t = % and Cy depends on c,, only. Moreover, if u is s-reqular, then for

al R>1and1 <g< o0
1Y " asxasllox) < C2RqI1D - anxslliox)
BeB BeB
where Cy depends on a,, b, and s.
Proof. A straightforward calculation gives the claim in the case ¢ = 1 whilst the

case 1 < q < oo follows from the Hoélder’s inequality, the duality of L?-spaces,
the maximal function theorem [H, Theorem 2.2], [H, (2.6)] and Lemma 3.2. [

Lemma 4.3. Suppose that p is a doubling measure on X. Let xy € X and
0 <rg <. If AC B(xg,10) is (0, D,p, no, ko)-mean porous, then

p(A(r)) < C(u)D*°u(A(2D %))’ for all v < D=0k

where § = c(u)(log D)1 D™ 3pet and t = lffgcé‘. Moreover, if i is s-reqular then
we may choose t = s.

Proof. We assume that p is a doubling measure on X. Modifying the proof in
an obvious way gives the claim in the case that u is s-regular. Define

~ — log D
B={B(z,r,):x € AID™)\ Aand r, = QOOgD2 dist(z, A) }.
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By the 5r-covering theorem we find a countable pairwise disjoint subfamily B of
B such that

AD™)\Ac | Js5B (4.2)
BeB
and
B C A(2D ™) for all B € B. (4.3)

Letting j € N and z € A(277), choose 2/ € A such that d(z,z') < 277.
Assume that there is k > ko + 1 with ¢4 (2") = 1. Take y € Ag(2) such that
dist(y, A) > od(y,x’). Using (4.2) we find By € B such that y € 5B;.

We proceed by showing that

5B, C Ak+1(1‘/) U Ak(l'/) U Ak,l(l'/). (44)
To verify this, let B, = B(z,r,). Noting that

log D
dist(z, A) < d(z,y) + dist(y, A) < 5r, + D" = 8 dist(z, A) + D™*

4D?
we obtain
dist(z, A) < D7*(1 — lmg_D)_l
= 4D? ’
giving
log D log D\ - 2
107, < 2%2 (1- 4%2 )'DR < Slog DD,

Now the width of Aj_;(2') is D™**1(D — 1) > 10r, and that of A (2') is
D7D —1) > 10r,. Thus, (4.4) follows since B(z,5r,) N Ag(z') # 0.
Next we conclude that

75D3
4.
NS olog D k ( 5)
under the assumption that D% > 277, Indeed, since
. . , , logD .
dist(z, A) > dist(y, A) — d(z,y) > od(y,x") — br, = pd(y,x") — 1D dist(z, A),

we get
log D\ -1
4D2 ) :

dist(z, A) > od(y, ") (1 +
This in turn implies that

S log D
"= 502

logD\-1 _ ologD __,_
d(y, ") (1 > D7F2,
(e 1+ 7pe) 2 25

Hence
2
D 20,
olog D
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and therefore,

d(z,2) < d(z,2') +d(2',y) + d(y,z) <277+ D * 4+ 5,

25D? 25D3 25D3 753
+ r,+ T, S T,

QlOgD olog D olog D olog D

< DRy D45 <

This gives (4.5).
Clearly, D% > 277 provided that k < 1°g2] Thus if Yy (2') =1 for kg + 1 <

k< 1225 we find, by (4.5), a ball By € B such that z € 225 B, The fact that
Als (g, D, p, ng, ko)-mean porous gives

ko+n
Skoun E U (2") > pn whenever n > ny.
k=ko+1

log D

Tog 2 (ng + ko), we have for all j > jg

Letting j9 >

log2 . p / log?2
Eiko+1<k<——= d N=1 >—<
#{ otis _long and (2') } log D

= j—ko)

Combining this with (4.4) implies that for all j > j, and z € A(27)
p/log?2
ZB X s () > 6<1ogp j = ko). (4.6)

Indeed, for at least £(;255 1°g2 — ko) different k’s we find a ball By, € B such that

T € ;ig;Bk. However, because of (4.4) each By can be taken into account at

most three times.
We finish the proof by verifying that for all j > jg

p(A(277)) < 11D*°p(A(2D~*0))279° (4.7)
where
_ log 2 (log D)™ 1D 3pgt and t = log ¢,
18C, 75t log2 "

Our claim easily follows from this. For (4.7) it suffices to show that for all j > j,

v(elog D)t (Bko+3 pep X (2))
[ ) < upuaep ) 4
A(2-7)

with v = (3C(75D?)")~!. This is so because from (4.6) we obtain for all z €
A(277) that

olog D)t X 3 T j
Y(elog D)" X gen %B( ) >2»y(glogD)tp(l§§éJ ko)
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Moreover, combining this with (4.8) gives

tp log2 tp log?2
) logDQJ’Y('QIOgD) 6 Tog D

PAR)) = (A )2 een

log 2 tp log2

— 2_j7(910gD)t%10gD/ 2 (QIOgD) GIQng du
A(2-7)

tp log2

< 11Dk°5u(A(2D*k°))27]'7(91%D) GlogD

and therefore (4.7) is valid.
To prove (4.8), write

Next we want to apply Lemma 4.2. Since A C B(xzg,ro) and ro < £, we may
assume that p is globally doubling. (In fact it is enough to assume that the
radius of RB is less than r,.) Now we obtain from Lemma 4.2 and (4.3) that

u(@) dy(z exp(u(z)) du(z
/A(Q_j)Z () < /A(Dko) p(u(z)) du(z)
k=0 /A(D‘ko) k! =)

< HAD™) / o @)

lo D
ko +Z 7(0 g /ZX75D3 du()
X

BeB glogD

o)) 4 i v(olog D)!Cy(75D3) k)k / Z .
kl(olog D)t X bh

2. (yCL(T5D?) k)*
ER—

:uww»o@%@) |

< u(A(2DH0))

8”M

< 1p(A@2D™),

where the last inequality follows since

Sy G 2 LA
:§(1+—)kT
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as k — oo. Finally,

t(p
/ gl B R x gt )y
A@29)

— 97(elog D) Eko / gu() du(x)
A(2-9)

< 11 - 2l D) §ho (A (2 D—HoY)
= 11D*°(A(2D~*0))
finishing the proof. U

Remark 4.4. (1) Assume that por(A,z,7) > pfor allz € A and 0 < r < r,. Let
D > 1. Choose ky € N such that D7% < r,. Then there is y € X such that
B(y,oD") C B(x, D7*)\ A which in turn implies that y € Aj(z) for some
ko+1 <k < ky— Lllggggj. Hence, A is (Q,D,—%Llfgggj_l,—Lllggggj,ko)-mean
porous. Note that it is not possible to obtain mean porosity with p = 1 or p
close to 1 unless one takes D = é. The reason for this is that in general metric

spaces the annuli Ay (z) may be empty for many k’s.

(2) Assume that p is an s-regular measure on X and por(A,z,r) > o for all
reAand 0 <r <7, Letl= %(Z—Z)l and D = 2(1 —1)"'~2. Choose kg € N
such that D% < min{r,,r,}. We verify that A is (%FQ, D, 1,1, kg)-mean porous.
Consider 0 < r < D7*_ Since p is s-regular there exists y € B(x,Ir) \ B(z,?r).
Assuming that there is z € B(y, %ZZ’I“) N A, we find, using uniform porosity of A,

w € X such that B(w, 20l®r) N A =0 and 20l*r + d(w,z) < 3. This gives

d(w,z) > d(z,y) — d(y, z) — d(z,w) > %F(l —Dr = %

and

dw,z) < d(z,y) +d(y, z) + d(z,w) < glr <r.

Letting k > ko + 1 and choosing » = D~*~Y in the above inequalities gives
w € Ag(x) for all k > ko + 1. This combined with the fact that

1 1
dist(w, A) > 59137" > 512Qd(w,x)

gives the claim. If B(y, 1?r) N A = () we may take w = y.

In the following two corollaries we verify scaling properties of measures of
r-neighbourhoods of bounded uniformly porous sets for small scales 7.

Corollary 4.5. Suppose that p is a doubling measure on X. Let xg € X. There
exists 0 < Dy < 1 such that if A C B(xg,ro) is uniformly o-porous and 0 < rq <



SMALL POROSITY, DIMENSION AND REGULARITY 13

Dy or, then
_loge E)
p(A(r)) < C(p)ey logQ,U(B(wo,To))<TL) for all 0 < r < ro,
0
where § = c(p)(log 3)~"o' and t = 1{’5;2“,

Proof. We may assume that r, < 3r,. Let D > 1 and D; = D2, Since

ro < D~2pr, we may choose kg to be the largest integer k& with %ro <D*<r,
By Remark 4.4.(1), A is (o, D, p, no, ko)-mean porous for p = -2

r where ¢g > 0
logE

is a constant depending on D and for ng = — Lllc‘:s 2. From Lemma 4.3 we obtain
that
w(A(r)) < C(u)D*°u(A(2D 7 ))rd for all 0 < r < D0~k
where § = c¢(log %)flgt for a constant c that depends on ¢, and D. Note that
oD~ 17k < D=mo=ko by the choice of ngy, and therefore, ry < D~™0~%0_ The choice
of ky in turn guarantees that D~* < %27“0 giving A(2D*) C B(ZEO,?)%Q’I“O).
The claim follows by applying the doubling condition and by noting that D*0? <
-0/ 0\8 -4

o ($)° <1’ O
Corollary 4.6. Suppose that p is s-reqular on X. Let xo € X. There exists
a constant 0 < Dy < 1 such that if A C B(xg,ro) is uniformly o-porous and
0 <ryg < Dirp, then

S
pu(A(r)) < C(u)u(B(mo,ro))<r—0) for all 0 < r < rg

where § = c(p)o®.
Proof. The proof is similar to that of Corollary 4.5. U

Remark 4.7. Observe that in Corollary 4.5 one can choose D and thus D; as
close to 1 as one wishes whilst in Corollary 4.6 there is a lower bound for D.
(Recall that also in this case D; = D~2.) This is due to Remark 4.4. However,
the result of Corollary 4.6 is stronger since there is no p-dependence on ry. In
both Corollaries the constants C(u) and ¢(u) depend on D, the size of annuli
determining the mean porosity.

Next we prove the analogue of (4.1) for s-regular metric spaces. As mentioned
in the Introduction this is asymptotically sharp as o tends to zero in R™ and thus
also in metric spaces.

Theorem 4.8. Suppose u is s-reqular on X. If A C X is p-porous, then
dimy(A) < s — c(u)o”.

Moreover, if A is uniformly o-porous and diam(A) < r,, then
dimy(A) < s —c(p)o’.
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Proof. By Remark 2.1.(5), A is a countable union of sets A;; with diam(A4;;) <
1/i < r, such that por(A,z,r) > o for all x € A;; and 0 < r < 1/i. Moreover,
if A is uniformly porous with diam(A) < r,, then it is a finite union of such
sets. Thus it is enough to show that dimy(A4;;) < s — 4 for all 4 and j where
d = c(p)o®. Letting 2 € A;; and using Lemma 3.3 and Corollary 4.6 we get for
large ¢

(A (1))

lim sup M*(Ayj,7) < 5°a,, ' lim sup s

rl0 rl0
< 5%, 'Climsup p(B(z, 1/1)) i’ < oo
rl0

if A\ > s — 4. Here C' is a constant which is independent of r. This gives the
claim. U

Theorem 4.8 is not true if we only assume that p is doubling. An easy example
is given by defining X = ({0} Ujeny {277}) x [0, 1] with the metric inherited from
R? and letting p be any doubling measure on X. If N = {0} x [0,1], then
dimy(N) = dimp(N) = 1 = dim,(X). However, it is easy to see that N is
uniformly %—porous. The following example shows that one can perceive similar
behaviour in geodesic metric spaces as well, even for maximally porous sets.
Recall that a metric space (X, d) is geodesic if for each pair of points z,y € X
there exists a path 7: [0,1] — X such that y(0) = z, v(1) = y, and the length
of v is equal to d(z,y).

Ezxample 4.9. We give an example of a complete geodesic doubling metric space
having a subset with maximal dimension and porosity. The construction is an
infinite tree with branches getting smaller and smaller as we go deeper into the
tree. The metric is the natural path metric induced by the branches (see Figure

1)

'Letting
No = {0} , NV,, = {1,2}"x]0,27"] for all N\ {0} and N, = {1,2}" x {0},
define
N =N, U G N,.
n=0

The metric is given as follows: For x € N, let n(xz) € NU {oco} so that =
(x1,... s Tn(z), mn(x)ﬂ) € ./\/'n(z). We denote the distance of x from the root by

1 — 2—(n($)—1) + Tn(z)+1 > ifo<n .73) < 00
(x) =4 1 ,if n(z) = o0
0 , if n(x) = 0.
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f

Q’u

A’A

f

"

A’A

Figure 1: An illustration of space N.

Given n € N, let

I, = (21, 22,...,2n) ,ifn(x) >n
e Jif n(x) <n

be the restriction of x. Define the longest common route d(x,y) of a point
r=(1,29,...) EN and y = (y1,¥s,...) € N from the root by
S(z,y) = sup{m : x|p = ylm # 0}
and their longest common part © Ay € N,y by
(5(z,y), min{ 270@Y) n(x) — 6(z,y) + Tp)+1, »if 0 <d0(z,y) < 00

TAY = 0 n(y) - 5(3:7 y) + mn(y)Jrl}) ” 5(x y)

x it 6z, y)
With these notations we define the metric d : N' x N' — [0, oo[ by
d(z,y) = |l(x) = iz Ay)| +[i(y) = Uz Ay)l.

Figure 1 illustrates the metric space (N, d) which is obviously geodesic.
We verify that

0
00.

and
por(Ny) = % (4.10)

Indeed, since dist(N,,N,) = 27", the set N\ U{_; N} can be covered by 2"
closed balls centred in N, with radii 27". On the other hand, U}_; N} can be
covered by n2™ balls with radii 27", and therefore, N can be covered by (n+1)2"
such balls. Hence dimy(N5) < dimy(N) < 1. Clearly, dimy (N, ) = 1 which
gives (4.9). For (4.10), take any z € N and 0 < r < 1. Choose n € N such that
27 < r < 27" Since dist((z],, 27" — r), Vo) = r, we have for all € > 0

B((z],,27"" —7), (1 —&)r) C B(z,2r) \ New.
This implies (4.10).
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Note that the space (N, d) is doubling with a doubling constant 3, that is,
every closed ball with radius 27 can be covered with 3 closed balls with radius 7.
In particular, it carries a doubling measure by [LS]. Moreover, while U7_ N, is
l-regular for all n and N is also 1-regular, the set N\ N is not.

By taking a closer look at the above examples one recognizes that the chosen
porous sets, denoted here by N, are exceptional in the sense that pu(N) = 0 and
dim,(A) < dim,(X) for all porous sets A C X \ N. This is not a coincidence as
indicated by the following result.

Theorem 4.10. Suppose that i is a doubling measure on X. Then there is
N C X such that f(N) =0 and

dimp,(A) < dimy(X) — e(u)(log ) ~'d'

logc,
log2 *

for all p-porous sets A C X \ N where t =
We prove Theorem 4.10 using Corollary 4.5 and the following two lemmas.

Lemma 4.11. Suppose that i is a doubling measure on X. Then there is N C X
with ((N) = 0 such that for all s > dim,(X) we have

r]0 rs

for every x € X \ N.

Proof. Choose a decreasing sequence (si) such that s | dim,(X) as k& — oo.
We claim that for all k£ € N there is N, C X with u(Ny) = 0 such that
B

lim MB@ 1) (4.11)

rl0 7k
for all z € X\ Ni. Fix k£ € N and suppose to the contrary that there are 0 < D <
oo and a Borel set A C X such that pu(A) > 0 and liminf, o u(B(z,7))/r* < D
for all x € A. By [Cu, Theorem 3.16] we get P*(A) > ﬁu(/l) > 0 which
is impossible since dim,(A) < dim,(X) < s;. Thus (4.11) is proved. Defining
N = U2 Ni, verifies the claim. U

The following lemma is a substitute for Lemma 3.3 in metric spaces that carry
a doubling measure.

Lemma 4.12. Suppose that j1 is a doubling measure on X. Let 0 < A < dim,(X)
and let N C X be as in Lemma 4.11. If AC X \ N has the property that

lim sup M(A/ET))
10 r

then dim,(A) < dim,(X) — A.

< 00,
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Proof. Fix zg € X. Let s > dim,(X) and define
A ={z € AN B(xg,1) : w(B(z,r)) >r°forall 0 <r < 1/k}

for all k, ¢ € N. Since A C X \ N we see from Lemma 4.11 that A = Uy ;Ag;. It
suffices to show that

dimy;(Ag;) < s — A for all k,i € N. (4.12)

Let k, i € N. Choose ry > 0 and M < oo such that u(Ag(r)) < u(A(r)) < Mr?
when 0 < 7 < ro. If 0 < r < min{3rg,1/k} we apply the 5r-covering theorem

to the collection {B(z,r) : © € A} to find a pairwise disjoint subcollection
{B(x;,r) : | € I} such that

A € | Blay, 5r). (4.13)
ler
Now
MM > w(Agi(2r)) Zu (xy,7)) > F#Ir°.
lel
This implies that #I < M2**~% < oo which combined with (4.13) gives

MM Ay, 5r) < M2A55™ApA=sps =2 < M2A5s 2,
Now (4.12) follows as r | 0. O

Proof of Theorem 4.10. Let N be as in Lemma 4.11 and let A C X \ N. By
Remark 2.1.(5), A is a countable union of sets of the form

E ={z € AN B(xg,ro) : por(A,z,7) > pforall 0 <r <rg}

where 2o € X and 7o > 0. Thus it suffices to show that dim,(F) < dim,(X) —§
where ¢ is as in Corollary 4.5. But this follows from Lemma 4.12 since £ C X\ N
and limsup, o u(E(r))/r° < oo by Corollary 4.5. O

Remark 4.13. (1) We do not know if dimyg(A) < dimyg(X) — § in Theorem 4.10.
Of course, this question is relevant only when dimy(X) < dim,(X).

(2) The essential qualitative difference between Theorems 4.8 and 4.10 is that
in the doubling case we have an extra factor (log %)_1 in 0. This extra factor
appears also in R” if one makes a simple estimate for the Minkowski dimension
using mesh cubes whose side lengths are powers of p. To obtain the optimal
upper bound one has to utilize the porosity also at the intermediate scales, that
is, for all j's with g* < 279 < oF. As pointed out in Remark 4.4.(1), these
intermediate scales do not necessarily exist in general metric spaces. So we do not
know whether the factor (log é)_l is necessary or not in Theorem 4.10 although in
Remark 4.4.(1) it is which can be seen by considering a disjoint union of Cantor
sets C,, where g; tends to zero.

(3) In Theorem 4.8 the constant ¢(u) depends on a,, b, and s. One may ask
whether it is possible that ¢(u) depends on s only. However, this is not the case.
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If in Example 4.9 one chooses N,, = {1,2}x]0,\"] for A < 1, then the resulting
space N is l-regular, por(Ny) = 3 and dim,(Ns) — 1 as A — 3. Note that in
this case Z—‘; — o0 and thus ¢(p) — 0 as A — 1.

5. UNIFORM POROSITY AND REGULAR SETS

In this section we prove that if X is s-regular and complete, then the difference
between uniformly porous and regular subsets of X is negligible in the following
sense: A C X is uniformly porous if and only if there is 0 < t < s and a t-
regular set F' C X such that A C F. In R" this is well known, see for example
[S], [L, Theorem 5.2], [Ca, Proposition 4.3], [KS, (proof of) Theorem 4.1], and
[KV, Example 6.8]. We begin by showing that for each 0 < ¢ < s there exists a
t-regular set F' C X. This is a consequence of the following lemma which was
proven in R™ in an unpublished Licentiate thesis of Pirjo Saaranen. The proof
for complete s-regular spaces is almost the same but it is included here for the
sake of completeness. We denote by spt(u) the support of p, that is, spt(u) is
the smallest closed set F' with pu(X \ F') = 0.

Lemma 5.1. Assume that X is complete, v is s-reqular on X and 0 < t < s.
Let z € X and 0 < R < r,. Then there is a measure v with spt(v) C B(z,2R)
such that v(B(z,2R)) = R' and

a,mt < v(B(z,7)) < byt
for all x € spt(v) and 0 < r < R. Here the constants a, = a,(s,t,a,,b,) and
b, =b,(s,t,a,,b,) are independent of z and R.
Proof. Let 0 < r < %2*%13. Using the 5r-covering theorem, we choose from
the collection {B(z,2 - 2ir) : # € B(z, R)} disjoint balls B(xz;,2 - 2ir) so that

the balls B(z;,10 - 2¢7) cover the set B(z, R). We may take 21 = z. Next we
estimate the number, say m(r), of balls in this collection. Since by Lemma 3.2

m(r) m(r)
m(r)bu(2 - 2%7»)8 > ZN(B(%, 2. Q%T)) > Z 52‘; 4(B(z;,10 - 2%7“))
i=1 P "
2
a a
> (B(z,R)) > —R*®
_5Sbuu( (Z7 )) — 5sbu )
we obtain
R\s
1 <—> <m(r) forall 0 <r < %2—%3, (5.1)
T
where
a2
C1 L
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Choose d > 0 so small that

1 1
d< o7t &' < 6—21 and d' < . (5.2)
Taking r = dR in the above process gives disjoint balls B(z;, 2 - 2%dR) with
x; € B(z, R). Moreover, by (5.1) we get the following estimate for the number
m of such balls

% < m. (5.3)
Let M € N be such that
1 1
d‘t—§ §M<d‘t+§. (5.4)

Because
1 1 1
d—t < Zed s -
+ 5 = 261 + 5 <m

by (5.2) and (5.3), we may take M balls from the collection of disjoint balls
{B(z,2- 2%dR) :i=1,...,m}. Having roughly advanced towards our ¢-regular
measure on this scale by taking suitable balls, we proceed by adjusting the radii
of the balls to get exactly the regularity we want.
Fix d; < 1 so that df = M~!. Inequalities (5.4) and (5.2) combine to give
2d! 10
di < —— < —d' < 2d" 5.5
1=2_at— 9 (55)
which implies that the balls B; = B(z;,2d1R), i = 1,..., M are disjoint. Next
we repeat the process by taking B(z;,d1R) as B(z, R). In this manner we get
disjoint balls B(x;;,2 - Q%dle), Jj=1,...,my;, where z;; € B(z;,d1R), xi1 = z;
and

For all « = 1,..., M choose M balls from these collections and adjust the radii
to be diR. Now the balls B;; = B(x;;,2d;R) are disjoint and B;; C B; for all
i,7=1,..., M, because by (5.5)

iR+ 2°R < diR+2-2tdidR = dyR(1 +2-2¢d) < 2d,R.

We continue this process. At step k we obtain for all sequences (i1, ...,ix_ 1) €
{1,..., M}*1 disjoint balls By, ., ix = 1,..., M, with centres in the ball
B(w4,..45,_,,d" ' R) and with radii 2d¥R such that

B CcB

i1 1.t

Furthermore, x;, i, _,1 = %4y ..i,_,- Set

7(By,.q) = M™F (5.6)
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for all k € N and 4y,...,4, € {1,..., M}*. Since X is complete and s-regular,
all closed balls are compact and we can apply the standard mass distribution
principle to extend 7 to a probability measure on X satisfying (5.6) with

spt(v ﬂ U B, . C B(%,2R).
k=11%1,...,0k
Note that z € spt(r) # 0.
Next we prove that # is t-regular. Take any x € spt(?) and 0 < r < (1—2d;)R.

Let | € N be such that

(1—2d)d"™" R <r < (1—2d)d\R. (5.7)
By (5.5) and (5.2) we have d; < 75. Thus inequalities (5.7) guarantee that
Bil---iz+2 C B(LL’,T’) - Bil---iz

for some (i1, ...,442) € {1,..., M}'*2. This in turn implies with (5.6) and (5.7)
that

%t t (+2)t (1+2) l It 1
S =M < (B <M '=d
(1—2d)R =™ < W(B(zm) < = —2d) 'R,

Finally, defining v = R'D gives the desired measure. 0

t

As an immediate consequence we obtain:

Corollary 5.2. Assume that X is complete and u is s-reqular on X. Then for
all 0 <t < s there is F' C X which is t-reqular.

Now we are ready to state the main theorem of this section.

Theorem 5.3. Suppose that p is s-reqular on X. If0 <t < s and A C X s
t-reqular, then A is uniformly porous. Conversely, if X is complete and A C X
is uniformly o-porous, then for all s — c(p)o® <t < s there exists a t-reqular set
F C X sothat A C F. Here c(u) is as in Corollary 4.6.

Proof. The first part is proven in [BHR, Lemma 3.12]. We reprove it here to
obtain a quantitative estimate which in a sense is optimal (see Remark 5.4). Let
v be a t-regular measure on A. Pick z € Aand 0 < r < %min{ru,r,,}, and
take k € N. Attaching to each z € B(z,r) a ball B(z, £27*r), we find, using the
Sr-covering theorem, a countable index set [} and points xz; € B(x,r), i € Iy,
such that
B(z,r) C U B(x;,27"r)
icly,
and B(x;, 227 %r) N B(x;, 227Fr) = 0 for i # j.
From the S- regularlty of 1 we get

a,r® < ,u Z,u (25,27 %r ) < #Ikbﬂ’ksrs,

i€y,
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and therefore,
LI, > Z—“z’“. (5.8)

m
Taking any set Jj, C Iy for which B(z;,:527%r) N A # 0 as j € J;, and using the
fact that v is t-regular on A, we have

b,2'r" > v(B(z,2r)) > Z v(B(zj, 227"%r))
J€Jk

> Z (2, 76 10 r)) > #Jka,,(%)tQ’ktTt,

J€Jk
where z; € B(zj,27*r) N A as j € Ji,. Thus

#J < 20t2’“

v

This upper bound is strictly smaller than the lower bound in (5.8) when

log (222 901)
A Y .
~ (s —t)log?2 (1,v)

Choosmg k> K(u,v), gives I, \ Jr # 0, and we find iy € I such that
B(x;y, 1527 Fr) N A = 0. Tt follows that

por*(A, z,2r) > %2_1‘5 (5.9)

whenever © € A and 0 < r < %
2.1.(2).

Now we prove the opposite direction. The idea is to use Lemma 5.1 to build a
regular measure inside the voids of suitable reference balls. Let o > 0 and r, > 0

be such that

min{r,,r,}. The claim follows from Remark

por(A,xz,r) > o (5.10)

forall z € Aand 0 < r < 7, Set v = £ and fix ng € N such that 7" <
min{D;r,,7,} (see Corollary 4.6). From Corollary 4.6 we see that for all x € X
and 0 < rg < ™0

n((AN Bz, 10))(r) < Cu)u(B(x,r0))(—) forall 0 < 7 < 7o (5.11)

To

S

where 6 = c(u)o®.

Consider s — 0 <t < s. For all j € N, we choose by means of the 5r-covering
theorem a collection of disjoint balls { B(z;,7"%/)} so that z;; € A for all i € N
and

Ac By, 57m™). (5.12)
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For each i € N we find, using inequality (5.10), z;; € B(xj;,7"") so that
B(zji, Q'VnOJrj) C B(Zﬁji, ’YnOJrj) \ A. Define

Bj; = B(zi, %”YHOH) = B(zi, SUSAERRSE

Then obviously 2Bj; C B(zj;, 0y™ ™) C B(xj;,7""7) \ A. Lemma 5.1 implies
that for all ¢ € N there is a t-regular measure v;; on spt(v;;) C 2Bj with
v;i(2B;;) = ym+i+Dt - Note that the constants ay,, and b, are the same for
all j and i, say a,,, = a and b,,, = b. Moreover, it is evident by the properties of
v;; that we may choose r,,, = 37" by adjusting @ and b. We conclude that for
all z € spt(v;;) and 0 < r < 3™t

ar' <v(B(z,r)) < br'. (5.13)
Setting
F= USpt(l/ji) UA
G
and

v= E Vjis
Jst

we clearly have A C F and v(X \ F') = 0, and therefore, it suffices to prove that
v is t-regular on F'.

We first verify that v is t-regular on A, that is, there are constants C'; and Cs
such that for all z € A and 0 < r < 37" we have

Cirt <v(B(z,r)) < Cyr'. (5.14)
For the purpose of proving (5.14), fix k € N so that
otk < o qnotk
From (5.12) it follows easily that 2By.3; C B(z,r) for some i giving
V(B(,7)) > Ukys,i(2Bgysi) = 40 > 4t

Thus we may choose C; = % in (5.14).
For the remaining inequality in (5.14), denote by N; the number of balls 2B;;
that intersect B(z, 7). Assuming that j > k, we obtain

2 )
U 2B c (AN Bz, Zr)(y™"). (5.15)
QBjiﬂB(.T,’f’)?é@ ,7

Indeed, if 2Bj; N B(x,r) # 0, then also B(zj;,y™%) N B(x,r) # 0 giving
d(zji,x) < r+ymt < r+ %r < %r. Hence (5.15) is valid since zj; € A.
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Now (5.15) implies with (5.11) that

Nja 2yt < () 2Bji) < pl(An Bz, =r))(y))
QBjiﬂB(.T,’f’)?é@ ry

2 ’}/nOJrj 1) 2 \s-6 n
< C(p)u(B(z, =r))( < C(p)by (Z7) "y okt
gl =r g
2\s-6 n s (ji—
< C(u)bu(;) AotkIsn =R,
and therefore, '
N; < ey D60 for all j > E, (5.16)

where c3 is a constant which depends on a,, b,, s and po. Note that N; = 0
provided that j < k — 1. This is true because

dist(2B;;, A) > 3rynotitl > 37%% .-
From (5.16) we obtain

v(B(z,r)) = Z vji(B(z,r)N2Bj;) < Z N. ,y(noﬂﬂ)

=k
o
< C3,yt(no+1)+k(s—6) Z ,yj(5+t—s)
j=k
_ G3 t(no+k+1) ¢
D

where Cy = H% This completes the verification of (5.14).

We finish the proof by showing that v is t-regular on spt(v;;) for all j and .
Fix j and i and let y € spt(v;;). We first derive the lower bound in the definition
of t-regularity. If 0 < r < 34" then v(B(y,r)) > v;i(B(y,r)) > ar' by (5.13).
On the other hand, if 3y™* < r < y™*! we get B(zj;,5) C B(y,r). Applying
(5.14) implies that v(B(y,r)) > v(B(zji, §)) > C127 "

For the upper regularity bound we first assume that 0 < r < 4™+ Now
B(y,r) N 2By = ( for all (5',7') # (j,7). Indeed, if j = j' this follows from
B(y,r) C B(zj;,y"™%) and 2B C B(zjiy,7™"). In the case j/ < j assume
that w € B(y,r). Then d(w,A) < d(w,x;;) < 2y™%. Further, if w € 2B,
then d(w,A) > %’y””j/ > 3y™0%i. The final case j° > j is similar. Thus
v(B(y,r)) = v;i(B(y,r)) < br* by (5.13). Finally, supposing that 4™+ < r <
2"t gives B(y,r) C B(xj;, 6—;). Hence v(B(y,r)) < (B(wﬂ,—)) < Oy ( )
by (5.14). O

Remark 5.4. (1) Observe that in (5.9) the porosity ¢ is proportional to (“”)5 L.
The following simple construction shows that this is sharp. Let 0 <t<1and
choose from [0,1] N evenly distributed intervals of length N~¢. Repeat this
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construction and let v be the natural measure on the resulting Cantor set A.

_1 _
I-N"7 and @ = —N'"' Ag N tends to

Then A is t-regular, por(4) ~ —% P Ny

1

infinity, por(A) ~ % R~ (Z—Z) =t We do not know what is the best asymptotic

behaviour as ‘;—” is fixed and t — s.

(2) We do not know whether the completeness is needed in Theorem 5.3 al-
though the mass distribution principle is not valid without it.
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