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Abstract

In this paper, we prove the Adams inequality in complete metric spaces
supporting a Poincaré inequality with a doubling measure. We also prove
the trace inequalities for the Riesz potentials.

1 Introduction

In the Euclidean spaces we have the following Adams inequality, see e.g. [Ad],
[Ma], [Tu] or [Zi]:

Theorem 1.1. Let v be a Radon measure on R™ and let 1 < p < q < oo with
p < n. Suppose that there is a constant M such that for all balls B(xz,r) C R",

v(B(z,r)) < Mr®,

where o = q(n — p)/p. Then

1/q 1/p
(1) </ |u|qd1/> <CcM'Va </ |Vu|pdx> :
n R‘H,

for all uw € C§°(R™), where C = C(p,q,n) > 0.

In potential theory, this type of inequalities arise from investigation of imbed-
dings G : LP(u) — L4(v), where G is a potential, [AH]. These imbeddings are
often referred to as trace inequalities. In the Euclidean setting a necessary and
sufficient condition for trace type theorems is proven, see [AH, Chapter 7.2].
The sharp result is a growth condition for the measure v involving Riesz capac-
ity of a ball. See also [Zi, Chapter 4] for more discussions on the Adams type
inequality.

For Sobolev functions, inequality (1) is an extension of the Sobolev inequal-
ity, since if v is n-dimensional Lebesgue measure, then ¢ = p* = np/(n — p).

In this paper, we study the Adams type inequality and trace inequalities for
Riesz potential on metric measure spaces. Before we state our main results, we
discuss the standard assumptions on the spaces and the background of analysis
on metric measure spaces.

2000 Mathematics Subject Classification. 46E35, 31C15, 26D10.

Key words and phrases. Trace inequality, Riesz potential, metric space, Sobolev function,
the Poincaré inequality.

The author was partially supported by the Academy of Finland, project 207288.



The results in this paper are formulated for Lipschitz functions. In a metric
space (X, d), a function u : X — R is said to be Lipschitz continuous, denoted
by u € Lip(X), if for some constant L > 0

lu(z) —u(y)| < Ld(x,y),

for every z,y € X. We also use the notation u € Lip,(X) when the function u
has compact support. For a Lipschitz function u : X — R, we define

Lipu(z) := liI;LsBp W

We require the following standard conditions on the mass and on the ge-
ometry of the metric space. First, we assume that the space is equipped with
a doubling measure. A measure u is doubling if balls have positive and finite
measure and there exists a constant Cy; > 1 such that for all balls B(z,r) in X,

w(B(z,2r)) < Cap(B(z,r)).

Note that the doubling measure p has a density lower bound [He, pp. 103-104]:
There exist constants ¢, s > 0 that depend only on the doubling constant of p,
such that

w(B(y,r)) T\¢
2) W(B(z, R)) >c(z)

whenever 1 < R, x € X and y € B(z, R). Usually we consider s to be the
natural dimension of the space X, and in this paper we assume that s > 1. We
call such spaces doubling spaces, or spaces of homogeneous type.

Second, we assume that the space admits a Poincaré inequality:

Definition 1.2. A metric measure space (X, d, i) is said to admit a weak (1,p)-
Poincaré (or weak p-Poincaré) inequality, 1 < p < oo, with constants C, > 0
and 7 > 1, if

1/p
(3) ][ U — Up(z,m| du < Cpr <][ (Lip u)? du)
B(z,r) B(z,Tr)

for all balls B(z,r) C X and for every Lipschitz function u : X — R. Here

barred integrals mean integral averages and upg is the average value of u over
B.

There are also different definitions for the Poincaré inequality on a metric
measure space. However many definitions coincide when the space is complete
and supports a doubling Borel regular measure, see discussion in [KZ, Chapter
1.2] and references therein. The Poincaré inequality forces the space to be
sufficiently regular in a geometric sense.

Recently there has been progress in the theory of Sobolev spaces in general
metric measure spaces, see for instance [Ch], [HaK], [Ha], [HeK], [KKM], [KoM],
[Sh] and references therein. In [Sh], Shanmugalingam contructs a Sobolev type
space on metric spaces, which yields the same space studied by Cheeger in
[Ch]. When the metric space satisfies our general assumptions, the Sobolev



type spaces introduced by Hajlasz [Ha] also coincide with the spaces mentioned
above.

If the metric space is equipped with a doubling measure and it supports a
Poincaré inequality, then Lipschitz functions are dense in the space of Sobolev
functions on the metric measure space, see [Sh2]. Therefore the results in this
paper can also be applied to the Sobolev functions.

When these standard assumptions on the space and on the measure hold, the
space has nice geometric properties and allows us to conduct deep analysis of
such a space, and recently such analysis was done in many areas of studies. For
instance, in [HeK], [KoM] quasiconformal mappings in metric spaces are studied.
Also some results of Euclidean potential theory can be generalized to metric
spaces, see [KM1], [KM2], [KS] and [Sh2]. Thanks to Cheeger’s definition of
partial derivatives [Ch], it is even possible to study partial differential equations
on such spaces, see [BBS] and [BMS]. In [HaK], the Sobolev inequality is shown
to be true in this setting.

The aim of this paper is to show that the Adams-type inequality also holds
on metric spaces under some general assumptions. In this paper we prove a
trace inequality for a Riesz potential (Theorem 4.1). Similar results for other
similar potentials can be found in [EKM, Theorem 6.2.1].

We could not obtain the sharp results as in [AH] for general metric measure
spaces, since our measure is not assumed to be (Ahlfors) Q-regular and hence
we do not have connection between the measure and the capacity. When the
measure p is @Q-regular, the results are achieved easily from proofs in the Eu-
clidean case, basically by replacing the Lebesgue measure with the measure u.
In this paper the difficulty comes from the fact that only the lower bound for
the measure p is needed, see (2), without any upper bound.

Similar problems as in this paper are studied also in [KK], with a different
approach.

The case p = 1 needs a special treatment as usual. We prove the following
global Adams inequality in the case p = 1.

Theorem 1.3. Let (X,d,p) be a complete metric measure space such that it
admits a weak (1,1)-Poincaré inequality and p is a doubling Radon measure.
Let v be a Radon measure on X. Suppose that there are M > 0 and q > 1, such
that for all balls B(x,r) C X of radius r < diam X, it holds

v(B(z,r))
p(B(x, 7))

1/q
(/ |u|qd1/> < CMl/q/ Lipu dp,
X X

for allw € Lipy(X), where the constant C > 0 depends only on q, s, the doubling
constant and the constants in the Poincaré inequality.

< Mr—9.

Then

Two key elements in the proof of Theorem 1.3 are isoperimetric inequality
and co-area formula (Theorem 2.3), which are already studied by Ambrosio
[Am] and Miranda [Mi]. We follow the approach in [Zi, Lemma 4.9.1], which
can be easily generalized to our setting by using Lemma 3.1.

For the case p > 1, we have the following theorem.



Theorem 1.4. Let (X,d,u) be a complete metric measure space such that it
admits a weak (1,t)-Poincaré inequality for some 1 <t < p, and p is a doubling
Radon measure. Suppose that v is a Radon measure on X, satisfying

v(B(,r)) < Mr® with a=4_5_ g,

w(B(z,7)) p t

for all balls B(z,r) C X of radius r < diam X, where 1 < p < q < 00, p/t < s
and M is a positive constant. Here s is from (2). If u € Lipy(By) for some ball
By = B(xo,70) C X, for which ro < diam X/10, we have

1/q t=lis_ s 1/p
(/ |u|‘1dy> < CM(BO)l/Q—l/;D ro” | ? appt/a (/ (Lipu)pd,u> ,
By By

where C = C(p, q,s,t,Cq,Cyp,T) > 0.

In a forthcoming paper the author applies the Adams inequality to study
p-harmonic functions on metric measure spaces and to characterize removable
sets for Holder continuous Cheeger p-harmonic functions.

The proof splits into two steps. First, we prove the inequality

u[? < €I p((Lipu)”),

where I p is a generalization of the Riesz potential, see Theorem 3.2 and Re-
mark 3.3. Second part is to apply the Adams inequality for the Riesz potential,
also called as the Fractional Integration Theorem, which states that

Lip: LP(B, ) — LY(B,v)

is a bounded operator, see Corollary 4.2.

In Theorem 1.4, we assume that weak (1,t¢)-Poincaré inequality holds for
some 1 <t < p. This better Poincaré inequality follows from the weak (1, p)-
Poincaré inequality by the result in [KZ]. The case p = s is not included in the
Theorem 1.4 when the weak (1, 1)-Poincaré inequality holds. This case is more
delicate and is treated in section 6.

The case p > s is not interesting, since the claim follows from [HaK, Theorem
5.1 (3)).

This paper is organized as follows. In section 2 we give the main definitions
and some preliminary results. A few key lemmas are proven in section 3. The
Adams inequality for Riesz potential is discussed in section 4. Section 5 contains
the proofs of Theorem 1.3 and Theorem 1.4. Finally, in section 6 we prove the
Adams inequality for borderline case p = s.

2 Preliminaries

Throughout the paper we denote by C > 0 a constant, whose value may vary
between each usage, even in the same line.

The triple (X, d, 1) denotes a complete metric measure space. The equipped
measure p is assumed to be a Radon measure, which means that the measure
is Borel regular and the measure of every compact set is finite. We also assume
that the measure of every nonempty open set is positive



The ball with center x € X and radius r > 0 is denoted by
B(z,r)={y e X : d(y,z) <r}

and we use the notation o B(x,r) = B(x,or). We write

0l
Ug = —— ud,u:][ud,u,
1(A) Ja A

for a measurable A C X and a measurable function u : X — [—00,00]. The
norm of v in LP(X, u) = LP(X) is denoted by

1/p
lolly = el = ( [ 0P}
X

Definition 2.1. The Riesz potential of a nonnegative, measurable function f
on a metric measure space (X, d, u) is

_ [ _fdlz,y)
L(f)(z) = /X ),

We will also use the notation

B = [ mcwy),

for a measurable sets A C X.

For properties of the above natural generalization of the Riesz potential, we
refer the reader to [He]. From other sources, the reader may find other gener-
alizations of the Riesz potential to metric spaces. Relations between different
definitions depend on regularity assumptions of the measure.

Following [Am] and [Mi], we define the class of sets of finite perimeter on
metric measure spaces.

Definition 2.2. Let £ C X be a Borel set and A C X an open set. The
perimeter of E in A is

P(E,A) = inf{lihminf/Lipuh du
—00

A
(un) © Libyoe(A), un — xp in L, (4)},
where xg denotes the characteristic function of E. We say that E has finite
perimeter in X if P(E,X) < 0.

Next we give the generalized isoperimetric inequality and co-area formula.
For proofs see [Am, Theorem 4.3] and [Mi].

Theorem 2.3. Let (X,d, u) be a complete doubling metric measure space, and
E C X be a set of finite perimeter. Then
(i) if (X,d, p) admits a weak (1,1)-Poincaré inequality, the following relative
isoperimetric inequality holds for all balls B = B(x,r) C X :
,r.S

1/(s—1)
min{u(ENB),u((X\E)YNB)} <C (N(B)> [P(E,7B)]71,

where s > 1 is any exponent satisfying (2).



(i) for any nonnegative u € Lip,,.(X) the co-area formula holds :

/w P({u> t}, B(z,r)) dt :/ Lipu dg,

— 00 B(z,r)
for every ball B(z,r) C X.

Here we state the Marcinkiewicz Interpolation Theorem without proof. For
more discussion on the theorem, see [St].

Let (po,qo) and (p1,¢1) be pairs of numbers such that 1 < p; < ¢; < 0o
for i = 0,1, po < p1, and ¢ # ¢1, and let v be a Radon measure on X. An
subadditive operator T is of weak-type (p;, ¢;) if there is a constant C; such that
for all w € LPi(X) and o > 0,

v({z : [(Tu)(@)] > a}) < (™ Cillullp, )"

Theorem 2.4. (Marcinkiewicz Interpolation Theorem) Suppose an operator T

is simultaneously of weak-types (po,qo) and (p1,q1). If for some 0 < 6 < 1

1 1-6 6 1 1-6 0
= — Jr

+ — and -
p Po D1 q qo q1

)

then T is of strong type (p,q), i.e. for allu € LP(X)
1Tl < CCy~ CYllullp,

where C = C(p;,qi,0), i1 =0,1.

3 Several Lemmas

First, to prove Theorem 1.3 we need the following metric space version of boxing
inequality. It is also proven in [KKST, Theorem 3.1], but for reader’s conve-
nience we give the proof here.

Lemma 3.1. Let (X,d,u) be a complete doubling metric measure space sup-
porting a weak (1,1)-Poincaré inequality. Let E C X be a bounded open set
of finite perimeter. Then there exist a constant C > 0 and a sequence of balls
B(x;,r;) with x; € E such that

E C [j B(.’Ei,T’Z‘)
i=1

and
oo

i=1

T
where C' depends only on the doubling constant and the constants in the Poincaré
inequality.

Proof. Tf u(X) < o0, let 29 € E and balls B(xo,r;), where

w(X)
= A i
" P(E,X)



Now the lemma holds with the balls B(zg,r;) and C' = 1. So we may assume
1(X) = oo.
Now for any x € F we define

p(B(z,r) N E)

u(B(z,r))
Since E is open we can find 71 > 0 such that f(r;) = 1. By the assumption
that E is bounded, f(r) — 0 when r — oco. Let ig = min{i : f(2'r;) < 1/2},

and we get that f(29~1r;) > 1/2 and f(2%r) < 1/2.
Now by the doubling property of u and by the choice of iy we obtain

flr) =

R w(B(z, 2071 )N E) < w(B(x,2%r) N E) - 1
2Cd o Cd,u'(B(‘TaQiOilrl)) - ,LL(B(I,QiOTl)) 2

Set r, = 2%r;. Then

min {u(B(z,r2) N ), p(Bla,r,) N (X \ B))} >

Z 50, MB@ ).

We may assume that s > 1 is an exponent satisfying (2). By the relative
isoperimetric inequality (Theorem 2.3(i))

s—1
s
Tz

1

P(E,B(z,7ry)).

Thus
u(B(z,72))

(4) < CP(E,B(x,7rs)).
Ty
Next we choose a cover for E: Let B = B(z,7r;) be the family of all balls
such that € E and r, chosen as before. Since F is bounded, r, are uniformly
bounded w.r.t z and by the basic covering theorem ([He, Thm. 1.2]) we obtain

a sequence of disjoint balls B(x;, 7r,,) € B so that
U B(x;,51ry,) D E.
i=1

Let B(x;,r;) = B(x;,57ry,). Now by the doubling property of p and (4)
B 2R
3 Bl rs)) Y P(E,B(z;,7rs,)) < CP(E, X).
ry

O

Second, we prove a lemma, needed in proof of Theorem 1.4. Here we need
the chain condition.

We say that X satisfies a chain condition if for every A > 1 there is a constant
M such that for each x € X and all 0 < p < R < diam(X)/4 there is a sequence
of balls By, By, Bs, ..., By for some integer k with

1. ABy C X \ B(z, R) and ABy, C B(z, p),



2. M~1diam(AB;) < dist(z, AB;) < M diam(\B;) for i = 0,1,2,...,k,

3. there is a ball R; C B; N B;;1, such that B; U B;y1 C MR, for i =
0,1,2,...,k—1,

4. no point of X belongs to more than M balls AB;.

The chain condition above is a bit different from the one stated in [HaK,
Ch.6]. With a minor change of the proof in [HaK, Ch.6], we can show that
each connected doubling space satisfies the chain condition above. We need to
cover each annuli with balls of radii equal to €27 A\~! instead of €27. Then the
argument in [HaK, Ch.6] shows that for a fixed ¢ > 0, the balls B; can be
chosen such that AB; C B(z, (1 + o)R) for all 1.

In the next theorem and remark, we show that if the space admits a weak
Poincaré inequality, then we have the following pointwise inequality for Lipschitz
continuous functions, see also [He, Thm. 9.5].

Theorem 3.2. Assume that (X,d, ) admits a weak (1, p)-Poincaré inequality
with a doubling Borel measure p. Let uw € Lip(X) and fiz a ball B(y,r) C X.
Then for each x € B(y,r) there exists a ball B(zz,7/8) C B(y,2r) such that

lu(z) — up(s,,rs) [P < CrP 7 1 p(y.om (Lipuw)P) ().

Proof. Let A =7 and R = /8 in the chain condition. Let = € B(y,r). For any
small p > 0, we have a chain {B;}%_,, for which

k—1

|U({E) - uBo| < Z ‘qu‘,+1 —UupB;
1=0

k—1
< Z(|u3i+l — UR;
=0

k—1
< Z (][ ‘u - uBi+l|d:u’ + ][ "I.L —Uug;
i=0 I R
k
<cy f lu-un
i=0 7 Bi

k 1/p
<o (f wivuras) il
i=0 TB/L

In the second step, we used the Lipschitz continuity of . Here the number of
balls k depends on p. We may assume that 7B; C B(y, %7’) for all . Next we
choose our ball B, := B(z,,r/8) C B(y,2r) where z, is the center of the ball
By. We have

1/p
lug, —up.| < C][ |lu —up.uB,|dn < Cr (][ (Lipu)Pd,u> .
B.UByg T7B.UTBg

+ |u(z) = up,|

+ [up, — ur,|) + p|| Lip ul| L~

du) + pl| Lipull g«

dp+ p|| Lip ul| Lo



Putting the above two estimates together gives us

lu(x) —up.| < |u(z) — up,| + [up, — uB.|

i 1/p
< Ccre=/p Zm ][ (Lipw)Pdp
i=0 7Bi
1/p
+ ore=1/p (r f (Lip u)”dy) + p|| Lip u||
7B.UTBo

. 1/p
< Crlr-p ( / (Lip u(w))?d(z, w) du(w))
B(y,2r)

M(B(xv d(I, w)))
+ pl| Lipul| e,

where the condition 2 of the chain and the finite overlap property of the balls
7B, are needed. The claim follows by letting p — O. O

Note that in Theorem 3.2, it is possible to replace B(y, 2r) by B(y, (1+¢)r)
and B(zy,r/8) by B(zz,er/8), where £ > 0 is any small fixed number. Notice
also that, in this case the constant depends on e.

Remark 3.3. If r < diam X/10 and v = 0 in X \ B(y,r) in Theorem 3.2, we can
prove that
u(@)[” < CrP~ Iy py ((Lipw)?) (x),

for all x € B(y,r). The proof is similar to that of Theorem 3.2. The only
change is that by choosing R = gr, we find a ball B(z,,r) C B(y,5r) such that
B(zyg,7) N B(y,r) = 0. In this case, we may assume that 7B; C B(y,4r) for all
balls B; in the chain.

The next lemma is due to Muckenhoupt and Wheeden in the setting of
Euclidean spaces, see [MW] and [AH, Theorem 3.6.1]. We generalize it to the
setting of metric measure spaces.

Lemma 3.4. Assume that (X, d, ) is complete and p is doubling. Let 1 < p <
oo and fix a ball By = B(xg,7m9) C X and let v be any positive Radon measure
on By. Then

) 1/p ro 1/p
I3, (v)Pd <C—————— M (v)Pd ,
(/430 o) u) M(BO>1/S<4BO L) u)

where C = C(s,p,Cq) > 0 is a constant, My is the fractional mazimal operator

—sup [ 2B@)
Ml(V)(x) - ig% (M(B(l’,r))ll/s)

and jgm is a local Riesz potential

) ~ _dwy)
Toro)e) = /B@,w W(BGdia )

Proof. Let By = B(xg,79) C X be a ball. By (2) and by the doubling property
of p there exists C' > 0 depending only on s and Cy such that

(5) Csr® < pu(B(z, 1)), where Cys = Cu(Bo)rg °,



for all balls B(z,r) C X with z € 4By and r < 8rg. We use Cs in this proof to
clarify notations.

The claim is a consequence of the following inequality: There exist a > 1
and b > 1, depending only on s and the doubling constant of y, such that for

1—s

any A >0 and any 0 < e < C2/°C, 710y 7,

G AUn0) > a\) S HCTT e (T, () > A))
+ Cu({x € 4By : M1 (v)(x) > e)}),

where C' > 1 is depending only on the doubling constant of u, C; = C1(Cq) > 1
is from (8) and Cy = C3(Cy, s) > 1 is from (10). Indeed, multiplying both sides
of (6) by AP~! and integrating with respect to A, we obtain for any R > 0,

R
/ w({I3,, (V) > aX)AP™L dA
0
1, R .
< bC’Sl‘Se?/ ({30, (v) > AHAP™ dA
0
R
+ c/ j({z € 4By : My()(z) > eADAP d.
0
Thus by changing variables, we have
aR .
a7 [ Ty () > AP iy
0
o, R
<407 [l () > AP i
0
eR
+Cer / j({x € 4By : My (v) (@) > ADAPL d.
0
All integrals above are finite, since I3, (¥) = 0 in X \ 4By. Next we choose

s—1
1 -s (1 ) N
E:min{Q,Cl_lczls <2a—pb—1csl/(5—1)> }’

and it follows that

aR
@ [ il () > AN A
0
eR
< Cs_p/ p({x € 4By : My(v) > A})AP~L d).
0
Letting R — oo, we obtain

(1) / by )Pdp < C= [ Mi(w)Pdp,
4By 4By

which proves the Lemma.

10



It remains to prove (6). First, we notice that for any = € 4B \ 2By

7 d('rvy)
I3y (v)(z) < / de(y)
B(z,?ﬂ‘o)\B(a:,%ro)
(8) __ v(B)
= u(B(z, §70))
< GO My (v) (),

v(B(x,5r9))
(B, 5r))t=1/¢

3rg < CLO7Y®

where in the third step we used the condition (5). The constant C7 > 1 depends
only on the doubling constant of u. So if z € 4By \ 2By and I3, (v)(z) > A,

then My (v)(x) > e\, when € < Cy/*cy ', Thus, for any 0 < e < cisc, !

p({w € 4By \ §Bo : I3, (v)(z) > A})

®) < pu({x € 4By \ 2By : My (v)(z) > eA}).

Second, we consider an easy case {Is,, () > A} D By. Then for any z € 4By,
we have by the weak-estimate of the Riesz potential, see [He, Theorem 3.22],

. =l -
(10) 1(Bo) < p({Isre (v) > A}) < CCs (aA /B d”)

< CoCd 7 AT My (v) (2) 7 u(By),

where we also used the doubling property of . Hence, for all x € 4B

1—s

M (v)(z) > CHM3Cy = A,

where Cy = C3(Cq,s) > 1 is from (10). Thus (6) is true with any ¢ <
C;/SCQ%, since {f37-0 (v) > A} C 4By.

Thus, we may assume that there exists 2 € By such that Is,, (v)(z) < A. Let
§ > 0 be any small number. Let A C 4B, be an open set such that {Is,,(v) >
A} € A and pu(A) < p({Is,,(v) > A}) + 6. The set A has a Whitney covering
with countable family of balls W = {B;}, where the balls {3B: B¢ W} are
pairwise disjoint, see [BBS2, Chapter 3] for the Whitney coverings in metric
spaces. Now we only consider the balls which intersect the set %Bo and we
denote W = {B € W: Bn 5By # 0}. By the construction of the Whitney
covering, for every B; € W we have B; C 2By and there exists y; € 4By such
that Is,, (v)(y1) < A and

(11) 87’1‘ < dist(yl,Bi) < 167"1‘.

By a geometric argument, we know that: For any B; € W there exists
Yo € 2By such that I3, (v)(yo) < A and

(12) diSt(yo, Bl) < b4r;.

Indeed, when y; € 2By in (11) the claim is clear. So assume that y; € 4By \ 2By
n (11). Since B; N 2By # (), we have dist(y;, B;) +diam B; > 3r,. Now by (11)
we get that r; > 2—147"0. In addition, we know that there exists yg € By such that
Isr, (V) (o) < A and therefore dist(yo, B;) < 9ro < bdr;.

11



Let By = B(xz1,71) € W and let a > 1. Suppose B intersects the set
{M;(v) < eA}. Let By = B(x1,56r1) and denote v; = v|p, and vo = v — 1.
By the weak-estimate of the Riesz potential, see [He, Theorem 3.22],

H({Tary (1) > aX/2}) < COT (czlk/x dz/1>551-

Let 23 € Bj such that M;(v)(z3) < eX and let By = B(x3,58r1) so that
By C Bs. Then by the definition of the fractional maximal function My,

s—1

/X dinr :/32 dv < /B3 dv < Ml(V)(.’I}g),LL(Bg)S-%l <eMu(B3) = .

Thus by the doubling property,

s

1 =T €\ 501 1
((M/X dVl) Sc(a) (g5 B1).

So with b= C'/a®/(s=1),

(13) j({x € By Iy (1) () > a)/2}) < bOT 7 e u(LBy).

Next we estimate Is,,(v2) in By. If By C Ba, then I3, (v2)(z) = 0 for
all x € By and (14) follows. Assume that By \ By # 0. If 24 € 2By is a
point with d(x4, B1) < 5471, then because of the choice of Bs, for all z € By
and for all y € X \ By we have d(z4,y) < d(x4,z) + d(z,y) < 3d(x,y) and
d(z,y) < d(z,z4) + d(z4,y) < 5611 + d(24,y) < 57d(x4,y). Thus, if in addition

I3, (V)(z4) < A, then

. B _ dzy)
b)) = [ m

A d(xg,y
0 [, wEte sty
d(z4,y)
B(xa3r0) W(B(z4,d(24,7)))
= Clsry (v2)(z4) < O,
where we used the doubling property of p and the facts that B(z4,d(z4,y)) C

B(z,6d(z,y)), the support of v is in By and x € 2Bg. Thus, if a is chosen so
that @ > 2C, then Is,(v2)(x) < a\/2. In other words, either

By C{x: Mi(v)(z) >eA}

dva(y)

IN

<C

dva(y)

(14) {x € By : Is,,(v)(2) > a\} C {x € By : Iy, (11)(x) > a)/2}.

In the second case, it follows from (13) that

A 4 s
p({z € By : I3y (v)(2) > ar}) < bCS e Tpu(iBy).
Now adding over all B; € W and letting § — 0, we get

s

p({z € 3By : Ispy (V) > aA}) < DCT7 =T p({z € 2By : I3y, (v) > A})
+ Cu({z € 2By : Mi(v)(x) > eA}),
where C' = C(Cy) > 1. Now by this estimate and (9), we obtain (6). O

12



4 Adams inequality for Riesz potential

Notice that [EKM, Thm. 6.2.1] has a result similar to the following theorem, but
the potential they studied is different from ours. Still, if we make an assumption,
as in Theorem 4.1, that Csr® < p(B(x,r)) for all balls B(z,r) C X of radius
r < diam X, and additional assumptions that 1/p—1/¢—1/s > 0 and u(X) = oo,
then Theorem 4.1 follows from [EKM, Thm. 6.2.1]. However the additional
assumptions for the exponents and for the measure of the space is not needed
in the following proof. Here the the proof is similar to that of [Zi, Thm. 4.7.2],
but we need a different approach in many estimates, since our measure is not
Ahlfors regular.

Theorem 4.1. Let (X,d,u) be a metric measure space, where u is a doubling
Radon measure, and 1 < p < s. Let v be a Radon measure in X. Suppose that
there are positive constants M and Cs such that

Cor® < pu(B(z,1)) and < Mr?,

p(B(z,r)) ~

for all balls B(x,r) C X of radius r < diam X, where oo = %q —s5—gq and
1<p<qg<oo. Then

1/q ; 1 e ) 1/p
(Ajﬂﬂ)w> < o q(/|ﬂw0 ,

for all f € LP(X, n), where C = C(p,q,Cq,8) >0

Proof. In this proof, we assume diam X = co. When the diameter of X is finite,
a few minor technical changes are needed in the following proof. Indeed, we only
need to integrate over [0, diam X|] instead of [0, co[ in (16).

For ¢t > 0, let Ay = {z: I1(|f|)(z) > t} and v = v|4,. We may assume that
v(A¢) > 0. First, we have by Fubini’s theorem and the doubling property of
that

(A < /Iﬂmw—/hWWw

|f(z)|d(z, y)

< Ca / /x w(B(y,2d(x,y))) dule)de()
|f(2)]d(z,y)

< Cu [, atpte. ey 0

=@Ammmmwww.
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Next we estimate [;(1;) in the following way. We set r; = 27,

B d(z,y) 5
he@ = [ W(Ba. da,y)) Y

+oo

_ d(z,y) 5
- | e
{rj<d(z,y)<rj+1}

+oo
T (Blariay
< X Bty B

Ut(B(J?,Tj-i-l))r‘ s [ w(B(z,1)) .
<Ca 2 B ”‘Cd/o W(Blar)

where in the last two steps we used the doubling property of u. Now for some
R > 0, to be fixed later, we have

R vi(B(z,r
wayse [ [ |f<x>Mdu<x>dr

- v (B(z,r))
—|—C/ / |f(z)| —=——==dp(x)dr = J; + Ja.
R JX n(B(z,))
We will estimate J; and Js in the following way. First, to estimate J;, we
have by the growth condition for the measures that, with 1/p+ 1/p’ =1,

(16)

w(B(,r) _ [yt(B(x,r))r/P {ut(B(x,r))r/p/
w(B(z,r)) | w(B(z,r)) w(B(z,r))
vi(B(x,r))

1/p’
w(B(z,r)) } '
By the Hoélder inequality and the above estimate,

< (Mr)'/r {

nec 1l ( /. [m} du(a:))l/p/ dr

e (] [ ) e

(17)

For r > 0, we define the set
B = (X x X)Nn{(z,y) : d(z,y) <r}

and by Fubini’s theorem, we obtain

wB@.r) oo [ L B
/X w(B(z, 7)) dp(z) /X w(B(z,r)) /B(x,r)d +(y)dp ()

" (z,9)
- p e T)avy V(A
B /X X /L(B(xﬂ«))du( Ydv(y) < Cqr(As),

where the last step follows from

XE, (JJ, y)
(19) [, i) <

14



for all y € X, which in turn follows from the doubling property of p. Indeed,

XE (T,Y) ooy 1 .
/XMB(x,r))d“( ) /B@,,T) (B, ) 1)
1
< C /B(w) (B 2) 1)

1
<ol b o
! B(y,r) /J(B(y,T')) ( ) d

since B(y,r) C B(x,2r). Combining (17) and (18), we arrive at
R
J < C\|f||pM1/py(At)1/p/ / /Py = C|m|pM1/py(At)1/p’Ra/p+17
0

since 14 ¢ = 2(2 —1)(¢ —p) > 0.
Next, we estimate Jy. By the assumption on the measure p,

v(B(z,r)) _ {L%(l3(z,r))}l/p {L@(13(x,r))}1/p/

p(Bx,r))  Lu(B(z,r) W(B(z,7))
,1/p,’,75/py 1/p M 1/p’
<C; (Ay) {M(B(x,r))} ’

which gives us
nc [, ( / [m] du<x>>1/p dr

< el v [ ([ desc))”p/ rlvdr

By (18),
J2 < CC?l/prHpV(At)/ r=Pdr < COTYP||f| v (A RV /P,
R

since 1 —s/p < 0.
Now we have

T+ Ty < C|flly (MYP(a) /7 R+ 4 O (A RIZP)).

1
_(v(Ay)\ o
R‘(M@) ’
Ji+ Jo < CCHITVP| fl|, MY 9 (Ag) 9.

Now from (16) and the previous inequality, it follows

tw(A) Ve < oY MY ||,

By choosing

we arrive at

Thus the Riesz potential operator I (-) is of weak type (p, ¢), whenever
l1<p<g<oo, p<s,

and the claim follows from the Marcinkiewicz Interpolation, Theorem 2.4.
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When p is a doubling measure on X and By = B(zg,r9) C X, then

- ~ B
Csr® < pu(B(z, 1)), where Cs = %,
0

for all balls B(z,r) C X with z € By and r < 2ry. Here ¢ is from (2).
Now we have the following local version of Adams inequality for Riesz po-
tentials.

Corollary 4.2. Let (X,d,u) be a metric measure space, where u is a doubling
Radon measure, and 1 < p < s. Assume that v is a Radon measure such that

v(B(z,r))
u(B(z,r))

for all balls B(x,r) C X of radius r < diam X, where M is a positive constant
and 1 <p < g<oo. If f € LP(Bg,p) for some ball By = B(xg,719) C X, we

have
1/q s s 1/p
( / 11,30<f|>qdu) < Ou(Bo)Y/a= /P v 5 pr e (/ Iflpdu) ,
By B

where C = C(p,q,Cq,s) > 0 is a constant.

sq_ .
< Mre 74

0

5 Proofs of Theorem 1.3 and Theorem 1.4

First we prove the Adams type inequality in a case p = 1.

Proof of Theorem 1.3. Let u € Lipy(X). First, we consider the case ¢ = 1. We
may assume that w > 0. For ¢t > 0, define Fy = {z : u(z) > t}. The set E; is
open and bounded, since u is continuous and has compact support. In addition,
the set E; is of finite perimeter for a.e. ¢ € [0, 00[. Lemma 3.1 imply that for all
such ¢ there exists a covering of F; by a sequence of balls B; := B(x;,r;) such

that -
Z w(B;)
N T
=1

Hence by the assumption on the measure v in the theorem, we have

< CP(E,, X).

B;
W) < Ywm) < 3 M < oarp(s, x),
Now applying the co-area formula (Theorem 2.3), we get
/ u du:/ v(Ey)dt < CM/ P(E:, X)dt < CM/ Lipu dp.
X 0 0 X

Next, we prove the case ¢ > 1. Let f € Lq/(X, v), f >0 and B(z,r) C X.
By Hoélder inequality we get

1/q'
/ fdv < (/ 7e du) v(B(z, 1))
B(z,r) B(z,r)

< Ml/q”f“q’;uM-

16



So the measure fdv satisfies the assumptions of Theorem 1.3 with ¢ = 1, which
was proved above. Hence if u € Lipy(X),

/udeSCMl/quHq/;l,/ Lipu du,
X X

for all f € LY (X,v), f > 0. Because u > 0 and hence

ull gz = sup {/Xufdv Nfllgw <17 > o},

1/q
(/ u|qdu) < CMl/q/ Lipu dp.
X b'e

Next we prove a version of Theorem 1.4 for all Lipschitz functions, not
necessarily with compact support. From now on, we assume that p > 1.

we have

O

Theorem 5.1. Suppose that the assumptions in Theorem 1.4 hold for the space
X and for measures p and v. Let u € Lip(X). For all balls B = B(xz,r) C X

1/q t—1 s s l/p
(/ |u — uB|qd1/> < Cu(B)YaYr = te—apt/a (/ (Lipu)pd,u) )
B 2TB
where C = C(p,q,s,t,Cq,Cp,T) > 0 is a constant.
Proof. Fix a ball B = B(z,r) C X. By Theorem 3.2, we have for each y € B
(20) |u(y) - uB(zy,r/8)|t < CTFIE,B(m,Qr)((LiP U)t)(y)7

for some ball B(z,,r/8) C B(x,2r).
By the Minkowski inequality,

(/B lu(y) — UB|qu(y)>1/q < (/B lu(y) — uB(Zy,r/8)|qu<y))1/q

1/q
+ </ |uB(zy7r/8) — uB|qd1/(y)) .
B

To estimate last two terms in (21), we observe that

(21)

luB(z, r/8) — uB| < [uB(z, r/8) — v2B| + |up — u2B|

<f - anldut | vl de
B(zy,r/8) B
SC'][ |lu — uap| du,

2B

where in the last step, we used the doubling property of p. Thus by the Poincaré
inequality,

1/q
([ tstesose = uslavt) ) < oo Ju= wapla
B 2B

1/p
< Cv(B)Y4r <][ (Lip u)pd,u>
27B
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To estimate other term in (21) we apply the pointwise estimate (20) and
Corollary 4.2, where in this case § = ¢/t and p = p/t

(/[ - uB(Zy,r/gwu(y))l/q = ([ 4t = ey " ) "

<or'? ([ han((Lipn ) ar) "

t—1 s s 1/p
<Cu(B)i~v rT i MM (/ ((Lip u)t)p/tdp) .
2B

The claim follows from (21) and the two estimates above. O

Proof of Theorem 1.4. From Remark 3.3: For each y € By,

lu(y)|* < Cri 1y g, ((Lipu))(y).

By this estimate and by Corollary 4.2,

</Bo |U(y)|qdu(y)>1/q < Cr(;%l (/BO (I, (Lip u)t))q/tdl,)l/q

t—1,s_ s 1/P
< Cu(Bo)s ™8 my" P MM (/B ((Lip@L)t)”/th) '
0

6 Borderline cases

Here we prove some results in the borderline case p = s. First, a version
of Adams type inequality for Riesz potential is considered. Here we are only
able to prove a weak-type local inequality for the Riesz potential; it would be
interesting to know if a strong-type inequality can be achieved.

Theorem 6.1. Let (X,d, ) be a metric measure space, where p is a doubling
Radon measure. Let By = B(xo,79) C X and suppose that v is a Radon measure
m By with

1—s
s 4

(22) v(B(w,m) < M (log =) ",

for all balls B(x,r) C X such that x € 2By and r < ro/2. Here 1 < s < ¢ < 00
and M is a positive constant. Then
1/s
flodn)

for allt > 0 and all f € L*(By, u), where C = C(s,q,Cy) is a positive constant.

tw({x € Bys Ip, (1f1)(@) > 1)19 < Crou(Bo)™/*M? ( /B

0

Proof. We use the same techniques here as in the proof of Theorem 4.1, but we
need a different approach to obtain some estimates. For ¢t > 0, let A; = {x €

18



By : I g, (| f)(z) >t} and vy = v|4,. We may assume that v(A;) > 0. By the
estimate (15) and by the Holder inequality

1(Ay) < C / Ly 5o () (@) ()] dp)

By

, 1/s’
(23) < Callflls ( R du)

1/s’
SCd||f|s</ 137.0<ut>5du) 7
4B,

where I 3r 18 the local Riesz potential as in Lemma 3.4. We shall apply Lemma
3.4 to estimate the norm of I5,,. First, for each z € 4By and 0 < 7 < 579,

r s’ 1/
s <o ([ [aeste] )
1079 v (B(z, s’ 1/
<o([" [mests] )

o ) . o . 1/s'
Ml(w)(w)éc</o [m((B())))/} d) ’

where M; is the fractional maximal operator as in Lemma 3.4. Now by Lemma
3.4,

Thus

T s’ s’ 1—s' 10ro Vt(B($7r)) @
@) [ B s oo [ [T IERIE S ),

We now divide integration with respect to r into two parts. Let R; be any
number with 0 < R; < 19/2, to be fixed later. We estimate integrals on the
right hand side of (24) in the following way. First, to estimate the integral with
respect to r from 0 to Ry, we use the growth condition of v, Fubini’s theorem
and (18), to get

Jo ey Td<>
[, S e
goMS’—lu(At)/ORl Hog™) g

, To 1—q/s
< CM*tu(Ay) (log 7 ) .
1

Second, we get the estimate for the remaining part of the integral in (24) by

19



(18), as follows
1070y, (B(x,1))* dr
Ll Sy s @

10rg , v z, T
< [ wtag et [ IR ) dr

Ry
107’0

< CV(At)S// = dr
Ry

< CV(At)S/ log ;—0
1

Now from (24), we get by (25) and (26) that

ol ’ ’ ’ ’ 1_q/s
/ I3py (1) dp < Cr (Bo)' = | M* ~u(Ay) <log TO)
4B, Ry

+u(Ay)* log ;OJ .

Now, we choose 0 < R; < ro/2 such that

lo To _ M T
SR’ \u(A) '

This is always possible, if M > (log 2)9/¢'v(By), which we may assume. Indeed,

(22) shows that M > cv(By) for some constant ¢ > 0, independent of v and By.

Thus, multiplying M by a constant, we may assume that M > (log 2)q/sl1/(B0).
Therefore we arrive at

/ Loy (1) dp < O p(Bo)' = M /9w (A)* 719,
4Bg

Now by the estimate above and (23), we obtain that
tv(A;)9 < Crop(Bo)™/* MY f]],.
This completes the proof of the Theorem. O

Next we obtain the following Adams inequality for Lipschitz functions when
p=Ss.
Theorem 6.2. Let (X,d, ) be a complete metric measure space such that it
supports weak (1,1)-Poincaré inequality and p is a doubling Radon measure. Let

By = B(xg,79) C X such that ro < diam X/10 and suppose that v is a Radon
measure in By with

1—s
s 4

v(B(a,r)) < M (log ™) ",

for all balls B(z,r) C X such that x € 2By and r < rg/2. Here 1 < s < ¢ < 00
and M is a positive constant. Then

1/q 1/s
(/ |uqdu> < Crop(Bo)~YeM/a (/ (Lipu)“’d,u) ,
Bo Bo

for all u € Lipy(By), where C = C(q,s,Cq,Cp,7) > 0 is a constant.
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Proof. By Remark 3.3 and Theorem 6.1
v({z € By :|u(x)| > t})t?
< Cl({z € By : I p,(Lipu)(z) > t/C})(t/C)?

q/s
<ca ( / (LiPU)‘“’du> ,
By

where A = r8u(By)~9/*M and C is a constant from Remark 3.3. We may
assume that u > 0, since positive and negative parts of u can be estimated
separately in the following way. We use a truncation argument to prove a
strong-type inequality from the weak-type inequality above. By the truncation
property, see [HaK, Chapter 2|, for every 0 < ¢; < t2 < oo the weak Poincaré
inequality holds for the pair uif, (Lip u)X{t, <u<ts}, Where ui? = min{max{0, u—
t1},t2 —t1} and xp is the characteristic function of the set E. Thus (27) also
holds for this pair. Now

/ ul dv < i 2kay (fu > 2811
Bo

(27)

k=—o00
> k—1
= 3 2u((udh > 252
k=—o00
) q/s
< CA Z (/ (Lipu)SX{zk—2<u<2k—l}d/.L>
k=—o0 Bo
00 q/s
< CA Z / (Lipu)sX{2k72§u<2k71}d/1,
k=—c0 Bo
qa/s
<CA (/ (Lip u)sd,u> )
Bo
where in the second to the last step we used the inequality ¢/s > 1. O
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