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Abstract. We study the approximation of certain stochastic integrals with re-

spect to a d-dimensional diffusion by corresponding stochastic integrals with piece-

wise constant integrands i.e. an approximation of the form
∑d

k=1

∫ T

0
Nk

t dXk
s ≈∑d

k=1

∑n
i=1 Nk

ti−1
(Xk

ti
−Xk

ti−1
). The approximation error is measured with respect

to L2 and it is shown that under certain assumptions the approximation rate is

n−1/2 when one optimizes over deterministic but not necessarily equidistant time-

nets 0 = t0 ≤ t1 ≤ · · · ≤ tn = T .

1. Introduction

Assume a Borel-function f : Rd → R, T > 0 and a stochastic process (Xt)t∈[0,T ]

defined as a solution of

X i
t = xi

0 +

∫ t

0

bi(Xu)du +
d∑

j=1

∫ t

0

σij(Xu)dW j
u , i ∈ {1, . . . , d} , (1.1)

where (Wt)t∈[0,T ] is a d-dimensional Brownian motion and the functions b and σ

satisfy certain assumptions (cf. Chapter 2).

Consider the problem that a trader has to hedge, by a self-financing strategy,

a European type option with maturity T > 0, where the pay-off of the option is

described by a random variable f(XT ). The perfect hedging strategy is determined

by the process (Nu)u∈[0,T ] in a stochastic integral representation of f(XT ),

f(XT ) = V0 +
d∑

k=1

∫ T

0

Nk
udXk

u ,
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where V0 is the initial capital. In practice the continuous strategy has to be replaced

by a discretely adjusted one. This leads to an approximation

d∑
k=1

∫ T

0

Nk
udXk

u ≈
d∑

k=1

n∑
i=1

Nk
ti−1

(Xk
ti
−Xk

ti−1
),

where 0 = t0 ≤ t1 ≤ t2 ≤ · · · ≤ tn = T is a deterministic but not necessarily

equidistant time-net.

We will measure and (to some extend) optimize the error of this approximation

in L2. Our interest lies in the rate of convergence of the approximation, when the

approximation error is minimized over all time-nets with at most n + 1 time-knots.

This means that we are interested in the quantity

inf
τ∈Tn

∣∣∣∣∣
∣∣∣∣∣

d∑
k=1

∫ T

0

Nk
t dXk

s −
d∑

k=1

m∑
i=1

Nk
ti−1

(Xk
ti
−Xk

ti−1
)

∣∣∣∣∣
∣∣∣∣∣
L2

(1.2)

as n tends to infinity, where

Tn := {(ti)m
i=0 : 0 = t0 < t1 < · · · < tm = T, m ≤ n}.

Let us recall some results from the literature. Among others, the 1-dimensional

case has been considered by Zhang [13], Gobet-Temam [8], and Geiss [5]. Geiss

considered the approximation problem for general deterministic nets, which are not

necessarily equidistant, and a closed form formula for the L2-error was obtained.

Based on this, in [7] several classes of examples were given, where the optimal rate

of convergence n−1/2 is attained by general deterministic nets (but, in general, not

by equidistant ones). The result from [5] and [7] cannot be straightforward extended

to the multi-dimensional case because part of the arguments from the 1-dimensional

case do not seem to apply in the multi-dimensional situation.

The multi-dimensional case was, for example, studied by Zhang [13] and Temam

[12] for equidistant nets. For C1-functions with derivatives of polynomial growth (cf.

[13, Proposition 3.1.6, Corollary 3.3.3]) Zhang established the rate n−1/2. On the

other side, Temam proved the rate n−1/4 for the European digital option.

The aim of this paper is to improve the approximation rate of the European digital

option in the multi-dimensional case from n−1/4 to n−1/2 by replacing the equidistant

nets by general deterministic nets.
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The paper is organized as follows: In Theorem 1 we show, for a certain class of

functions f , that one gets the L2-approximation rate of n−1/2 by optimizing over

all deterministic nets of cardinality n + 1. Here we also allow a drift term in the

underlying diffusion process (which is sometimes remarked, but not carried out, in

the literature). In Section 4 we finish by some examples illustrating Theorem 1.

2. Preliminaries

In this chapter we introduce the setting we are working with and recall some known

facts that are needed in order to prove our results.

We shall use the standard assumptions from stochastic calculus, i.e. we assume

a complete probability space (Ω,F , P) and, for T > 0, a right-continuous filtration

(Ft)t∈[0,T ] generated by a standard d-dimensional Brownian motion W = (Wt)t∈[0,T ]

such that FT = F and F0 contains all null-sets of F (cf. [9]). By ||x|| we denote the

Euclidean norm of a vector x ∈ Rd. A Borel-function ϕ : B → R on some set B ⊂ R

will be extended to Bd ⊂ Rd by the notation

ϕ(x) := (ϕ(x1), ϕ(x2), . . . , ϕ(xd)), x ∈ Bd.

We consider a diffusion

X i
t = xi

0 +

∫ t

0

bi(Xu)du +
d∑

j=1

∫ t

0

σij(Xu)dW j
u , i = 1, . . . , d, a.s. (2.1)

where x0 ∈ Rd. The process X is obtained through Y given as the unique path-wise

continuous solution of (cf. [10, Corollary 2.2.1, p. 101])

Y i
t = yi

0 +

∫ t

0

b̂i(Yu)du +
d∑

j=1

∫ t

0

σ̂ij(Yu)dW j
u , i = 1, . . . , d, a.s. (2.2)

where

b̂i(x), σ̂ij(x) ∈ C∞
b (Rd)

and σ̂σ̂T , where (σ̂σ̂T )ij(x) =
∑d

k=1 σ̂ik(x)σ̂jk(x), is uniformly elliptic i.e.

d∑
i,j=1

(σ̂σ̂T )ij(x)ξiξj ≥ λ ||ξ||2 , for all x, ξ ∈ Rd and some λ > 0.

Under these assumptions the process Y has a transition density Γ with appropriate

tail estimates (Theorem 7).
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We consider two cases. The first case

(C1) x0 = y0 ∈ Rd, b̂i(x) := bi(x), σ̂ij(x) := σij(x), Xt = Yt,

is related to the Brownian motion and the second case

(C2) x0 = ey0 ∈ (0,∞)d, b̂i(y) := bi(e
y)

eyi
− 1

2

∑d
j=1 σ̂2

ij(y), σ̂ij(y) :=
σij(e

y)

eyi
and

Xt = eYt ,

is close to the geometric Brownian motion. In both cases we have

E sup
t∈[0,T ]

||Xt||p < ∞ (2.3)

for any p > 0 (cf. [10, Corollary 2.2.1, p. 101]).

To summarize the above, we start with the process X by choosing the matrix σ and

the vector b such that the matrix σ̂ and the vector b̂ satisfy the required conditions

above. In this way we obtain the process Y and deduce properties of the process X

from the properties of Y .

To handle both of these cases simultaneously, we define functions Qi : Rd → R for

i = 1, . . . , d by

Qi(x) :=

 1, in case (C1)

xi, in case (C2).

In what follows we assume, for some q ∈ [2,∞) and C > 0, that

|f(x)| ≤ C (1 + ||x||q) , x ∈ E, (2.4)

where the f : E → R is a Borel-function and the set E is defined by

E :=

 Rd, in case (C1)

(0,∞)d, in case (C2).

Through function the f we define the function g on Rd by

g(y) :=

 f(y), in case (C1)

f(ey), in case (C2).

Applying Theorem 7 to the stochastic differential equation Zi
t = Zi

0 +
∑d

j=1

∫ t

0
σ̂ij(Zu)dW j

u , in case (C1)

Zi
t = Zi

0 −
∫ t

0

(
1
2

∑d
j=1 σ̂2

ij(Zu)
)

du +
∑d

j=1

∫ t

0
σ̂ij(Zu)dW j

u , in case (C2)
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gives a transition density Γ0 such that we can define the function G ∈ C∞([0, T )×Rd)

by

G(t, y) :=

∫
Rd

Γ0(T − t, y, ξ)g(ξ)dξ, 0 ≤ t < T

so that
(

∂
∂t

+ 1
2

∑d
k,l=1

(
σ̂σ̂T (y)

)
kl

∂2

∂ykyl

)
G(t, y) = 0 (C1)(

∂
∂t
−
∑d

i=1

(
1
2

∑d
j=1 σ̂2

ij(y)
)

∂
∂yi

+ 1
2

∑d
k,l=1

(
σ̂σ̂T (y)

)
kl

∂2

∂ykyl

)
G(t, y) = 0 (C2).

(2.5)

Now we can define the function F on E by

F (t, x) :=

 G(t, x), in case (C1)

G(t, log(x)), in case (C2).

Assumption (2.4) together with Theorem 7 implies that for 0 ≤ t ≤ T ′ < T

|Qi(x)|
∣∣∣∣ ∂

∂xi

F (t, x)

∣∣∣∣ ≤ Cd,T ′(1 + ||x||q), x ∈ E, i = 1, . . . , d (2.6)

and

|Qi(x)| |Qj(x)|
∣∣∣∣ ∂2

∂xixj

F (t, x)

∣∣∣∣ ≤ Cd,T ′(1 + ||x||q), x ∈ E, i, j = 1, . . . , d. (2.7)

Let

A :=
∂

∂t
+

1

2

d∑
k,l=1

Akl(x)
∂2

∂xkxl

(2.8)

where

Akl(x) :=
d∑

j=1

σkj(x)σlj(x). (2.9)

From the definition of F and equation (2.5) it follows that

AF (t, x) = 0 on [0, T )× E. (2.10)

Moreover, Itô’s formula gives that

F (t,Xt) = F (0, X0) +
d∑

k=1

∫ t

0

∂

∂xk

F (u, Xu)dXk
u , a.s. t ∈ [0, T ).

Finally, Theorem 7 gives that

F (t,Xt) → f(XT ) in L2 as t ↗ T
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and

f(XT ) = F (0, X0) +
d∑

k=1

∫ T

0

∂

∂xk

F (u, Xu)dXk
u a.s.

3. Results

In the rest of the paper we assume the setting from Chapter 2. We start this chap-

ter by stating our main result Theorem 1. It implies that under certain conditions

the convergence rate for the supremum of the approximation error is bounded by

n−1/2, when one optimizes over all deterministic time-nets of cardinality n + 1. Two

examples where Theorem 1 is applied to are presented in Chapter 4.

Theorem 1. Assume that for all x ∈ E∣∣∣∣ ∂s

∂q
xβ∂r

xα

σij(x)

∣∣∣∣ ≤ C1
Qi(x)

Qq
β(x)Qr

α(x)
, where q + r = s, q, r, s ∈ {0, 1, 2} ,

|bi(x)| ≤ C1Qi(x) and Aii(x) ≥ 1
C1

Q2
i (x) for i ∈ {1, . . . , d} and some fixed C1 > 0.

Moreover, assume that

sup
α,β

E

[
Aαα(Xt)Aββ(Xt)

∣∣∣∣ ∂2

∂xαxβ

F (t,Xt)

∣∣∣∣2
]
≤ C2

(T − t)2θ
, θ ∈ [0, 1), for some C2 > 0.

(3.1)

ThenE sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tβi ∧t

tβi−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tβi−1, Xtβi−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

≤ D1√
n

,

where

τβ
n :=

(
T

(
1−

(
1− i

n

) 1
1−β

))n

i=0

and

 β = 0, θ ∈ [0, 1
2
)

β ∈ (2θ − 1, 1), θ ∈ [1
2
, 1)

and D1 > 0 depends at most on β, C1, C2, d and T .

In addition, assume that

inf
u∈(r,s)

H2(u) = CH > 0, (3.2)

for some 0 ≤ r < s < T , where H is defined by

H2(u) := E

d∑
α,β,i,k=1

Aαβ(Xu)Aik(Xu)
∂2

∂xαxi

F (u, Xu)
∂2

∂xβxk

F (u, Xu), u ∈ [0, T ).

(3.3)
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Then we have the following two cases:

(L1) In the case that θ ∈ [0, 3/4), we have, for any sequence of time-nets 0 = tn0 ≤

tn1 ≤ . . . ≤ tnn = T with supi=1,...,n(tni − tni−1) ≤ Cτ/n, Cτ > 0, that

lim inf
n→∞

√
n

E sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tni ∧t

tni−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

(3.4)

≥ 1

D2

.

(L2) If θ ∈ [3/4, 1), then we have that

lim inf
n→∞

√
n

E sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tβi ∧t

tβi−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tβi−1, Xtβi−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

(3.5)

≥ 1

D2

.

The constant D2 > 0 depends at most on C1, C2, CH , d and T .

Remark 2. (1) In the case that the process (Xt)t∈[0,T ] does not have a drift, it

follows from Doob’s inequality that inequalities (3.4) and (3.5) can be replaced

by

lim inf
n→∞

√
n

E ∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ ti

ti−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

≥ 1

D2

.

(2) In (L2) we have the lower bound only for time-nets τβ. Compared to (L1)

this does not seem natural, since larger θ should correspond to a worse ap-

proximation. We need this restriction for technical reason (but believe that it

can be removed).

(3) Under the setting of the Chapter 2 the assumptions in Theorem 1 which con-

cern the estimates of the matrices A and σ and the vector b by the functions

Qi are always satisfied for some C1 > 0.
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(4) It follows by a simple calculation that

H2(u) = E

d∑
m,n=1

(
d∑

α,β=1

σαm(Xu)σβn(Xu)
∂2

∂xαxβ

F (u, Xu)

)2

.

Now because of (2.7) we have that H2(u) ∈ [0,∞), for u ∈ [0, T ).

(5) If the matrix A defined in (2.9) is a diagonal matrix, then

H2(u) = E

d∑
α,β=1

Aαα(Xu)Aββ(Xu)

∣∣∣∣ ∂2

∂xαxβ

F (u, Xu)

∣∣∣∣2

and thus it is equivalent to the function

sup
α,β

E

[
Aαα(Xt)Aββ(Xt)

∣∣∣∣ ∂2

∂xαxβ

F (t,Xt)

∣∣∣∣2
]

considered for the upper bound in Theorem 1. In the 1-dimensional case our

function H is the same as the function H controlling the approximation error

in [5].

Now turn to the proof of Theorem 1. We deal with a multi-step approximation

error i.e. the stochastic integral
∑d

k=1

∫ T

0
∂

∂xk
F (u, Xu)dXk

u is approximated by the

stochastic integral
∑d

k=1

∑n
i=1

∫ ti
ti−1

∂
∂xk

F (ti−1, Xti−1
)dXk

u . In order to estimate the

multi-step error we need to have information about the one-step error occurring in

a time interval [ti−1, ti]. Here Proposition 3 and Proposition 4 below are needed.

Proposition 3 gives the upper bound for the one-step error. It is an extension of

Temam [12] for the upper estimate and replaces the limit arguments by the inequality

(3.6), which can be applied to any fixed time-net to upper bound the approximation

error. From Proposition 4 we get the lower bound for the one-step error. In the

proof of Proposition 4 we use the same principal decomposition as in Temam [12],

but apply it to non-equidistant nets.

Proposition 3. If for all x ∈ E∣∣∣∣ ∂s

∂q
xβ∂r

xα

σij(x)

∣∣∣∣ ≤ C3
Qi(x)

Qq
β(x)Qr

α(x)
, q + r = s, q, r, s ∈ {0, 1, 2} ,
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|bi(x)| ≤ C3Qi(x) and Aii(x) ≥ 1
C3

Q2
i (x) for i ∈ {1, . . . , d} and for some C3 > 0,

then for 0 ≤ a ≤ u < T it holds

d∑
l=1

d∑
k=1

E

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (a, Xa)

)2

σkl(Xu)
2 (3.6)

≤ D3

∫ u

a

sup
α,β

E

[
Aαα(Xt)Aββ(Xt)

∣∣∣∣ ∂2

∂xαxβ

F (t,Xt)

∣∣∣∣2
]

dt,

where D3 > 0 depends at most on C3, d and T .

Proof. To keep the notation simple, we allow in the following that the constant

C > 0 may change from line to line.

Set

va :=

(
∂

∂xk

F (a, Xa)

)d

k=1

and φkl(u, x) :=

(
∂

∂xk

F (u, x)− vk
a

)
σkl(x).

Using this notation the assertion can be re-written as

d∑
l=1

d∑
k=1

Eφ2
kl(u, Xu) ≤ D

∫ u

a

sup
α,β

E

[
Aαα(Xt)Aββ(Xt)

∣∣∣∣ ∂2

∂xαxβ

F (t,Xt)

∣∣∣∣2
]

dt.

By the definition of φkl we have that

d∑
l=1

d∑
k=1

φ2
kl(u, x) =

d∑
l=1

d∑
k=1

(
∂

∂xk

F (u, x)− vk
a

)2

σ2
kl(x)

=
d∑

k=1

[(
∂

∂xk

F (u, x)− vk
a

)2 d∑
l=1

σ2
kl(x)

]
.

The assumptions on σ give that

Q2
k(x)

C3

≤ Akk(x) =
d∑

l=1

σ2
kl(x) ≤ d C3Q

2
k(x).

This implies the equivalence

1

C3

d∑
k=1

[(
∂

∂xk

F (u, x)− vk
a

)2

Q2
k(x)

]
≤

d∑
l=1

d∑
k=1

φ2
kl(u, x) (3.7)

≤ d C3

d∑
k=1

[(
∂

∂xk

F (u, x)− vk
a

)2

Q2
k(x)

]
.
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Lemma 10 allows us to use the stopping argument from Lemma 9, which implies

that

Eφ2
kl(u, Xu) =

∫ u

a

E
(
Aφ2

kl

)
(v, Xv)dv +

d∑
m=1

∫ u

a

E

(
∂

∂xm

φ2
kl(v, Xv)

)
bm(Xv)dv.

(3.8)

To prove our theorem we need to compute an upper bound for Aφ2
kl(u, x) and for

∂
∂xm

φ2
kl(u, x)bm(x). First we consider the term Aφ2

kl:∣∣Aφ2
kl(u, x)

∣∣ (3.9)

=

∣∣∣∣∣2φkl(u, x) (Aφkl) (u, x) +
d∑

α,β=1

d∑
j=1

(
σαj(x)

∂

∂xα

φkl(u, x)

)(
σβj(x)

∂

∂xβ

φkl(u, x)

)∣∣∣∣∣
≤ φ2

kl(u, x) + (Aφkl(u, x))2 +

+
1

2

d∑
α,β=1

d∑
j=1

(σαj(x)
∂

∂xα

φkl(u, x)

)2

+

(
σβj(x)

∂

∂xβ

φkl(u, x)

)2


= φ2
kl(u, x) + (Aφkl)

2 (u, x) + d
d∑

α=1

d∑
j=1

(
σαj(x)

∂

∂xα

φkl(u, x)

)2

.

Hence equation (3.8) implies that

Eφ2
kl(u, Xu) ≤

∫ u

a

Eφ2
kl(v, Xv)dv +

∫ u

a

E (Aφkl)
2 (v, Xv)dv

+ d
d∑

α=1

d∑
j=1

∫ u

a

E

(
σαj(Xv)

∂

∂xα

φkl(v, Xv)

)2

dv

+
d∑

m=1

∫ u

a

E

∣∣∣∣( ∂

∂xm

φ2
kl(v, Xv)

)
bm(Xv)

∣∣∣∣ dv,

where the right-hand side is finite because of Lemma 10. From Gronwall’s Lemma

(see Theorem 8 in Appendix) it follows that

Eφ2
kl(u, Xu) ≤

[∫ u

a

E (Aφkl)
2 (v, Xv)dv+ (3.10)

+ d
d∑

α=1

d∑
j=1

∫ u

a

E

(
σαj(Xv)

∂

∂xα

φkl(v, Xv)

)2

dv

+
d∑

m=1

∫ u

a

E

∣∣∣∣ ∂

∂xm

φ2
kl(v, Xv)bm(Xv)

∣∣∣∣ dv

]
e(u−a).



ON DISCRETE TIME HEDGING IN D-DIMENSIONAL OPTION PRICING MODELS 11

To continue we need to find an upper bound for the above expression. We start with

Aφkl and have, by definition, that

Aφkl(u, x) =

(
∂2

∂txk

F (u, x)

)
σkl(x)+

+
1

2

d∑
α,β=1

Aαβ(x)

[(
∂2

∂xαxβ

σkl(x)

)(
∂

∂xk

F (u, x)− vk
a

)

+

(
∂

∂xβ

σkl(x)

)(
∂2

∂xαxk

F (u, x)

)

+

(
∂

∂xα

σkl(x)

)(
∂2

∂xβxk

F (u, x)

)
+ σkl(x)

(
∂3

∂xαxβxk

F (u, x)

)]
.

Taking the derivative with respect to xk in the partial differential equation (2.10) we

get that

∂

∂xk

∂

∂t
F (u, x) +

1

2

d∑
α,β=1

Aαβ(x)
∂3

∂xkxαxβ

F (u, x)

= −1

2

d∑
α,β=1

(
∂

∂xk

Aαβ(x)

)
∂2

∂xαxβ

F (u, x).

Now we can replace the derivative with respect to t and the third order derivatives

in the formula for Aφkl(u, x) by second order derivatives:

Aφkl(u, x) =
1

2

d∑
α,β=1

[
Aαβ(x)

(
∂2

∂xαxβ

σkl(x)

)(
∂

∂xk

F (u, x)− vk
a

)

+ Aαβ(x)

(
∂

∂xβ

σkl(x)

)(
∂2

∂xαxk

F (u, x)

)

+ Aαβ(x)

(
∂

∂xα

σkl(x)

)(
∂2

∂xβxk

F (u, x)

)
− σkl(x)

(
∂

∂xk

Aαβ(x)

)(
∂2

∂xαxβ

F (u, x)

)]
.

It follows from the definition of the matrix A and the assumption on the matrix σ

that

|Aαβ(x)| ≤ CQα(x)Qβ(x)
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and ∣∣∣∣ ∂

∂xk

Aαβ(x)

∣∣∣∣ ≤ C
Qα(x)Qβ(x)

Qk(x)
.

Now we can bound the function (Aφkl)
2 (u, x) from the above by

(Aφkl)
2 (u, x) ≤ C

d∑
α,β=1

[(
∂

∂xk

F (u, x)− vk
a

)2

Q2
k(x) (3.11)

+ Q2
α(x)Q2

k(x)

(
∂2

∂xαxk

F (u, x)

)2

+ Q2
β(x)Q2

k(x)

(
∂2

∂xβxk

F (u, x)

)2

+ Q2
α(x)Q2

β(x)

(
∂2

∂xαxβ

F (u, x)

)2
]

.

For
(
σαj(x) ∂

∂xα
φkl(u, x)

)2

we get that(
σαj(x)

∂

∂xα

φkl(u, x)

)2

≤ 2σ2
αj(x)

(
∂

∂xα

σkl(x)

)2(
∂

∂xk

F (u, x)− vk
a

)2

+ 2σ2
αj(x)σ2

kl(x)

(
∂2

∂xαxk

F (u, x)

)2

≤ C

(
Q2

k(x)

(
∂

∂xk

F (u, x)− vk
a

)2

+ Q2
α(x)Q2

k(x)

(
∂2

∂xαxk

F (u, x)

)2
)

.

(3.12)

The term including bm can be bounded as follows:∣∣∣∣( ∂

∂xm

φ2
kl(u, x)

)
bm(x)

∣∣∣∣
≤ 2

∣∣∣∣ ∂

∂xk

F (u, x)− vk
a

∣∣∣∣ |σkl(x)| |bm(x)| ×

×
(∣∣∣∣ ∂

∂xm

σkl(x)

(
∂

∂xk

F (u, x)− vk
a

)∣∣∣∣+ |σkl(x)|
∣∣∣∣ ∂2

∂xmxk

F (u, x)

∣∣∣∣)
≤ C

∣∣∣∣ ∂

∂xk

F (u, x)− vk
a

∣∣∣∣Qk(x)Qm(x)×

×
(

Qk(x)

Qm(x)

∣∣∣∣ ∂

∂xk

F (u, x)− vk
a

∣∣∣∣+ Qk(x)

∣∣∣∣ ∂2

∂xmxk

F (u, x)

∣∣∣∣)

≤ C

(∣∣∣∣ ∂

∂xk

F (u, x)− vk
a

∣∣∣∣2 Q2
k(x) + Q2

k(x)Q2
m(x)

∣∣∣∣ ∂2

∂xmxk

F (u, x)

∣∣∣∣2
)

,
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(3.13)

where we used that∣∣∣∣ ∂

∂xk

F (u, x)− vk
a

∣∣∣∣Q2
k(x)Qm(x)

∣∣∣∣ ∂2

∂xmxk

F (u, x)

∣∣∣∣
≤
∣∣∣∣ ∂

∂xk

F (u, x)− vk
a

∣∣∣∣2 Q2
k(x) + Q2

k(x)Q2
m(x)

∣∣∣∣ ∂2

∂xmxk

F (u, x)

∣∣∣∣2 .

Now the expectation of φ2
kl(u, Xu) can be bounded by

Eφ2
kl(u, Xu) ≤ C

∫ u

a

E

(
∂

∂xk

F (v, Xv)− vk
a

)2

Q2
k(Xv)dv

+ C

∫ u

a

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

(
∂2

∂xαxβ

F (v, Xv)

)2

dv,

where we use (3.10), (3.11), (3.12) and (3.13). From the above and (3.7) we get

d∑
k=1

E

[(
∂

∂xk

F (u, Xu)− vk
a

)2

Q2
k(Xu)

]
≤ C

d∑
l=1

d∑
k=1

Eφ2
kl(u, Xu)

≤ C

∫ u

a

E

d∑
k=1

(
∂

∂xk

F (v, Xv)− vk
a

)2

Q2
k(Xv)dv+

+ C

∫ u

a

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

(
∂2

∂xαxβ

F (v, Xv)

)2

dv.

Gronwall’s lemma (Theorem 8) gives

d∑
k=1

E

[(
∂

∂xk

F (u, Xu)− vk
a

)2

Q2
k(Xu)

]
(3.14)

≤ eC(u−a)C

∫ u

a

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

(
∂2

∂xαxβ

F (v, Xv)

)2

dv

and the assertion follows from (3.7). 2

Proposition 4. If for all x ∈ E∣∣∣∣ ∂s

∂q
xβ∂r

xα

σij(x)

∣∣∣∣ ≤ C4
Qi(x)

Qq
β(x)Qr

α(x)
, q + r = s, q, r, s ∈ {0, 1, 2} ,

and

|bi(x)| ≤ C4Qi(x)
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for i ∈ {1, . . . , d} and for some C4 > 0, then for 0 ≤ a < t < T it holds that

d∑
j=1

E

(
d∑

i=1

(
∂

∂xi

F (t,Xt)−
∂

∂xi

F (a, Xa)

)
σij(Xu)

)2

≥
∫ t

a

H2(u)du

−D4

∫ t

a

(∫ u

a

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

∣∣∣∣ ∂2

∂xαxβ

F (v, Xv)

∣∣∣∣2 dv

) 1
2

×

×

(
sup
α,β

EQ2
α(Xu)Q

2
β(Xu)

∣∣∣∣ ∂2

∂xαxβ

F (u, Xu)

∣∣∣∣2
) 1

2

+

+

∫ u

a

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

∣∣∣∣ ∂2

∂xαxβ

F (v, Xv)

∣∣∣∣2 dv

]
du,

where the function H is defined in Theorem 1 and D4 > 0 depends at most on C4, d

and T .

Proof. To abbreviate the notation we assume again that C > 0 may change from

line to line. We let

φij
u :=

(
∂

∂xi

F (u, Xu)− vi
a

)
σij(Xu),

where u ∈ [a, t] and vi
a := ∂

∂xi
F (a, Xa). Itô’s formula gives that, a.s.,

φij
t =

∫ t

a

∂2

∂txi

F (u, Xu)σij(Xu)du

+
d∑

α=1

∫ t

a

bα(Xu)

[
∂2

∂xαxi

F (u, Xu)σij(Xu)

+

(
∂

∂xi

F (u, Xu)− vi
a

)
∂

∂xα

σij(Xu)

]
du

+
d∑

α=1

d∑
n=1

∫ t

a

[
∂2

∂xαxi

F (u, Xu)σij(Xu)

+

(
∂

∂xi

F (u, Xu)− vi
a

)
∂

∂xα

σij(Xu)

]
σαn(Xu)dW n

u

+
1

2

d∑
α,β=1

∫ t

a

[
∂3

∂xβxαxi

F (u, Xu)σij(Xu) +
∂2

∂xαxi

F (u, Xu)
∂

∂xβ

σij(Xu)+

+
∂2

∂xβxi

F (u, Xu)
∂

∂xα

σij(Xu)+

+

(
∂

∂xi

F (u, Xu)− vi
a

)
∂2

∂xβxα

σij(Xu)

]
Aαβ(Xu)du.
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From the above we deduce

d〈φij, φkj〉u

=
d∑

α=1

d∑
β=1

[(
∂2

∂xαxi

F (u, Xu)σij(Xu) +

(
∂

∂xi

F (u, Xu)− vi
a

)
∂

∂xα

σij(Xu)

)
×

×

(
∂2

∂xβxk

F (u, Xu)σkj(u, Xu) +

(
∂

∂xk

F (u, Xu)− vk
a

)
∂

∂xβ

σkj(Xu)

)
Aαβ(Xu)

]
du

and, using the equality AF = 0 (cf. (2.8) and (2.10)), we get that

dφij
u

=
d∑

α=1

d∑
n=1

(
∂2

∂xαxi

F (u, Xu)σij(Xu) +

(
∂

∂xi

F (u, Xu)− vi
a

)
∂

∂xα

σij(Xu)

)
σαn(Xu)dW n

u

+
1

2

d∑
α,β=1

Aαβ(Xu)

[
∂2

∂xαxi

F (u, Xu)
∂

∂xβ

σij(Xu) +
∂2

∂xβxi

F (u, Xu)
∂

∂xα

σij(Xu)

+

(
∂

∂xi

F (u, Xu)− vi
a

)
∂2

∂xβxα

σij(Xu)

]
du

− 1

2

d∑
α,β=1

[
∂

∂xi

Aαβ(Xu)
∂2

∂xβxα

F (u, Xu)σij(Xu)

]
du

+
d∑

α=1

bα(Xu)

[
∂2

∂xαxi

F (u, Xu)σij(Xu)

+

(
∂

∂xi

F (u, Xu)− vi
a

)
∂

∂xα

σij(Xu)

]
du.

Let

SN := inf
{
u ≥ a :

∣∣φij
u

∣∣ ≥ N or ||Xu|| ≥ N for some i, j ∈ {1, . . . , d}
}
∧ t

for N = 1, 2, . . .. Because of SN ↗ t a.s. as N →∞ and Lemma 10 one has that

d∑
j=1

E

(
d∑

i=1

φij
t

)2

= lim
N→∞

d∑
j=1

E

(
d∑

i=1

φij
SN

)2

.

Using the partial integration formula for semi-martingales, we get

d∑
j=1

E

(
d∑

i=1

φij
SN

)2

=
d∑

j=1

2E

∫ SN

a

d∑
i,k=1

φkj
u dφij

u +
d∑

i,k=1

E

∫ SN

a

d〈φij, φkj〉u.
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Because of the choice of the stopping time SN , the expected value of the ”dW n
u -terms”

vanishes. For the rest, we obtain as main term

E

∫ SN

a

d∑
α,β,i,k=1

Aαβ(Xu)Aik(Xu)
∂2

∂xαxi

F (u, Xu)
∂2

∂xβxk

F (u, Xu)du

and (after some computation) terms of the type

E

∫ SN

a

Aαβ(Xu)σkj(Xu)
∂

∂xβ

σij(Xu)

(
∂

∂xk

F (u, Xu)− vk
a

)
∂2

∂xαxi

F (u, Xu)du

and

E

∫ SN

a

(
∂

∂xk

F (u, Xu)− vk
a

)
σkj(Xu)bα(Xu)

(
∂

∂xi

F (u, Xu)− vi
a

)
∂

∂xα

σij(Xu)du.

Using the assumptions on the matrix σ and the vector b we can bound these terms

by ∣∣∣∣∣Aαβ(Xu)σkj(Xu)
∂

∂xβ

σij(Xu)

(
∂

∂xk

F (u, Xu)− vk
a

)
∂2

∂xαxi

F (u, Xu)

∣∣∣∣∣
≤ CQα(Xu)Qβ(Xu)Qk(Xu)

Qi(Xu)

Qβ(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)− vk
a

∣∣∣∣ ∣∣∣∣ ∂2

∂xαxi

F (u, Xu)

∣∣∣∣
≤ CQk(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)− vk
a

∣∣∣∣Qα(Xu)Qi(Xu)

∣∣∣∣ ∂2

∂xαxi

F (u, Xu)

∣∣∣∣
and ∣∣∣∣( ∂

∂xk

F (u, Xu)− vk
a

)
σkj(Xu)bα(Xu)

(
∂

∂xi

F (u, Xu)− vi
a

)
∂

∂xα

σij(Xu)

∣∣∣∣
≤ CQk(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)− vk
a

∣∣∣∣Qi(Xu)

∣∣∣∣ ∂

∂xi

F (u, Xu)− vi
a

∣∣∣∣ .
Hölder’s inequality and (3.14) give

EQk(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)− vk
a

∣∣∣∣Qα(Xu)Qi(Xu)

∣∣∣∣ ∂2

∂xαxi

F (u, Xu)

∣∣∣∣
≤

(
EQ2

k(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)− vk
a

∣∣∣∣2
) 1

2
(

sup
α′,β′

EQ2
α′(Xu)Q

2
β′(Xu)

∣∣∣∣ ∂2

∂xα′xβ′
F (u, Xu)

∣∣∣∣2
) 1

2

≤ C

(∫ u

a

sup
α′,β′

EQ2
α′(Xv)Q

2
β′(Xv)

∣∣∣∣ ∂2

∂xα′xβ′
F (v, Xv)

∣∣∣∣2 dv

) 1
2

×

×

(
sup
α′,β′

EQ2
α′(Xu)Q

2
β′(Xu)

∣∣∣∣ ∂2

∂xα′xβ′
F (u, Xu)

∣∣∣∣2
) 1

2

.
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Moreover

EQk(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)− vk
a

∣∣∣∣Qi(Xu)

∣∣∣∣ ∂

∂xi

F (u, Xu)− vi
a

∣∣∣∣
≤

(
EQ2

k(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)− vk
a

∣∣∣∣2
) 1

2
(
EQ2

i (Xu)

∣∣∣∣ ∂

∂xi

F (u, Xu)− vi
a

∣∣∣∣2
) 1

2

≤ C

∫ u

a

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

∣∣∣∣ ∂2

∂xαxβ

F (v, Xv)

∣∣∣∣2 dv

and the assertion follows by N →∞. 2

Proof of Theorem 1.

Also in this proof, we use the same notation for different constants. First we consider

the upper bound for the approximation error. Let ε ∈ (0, T ). Using Doob’s inequality

together with Hölder’s inequality we see that

E sup
t∈[0,T−ε]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ ti∧t

ti−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

≤

E sup
t∈[0,T−ε]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ ti∧t

ti−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
bk(Xu)du

∣∣∣∣∣
2
 1

2

+

+

E sup
t∈[0,T−ε]

∣∣∣∣∣
n∑

i=1

d∑
l=1

∫ ti∧t

ti−1∧t

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2
 1

2

≤

E ∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ ti∧T−ε

ti−1∧T−ε

∣∣∣∣ ∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

∣∣∣∣ |bk(Xu)| du

∣∣∣∣∣
2
 1

2

+

+ 2

E ∣∣∣∣∣
n∑

i=1

d∑
l=1

∫ ti∧T−ε

ti−1∧T−ε

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2
 1

2

≤
d∑

k=1

√
T

(
E

n∑
i=1

∫ ti

ti−1

∣∣∣∣ ∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

∣∣∣∣2 |bk(Xu)|2 du

) 1
2

+

+ 2

E ∣∣∣∣∣
n∑

i=1

d∑
l=1

∫ ti∧T−ε

ti−1∧T−ε

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2
 1

2

:= B1 + B2.
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Inequality (3.14) gives that

B1 ≤ C1

√
T

d∑
k=1

(
n∑

i=1

∫ ti

ti−1

E

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)2

Q2
k(Xu)du

) 1
2

≤
√

TC

d∑
k=1

(
n∑

i=1

∫ ti

ti−1

∫ u

ti−1

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

(
∂2

∂xαxβ

F (v, Xv)

)2

dvdu

) 1
2

.

For B2 the Itô-isometry and the orthogonality of stochastic integrals give

B2
2 = 4E

∣∣∣∣∣
n∑

i=1

d∑
l=1

∫ ti∧T−ε

ti−1∧T−ε

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2

= 4
n∑

i=1

d∑
l=1

E

∣∣∣∣∣
∫ ti∧T−ε

ti−1∧T−ε

d∑
k=1

[
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

]
σkl(Xu)dW l

u

∣∣∣∣∣
2

= 4
n∑

i=1

d∑
l=1

∫ ti∧T−ε

ti−1∧T−ε

E

∣∣∣∣∣
d∑

k=1

[
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

]
σkl(Xu)

∣∣∣∣∣
2

du

≤ 4d
n∑

i=1

d∑
l=1

d∑
k=1

∫ ti

ti−1

E

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)2

σkl(Xu)
2du.

Letting ε ↘ 0 we get by monotone convergence thatE sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ ti∧t

ti−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

≤
√

TC
d∑

k=1

(
n∑

i=1

∫ ti

ti−1

∫ u

ti−1

sup
α,β

EQ2
α(Xv)Q

2
β(Xv)

(
∂2

∂xαxβ

F (v, Xv)

)2

dv

) 1
2

+

+

(
4d

n∑
i=1

d∑
l=1

d∑
k=1

∫ ti

ti−1

E

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)2

σkl(Xu)
2du

) 1
2

.

The assertion for the upper bound follows from Proposition 3 and Lemma 11 in

Appendix.

Now we continue with the lower bound of the approximation error. Let [A, B] be

a subinterval of (r, s) such that

0 <
(B − A)CB

(T −B)2θ
≤ CH

4
, (3.15)

where CH is taken from (3.2) and the constant CB > 0 satisfies (cf. (3.14))

d

d∑
k=1

E

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (a, Xa)

)2

b2
k(Xu) ≤ CB

∫ u

a

1

(T − u)2θ
dv (3.16)
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for A ≤ a < u ≤ B. Let us now consider the approximation error inside the interval

[A, B]. Denote In :=
{
i : A ≤ tni−1 ≤ tni ≤ B

}
and denote in both cases for the lower

estimate (cf. Theorem 1 cases L1 and L2) the sequence of time-nets by (tni )n
i=0. Note

that for large n the set In is not an empty set because, in both cases, we have that

supi=1,...,n(tni − tni−1) ≤ Cτ/n. Now on [A, B] we get thatE ∣∣∣∣∣∑
i∈In

d∑
k=1

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

≥

∣∣∣∣∣∣∣
E ∣∣∣∣∣∑

i∈In

d∑
l=1

∫ tni

tni−1

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2
 1

2

−

−

E ∣∣∣∣∣∑
i∈In

d∑
k=1

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
bk(Xu)du

∣∣∣∣∣
2
 1

2

∣∣∣∣∣∣∣ .
This implies that

E

∣∣∣∣∣∑
i∈In

d∑
k=1

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
dXk

u

∣∣∣∣∣
2

≥ 1

2
E

∣∣∣∣∣∑
i∈In

d∑
l=1

∫ tni

tni−1

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2

−

−E

∣∣∣∣∣∑
i∈In

d∑
k=1

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
bk(Xu)du

∣∣∣∣∣
2

≥ 1

2
E

∣∣∣∣∣∑
i∈In

d∑
l=1

∫ tni

tni−1

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2

− (B − A)
∑
i∈In

d

d∑
k=1

E

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)2

b2
k(Xu)du.

Now (3.15) and (3.16) give that

(B − A)
∑
i∈In

d
d∑

k=1

E

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)2

b2
k(Xu)du

≤ (B − A)
∑
i∈In

∫ tni

tni−1

∫ u

tni−1

CB

(T − v)2θ
dvdu

≤
∑
i∈In

∫ tni

tni−1

∫ u

tni−1

H2(v)

4
dvdu.
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Let us now consider the lower bound forE ∣∣∣∣∣∑
i∈In

d∑
l=1

∫ tni

tni−1

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2
 1

2

.

Using the Itô-isometry, for 0 ≤ a < b < T , we get that

B3 :=E

∣∣∣∣∣
d∑

l=1

∫ b

a

d∑
k=1

(
∂

∂xk

F (t,Xt)−
∂

∂xk

F (a, Xa)

)
σkl(Xt)dW l

t

∣∣∣∣∣
2

=
d∑

l=1

E

∫ b

a

(
d∑

k=1

(
∂

∂xk

F (t,Xt)−
∂

∂xk

F (a, Xa)

)
σkl(Xt)

)2

dt.

Assuming b− a ≤ 1, Proposition 4 implies that

B3 ≥
∫ b

a

∫ t

a

H2(u)dudt−D4

∫ b

a

∫ t

a

(∫ u

a

1

(T − v)2θ
dv

) 1
2
(

1

(T − u)2θ

) 1
2

dudt

−D4

∫ b

a

∫ t

a

∫ u

a

1

(T − v)2θ
dvdudt

≥
∫ b

a

∫ t

a

H2(u)dudt− 2D4

√
b− a

∫ b

a

∫ t

a

1

(T − u)2θ
dudt.

Considering the multi-step error for the approximation we get that

E

∣∣∣∣∣∑
i∈In

d∑
k=1

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
dXk

u

∣∣∣∣∣
2

≥ 1

2
E

∣∣∣∣∣∑
i∈In

d∑
l=1

∫ tni

tni−1

d∑
k=1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)
σkl(Xu)dW l

u

∣∣∣∣∣
2

− (B − A)
∑
i∈In

d

d∑
k=1

E

∫ tni

tni−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tni−1, Xtni−1
)

)2

b2
k(Xu)du

≥ 1

2

∑
i∈In

[∫ tni

tni−1

∫ t

tni−1

H2(u)dudt− C

∫ tni

tni−1

∫ t

tni−1

√
tni − tni−1

(T − u)2θ
dudt

]

−
∑
i∈In

∫ tni

tni−1

∫ t

tni−1

H2(u)

4
dudt

≥
∑
i∈In

∫ tni

tni−1

(tni − t)
H2(t)

4
dt− C√

n

∑
i∈In

∫ tni

tni−1

∫ t

tni−1

1

(T − u)2θ
dudt.

In the case L1 for our lower estimates [5, Remark 6.6] implies that

1√
n

∑
i∈In

∫ tni

tni−1

∫ t

tni−1

1

(T − u)2θ
dudt ≤ 1√

n

C

n1/2+ε
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for some ε > 0. In the case L2, Lemma 11 gives

1√
n

∑
i∈In

∫ tni

tni−1

∫ t

tni−1

1

(T − u)2θ
dudt ≤ 1√

n

C

n
.

The term containing H2 can be bounded from below as

lim inf
n→∞

n
∑
i∈In

∫ tni

tni−1

(tni − t)
H2(t)

4
dt ≥ lim inf

n→∞

CH

4
n
∑
i∈In

(tni − tni−1)
2

2

≥ lim inf
n→∞

CH

8

(∑
i∈In

(tni − tni−1)

)2

=
CH

8
(B − A)2.

This proves the estimate. 2

4. Examples

In this chapter we give two examples as an application of our results. For simplicity,

we consider a diffusion

X i
t = xi

0 +
d∑

j=1

∫ t

0

σij(Xu)dW j
u , i = 1, . . . , d

in the case (C2). Let 0 = t0 ≤ t1 ≤ · · · ≤ tn = T be any deterministic time-net on

[0, T ]. By (tβi )n
i=0 we denote the time-net

(tβi )n
i=0 =

(
T

(
1−

(
1− i

n

) 1
1−β

))n

i=0

and

 β = 0, θ ∈ [0, 1
2
)

β ∈ (2θ − 1, 1), θ ∈ [1
2
, 1)

where θ is from Theorem 1 equation (3.1).

Example 5. For a European digital option with strike price K > 0,

f(x) := 1Pd
i=1 λixi≥K(x), where λ1, . . . , λd > 0,

the approximation rate is n−1/4 if equidistant time-nets are used [12, Theorem 2.1].

Theorem 1 gives that this option can be approximated by the rate n−1/2, more preciselyE sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tβi ∧t

tβi−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tβi−1, Xtβi−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

≤ D1√
n



22 MIKA HUJO

and

1

D2

≤ lim inf
n→∞

√
n

E ∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tβi

tβi−1

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tβi−1, Xtβi−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

for all β ∈ (1/2, 1). Assumption (3.1) follows from [12, Proposition 3.3] for θ = 3/4

and (3.2) is due to [12, equation (4.2)].

Example 6. If d ≥ 2, (σij)
d
i,j=1 is a diagonal matrix, and if σij(x) = σij(xi), then

the transition density of the process Y can be written as the product of the transition

densities of the process Y i, i.e.

ΓY (t, y, ξ) =
d∏

i=1

ΓY i(t, yi, ξi).

Assume that f(x) =
∏d

i=1 fi(xi), where the functions fi are of at most polynomial

growth. The definition of F implies that

F (t, x) =
d∏

i=1

Fi(t, xi)

with

Fi(t, xi) :=

∫
R

ΓY i(T − t, log xi, ξi)fi(e
ξi)dξi,

and the second order derivatives of the function F can be written as

∂2

∂xixj

F (t, x) =


∂

∂xi
Fi(t, xi)

∂
∂xj

Fj(t, xj)
∏d

m=1,m 6=i,m6=j Fm(t, xm) i 6= j,

∂2

∂xixi
Fi(t, xi)

∏d
m=1,m 6=i Fm(t, xm), i = j.

Assume that there exist C > 0 and θi ∈ [0, 1) for all i = 1, . . . , d such that

E

[
Q2

i (Xt)
∂2

∂xixi

Fi(t,X
i
t)

]2

≤ C

(T − t)2θi
. (4.1)

Theorem [3, Theorem 2.3] gives that

sup
t∈[0,T )

(T − t)α
√

t

(
E

∣∣∣∣σii(Xt)
∂

∂xi

Fi(t,Xt)

∣∣∣∣2
) 1

2

< ∞ (4.2)

if and only if

sup
t∈[0,T )

(T − t)α

(∫ t

0

E

∣∣∣∣σ2
ii(Xu)

∂2

∂xixi

Fi(u, Xu)

∣∣∣∣2 du

) 1
2

< ∞, (4.3)
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where α ∈ [0, 1/2). Now we assume, without loss of generality, that θi ∈ (1/2, 1).

For α = β we get that

E

[
Aαα(Xt)Aββ(Xt)

(
∂2

∂xαxβ

F (t,Xt)

)2
]

= E

[
σ2

αα(Xα
t )

∣∣∣∣ ∂2

∂xαxα

F (t,Xα
t )

∣∣∣∣2
]

d∏
m=1,m 6=α

E |Fm(t,Xm
t )|2

≤ E

[
σ2

αα(Xα
t )

∣∣∣∣ ∂2

∂xαxα

F (t,Xα
t )

∣∣∣∣2
]

d∏
m=1,m 6=α

E |fm(Xm
T )|2

which is at most of order (T − t)2θα. For α 6= β we get that

E

[
Aαα(Xt)Aββ(Xt)

(
∂2

∂xαxβ

F (t,Xt)

)2
]

≤ E

[
σ2

αα(Xα
t )

∣∣∣∣ ∂

∂xα

F (t,Xα
t )

∣∣∣∣2
]
E

σ2
ββ(Xβ

t )

∣∣∣∣∣ ∂

∂xβ

F (t,Xβ
t )

∣∣∣∣∣
2
×

×
d∏

m=1,m 6=α,m6=β

E |fm(Xm
T )|2 .

The implication (4.3) ⇒ (4.2) implies, for ηi := (θi − 1/2) ∈ (0, 1/2), that

sup
t∈[0,T )

(T − t)ηα
√

t

(
E

∣∣∣∣σii(Xt)
∂

∂xi

Fi(t,Xt)

∣∣∣∣2
) 1

2

< ∞.

Using [3, Lemma 5.2] one can remove the factor
√

t, so that

sup
t∈[0,T )

(T − t)2(ηα+ηβ)
E

∣∣∣∣Aαα(Xt)Aββ(Xt)
∂2

∂xαxβ

F (t,Xt)

∣∣∣∣2 < ∞.

Putting all estimates together, we find a θ ∈ [0, 1) such that

E

[
Aαα(Xt)Aββ(Xt)

(
∂2

∂xαxβ

F (t,Xt)

)2
]
≤ D

(T − t)2θ
.

Looking at the above computations, one can take θ := max {θ1, . . . , θd, 1/2} without

the assumption θi ∈ (1/2, 1).

Let us now consider a simple example of mixing different type of options. Assume,

for the dimension d = 3, that σ is a 3× 3 matrix defined by

σij(x) =

 0, i 6= j,

xi, i = j,



24 MIKA HUJO

and that x0 = (1, 1, 1). Define the pay-off function f by

f(x1, x2, x3) = f1(x1)f2(x2)f3(x3) := (x1 −K1)+ (x2 −K2)
α
+ 1[K3,∞)(x3),

where Ki > 0, i = 1, 2, 3 and α ∈ (0, 1
2
). For F1 one can compute

∂2

∂x1x1

F1(t, x1) =
1

x1

√
T − t

1√
2π

exp

−
(

log
“

x1
K1

”
+T−t

2√
T−t

)2

2


and

E

[
Q2

1(Xt)
∂2

∂x1x1

F1(t,X
1
t )

]2

=
K1

2π
√

T 2 − t2
exp

[
−(T/2 + log(K1))

2

T + t

]
.

This implies that one can choose θ1 = 1
4
. For F2, we can choose θ2 = 3−2α

4
and for

F3, θ3 = 3
4

(cf. [8, Lemma 1 and Lemma 2]). Now Theorem 1 gives thatE sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tβi ∧t

tβi−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tβi−1, Xtβi−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

≤ D1√
n

for all β ∈ (1/2, 1). Under the assumptions of this example we have that

H2(u) = E

3∑
α,β=1

(
σαα(Xu)σββ(Xu)

∂2

∂xαxβ

F (u, Xu)

)2

≥ E

3∑
α=1

(
σ2

αα(Xu)
∂2

∂xαxα

F (u, Xu)

)2

≥ 1

C1

3∑
α=1

E |Xα
u |

4

∣∣∣∣ ∂2

∂xαxα

F (u, Xα
u )

∣∣∣∣2 ∏
m6=α

E |Fm(u, Xm
u )|2 .

Since f1, f2 and f3 are not almost surely linear and since

u 7→ E |Xα
u |

4

∣∣∣∣ ∂2

∂xαxα

Fα(u, Xα
u )

∣∣∣∣2
is continuous and increasing [6, proof of Proposition 2.1] the result from [5, Theorem

4.6] implies

sup
u∈[0,T )

E |Xα
u |

4

∣∣∣∣ ∂2

∂xαxα

Fα(u, Xα
u )

∣∣∣∣2 > 0.

Moreover,

lim
u↗T

E (Fα(u, Xα
u ))2 = Ef 2

α(Xα
T ) > 0.
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Hence Theorem 1 gives that

1

D2

≤ lim inf
n→∞

√
n

E sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tβi ∧t

tβi−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (tβi−1, Xtβi−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

.

If we take f(x1, x2) = f1(x1)f2(x2), then we can choose θ = θ2 < 3/4 and get

1

D2

≤ lim inf
n→∞

√
n

E sup
t∈[0,T ]

∣∣∣∣∣
n∑

i=1

d∑
k=1

∫ tni ∧t

tni−1∧t

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (ti−1, Xti−1
)

)
dXk

u

∣∣∣∣∣
2
 1

2

,

for any sequence of time-nets with supi=1,...,n(tni − tni−1) ≤ C/n.

Appendix

Theorem 7 (Theorem 8. p. 263 [1], Theorem 5.4. p. 149 [2]). For b̂, σ̂ with σ̂σ̂T

uniformly elliptic, there exists a transition density Γ : (0, T ] × Rd × Rd → [0,∞) ∈

C∞ such that P(Yt ∈ B) =
∫

B
Γ(t, y, ξ)dξ, for t ∈ (0, T ] and B ∈ B(Rd), where

Y = (Yt)t∈[0,T ] is the strong solution of the SDE (2.2) starting from y: Moreover, the

following are satisfied:

(i) For (s, y, ξ) ∈ (0, T ]× Rd × Rd one has

∂

∂s
Γ(s, y, ξ) =

1

2

d∑
k,l=1

d∑
j=1

σ̂kj(y)σ̂lj(y)
∂2

∂ykyl

Γ(s, y, ξ) +
d∑

i=1

b̂i(y)
∂

∂yi

Γ(s, y, ξ).

(ii) For a ∈ {0, 1, 2, . . .} and multi-indices b and c there exist positive constants

C and D, depending only on a, b, c and d, such that∣∣∣∣ ∂a+|b|+|c|

∂at ∂by ∂cξ
Γ(t, y, ξ)

∣∣∣∣ ≤ C

t(d+2a+|b|+|c|)/2
e−D

||y−ξ||2
t ,

where ||·|| is the Euclidean norm.

Theorem 8 (Gronwall’s Lemma, [11]). If, for t0 ≤ t ≤ t1, φ(t) ≥ 0 is a continuous

function such that

φ(t) ≤ K + L

∫ t

t0

φ(s)ds

for t0 ≤ t ≤ t1 where K,L ≥ 0, then

φ(t) ≤ KeL(t−t0)

on t0 ≤ t ≤ t1.
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Lemma 9. Let 0 ≤ a < b < T and define

φkl(u, x) :=

(
∂

∂xk

F (u, x)− vk
a

)
σkl(x), u ∈ [0, T ), x ∈ E,

where vk
a is an Fa-measurable random variable and assume that

E sup
u∈[a,b]

[
φ2

kl(u, Xu) +
∣∣(Aφ2

kl

)
(u, Xu)

∣∣+ d∑
m=1

∣∣∣∣ ∂

∂xm

φ2
kl(u, Xu)bm(Xu)

∣∣∣∣
]

< ∞.

Then for s ∈ [a, b] one has

Eφ2
kl(s, Xs) =Eφ2

kl(a, Xa) +

∫ s

a

E
(
Aφ2

kl

)
(u, Xu)du+

+

∫ s

a

E

d∑
m=1

(
∂

∂xm

φ2
kl(u, Xu)

)
bm(Xu)du.

Proof. By Itô’s formula we obtain

φ2
kl(s, Xs) = φ2

kl(a, Xa) +

∫ s

a

(
Aφ2

kl

)
(u, Xu)du

+
d∑

m=1

∫ s

a

∂

∂xm

φ2
kl(u, Xu)dXm

u .

Define

Sm
n := inf

{
r ∈ [a, s]

∣∣∣∣∣
∫ r

a

d∑
j=1

[
∂

∂xm

φ2
kl(u, Xu)

]2

σ2
mj(Xu)du > n

}
∧ s

and

Sn := min {Sm
n , m ∈ {1, . . . , d}} .

This implies that ∫ Sn

a

d∑
j=1

[
∂

∂xm

φ2
kl(u, Xu)

]2

σ2
mj(Xu)du ≤ n

and

E

∫ Sn

a

∂

∂xm

φ2
kl(u, Xu)σmj(Xu)dW j

u = 0,

for n ∈ N, m ∈ {1, . . . , d} and j ∈ {1, . . . , d}. Dominated convergence gives

Eφ2
kl(s, Xs) = lim

n→∞
Eφ2

kl(Sn, XSn)

= lim
n→∞

[
Eφ2

kl(a, Xa) +E

∫ Sn

a

(
Aφ2

kl

)
(u, Xu)du+
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+ E

d∑
m=1

∫ Sn

a

∂

∂xm

φ2
kl(u, Xu)dXm

u

]

= Eφ2
kl(a, Xa) +E

∫ s

a

(
Aφ2

kl

)
(u, Xu)du+

+E

d∑
m=1

∫ s

a

∂

∂xm

φ2
kl(u, Xu)bm(Xu)du.

2

Lemma 10. If for all x ∈ E∣∣∣∣ ∂s

∂q
xβ∂r

xα

σij(x)

∣∣∣∣ ≤ C
Qi(x)

Qq
β(x)Qr

α(x)
, q + r = s, q, r, s ∈ {0, 1, 2} ,

for some C > 0, then for all 0 ≤ a ≤ b < T and k, l ∈ {1, . . . , d} we have that

E sup
u∈[a,b]

φ2
kl(u, Xu) < ∞,

E sup
u∈[a,b]

∣∣∣∣Qm(Xu)
∂

∂xm

φkl(u, Xu)

∣∣∣∣2 < ∞, m = 1, . . . , d,

E sup
u∈[a,b]

∣∣∣∣Qm(Xu)
∂

∂xm

φ2
kl(u, Xu)

∣∣∣∣ < ∞, m = 1, . . . , d,

and

E sup
u∈[a,b]

∣∣(Aφ2
kl

)
(u, Xu)

∣∣ < ∞,

where

φkl(u, x) =

(
∂

∂xk

F (u, x)− ∂

∂xk

F (a, Xa)

)
σkl(x), u ∈ [a, b].

Proof. This proof uses the same notation for different constants. Equation (2.6)

implies that the random variable φ2
kl(u, Xu) can be bounded by

φ2
kl(u, Xu) =

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (a, Xa)

)2

σ2
kl(Xu)

≤ C

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (a, Xa)

)2

Q2
k(Xu)

≤ C

(∣∣∣∣Qk(Xu)
∂

∂xk

F (u, Xu)

∣∣∣∣2 +

∣∣∣∣Qk(Xa)
∂

∂xk

F (a, Xa)

∣∣∣∣2 Q2
k(Xu)

Q2
k(Xa)

)

≤ C

[
sup

u′∈[a,b]

(1 + ||Xu′||q)2

](
1 +

Q2
k(Xu)

Q2
k(Xa)

)
.
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Applying Hölder’s inequality we get that

E sup
u∈[a,b]

φ2
kl(u, Xu) ≤ CE

[
sup

u∈[a,b]

(1 + ||Xu||q)2
sup

u∈[a,b]

(
1 +

Q2
k(Xu)

Q2
k(Xa)

)]

≤ C

(
E sup

u∈[a,b]

(1 + ||Xu||q)4

) 1
2
(
E sup

u∈[a,b]

(
1 +

Q2
k(Xu)

Q2
k(Xa)

)2
) 1

2

.

Equation (2.3) gives that E supu∈[a,b] (1 + ||Xu||q)4
is finite. In the case (C1) it is

trivial that the latter term is finite. Let us now turn to the case (C2). Theorem 7

implies that

E(Xk
u)−p = Ee−pY k

u (4.4)

=

∫
Rd

e−pykΓY (u, y0, y)dy

≤ C exp

[
−pyk

0 +
1

2

u

2D
p2

]
< ∞

for all p ∈ [0,∞) and some C > 0 and D > 0. Hölder’s inequality now implies that

E sup
u∈[a,b]

(
1 +

Q2
k(Xu)

Q2
k(Xa)

)2

≤ 2

(
1 +E sup

u∈[a,b]

Q4
k(Xu)

Q4
k(Xa)

)

≤ 2

1 +

(
E sup

u∈[a,b]

(Xk
u)8

) 1
2 (

E
1

(Xk
a )8

) 1
2

 ,

which is finite by (2.3) and (4.4).

Straightforward calculation gives that

E sup
u∈[a,b]

∣∣∣∣Qm(Xu)

(
∂

∂xm

φkl

)
(u, Xu)

∣∣∣∣2
= E sup

u∈[a,b]

[
Q2

m(Xu)

∣∣∣∣ ∂2

∂xmxk

F (u, Xu)σkl(Xu)+

+

(
∂

∂xk

F (u, Xu)−
∂

∂xk

F (a, Xa)

)(
∂

∂xm

σkl

)
(Xu)

∣∣∣∣2
]

≤ C

(
E sup

u∈[a,b]

Q2
m(Xu)Q

2
k(Xu)

∣∣∣∣ ∂2

∂xmxk

F (u, Xu)

∣∣∣∣2 +

+E sup
u∈[a,b]

Q2
k(Xu)

∣∣∣∣ ∂

∂xk

F (u, Xu)−
∂

∂xk

F (a, Xa)

∣∣∣∣2
)

,

and this is finite by equations (2.3) and (2.7) and the above argument.
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Hölder’s inequality together with the above gives that

E sup
u∈[a,b]

∣∣∣∣Qm(Xu)

(
∂

∂xm

φ2
kl

)
(u, Xu)

∣∣∣∣
= 2E sup

u∈[a,b]

∣∣∣∣Qm(Xu)φkl(u, Xu)

(
∂

∂xm

φkl

)
(u, Xu)

∣∣∣∣
≤ 2

(
E sup

u∈[a,b]

|φkl(u, Xu)|2
) 1

2
(
E sup

u∈[a,b]

Q2
m(Xu)

∣∣∣∣( ∂

∂xm

φkl

)
(u, Xu)

∣∣∣∣2
) 1

2

< ∞.

For the last part of the proof, equation (3.9) gives that

E sup
u∈[a,b]

∣∣(Aφ2
kl

)
(u, Xu)

∣∣ < ∞

if

E sup
u∈[a,b]

(Aφkl)
2 (u, Xu) < ∞.

This follows from equation (3.11) and the above arguments. 2

Lemma 11. Assume that a Borel-measurable function ϕ : [0, T ) → [0,∞) satisfies

ϕ(u) ≤ C

(T − u)θ
, u ∈ [0, T ),

for some C > 0 and some θ ∈ [0, 1). Then there exists a constant C ′ > 0 such that

∑
ti∈T β

n

∫ tβi

tβi−1

∫ u

tβi−1

ϕ2(s)dsdu ≤ C ′

n
,

where

τβ
n :=

(
T

(
1−

(
1− i

n

) 1
1−β

))n

i=0

and

 β = 0, θ ∈ [0, 1
2
)

β ∈ (2θ − 1, 1), θ ∈ [1
2
, 1).

Proof. Lemma follows from [4, Lemma 4.14, Proposition 4.16]. �
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