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1 Introduction

Let 2 C R™ be a domain, n > 2. We call a mapping f : 2 — R" quasiregular,
if fe W ™(Q,R"), and if there exists 1 < Ko < 0o so that

loc
IDf(@)|[" < KoJy(x)

for almost all € ). By the results of Reshetnyak, non-constant quasireg-
ular mappings are discrete, open and locally Holder continuous, and map
sets of measure zero to sets of measure zero. For the theory of quasiregular
mappings, see the monographs [10] and [11].

One of the most interesting open problems on quasiregular mappings is to
find out to what extend one can generalize Fatou’s theorem on the boundary
behavior of analytic functions. Recall that Fatou’s theorem says that a
bounded analytic function on the unit disc has radial limits at almost every
boudary point, cf. [8], page 5. This result is not true for planar quasiregular
mappings in this generality; for any e > 0 there exists a bounded quasiregular
mapping f : D(0,1) — C and a set E. C S'(0, 1) whose Hausdorff dimension
is smaller ¢, so that f fails to have radial limits in S1(0,1)\ E., see [8], pages
119-120. The basic reason for this failure is the fact that the boundary
extension of a quasiconformal homeomorphism of the unit disc onto itself
may carry sets of arbitrarily small Hausdorff dimension to sets of full linear
measure, see [1]. On the other hand, the Stoilow factorization theorem
implies that radial limits do exist in a set of positive Hausdorff dimension.

In dimensions higher than two, it is not even known if there exists a
bounded quasiregular mapping of the unit ball without any radial limits.
One can, though, prove, by using normal families, that if a radial limit
exists at y € S"71(0,1), then it is also a non-tangential limit, see [6]. In [6]
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it is also proved that, if an additional assumption that there exist C' > 0
and 0 < s < n so that

(1.1) / Ji(x)de <C(1—7)'"% VYo<r<l,
B(0,r)

on a bounded quasiregular mapping f : B(0,1) — R™ is put, then f has
radial limits almost everywhere. This result is sharpened in [5] in the effect
of having an upper bound on the Hausdorff dimension on the exceptional
set. For bounded quasiregular mappings, (1.1) with s = n always holds true.
In [11], VII Theorem 2.7, Assumption (1.1) is weakened to

1 9 1 n+4d
/ (/ J¢(x) d:z:) (1—r)" <10g > dr < oo for some § > 0.
0o \JBOs) 1—r

In the other direction, in [7] and [4] examples of bounded quasiregular map-
pings f: B(0,1) — R™, n > 3, are constructed, so that these mappings fail
to have radial limits in subsets of the (n — 1)-sphere of Hausdorff dimension
arbitrarily close to n — 1. For other results on the boundary behavior of
quasiregular mappings, see [13] and the references therein.

In this note we take a different viewpoint to the boundary behavior.
Namely, the existence of radial limits at points y on the unit sphere is re-
lated to the stronger property that the curves fL, are rectifiable, where
L, = {ty :t €[0,1)}. For results on the latter property for analytic func-
tions, see [12], [2]. In fact, the proofs of the results in [6] and [11], VII
Theorem 2.7 mentioned above conclude the latter property. We study, for
n > 3, the behavior of the images of certain (n — 1)-dimensional sets that
are symmetric with respect to L,:s. We prove that, under a condition that
requires the sets to be slightly cusplike (compared to cones with vertices at
the points y), one finds images of finite H"~!-measure for almost all points
y € S"71(0,1). The main advantage of this result is that it holds true for
all bounded quasiregular mappings in dimensions three or higher, without
any multiplicity assumptions.

Theorem 1.1. Let f : B(0,1) — R™, n > 3, be a bounded quasiregular
mapping. Moreover, let £ : (1/2,1) — (0,1) be a smooth function satisfying

1
for some
8> 3n—1
n(n —2)

Then, for H" - almost all x € S™1, there exists a set V, so that H (V) =
0 and so that, for each X € [1,2]\ V,

H" L (fSe) < 00,



where
Sz,)\ = {t@t 1te (1/27 1)7§0t € Snil? ’(IZ - QDt’ = )‘g(t>}

In the notation of the theorem, for cones one has £(t) ~ Ca(1—t), where
« is the opening angle of the cone. The discussion at the beginning of the
introduction shows that results similar to Theorem 1.1 do not in general
hold true for planar quasiregular mappings. Theorem 1.1 is proved by using
the conformal modulus of families of (n—1)-dimensional sets. For a different
application of this method, see [9].

Notation
We will denote the euclidean norm by | - |, while the operator norm of a
matrix is denoted by || - ||. Moreover, a k-dimensional ball with center x

and radius r in R™ is denoted by B¥(z,7). When k = n, the notation
B(z,r) is used. Similarly, corresponding k-dimensional spheres are denoted
by S¥(z,7). We denote by H* the k-dimensional Hausdorff measure.

For notational convenience we denote, for i € N, 7, = 1 — 27%. Also,
we use the notation A; = B(0,7;+1) \ B(0,7;). For a Sobolev mapping
f:Q — R" Df(x) denotes the differential matrix of f at x € Q. Then,
J¢(x) is the Jacobian determinant and D¥ f(z) the adjoint matrix of D f(z),
respectively. For a quasiregular mapping there exists, in addition to Ko, a
constant 1 < Kj < Kg_l, so that

n 1
|DF f(a)[[7=1 < K=" ()
for almost every z € €. Finally, we use the notation

N(y, f,U) = card{f'(y) N U}.

2 Proof of Theorem 1.1

We will consider a quasiregular mapping satisfying the assumptions of The-
orem 1.1. We first define the conformal modulus for (n — 1)-dimensional sets
(surfaces). For a family A of Borel measurable subsets of R™, set

MgA = inf {/ p(:c)% dz|p:R"™ — [0, 00| is Borel measurable,

/Sp(a;) dH" Yz)>1 VS¢c A}.

Next we describe the families of surfaces that we will be concerned with.
Throughout this paper, we will assume that n > 3. Fix a smooth function

£:(1/2,1) — (0,1),



and require that & := £(t) < v/1 — t2 for all ¢, so that the sets defined below
will become subsets of the unit ball B(0,1). Let E C S"~! be a measurable
set, and ¢ € N. Assume that there exists a constant A > 0 and a map F
from E to the measurable subsets of [1,2], so that (denote F(z) = F,)

(2.1) HY(F,) > Aforall z € E.

Next, for each z € E and A € F,, define a surface S, A C B(0,1) by
S:it,)\ = {t(pt e [r’iari-‘rl)ﬂot € Snilv ‘HZ’ - (Pt‘ = Agt}
Now, we define A%’F to be the family of 5;7/\ S

br=U U Sa

xERE \eF,

Of course, Aiﬂ r depends also on &, but we will consider it to be fixed
throughout.
We now have the following lower bound for the conformal modulus of

AL p
Proposition 2.1. There exists a constant C,, > 0, only depending on n, so
that

. n Ti+1 —1
MgAl p > Cp A=t ( / grn=2) dt) (R,

Proof. Let p be a test function for MSAE p- Then we have, for each v € E
and A € Fy,

Ti+1
1§/ o) dH" () <c/ / p(2) AH™2(2) dt.
LA Sn=1(0,)NS%

Hence, if we denote Gy = S"1(0,t) N S;/\, and H,; = S"1(0,t) N
B"l(xt,4&;), integrating over F, and E yields (in what follows, C,, may
vary from line to line)

AH"YE) < O, // /w/ 2) dH"?(2) dt AN dH" ()
_ o / / / dH"2(2) d\ dH" N (z) dt
ml 1//1{ I (g (2)

T"L+1
C’n/ St"Z/ Myp(x)H"(z) dt
T tE

IN

IN



where tE = {tz : © € E}, and M, is the Hardy-Littlewood maximal function
in (S"71(0,¢),]| - |). By applying Hélder’s inequality, the right hand integral
can be estimated from above by

e [ e ) ([ [ st arew) )
T T t

Furthermore, by applying Hélder’s inequality and the LP-boundedness of
the Hardy-Littlewood maximal function for p > 1, the last term can be
estimated from above by

n—1

/ L. g M) yar) "

Tit1 n—1
/ / )T dH™ 1()dt) g
Sn— 1Ot)

< i ([ WCE da:) o

Combining the estimates yields

n n Tit+1 e
/ pla) 7T dw > Cp A7 ( / & at) " H T (B).
B(0,1) v

Since this holds true for every test function p, the proof is complete. O

SI'-‘

Can 1

SIH

Hnl

IN

Next we show that the natural generalization of the Kp-inequality for
path families (see [11], IT Theorem 2.4) holds true in our case.

Lemma 2.2. Let p: R" — [0,00] be a test function for MSfAEF. Then

, 1 .
MsAg p < K7 / p(y)"—1 N(y, f, A;) dy

n

Proof. Denote by A’ the family of all S;y/\ € A;,/\ on which there exists

a subset V C S! o that H"™ LV) = 0 but H*}(fV) > 0. Then, by
Fuglede’s lemma [ ], Theorem 3, MgA" = 0. Let p be a test function for
Mg fAL - i p- Define a Borel function p' : R™ — [0, o0] by setting

p(a) = p(f(@)IID7 f(2)llxa,

when f is differentiable at x, and p/'(z) = 0 otherwise. By [11], I Theorem
2.4, f is differentiable outside a set Y of Lebesgue measure zero. Hence, if

N ={SeNyp:H"(SNY) >0},
we have MgA” = 0. Then, for all S € Ai)\ \ (A" UA"),

. H"Nf(SN B(x,7)))
[1D% f ()| > lim H=1(S N B(x,r))
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for H™ '-almost every = € S. Hence, for such S,
/S § (@) dH () = /S p(f ()| D* f ()| dH () > /f P ) = 1,

where the last inequality holds true since p is assumed to be a test function
for Mg fAﬁi - Moreover, by the quasiregularity of f, and by the change of
variable formula, we have

| @ da= [ or@)PID* (@) do

< K /S p(f ()75 T () de = K73 / o)™ Ny, £, Ai) dy.

n

as desired. 0
Now we are ready to prove our main result.

Proof of Theorem 1.1. With the notation as above, fix r; and set, for x €
Snfl7
Fi={xe 2 ml (s, > i,
where ) 5
_ (ﬁ(n— n 1).

"2\ 3n—1

By our assumption on 3, a > 0. Moreover, set
E; = {x c S HY(ED > z‘*“a}.

By Proposition 2.1, we have, for E = E; and F, = F!,

—1

MApp > G '(B)i— =t ( / R L

1-t
—(ta)n /Bn(nIQ)

1 T
n—1 . o _ n\1l-n n
(2.2) > CyH" H(Ey)i 1 (1—1) (log . 7“1;) .

On the other hand we have, by the definition of E; and F,

Hn—l (fS) > i_l_a

+

for all S € A% 5., and hence the constant function p = i! 7 is a test function

for M fA%, . Moreover, by the boundedness of f, there exists a constant
C > 0 so that, for all 1/2 < r < 1,

/ Jy(z)de <O —r)'m,
B(0,r)



cf. [11], page 172. Hence, by Lemma 2.2,

. D S )n
MAL . < K int | N(y, f,B(0,ri41)) dy
RT’L

nil (1+a)n ﬁ .(1+a)n 1—n
(2.3) = Kp i 50 )Jf(x) de < CKp~ i n=1 (L—mr) "
Tit1

By combining (2.2) and (2.3), and by using 1 — r; = 27, we have

ne1 2(0+a)n 1\
H'"YE) < C(n,K)i n <log1 )

2(14o)n  —B(n—=2)n

= C(n,K)i n1 i n1 <C(nK)i 72,

where the last inequality follows from our assumption on § and our choice
of a.
In conclusion, we have, for the set

B= () UB

N=1i>N

n—1 : n—1 . : —1l—a __
H (E)gj\}gnooZH (El)gCA}EnOOZz =0.
i>N i>N

Thus, for almost every x € S~ !, there exists a constant N, € N, so that
x € Sn_l \ U E;.
i>N,

Fix such z. Then we have, for the set

Q, :={X €[1,2] : there exists i > N, so that H”fl(fs‘i’/\) > i1},

H(Qe) < Y HNEDH < Y it

1> Ny i>Ng

By choosing, as we may, N, to be arbitrarily large, we see that, for all
A€ [1,2]\ Wy, HY(W,) = 0, there exists N, x, so that

H L (FSa \ U st < 3 wigsi) < Y i < o

12Ny, x 12Ny, x

In order to finish the proof, we will show that, for H!- almost all [1,2]\ W,
W FUZS] ) < oo
Clearly,
e L2\ W : (U SE) = 00)
c {Ae[1,2]\ W, f( ;)\) =oo for some i€ N} =: Z,.
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Assume that H!(Z,) > 0. Then H!(Z%) > 0 for some i, where

Z;::{)‘G[Lﬂ\wx:f( gic)\):oo}'

Fix such 7. If ' ‘ ‘
ALz =1{Sen: A€ Z},

then, by Lemma 2.2, MSA; 7 = 0. We show that this cannot be the case.
Let p be a test function for MSA;,Z. Then, for all A € Z?,

1</
S

and hence Hoélder’s inequality yields

Tit1
pan -t <c, [ p(z) M (2 dt,
T S"*l(O,t)ﬂS;A

T
T,

wz) < [ [ swanian

Ti4+1
Cy, / / / p(2) dH"2(2) dt d\
i Jr Sn=1(0,6)NS? |
n—1

C(/Aip(a;)ﬁ dx) "

for some positive constant C' (compare the proof of Proposition 2.1). Hence
MgA® , > 0, which is a contradiction. The proof is complete.
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