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Abstract

We define the class of weakly mean porous sets and prove a sharp
dimension estimate for the sets in this class. Using this geometric tool,
we establish an essentially sharp dimension bound for the boundaries
of generalized Holder domains and John domains.

1 Introduction

In this paper we consider the following problem. Suppose that we are given
the growth condition

d(xz,00)

ka(xo, ) < ¢(m)

+ Co (1)
on the quasihyperbolic metric kg of a domain 2, where ¢ is a decreasing
function and zg is a fixed point in 2. Under which conditions on the function
¢, can we prove a generalized Hausdorff dimension estimate for the boundary
01, and what is the sharp dimension estimate in this case?

Let us comment on the history of this problem. Recall that a domain 2
satisfying condition (1) with the function ¢(t) = Clog 1 is called a Holder
domain (see e.g. [SS1]). It is well known that for a Holder domain  C
R"™ we have the estimate dimy(9€2) < n. This was proven by Smith and
Stegenga [SS2| using ideas of Jones and Makarov [JM]. They established
this result by applying Marcinkiewicz integrals. Later Koskela and Rohde
[KR] proved a sharp extension of this result using a different technique.
They introduced the concept of mean porosity and, as an application of
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this concept, they proved the sharp dimension estimate for the boundary
of a Holder domain. In this paper, we define a generalized version of mean
porosity and, by applying this concept, we will prove a sharp generalized
Hausdorff dimension estimate for the boundary of a domain €2 satisfying
condition (1) with some decreasing function ¢. For example, if a domain
Q C R" satisfies condition (1) with ¢(¢) = (log1)*, then we will obtain a
dimension bound when s < -5, whereas the boundary can have positive
volume when s > 5. In particular, for s = "5, we prove that H"(09) =0
for the gauge function h(t) = t"(log ).

Notice that the geometric problem introduced above can be considered also
from the viewpoint of uniform continuity of quasiconformal mappings. In-
deed, if f: B" — R" is a uniformly continuous quasiconformal mapping
defined in the unit ball with a modulus of continuity ¢, then the image
domain f(B™) satisfies condition (1) with a corresponding function ¢ (see
Section 5). For conformal mappings in the plane, the sharp condition for
the function ¢ implying m2(0f(B?%)) = 0 is already known by [JM]. We
will prove an extended result for quasiconformal mappings in R™ with n > 2
and, moreover, we will prove a sharp dimension estimate for 0 f(B™).

An easier question, related to our main problem, concerns John domains. It
is well known that the Hausdorff dimension of the boundary of a usual ¢-John
domain is strictly smaller than n, see [T|, [MV], |[KR|. But what can be said
about the dimension of the boundary of a ¢-John domain (see Section 6 for
definition) with some function ¢ that is not linear? We will prove a sharp
dimension estimate for the boundary of a general p-John domain.

We obtain the results above by establishing a sharp dimension bound for
sets satisfying a certain porosity condition. Roughly speaking, we require
that, if we consider dyadic annuli Ag(x), k = 1,2, ..., centered at some point
x € FE, then at least half of the annuli contain £ “holes” of size a. Here £ and
« are some functions depending on the scale k. Moreover, we require that
these cubes or “holes” can be picked for each point x from a single disjoint
collection of cubes in the complement of F that does not depend on the
point z. Thus our porosity condition is not strictly pointwise (as porosity
conditions are in general). Nevertheless, our definition of generalized mean
porosity works well from the viewpoint of our applications.

The paper is organized as follows. After establishing some notation and
definitions in Section 2, we introduce the porosity condition in Section 3 and
prove also the basic dimension estimate. Section 4 contains an application of
generalized mean porosity to the domains satisfying a quasihyperbolic growth
condition. In Section 5 we prove a corresponding result for the boundaries of
image domains under uniformly continuous quasiconformal mappings. We
discuss the properties of ¢-John domains in Section 6 and, finally, in Section
7 we construct examples of sets showing the sharpness of the dimension



estimates proven in this paper.

2 Notation and definitions

Throughout this paper we denote by R™ n > 1, the euclidean space of
dimension n. The Lebesque measure of a set £ C R" is denoted by |E|,
although we sometimes write m,(E) to emphasize the dimension n. We
define a neighborhood of E by E+ 71 :={z € R" : d(z, F) < r}, where r > 0
and d(z, E) is the euclidean distance between z and E.

We set ZT :={1,2,3,...}. For x € R"™ we denote by A(x) the set
Ap(z) ={y e R": 27F < |z — y| < 27711},

where k € ZT. We denote by #I the number of elements in the set I.

For a cube @ C R™ we denote by [(Q) the edge length and by d(Q) the
diameter of ). The radius of a ball B C R" is denoted by r(B). We denote
by pB, p > 0, a ball with the same center as B but with radius pr(B). We
write B™ C R" for the unit ball centered at the origin with radius 1.

Let v C R™ be an injective curve and let z,y € 7. We denote by y(z,y) the
subcurve of v connecting y to . We write [() for the euclidean length of
the curve 7.

2.1 Generalized Hausdorff measure

Let h be a function defined for all ¢ > 0, monotonic increasing for ¢ > 0,
positive for ¢ > 0 and continuous from the right for all ¢ > 0. Define h(G)
for an open nonempty set G € R" by h(G) = h(d(G)), where d(G) is the
diameter of G in the euclidean metric, and k(@) = 0.

Now the set function

H"(E) = limsup H}(E),
6—0

where
o0 o
H}(E) =inf{)_h(B;): EC | B, d(B;) <6},
i=1 i=1
is a measure on R™. It is called the Haudorff measure corresponding to the
premeasure h, or simply h-measure.

Following C. A. Rogers [R, p. 78|, we write

g < h,



and say that g corresponds to a smaller generalized dimension than A, if
h(t)/g(t) — 0 as t — 0.

Note also the following result (see [R, p. 79]). Let f,g,h be premeasures
such that f < g < h. If 0 < HI(E) < oo, then H"(E) = 0 and H/(E) = oo.

3  Generalized mean porosity

We define the generalized mean porosity as follows.

Definition 3.1. Let E C R" be a compact set. Let « :)0,1[—]0,1[ be a
continuous function such that

a(t)

— is an increasing function (2)

and let £ : ZT — Z7 be a function. Let Q be a collection of pairwise disjoint
cubes Q; C R™\ E. We define for each such a collection Q and for every
k € Z* a function

1, if one can find cubes Q¥(z) € Q, i =1,....L(k),
x2(x) = { such that Q¥ (x) C Ap(x) and I(QF(x)) > a(27F) for all i;
0, otherwise.

S]Q(x) = Z xk,Q(a:)

J
k=1

We say that a set E is weakly mean porous with parameters (a,t), if there
exists a collection Q as above and an integer jo € Z such that

1
> 3 (3)
for all x € E and for all j > jg.

In Definition 3.1 the property (2) can be described as follows. We require,
that as one reduces the scale, the size of the “holes” does not increase in
proportion to the scale. Note that when «(t)/t is a constant and ¢(k) = 1
our definition is equivalent with the definition of mean porosity in [KR].
Indeed, for a mean porous set FE, we can take Q to be the collection of
the Whitney decompositions of all cubes in the Whitney decomposition of
R"™ \ E. The fact that this collection satisfies condition (3) is shown in the
proof of [KR, Theorem 2.1].



The parameter ¢(k) controls the number of “holes” in each annulus. It is
important for our applications that we use a general ¢ that allows us to use
the contribution from several “small” holes in a single set Ag(z) \ E.

We could also define the porosity condition of Definition 3.1 in a pointwise
way (i.e. allow the collection Q to depend on the point x), as porosity
conditions are defined in general. Then, however, we could prove a dimension
estimate for the set F only in the case that ¢(k) is bounded from above. We
do not know whether it is possible to prove a sharp dimension bound for sets
satisfying such a pointwise porosity condition with an unbounded parameter
£. However, in our applications we will find the collection Q independently
of x, and thus Definition 3.1 works well for us.

The constant % in condition (3) plays a technical role only and could be
replaced with any positive constant without essential effect on the dimension
estimates. In fact, if we replace it with a constant x > 0, then the constant
C(n) in Corollary 3.5 is replaced with kC(n). Note also that our porosity
condition is uniform in the sense that jg is independent of x.

In order to prove a dimension estimate for weakly mean porous sets we
need the following well-known consequence of the Hardy-Littlewood maximal
theorem, see [Bo|.

Lemma 3.2. Let B be a collection of balls B C R"™ and let p > 1. Then

/Rn (%XPB@)YC& < (Crkp™)* /Rn (;ﬂxg(x))kdx

for all k > 1, where C1, = C1(n).

Next we introduce the main result of this paper. It is an estimate on the
generalized Hausdorff dimension of weakly mean porous sets.

Theorem 3.3. Let E C R” be a weakly mean porous set with parameters
(a,€). Then H"(E) < oo for each premeasure h, which satisfies

n

_iy < i . ((k)a(27")
n(2) <27 exp (Clnyinf (Y W}) (4)
kJEI]‘
for all j > jo, where the infimum is taken over all index sets I; that satisfy

i1

J
Ij = | Liwith I; € Iiyy € {1,2,...,i+1} s0 that == > 1/2 for all jo < i < j.

i=1

Proof. Let Qo = {(x1,...,2p) : =1 < x; < 1}. We can assume that F is
a subset of the cube @g. If this is not the case, we can subdivide F into a



finite number of compact sets E; so that each set fits into the cube Q9. We
can also assume that Q C F + 1 for all Q € Q.

Let j > jo, and for each k < j let N(k) be the smallest integer such that

N(k) > % By property (2), N(k) > N(k+1). Now we define Q; by
subdividing the cubes of the collection Q in the following way: If Q@ € Q and
there is 1 < k < j such that a(27%) < 1(Q) < a(27%*!), then each edge of
the cube Q is divided into N (k) parts. As for a cube Q with 1(Q) > «(271),

divide each edge into N(1) parts. Hence @ is subdivided into N (k)" cubes

that have edge lengths of at least %% Let Q; be the collection of

cubes acquired in this manner from the cubes Q C Q with [(Q) > a(277).
Denote the largest ball B C @ by B(Q). Let

B; ={B(Q) : Q€ Q;}.

Let * € E+277. We choose 2/ € E such that d(z,2’) < 277. Let k < j
satisfy xx(2') = 1. By Definition 3.1 there are cubes Q; € Q, i =1, ..., 0(k),
in the annulus Ay (2') such that «(27%) < I(Q;). Hence from the annulus
Aj(2") we find disjoint balls B; € B, i = 1,...,¢(k)N(k)", such that r(B;) >
127%a(279)

47 277

Let I; consist of all the indices k& < j for which xj(2") = 1. Then, by
Definition 3.1, the index set I; satisfies

J
IA
Ij = U L withI; C I;41 C {1,2,...,i+1} so that ﬁTZ > 1/2 for all jo < i <7,
=1

where the number of indices in the set I; is denoted by £1;.
By enlarging the balls B € B; we have that

S Xy 2t p) = b S (RN (k)"

BeB; (277) ! kel

277 . ((k)a(27F)m

a
T kel

when the constant C(n) is large enough. Hence we have the estimate

where



Next we use inequality (5) to estimate the Lebesgue measure of a neighbor-
hood of E. For all 0 <t < 1 and @) > 0 we have that

. er ,
E+277exp(=L) < / —Ldx
| | ( Q ) E+2-7 z; !

1 Gt

1 G ,
<le+( Y Eﬁ)*zﬁj

0<i<1/t i>1/t

By Lemma 3.2 we thus deduce that

/RQ (éj(a(;j))” 2 Xoym 2

yE+2‘j|eXp(%j)
G:
<ip+1( Y 55
0<i<1/t
(1-t)i a2 —J
+ZZ1‘ jQi (02(n)ti01(n)”( <22_j]))n<a(22j > / (ZXB

G
S!E+1]< 3 1,QJ+Z

0<i<1/t

Gglft)i (CS (n)ti)tz
ar )

1/t<i

By the inequality i < e’i! we have that

E+1( Y 1lgf+

0<i<1/t
1 l
S!E+1|( 3 75”
0<i<1/t
1 G
S\E+1y< 3 i
0<i<1/t

By Hélder’s inequality we obtain

§|E+1|( 3 Zl,gZJr(Zttt

0<i<1/t

J+Z

Gg-lit)i (03 (n)tz) t )
Qi

>

1/t<i

b

]. t)l(

)t (Cs(n)t)tz)
Qi

ttiGgllft)i (CS (n)e)ti
Qi) )

1/t<i

ttiGy*t)i (C’g (n) e) v
Qi(a)1-t )

ti

)(2

QT

G; (C3(n)e) ™= ) 14)



Gi L l-
<|E+ 1|( > 1'62] + (ﬁ)texp (Gj(03(n)6) o (%)))- (8)
0<i<1/t QT
Now
Gi Lol
E+1( Y 1'QJ—|—(1)teXp (G5(Csme ) (L j)))
0<i<1/t Q-
< M) exp(55), )

when we choose t =
Thus, by combining

% constant M (n) big enough and constant @@ = Cs3(n)e.
(6), (7), (8), (9), we arrive at

|E+ 2~ J|exp(§Q)<M( ),

and hence ‘
|E+277|exp(C(n)G;) < M(n), (10)

where C'(n) = Wl(n)e

The desired dimension estimate follows from inequality (10) by a standard
calculation using the Besicovich covering theorem. We show this in the
following.

Let A be the collection of all the balls of radii 277 with centers in the set E.
By the Besicovich covering theorem we can choose balls B; € A, i =1,...,m;
such that E C J;”, B; and

S () < P(n) (1)
=1

for all x € R™. By (10) and (11) we have that

M(n) N
ep(Cn)Gy) ~ 1 =M

and hence )
M(n)P(n)22™

7 Qpexp(C(n)Gy)

Let h be a premeasure satisfying (4). Then, for the generalized Hausdorff
measure H"(E), we obtain the estimate

H"(E) < limsup{m;h(277)} < lim sup{m;2 77" exp(C(n)G;)}

Jj—00 J—00

< limsup{R(n)2" exp(—C(n)G;)2 7" exp(C(n)G;)}

J—0



< R(n) < oo.
(]

Note the following special cases of Theorem 3.3. If we have for arbitrarily

large j that
= in f{z } Cj

with some constant C, then it follows from Theorem 3.3 that dimy(E) < n.
Note that this happens, for example, if we have the parameters «(t) = ct
and ¢(k) = 1, in other words, if the set E is mean porous.

If G; — o0 as j — oo, then m,(E) = 0, and Theorem 3.3 will also give us
a generalized dimension estimate with the gauge function h. However, if G;
is bounded, i.e. there is M € R such that G; < M for all j, then Theorem
3.3 does not give us a dimension estimate. Indeed, in this case the set F can
have positive Lebesgue measure, see Section 7.1.

Let us also point out that, in fact, we proved more than what we claim in
Theorem 3.3. Indeed, we proved inequality (10), which is a stronger condition
for the set E than the claimed generalized Hausdorff dimension estimate.

In the next remark we show that in certain cases the index set I; of Theorem
3.3 can be given explicitly.

Remark 3.4. If it holds for the parameters in Theorem 8.3 that
_ Uk)a27F)"

k) = 12
(k) = S (12)
is increasing as a function of k, then (for even j)
J/2
1nf{z Z Z Cj

£ kel;
with some constant C.
If however p(k) is decreasing as a function of k, then (for even jo)
U(k)a(27F)
iy Ry e
£ kel, keJ;

where

J; = {JO +1 ]50+ 2., dotUfie{jo+1,...,7} such that i is odd}.

Moreover, for all j > jo we have that

—k\n J —k\n
Z L(k)a(27F) > 1 Z L(k)a(27F) .
(Q—k)n 2 = (2—k)n
=Jjo

kEJj



By combining Theorem 3.3 and Remark 3.4 we obtain the following corollary.

Corollary 3.5. Let E C R" be a weakly mean porous set with parameters
(a, £) such that p(k) (defined by (12)) is a decreasing function of k and

= ((k)a(2 )"
Z W

= OQ.

k=jo

Then my(E) = 0 and H"(E) < oo for each premeasure h, which satisfies

K(k)a(Qk)”>

he) <27e (Cn) 3 i

k=jo

for all 5 > jo.

Note that this corollary is sharp by an example given in Section 7.1.

4 A quasihyperbolic growth condition

Let Q@ C R™ be a domain. We recall that the quasihyperbolic distance
between two points 1, xo € €2 is defined as

. ds
kQ(%l,JIQ) = lgf[yw

where the infimum is taken over all rectifiable arcs joining x1 to zs in 2.

Definition 4.1. Let ¢ :]0,1] —]0, 00 be a continuous and decreasing func-
tion. We say that a bounded domain 2 C R"™ satisfies a quasthyperbolic
growth condition with a function ¢, if there is a point xo € Q and a constant
Co such that

d(x,00)

ka(xo,x) < ¢(m

)+ Co (13)
for all x € Q.

Note that for a bounded domain we can always choose the point xg so that
j((;o,%gg) <1 for all x € €, and hence the domain of ¢ can be assumed to be
10,1]. We recall that if a domain (2 satisfies condition (13) with a function
¢(t) = C'log(1), then Q is called a Hélder domain (see [SS1]). Thus we can
say that domains defined in Definition 4.1 are generalized Hélder domains.
It is well known that the Hausdorff dimension of the boundary of a Holder
domain is strictly smaller than n. This is shown in [JM], [SS2] and |[KR].
In this section we prove a corresponding dimension estimate for domains
satisfying (13) with a function ¢ which satisfies certain conditions formulated

10



below. To indicate how fast decreasing functions ¢ allow for a generalized
dimension estimate, let us already point out that, for ¢(t) = (log })* we will
obtain a dimension bound when s < -2, whereas the boundary can have

n—1’
positive volume when s > .

Definition 4.2. We say that a decreasing, continuously differentiable func-
tion ¢ :]0,1] —]0,00] is of logarithmic type, if it satisfies the following con-
ditions:

—¢'(t)t is a decreasing function; (14)

B(t) < Bp(V1) for some B < oo and for all t < tg. (15)

Note that, for example, a function of the form

b(t) = { C(log 1)* (loglog $)*2...(log ™ 1)*m 4 C\ t < ay;
C, t> am,

where C' > 0, m € Z*, a,, = 1/exp™V(e), s1 > 1, s9,...,5,m > 0, is of
logarithmic type.

Lemma 4.3. Let ¢ be a function of logarithmic type. Then

¢(ab) < B(g(a) + ¢(b))
for all a,b €]0,1[ for which ab < ty.

Proof. Either a < v/ab or b < v/ab, and hence we obtain 3(¢(a) + ¢(b)) >
Bmax{e(a), ¢(b)} > Bo(Vab) > d(ab). O

Lemma 4.4. Let ¢ be a function of logarithmic type. Then there is t1 €]0,1]
such that the inequality

1

Bo(t*Hh) <27 ()

holds for all t < t1 and every k € Z+.

Proof. We show first that there is £; such that

1
o) < 7 (16)
for all ¢ < #;. Suppose that (16) is false. Then for each j € Z* there is

3 <t; <t sugh that d)(tjzj) > (%)QJ > (%)Qj. By itera?ing condition (15),
we obtain d)(tjzj) < Fo(t;) < B ¢(ty), and hence (%)23 < B¢ (ty). This
is a contradiction with a large j, and thus property (16) is proved.

Let k € Z*. Applying property (15) twice, we have that

Bo(tH) < BPo(t

k+1

)

11



for all ¢+ < t3. Then, by property (16), we obtain

k1 1kt
Fot ) < B(;)
for all t < 3. A simple calculation yields
1 1
BT <2 )
t t
forallt < ; ﬁﬁ This proves the claimed inequality for all ¢ < t; = min{t3, 2, ﬁ}
O

The next theorem extends a result by Smith and Stegenga in [SS1, Theorem
3] given for Hoélder domains. For an intermediate result see [KOT, Lemma
4.6].

Theorem 4.5. Let Q C R" be a bounded domain that satisfies the quasihy-
perbolic growth condition with the function ¢ of logarithmic type. Then there
is a constant Cy < oo such that

bz, 20) < Bcb(m) e (17)

for all x1 € Q, where v is a quasihyperbolic geodesic connecting xg to x1,
and x € 7.

Proof. Assume that (17) is false. Then for each constant Cy there is a point
x1, a geodesic v connecting xg to x1, and a point yg € « for which

ﬁ¢(l(”y(y0,a:1))

d(zo, 00 )+ Cy < ka(xo,0). (18)

Let L = I(y(yo,x1)). Define points yx € 7(yk—1, 1) recursively so that

I(y(yp—1,yr)) = 27FL for all k € Z+. Let

o, = sup{d(z,0Q) : = € v(yk, 1)}

We can choose the constant Cy so large that (0.5 aﬂ) < tg. Then, by combin-
ing (13), (18) and Lemma 4.3, we obtain the followmg chain of inequalities
for all z € y(yo, x1):

d(z, aQ) L
< ﬂ¢( ) /qu( ( 0739)) + Cp.

12



Hence

)
Cyp—Cp < 5¢(fo)-

Now we can choose the constant Cy so large that Cy > Cp and the ratio
do/L is so small that, by Lemma 4.4,

@)kJrl) < ka( L

FO((TI) < 27H(E (19)

for all k € Z.

We show by induction that 6;_1/L < (6o/L)* for all k € ZT. This is trivially
true if £ = 1, so assume that it is true for some & > 1. By combining the
induction assumption, Lemma 4.3 and the inequalities (18) and (19), we
obtain for all z € y(yk,z1) that

L

m) + Cp + 5¢((5f0)k+1)

Bo(

L
< ka(zo,y0) + Tk((;*o)k < ko(z0,y0) + 27 "L /0%

< ka(zo,v0) + ko (Yr—1,yx) < ka(zo, )

d(x,00) d(x,00)

Now we have that

+ Co.

3((80/L)+1) + Cy — Co < Bo(2)

which proves the induction hypothesis.

Since dp/L < 1 and the inequality
)
0 < d(z1,09) < 6 < L(fo)k“

holds for all k € Z*, we have a contradiction which proves the theorem. [J

For the proof of the main theorem of this section we need one more lemma,
concerning the geometric properties of the Whitney decomposition. For the
exact construction of this decomposition we refer the reader to [S].

Lemma 4.6. Let Qg C R"™ be a cube that has sides parallel to the coordinate
planes, and let the edge length of Qo be 27™. Let Q C Qo be a cube sharing
a part of a face with Qq. Let 1(Q) = ¢2~™ with ¢ < 1. Let W be the Whitney
decomposition of Qo. Then, there is a cube Q € W for which Q C Q and
Q) > CD2(_:)L. Moreover, there are at least 201 cubes Qj € W for which

Q; C Q and 1(Q;) > CQD_(n) . Here D(n) =1+ 8y/n.

13



Proof. Recall that each Whitney cube Q? € W has sides parallel to the
coordinate planes and the edge length of Q;? is 27%. The collection {Qé‘C :

j=1,..., Ny} is called the kt" generation of the cubes. It follows from the
construction of the Whitney decomposition that the inequality

27F\/n < d(Q%,0Q0) <4-27%Vn (20)

holds for each cube in the k" generation. Thus we see that there must be a

cube Q € W such that Q € Q and [(Q) > l‘f;:/nﬁ as otherwise the inequality

(20) would fail for some cube near the center of Q.

To prove the second part of the lemma let i € ZT and subdivide the cube Q
into 2" cubes with equal side lengths of at least ¢27™~%, Of these subcubes
at least 2("=1) cubes share a face with the cube Qg and, by inequality (20),

from each subcube we find a cube Q); € W such that {(Q;) > CZDT. O

We recall also the following property of the Whitney decomposition. Let W
be the Whitney decomposition of a domain 2 C R". Pick a cube Qg € W,
and set ¢(Qo) = 0. For any two adjacent (i.e. sharing at least a part of
a face) Whitney cubes, join their centers by an interval, and let ¢(Q) be
the number of intervals in the shortest chain joining the centers of Qy and
Q. We can remove the redundant intervals so that the resulting collection
of intervals is a tree. We denote the set of cubes connecting @) to Qg by
chain(Qo, @), and the number of cubes in chain(Qo, @) by fchain(Qo, Q).
Note that now ¢(Q) + 1 = fchain(Qo, Q) < Ckq(zo, z) for any zy € Qo and
z € @ for which kq(zo,2) > constant.

The next theorem extends the result given for Holder domains in [KR, The-
orem 5.1]. We show that the boundary of a generalized Holder domain is
weakly mean porous with appropriate parameters.

Theorem 4.7. Let Q C R" be a bounded domain that satisfies the quasihy-
perbolic growth condition with the function ¢ of logarithmic type. Then there
1s a constant ¢ > 0 such that the boundary of the domain Q is weakly mean
porous with parameters Cp(n)a(t) and Cy(n)l(k), where (for small t)

Proof. By scaling we can assume that d(zg, ) > 1. Let € 9 and let j
be a large integer. Choose a point

ye B(z,277 HnQ,

and let v be the quasihyperbolic geodesic connecting y to xg. Choose w € ~
such that

(v(w,y)) =271

14



Then w € B(x,277). Moreover, Lemma 4.5 implies the estimate
—j—1

ka(w,zg) < ﬁ¢(m)

+ Cy. (21)

Define for each k£ a function

2=k |
(@) = L, if fA )Ny dtaﬂ) S a@ )
0, othervvlse

Let

We prove first that

1
— 22
e (22)
for all j > jo € Z*.
For those Ag(z), 1 <k < j, for which xx(z) = 0, we have that
dt 2=k
> . (23)
/Ak(z)ﬁ'y d(t7 89) a(2_k)

Suppose that the assertion
have that

SjT(.x) > 1 fails for some large j. Then by (23) we

J —k
ko 20) > 37 ve(e) = 1| s,

which is by property (14) at least

|
-
—
"
B
~—
"
BN
—_

> 2 (6(27) - ().

o
o

This number is greater than ﬁ(i)( (w0 89))+C¢, when we choose j big enough

and
1

E.

Hence we have a contradiction with inequality (21), which proves (22).

c <

Next we define a collection Q of disjoint cubes in {2 in the following way. Let
W be the Whitney decomposition of the domain €). Then let Q consist of
all the cubes in the Whitney decompositions of the cubes @ € WW. We show
that

Xg(x) > xi(x) (24)

15



for all k € ZT with parameters Cy(n)a(27%) and Ca(n)l(k).
Consider k € Z™ such that yx(z) = 1. Then

/ dt _ 27k

A (z)Nry d(t7 6Q) N a(2_k) ‘

Choose y € YN S™ (z,27%1) and z € yN.S"1(x,27%) such that y(y,2) C
Ai(x). Let Qy, Q. € W such that y € Q, and z € Q.. Now
Co?ik

a(27Fk)

with some constant cy depending only on n.

For each Q; € chain(Q,, @), let Q; C R™ be the largest cube such that it

has sides parallel to the coordinate planes and Q; C Q; N A(z). Now Q;
shares at least one part of a face with ;. Moreover

ﬁChain(an Qz) <

(25)

tchain(Qy,Q-) i
> @) =27" (26)

i=1

Combining (25) and (26) we have that

> @)= 1)

i:d(Q)>a(27F) /2¢o

Applying Lemma 4.6 and inequality (27) we see that from these cubes Q;,

for which d(Q;) > a(27%)/2¢o, we find at least o’f(%::) cubes Q € Q such

that 1(Q) > %. Thus we have proven (24) with constants Cy(n) =
m and C2(n) = ¢p/2. The claim follows immediately from (22) and
(24). O

Note that property (14) for the function ¢ implies property (2) in Definition

3.1 for the function «(t) = %,(t) Also note that, for a Holder domain,

—¢/(t)t is a constant, and by Theorem 4.7 the boundary of such domain is
mean porous (this result is equivalent with [KR, Theorem 5.1]).

Corollary 4.8. Let Q C R" be a bounded domain that satisfies the quasihy-
perbolic growth condition with the function ¢ of logarithmic type satisfying
dt
/0 (ot~
Then m,,(0Q) = 0 and H"(99) < co for each premeasure h, which satisfies

p e dt
o) s 7 me (0O [ )

for all j > jo, where the constant C(5,n) depends only on B and n.
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Proof. Combining Theorem 4.7 and Corollary 3.5, we conclude that H" (9Q) <
00, for each premeasure hg which satisfies for all j > j

ho(27) < 2 exp (Cm) Y (W)”‘I)

k=jo

where the constant ¢ depends only on 3. It is easy to see that the inequality

7 ¢ - 1 - dt
0 Y (e 2 e [ e

k=jo
holds for all j > jo. Hence the claim follows, when we choose the constant
C(B,n) = 3C(n)c"1. O

Note that this corollary is sharp by an example in Section 7.2.

Remark 4.9. Let Q C R" be a bounded domain that satisfies the quasihyper-
bolic growth condition with the function ¢(t) = L(log 1)* with 1 < s < -
Then, by Corollary 4.8, m,(0Q) = 0 and H"(0Q) < oo for the gauge func-
tion

1 n—n—1)s
e )

when s < -5, and for the gauge function

h(t) = t"exp (

(t) = 1" (log ;)°

n

when s = ~"5. Here the constant C' depends on €, n and s.

If -5 < s, then the boundary of the domain 2 can have positive Lebesgue
measure, see Section 7.2.

5 Uniform continuity of quasiconformal mappings

The connection between uniform continuity of quasiconformal mappings and
the concept of generalized mean porosity comes from the following observa-
tion.

Theorem 5.1. Let v :]0,1[—]0, 1] be an increasing, continuously differen-
tiable bijection, and let u(t) := 1 ~1(t). Assume that log (ﬁ) is of logarith-
mic type. Let f: B" — Q C R" be a K-quasiconformal map such that the
inequality

[ (tw) = f(w)] <91 1) (28)

17



holds for all w € S™' and 0 < t < 1. Then there is a constant ¢ >

0 such that Of(B™) is weakly mean porous with parameters C1(n)a(t) and
Ca(n)l(k), where

~cu(t) 2~k
a(t) = o) and ((k) > a2 h)’

Let us already remark that this theorem could be considered as a special
case of Theorem 4.7. Indeed, at the end of this section we discuss the con-
nection between the uniform continuity of a quasiconformal mapping f and
the quasihyperbolic growth condition in the image domain f(B").

Proof of Theorem 5.1. Let w € 9B™. Define functions xj and S; as in the
proof of Theorem 4.7. We prove that

(29)

for all sufficiently large j € Z™T.

Let jo € Z* such that 2770 < d(f(0),0f(B")). Let j > 2jo and let jo <
k < j such that xx(f(w)) = 0. The curve v = f([0,w]) intersects the
two boundary components of Ag(f(w)) in two points a = f(t,w) and b =

f(tpw), say. The quasihyperbolic distance kq(a,b) of a and b is at least
04(22;_12). As quasiconformal maps are quasi-isometries for large distances in
the quasihyperbolic metrics (see [GO, p. 62]), the quasihyperbolic distance
kpn(tow, tyw) is at least Ca(%_kk), provided c is small enough. Here C depends

on K and n.

Consider the largest t < 1 with

f(tw) — ()] =279,
It follows from (28) that 277 < ¢(1 — t), and equivalently

1 1
1 <1 —).
0g T < og(u(ﬁ)) (30)
On the other hand
1 —k
log T = kpn(0,tw) > 3 kipn (taw, tyw) > Zom, (31)
where the summation is over all jo < k < j with xx(f(w)) = 0.

Suppose that the assertion Silw) % fails for some large j. Then, by
combining (30) and (31), we obtain that (the summation indices follow from
assumption (14))

3/2

>Cz2kz/ k)

log
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Z Ci<10g(u<2}j/2)) - log(u(21_j0))>'

This contradicts property (15) when we choose j large enough and the con-
stant
C
c< —,

20
and thus (29) is proved. To prove the claim we can choose the collection Q
and the constants C7, Cy similarly as in the proof of Theorem 4.7. [J

Corollary 5.2. Let f : B" — Q C R" be a K-quasiconformal map and
suppose

(@) = f@)] < ¢(jz —2'))

for all x,x' € B"™. Assume that the function u =1~ satisfies the conditions

in Theorem 5.1 and that
t dt
0 w(t) 38

Then my(0f(B™) = 0 and H"(f(B")) < oo for each premeasure h which
satisfies

; ; t dt

h(279) < 277 exp <C’/ (@)n—17>
[2-7,2-d0] W (t) 2

for all j > jo. Here the constant C depends only on 3, K and n.
Proof. The claim follows by combining Theorem 5.1, Corollary 3.5, and a
similar argument as in the proof of Corollary 4.8. [J

Remark 5.3. Consider the case n = 2. With a change of variable (u(t) =
Y~1(t)) we have that
u(t) | di ' (u)
[ s = [ udu
o u'(t)"t o (u)

= [(og vy uu =[BT 0

0 o (logu) U
This integral diverges if and only if the integral

/( (log y(u)) ,,du
o (logu) u

diverges.

By Remark 5.3 we see that, in the case n = 2, condition (32) is equivalent
with the assumption of [JM, Theorem C.1]. Jones and Makarov proved in
this paper that this condition, implying ms(df(B?)) = 0, is sharp. We
will show in Section 7.2 that also the dimension estimate of Corollary 5.2 is
essentially sharp.
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Remark 5.4. Let f : B" — Q C R" be a K-quasiconformal map and
suppose

|f(2) = f@)] < (jz — "))

for all x,2' € B™ with the function ¥ (t) = exp(—(elog %)1/3) where 1 < s <
1. Then, by Corollary 5.2, my(df(B™)) = 0 and H"(9f(B")) < oo for
the gauge function

1
n n—(n—1)s
h(t) =t" exp ( (log t) )

¢
(n—(n—1)s)

when s < "5, and for the gauge function

(t) = 1" (log ;)°

n

when s = .
n—1

Here the constant C depends on K, €, n and s.

If 5 < s, then the boundary of the domain f(B") can have positive
Lebesgue measure, see Section 7.2.

Note that the previous example is roughly equivalent with Remark 4.9. In-
deed, by using the fact that quasiconformal mappings are quasi-isometries for
large distances in the quasihyperbolic metrics, we see the following connec-
tion between uniform continuity of quasiconformal mappings and the quasi-
hyperbolic growth condition. If f: B" — Q C R" is a K-quasiconformal
mapping from the unit ball onto a bounded domain €2, and

|f(2) = f@)] < ¢(jz —2'))

for all z, 2’ € B™ with a proper modulus of continuity v, then the image do-
main f(B") satisfies the quasihyperbolic growth condition with the function
o(t) = Clog ﬁl(t) Moreover, the dimension estimates implied by Corol-
lary 4.8 and Corollary 5.2 for the boundary of f(B™) are equivalent (except
perhaps with different constants).

6 John domains

Definition 6.1. Let ¢ : [0, 00[— [0, 00 be a continuous function such that
@ 18 an increasing function. We say that a domain ) is a p-John domain,
if there is a John center xg € 0 such that for all x € ) there is a curve
v :10,1] — Q, parametrized by arclength and with v(0) = z,v(l) = xo, and
d(v(t),080) > ¢(t) for all 0 <t <.

Note that, when (t) = ¢t with some ¢ < 1, this definition is equivalent
with the definition of a usual c-John domain. The Hausdorff dimension of
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the boundary of a usual ¢-John domain is known to be strictly less than
n, see e.g. [KR, p. 599]. Question arises, whether one could establish a
dimension bound for a ¢-John domain 2 C R"™ with ¢(t) = ct® for some
s > 1. This cannot be done, however. In section 7.3 we show that, for
any s > 1, the boundary 0f2 can have positive Lebesgue measure. However,
with a proper function ¢, a generalized Hausdorff dimension estimate for
the boundary can be established by applying generalized mean porosity. It
is indeed immediate that every ¢-John domain is weakly mean porous with
parameters «(t) = ¢(t) (for small ¢) and ¢(k) > % (take Q to be the
collection of the Whitney decompositions of all the cubes in the Whitney
decomposition of R™\02). By applying Corollary 3.5 we obtain the following
result.

Corollary 6.2. Let Q2 C R” be a p-John domain. Assume that
)" tde
/ o(t) C
o t"
Then my,(092) = 0 and H" () < oo for each premeasure h which satisfies
: : )" tdi
h(277) < 27 exp (C(n)/ 7('0( )n )
[2—7,27d0] t
for all 5 > jo.

Note that this corollary is sharp by an example given in section 7.3. There-

fore, for p(t) = @ we obtain a dimension bound when s < ﬁ, whereas
t
the boundary can have positive volume when s > ﬁ

Remark 6.3. For a p-John domain Q with ¢(t) = ﬁ, Corollary 6.2
(log ;)T
implies that H"(OD) < oo for the gauge function

1
h(t) = t"(log E)C(">.

7 Sharpness of the results

Recall the well known Frostman’s lemma. We denote by M(A) the set of
Radon measures p such that spt(u) C A and p(R™) = 1.

Lemma 7.1. Let A be a Borel set in R"™ and suppose there ezists p € M(A)
such that p(B(z,7)) < h(r) for x € R"® and r > 0. Then H"(A) > 0.

Proof. Take any collection of balls B; = B(x;,7;), ©; € R™, r; < r, such that
AcC Uz B;. Then 1 = p(A) < M(Uz B;) < ZiM(Bi) < Zz h(ri). O
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7.1 Sharpness of Corollary 3.5

We show the sharpness of Corollary 3.5 by constructing an example of a
set E which is weakly mean porous with parameters o and ¢ and for which
H"(E) > 0 with a premeasure h satisfying for all j € Z+

ﬁ(k)a(Qk)”)

J
h(z) <2 (OO0 Y- =50

k=jo
with some constant C'(n).

Let o and ¢ be as in Corollary 3.5 and let jo = 1. Then

is a decreasing function of k. (33)

Let

1
Qo={zeR" : |z;| < W foralli=1,2,...,n}.

We define for each k& € ZT a collection Ej, of closed sets F' € R" in the
following way. Fg consists of @)y alone. To obtain Ej from Fj_1, subdivide
Qo into 2" closed dyadic cubes Q}; of diameter 27%~! in the natural way.
For each i = 1,..., 2" let QZ C Q}; be the smallest open cube in the center
of Qi such that it contains 2"¢(k) disjoint open cubes of side length a(27F).
We can assume that the diameter of Q}c is dyadic and, by condition (33),

d(Q1)/d(Q1) < i for all i and k. (34)

o E,={FNQ.\Q. : FEE,_,,i=1,.,2"}
We show that the set -
E=(\ U F
k=1 FcE,,
is weakly mean porous with parameters « and /.

Define for every k € Z7" a collection Qy, of disjoint cubes by subdividing each
¢t i=1,..,2"% into 2"¢(k) subcubes of side length «(27%). Then let

onk k—12n3
% ={Qed:@clJa\JUa\
i=1 j=01=1

and let
Q={Q € Qr:k=1,2,..}.
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To see that Q indeed satisfies the conditions of Definition 3.1, notice the
following geometric facts. Fix z € F and take any Qi (a dyadic subcube
of Qo with diameter 27*~1) such that = € Q). Now, there exists a dyadic
subcube Qi3 C Qp such that Qri3 C Agys(x). Moreover, by inequality
(34), we can choose the cube Qg3 so that it is not completely covered by
the set Uk+2 2 Ql (here Qé is defined as above). Now, by inequality
(34), there is at most one dyadic subcube @Q; such that j < k + 2 and
QJ N Qy # 0. Since the diameter of the cube Qj is dyadic, we see that the

set Qras \ szo Ul:1 Qé contains at least {(k + 3) cubes Q € Q such that
1(Q) > (27%73). Thus we have that

Xi(z) =1
for every k and hence E is weakly mean porous.

Next we estimate the dimension of E by using Frostman’s lemma. Define

the density
’UGEEkJrleF’_ Z |GOF|
|F|

Apr =
| oiE
k+1

for each (nonempty) set F' € Ej. The construction above implies

Ak’F > (1 _ C(n)g(ki)a(z_ )n) —. Ak (35)

For each set F' € Ey let F; € E;, i = 0,1,...k — 1, be the (unique) sets for
which F' C F;. We define a sequence of Radon measures ug, k =0,1,2, ...,
such that

po(A QoNA
(4) = 00 || |
and FAl
M
b4 |Q0| Fé Ap_1,F, , X .. X Ao Ry

for all measurable A C R". Then spt(ug) C Upep, £ and

IGNF| 1 7|
2 Bprx A DNor, QoI A Ropy 1)
ol Do X Bi-1p g X Bopy Qo Bk-rp - X Bopy

Pit1(F)
- ’Q0|

for all F' € Ej. Hence u(F) = p(F) for all | > k. Particularly for all &

pur(R") = pi(Qo) = po(Qo) =1
and thus p, € M(R") for all k.
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Recall that M(R"™) is a compact metric space with an appropriate metric
d (see [RM, p. 52-55]). Hence there is a subsequence puy, converging to a
measure 4 € M(R") in the metric d. Note that spt(u) C E.

Let j € Z1 and let x € R™. By (35) we have for each G € E;;; that
el
|Qo| TT7—1 Ak

and, by the construction, the ball B(z,277) intersects at most P(n) sets
G' € Ej;1, where P(n) is a constant depending only on n. Hence

nw(G) <

P(n) P(n) | i p in
—J i =i n)27J
u(B,2) < (| ¢ < 2= 191 o Pl)
i=1 ’Q0| Hk:l Ap ’QO‘ Hk:l A
We choose the constant Q(n) > %Z') and the function

i Q)27 d
h J _— JneX 10
277) = [ A =Q(n)2" p( gl;[ )

=Q(n)2 ]"exp( ZlogAk)

Clearly we have that
iy i (e N )27
h(277) <27/ exp(C(n)Z ),

when we choose the constant C'(n) big enough. Therefore

p(B(r,279)) < h(277) < 27 exp (C(n Z € n)
k=1

and the claim follows from Frostman’s lemma.

Note especially that if
 ((k)a(27")
S Wzl
“k\n )
= 2
then Frostman’s lemma implies that m,(E) > 0.
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7.2 Sharpness of Corollary 4.8

We show the sharpness of Corollary 4.8 in the case n = 2 by constructing a
domain ©Q C R? such that it satisfies the quasihyperbolic growth condition
with a function ¢, and H"(09) > 0 with a premeasure h satisfying

. . . dt
—J —2j
h(277) <2 ¥ exp (C /[MWO] 5 (t)t?)

for all j > jo € ZT, where the constant C' depends only on £.

Let ¢ :]0,1] —]0, 00 be a function satisfying the conditions of Corollary
4.8. By condition (14) we can take jo to be the smallest integer such that

ﬁ:o) < %271‘0. Then define function « so that it satisfies
432

@ =5

for all k£ > jo. Thus a(;::) < % for all k > jo. We can assume that a(27)
is dyadic for all k£ > jo.
Let ‘ '

Qio = {(@,y) €R? : [o] <27~ and [y| < 2701},
Let €27 be the a(2770) neighborhood of the x-coordinate axis in the square
Qj,- Let Q?O be the a(277) neighborhood of the y-coordinate axis in the
square Qj,. Let Q;, = Q7 U Q;’O. For each k > jo define 2 by subdividing
Qj, into dyadic squares Q};, i=1,2,...,22(k=j0) of side length 27%. Let Qi
be the union of the a/(27%) nelghborhoods of the centered z-coordinate axes
in the squares Q% and let QF = Q7 \ [ JF=! ", Qi Similarly let QY be the union
of the a(27F) neighborhoods of the centered y-coordinate axes in the squares
Qj and let Qf = 02\ UIZ! Q. Let Q, = Q7 U QY.
Define the domain ) by

[e.e] o0
Q= J QU | int1 (9 nQY,0),
k=jo k=jo
where we denote by int(-) the one dimensional interior of the set.

Notice that the domain € satisfies the quasihyperbolic growth condition with
the function ¢: Let £9 = 0 and let z; € 2 such that a(2_j_1) <d(zj,00) <
a(277) for some j > 2jy. Now we have that

J+1 7+1
kao(zo, ;) <2E /
k=jo k= ]0
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J+1

1 12
=5 > < / g ()t
k=jo

2-3-1
1 s 277 a(277) d(z;,00)
< (2777 < %) < _) < ) < J :
Hence there is a constant Cy such that the inequality
d(x,00)
< H(—X 777
k:(a;,xo) ~ ¢(d($o,8ﬂ)) + C(]

holds for all x € Q.

We obtain the desired dimension estimate for 02 similarly to Section 7.1.

Let Ej, = {Qj, \ 2j,} and define for all £ > jo
Er={FNQ.\Q:FeE,_i=1,2,..,22F0)}

Now

oN=F = ﬁ U~

k=jo FEE

and for the density of Fy,1 in Ey we have the estimate

Ca(27F
= (1- C42)
for each F' € Ey. Hence
C
Bur 2 (1= =575

where the constant C' depends only on 3. The claim follows as in Section 7.1
by using Frostman’s lemma. Note especially that if the sum ) W
converges, or equivalently, if

/ _dat
0,1 —¢' ()2 ’

then m,,(092) > 0.

Note that this example also shows the essential sharpness of Corollary 5.2.
Indeed, the domain 2 is simply connected and hence it is the image of the
disk B? for some quasiconformal mapping f : B> — R?2. Since Q satisfies
the quasihyperbolic growth condition with the function ¢ which satisfies the
conditions of Corollary 4.8, the mapping f is uniformly continuous with a
corresponding modulus of continuity ¢(t) = C¢~!(Clog 1), see [HK] for
details. In this case the dimension estimates of the corollaries 4.8 and 5.2
are essentially equivalent (except perhaps with different constants).
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To prove the sharpness of the dimension estimate in R™ with n > 2, a similar
construction can be carried out. We sketch an outline for the case n = 3.
Let

Qjo ={r € R® . |z;| <2797 for all i = 1,2,3}.
Define €, now by removing the a(2770) neighborhoods of the coordinate
axes in @}, and of the lines (¢,£27072,0) in Qj,. Define ; accordingly for
J > jo in the dyadic subcubes of @, and, finally, define the domain £ by

attaching the xs-components of Q;4; to the x;-components of ;. By [V]
one can deduce that with this construction 2 is a quasiconformal ball.

7.3 Sharpness of Corollary 6.2

We show the sharpness of Corollary 6.2 in the case n = 2 by constructing
a ¢-John domain Q@ C R? for which H"(99) > 0 with a premeasure h

satisfying
: : - t)dt
h(277) <27 % ex C/ o
( ) - p( [2—7,2770] 12 )

with some constant C.

Let ¢ :]0,1[—]0, 1] be a continuous function such that @ is an increasing
function. Choose a(t) = ¢(t) and construct a domain  similarly as in
Section 7.2. Notice that € is a ¢-John domain: Let xp = 0 be the John
center, and for any z € Q let v(xo, x) be the quasihyperbolic geodesic joining
x to x9. Now the length of v is at most 2770 and d(v(t), ) > ¢(t) for all

0<t<l<2o,

We obtain the desired dimension estimate similarly as in Section 7.2. Now,
for the density of Eyy1 in Ej, we have the following estimate. For each
F e E;
Cop(27F
ez (1- 920)

The claim follows as in Section 7.1 by using Frostman’s lemma. To prove the
sharpness of the dimension estimate in R™ with n > 2, a similar construction
can be carried out. The case n = 3 is outlined at the end of Section 7.2.
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