SHARP GENERALIZED TRUDINGER INEQUALITIES VIA
TRUNCATION

STANISLAV HENCL

ABSTRACT. We prove that the generalized Trudinger inequalities into expo-
nential and double exponential Orlicz spaces improve to inequalities on Orlicz-
Lorentz spaces provided they are stable under truncation.

1. INTRODUCTION

Let Q C R"™, n > 2, be a bounded domain. The classical Sobolev embedding
theorem states that W, () is continuously embedded into LP"(Q) if 1 < p < n
and p* = np—fp. If p > n then every function from VVO1 P(Q) is bounded (i.e. belongs
to L>(Q2)) and in the limiting case p = n it is known that every function from
Wy ™(Q) belongs to L4(Q) for every 1 < g < oo but not neccesarily to L>(£2).

A famous result of Trudinger (see [23], [24]) states that the space W, ™(Q) is
continuously embedded in the Orlicz space exp L#-1(Q) (see Preliminaries for the
definition of various Orlicz spaces): i.e. there exists C; = C;(n) and Cy = Cy(n)
such that

(1.1) /Qexp<<01|||$+|€|)ln(m>nnl>dx < oL ()

for every u € W, ™(Q). When Q is sufficiently nice this means that there are
C = C1(n) and Cy = Cy(n) so that for every u € Wh™(Q2) we have

n

_ lu(z) —c| \nt1
1.2 f —_— dr < CyL,(82).
(12) ClgR/Qexp((CIHWHM)) ) < Co.0,()

It is known (see [12], [6] and [2]) that exp L#-1() is the smallest Orlicz space
with this property. However, even sharper inequalities exist in other scales. By
a result of Brézis and Wainger [1] and independently Hansson [11] (see also [17])
we know that

) [ee} 2fn—l .
(1.3) Clglf);/ — o) dt < Cl|Vul[fng
0 log (ﬁn({weﬂ:lu(x)fc\zt}»
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for every u € Whm(Q) if Q is sufficiently nice. This inequality can be also derived
from capacitary estimates of Maz’ya [15]. The results in [8] and [3] tell us that
this inequality gives us the smallest rearrangement invariant Banach function
space Y () such that Wy "™(Q) is continuously embedded into Y (£2).

It is a surprising result of Koskela and Onninen [14] that if (1.2) is valid for
every u € WH"(Q) then (1.3) is also valid for every u € W1 (Q). That is, with
no additional requirement on 2 we have that the validity of the embedding (1.2)
implies the validity of the sharper embedding (1.3). It is also proven in [14] that
the Sobolev inequality WP(Q) — LP"(Q), 1 < p < n, improves in the same way
to an inequality of O’Neil [19] and Peetre [20].

The aim of this paper is to show that the same phenomenon occurs in the
more general embeddings of Edmunds, Gurka and Opic [4] and Fusco, Lions and
Sbordone [9]. Let @ C R"™, n > 2, be a bounded domain and let « € R, e < n—1.
It is shown in [4] and [9] (see also [2] and [13]) that there are constants C; and

(' such that
ex dr < C
/Q p((ClHVUHLnlogaL(Q)) ) -

for every u € WyL"log® L(Q2) (see Preliminaries for the definitions of these
spaces). If a > n — 1 then every function from WyL™log® L(2) is bounded
and in the limiting case &« = n — 1 we have the following embedding into double
exponential Orlicz spaces: for every 3 < n — 1 there are constants C; and Cs
such that

/ expexp<< [u(@)] )"717ﬁ>dx < Oy
Q C(1||vu||L" log”~ ! Llog? log L(Q)

for every u € WyL"log"™! Llog”log L(Q)). For a further discussion about the
limiting case f =n — 1 see [5].

Following [14] we state our results in the generality which can be applied in
the context of analysis on metric measure spaces. In what follows X will always
denote a metric space equipped with a Borel measure p and €2 will denote a
measurable subset of X. The statement of [14, Theorem 1.1 4i)] is essentially the
statement of the following theorem in the special case a = 0.

Theorem 1.1. Let Q@ C X be a domain with () < oo and let u,g : Q@ — R.
Fiz s € (1,00) and o € R, o < s — 1. Suppose that the inequality

(1.4) inf /Qexp<< [uly) — )Slsa>d,u(y) < Oy

ceR Cillg|Ls 10g” ()

1s stable under truncation. Then

o) ts—l
(1.5) inf/ dt < oo.
ceR [, logs—l—a< ep(92) )

H({welu(@)—c=t])
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Theorem 1.2. Let Q C X be a domain with u(§2) < oo and let u,g : @ — R.
Fiz s € (1,00) and € R, f < s — 1. Suppose that the inequality

(1.6) inf /Qexpexp(<clug‘ [uy) — | )bﬂi[’)du(y) < (Cy

ceR L5 log® ™! LlogP log L(Q)

18 stable under truncation. Then

s—1
(1.7) inf !

CGR/Ov logs—l—b’ (6 + lOg (M( e () ))

{zeQ:|u(z)—c|>t})

dt < oo.

The requirement that the inequality (1.4) (resp. (1.6)) is stable under trunca-
tion means that for every d € R, 0 < t; <ty < oo and z € {—1,1} the pairs vff,
912 = gX{t1<v<ts}» Where v = z(u — d) and vj?> = min{max{0,v —t,},t5 — 1}, also
satisfies (1.4) (resp. (1.6)) :

inf /Qexp<< [0 () — ¢ )s'_f_a>du(y) < (.

R Cilg¢2 | Lo 1oge L)

Notice that the function u clearly satisfies truncation property if @ C R", u = L,
and g = |Vu|. For further applications of the powerful truncation technique which
was first used in [16] we refer the reader to [15], [10] and references given there.

The validity of (1.5) and (1.7) is known in the Euclidean settings if we deal
only with functions with zero traces (see [4], [8] and [3]). Again these spaces
serve as the best rearrangement invariant space target of the embedding of
WoL™ log® L(€) and Wy L™ log™ ! Llog” log L(2). Our approach gives a new proof
of these embeddings and we have additional information if we deal with functions
that do not have a zero trace at the boundary.

To relate our statements (1.5) and (1.7) with the results in [1], [8] and [3] simply
notice that for every decreasing differentiable function ¢ : [0, 00) — (0, 00) such
that lim; . ¢(¢) = 0 we have

o0

| weyewa = [ outa e @] > s
Here f; denotes the non-increasing rearrangement of f with respect to the mea-
sure p (see e.g. [22] for the definition and basic properties). The simple proof
that (1.5) implies u € exp Li=i=s(Q) (or (1.7) implies u € expexp La=1-7(12))
can be caried out analogously to [1, proof of Theorem 3].

As we pointed out before, Theorems 1.1 and 1.2 are general enough so that
they can be applied in the context of analysis on metric measure spaces (see
[10], [14] and references given there for a possible range of applications), but our
results give a new information even in the Euclidean setting. This will be briefly
discussed in the last section.



4 STANISLAV HENCL

2. PRELIMINARIES

A function ® : R — RT is a Young function if ®(0) = 0, ® is increasing
and convex. We denote by L®(Q) the corresponding Orlicz space with Young
function ® on a set {2 with measure p. This space is equipped with the norm

1l pe (@) = inf{A >0 / <I>(|f(;)|) du(z) <1} .

Q

For an introduction to Orlicz spaces see [21]. By W L®(£) we denote the set of
functions f such that |V f| € L®(Q) and by W,L®(2) we denote the closure of
C () in WL*(Q).

For s > 1, « € R and f € R we fix an Young function ®,, 3 such that
D, o 5(t) ~ t*1log%(e + t) log” (e 4 log(e 4 t)). We denote by L*log® L an Orlicz
space corresponding to the Young function @, and by L*log® Llog’log L an
Orlicz space corresponding to the Young function ® , 3. Analogously given v > 0
and 0 > 0 we fix Young functions ®.(t) and ®s(¢) such that ®.(t) ~ exp(t?)
for t > 1 and ®5(t) ~ exp(exp(t’)) for t > 1 and we denote by exp L (resp.
exp exp L) an Orlicz space corresponding to the Young function ., (resp. Ps).

We say that an Young function ® satisfies Ay-condition if there is C' > 0 such
that ®(2t) < C®(t) for every t > 0. If & satisfies Ag-condition then (see [21,
Proposition 6, p. 77])

O
21 [ oGt =

Note that the function @, , g satisfies Ay-condition.
Let ® be a convex function and let h : S — R be a non-negative function.
Then we can use the following version of the Jensen’s inequality:

(2.2) ﬁ/gh(aﬁ)daﬁ < <I>1(ﬁ/scb(h(x))dx).

We will also employ the following simple lemma.

Lemma 2.1. Let v be a finite measure on a set Y. If w > 0 is a v-measurable
function such that v({y € Y : w(y) = 0}) > %Y), then, for everyt >0

vy €Y rw(y) > t}) < 2inf v({y € Y : Jwly) — [ > £/2}).

We will often abbreviate the set {x € Q: f(z) > a} {z € Q: f(x) >a} ...)
to{f>a} {f<a} ...).

By C' we will denote various positive constants that may depend on s, «, 3, Cf,
Co, K, ||9llv(o) and || f|]y (), where Y = L*log® L(£2) in the proof of Theorem 1.1
and Y = L*log" ! Llog”log L(Q) in the proof of Theorem 1.2. These constants
may vary from expression to expression as usual.
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We denote by £,, the n-dimensional Lebesgue measure. We write h(t) ~ g(t) if
there is a constant C' > 1 such that Lh(t) < g(t) < Ch(t) for every ¢. Sometimes
we abbreviate [, f(z)du(z) to [, fdu and we write f;, udp := (19) Jo udpe.

3. PROOF OF THEOREM 1.1

Lemma 3.1. Let s € (1,00) and o € R. Suppose that the functions fi, : Q@ — R
have pairwise disjoint supports and that f = > 7" fr € L¥log® L(Q). If a > 0
we further assume that

<C log( en(€Y)

1
(3.1) log L5 log™ L(Q)) p({fx #0}) )

|1l

Then

Lslog® L(Q) < OO-

pRIrALk
k=1

Proof. Without loss of generality we may assume that ||f|

L5 log® L(Q) — 1. Oth-
erwise, we will replace fi by WHL{—D‘L(Q) and the constant C' in (3.1) we will
og
replace by C' + max{0, log || f|

Lologe () }- Other conditions are not affected by
this change.

Denote A\r, = || fx|
and A\, < 1 we have

A< C / $10g% (e + 254
; p ; | Jitog (e )\k) m

<C> | flog*e+ fi)du=C [ flog® fdu < C.
k=1 Q Q

Lo loge (). First let us assume that o < 0. From (2.1), « <0

(3.2)

From now on let o > 0. We claim that

1 1
3.3 log(e+ —) < Clo e+—/ clog®(e + f)du ).
(3:3)  og(et ) < Clog(et s | filog®(e+ fdu)

From (2.1), Ay < 1 and the simple inequality we obtain

Jr

)\S<C’/fklog e+ — )d,u<C’)\a/fklog (e + fr)du

and hence

1
~log / i log™ (e + fi)dn) < Clos(e + ).
k

Together with (3.1) this implies (3.3).
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Fix a convex function ® such that ®(t) ~ tlog*(e + t). Then ®71(t) ~
tlog™*(e + t) and therefore we may use Jensen’s inequality (2.2) for the func-
tion h = f7 and S = {fx # 0} to conclude that
(3.4)

/szi < C(/S fii log®(e + fk)d@ 1nga(e+

From (3.3) and (3.4) we have

/f,jloga(e—l— &)du < C’/ f,jlogo‘(e+fk)du+6’log"‘(e+i)/f,ﬁd,u
Q )\k Q )\k Q

1 S o
—M<{fk7£0})/;fk log (6+fk)du>-

<C [ fplog*e + fuldu
Q
and hence we can finish the proof similarly to (3.2). O

Proof of Theorem 1.1. Part of our arguments will follow the ideas of [14, Theorem

1.1 4i)]. For the completeness we give some details.
Choose d € R such that

(> d) > P ana p(u < ayy > 1Y)

Let vy = max{u —d,0} and v_ = —min{u —d, 0}. In what follows v will denote
either vy or v_. Fix 0 < t; < t3 < oco. From (1.4), truncation property and
expt =y, % we have

s—l—a

sk s s a
(35 inf( / off = e[ i) < O gk e 200
Q

ceR

for every k € N. From Lemma 2.1, C/* ~ C for k > 1 and the weak form of
(3.5) we obtain

s— 1 e

tu({vi > t})] [ ({lv —cl =t2h)] <
( ) N 1951 toge L2
for all k € N and every ¢ > 0. Since (k)% ~ k we have
({lﬁQ :> t}) = 1 < s—l—a 1 a
(3.6) t(W) <Cm 119:2 1] 22 10ge L()

for all m > 1 and every ¢t > 0.

Fix i € N and let t = t; = 2%, t;;; = 2" and m = log(%). From

02 > 21} = {v > 21}, AlogA = ¢ ! and (3.6) we have
2'L

log ™" (i)

(3.7) < Cllgsi |

Lslog® L(Q)-
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We raise this estimate to power s and sum over ¢ and we obtain

0o 51 > 9si
/ it<Cy
s—1—a/ eu(2) - s—1—o en(Q)
(3.8) 2 log™ " (Grnsy) = log" " (Gretzy)

< CZ [l

For o < 0 we may use Lemma 3.1 to conclude that the last sum is finite. From
(3.8) for vy and v_ we have
(3.9)

[ee) 755—1 fe'e) ts_l
inf / dt < / dt <
c s—1—a e () — s—1—a en () —
RJo log (ieaut)—sm) o log (Geeatu@-asm)

LS log™ L(Q2)"

00 ts—l oo ts_l
< C( / dt + / dt> < 00
0 logsflfa< en () ) 0 logsflfa( en () )

n({v+2t}) p({v-=t})

Now let us return to the case 0 < o < s — 1. The only thing we need for
finishing the proof similarly as above is

> 2si
(3.10) P
= log"™! (%)

Set S; = {v > 2},

Q s e (€2
G = {z € Ny : log(M(ng))) < K45=1== log(:zgi)))} and B = Ny \ G,

where K > 1 is a constant big enough such that 0 € G. For i € G we can use
(3.6) for m =1,t =1t; = 2¢, t;;; = 271 and the definition of G to conclude that

ep(€2
log(‘ §:+1| Lls o™ L) < Clog(ﬂ(é(iﬂ)))
en(Q) ep(S2)
< Olog((ray) < Clos( s

This verifies assumption (3.1) and therefore Lemma 3.1 and (3.7) give us

250 i1
(311> Zlogsla( () ) <CZH 2+

i€G u({v>22+1}) i€G

leog L(Q) < 0oQ.
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For i € G let us define B; = {jEB:j>iand {i+1,i+2,...,5} CB}. From
the definition of B, simple induction and (3.11) we have

(3.12)
2%
jeZBlogs_l_a(W ;JGZB log™™ '~ a(;ﬁuﬁi))
<% 3 o g
=~ 1
- C; log™™ - a( ({ii-g—fflm) j;1 2:079 -
From (3.11) and (3.12) we obtain (3.10) and the proof is finished. O

4. PROOF OF THEOREM 1.2

The strategy of this section is similar to the previous one, but we give some
details for the convenience of the reader.

Lemma 4.1. Let s € (1,00) and 8 € R. Suppose that the functions fr : Q2 — R
have pairwise disjoint supports and that f ="~ fr € L®log®” ! L1og? log L(Q).
We further assume that

1 ep(Q)
(4.1) log < Clog(———F=~).
(||fk||leogS1L10gﬁlogL(Q)) <M({fk 7é 0}))
Then .
Z ka‘ SLS log®~! Llog”? log L(2) < 00.
k=1

Proof. Denote Y = Lflog® ' Llog’log L and )\, = || felly (). Without loss of
generality we will suppose that || f||y @) = 1. We claim that
(4.2)

log(e+)\ik) < Clog(e%—ﬁ/ﬂfﬁ log* e+ f) logﬁ(e+10g(e+f))du).

1(

From (2.1), Ay < 1 and an elementary inequality we obtain
PH C’/ filog® (e + E) log” (e + log (e + ﬁ))alu

1
<O [ frlog e+ fu)log? (e + log(e + fu))d
Q
and hence

—log /fk log® (e + fi) log” (e 4+ log(e + fi))du) < C'log(e + )\1k)

Together with (4.1) this implies (4.2).
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Fix a convex function ® such that ®(t) ~ tlog* ‘(e + t)log’(e + log(e + t)).
Then ®~'(¢) ~ tlog™ " V(e 4 t)log (e + log(e + t)) and therefore we may use
Jensen’s inequality (2.2) for the function h = f7 and S = {fx # 0} to conclude
that
(4.3)

/ fi < C/ filog® (e + fr) log® (e + log(e + fi))dp
S s
log=¢Y <e + m /s filog® t(e + f1) log” (e + log(e + fk))d,u>

- 1 S s—1
-log 5<6 + log(e + m/sfk log® (e + fk)logﬁ(e + log(e + fk))du)>.

The function t — 5~ log”(e+1) is increasing for big enough ¢ and therefore (4.2)
gives us

log®™* (e + )\i) log” (e + log(e + )\i))
k k
s—1 1 s s—1
< C'log (e + —M({fk o7 /ka log* (e + fi)log”(e + log(e + fk))du)

1 s s—1
-log” (e + log (e + m /Q filog® (e + fi)log” (e + log(e + f@)du)).

Thus the elementary inequality and (4.3) imply

/ fitog™ (e + 15 Log? (e + log(e + 14 )
< C’/ filog®™? (e + fx) log” (e +log(e + fi))du
Q
1 1
+ Clog®! (e + —) logﬁ(e + log(e + —)) / fidu
Ak A o

< [ frtog™ e+ fi)loge + loge + i)

Now (2.1) implies
- s - s s—1 & B ﬁ
;)\k < C;/ﬂfk log®~ ' (e + /\k) log” (e + log (e + )\k))d,u
< C’Z/ filog® ™ (e + fi) log” (e + log(e + fi))du
k=17

= C’/ filog*™! (e - f) log” (e + log(e + f))du < C.
Q
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Proof of Theorem 1.2. We choose d € R such that

(> dp) = M and p(u < a) > 1

2
and let v, = max{u — d,0} and v_ = —min{u — d,0}. We fix 0 < t; <ty < 0
and we denote Y = L*log®~! Llog”log L. From (1.6), truncation property and
exp kt g
et =) S Pl
k=0 k=0 1=0
we have
. to _ sl S_sll_ﬁ k l sl to
(4.4) inf ( |v;2 — c|s=1-7 d,u> < C( ) Hgt1 I
ceR 0

for every k,l € N. From Lemma 2.1 and the weak form of (4.4) we obtain

(s > = < ) () T gty

1
[

for all k,1 € N and every ¢ > 0. Since (k)1 ~ ((k+ 1)!)7 if k < I we obtain

1-8

p{vz >t = abby
5 (10 2 D)y iy
forevery b>1,1<a<bandt>0.
Fix i € Nand let t; = ¢t = 20, t;; = 277 b = 1@%) and a =
blogfl(e-{—b)
b

blog (e +b). From A% = e ' (blog™'(e + b))
w3 > 21} = {v > 2} and (4.5) we have

2i
—1-p8
log s (e—i—log(%))

Set Sz = {U 2 21},

~ (C for b > 1,

i+1
(4.6) < gz v

G= {z € Ny : log(e%—log(:éf?l)))) < K471=a log (e + log(ZH(Q)))}

and B = Ny \ G, where K > 1 is big enough such that 0 € G.
From Lemma 2.1 we obtain

p(fo =2 = u({us” = 2%) < 2inf p({los" —cf 2 271)).

Hence we can use (1.6) and the truncation property for ¢; = 2¢ and t, = 2! to
obtain

, PARE S
i 2 27 Y espesp(( G —) ) <6
Cllgz v
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Thus for i € G we have

]_ —1-p —1-08 C
< Clog™ 2 (e+log(———)) < Clog ™+ (e-+log(————))
93" v p(Sit1) p({g3" #0})
This verifies assumption (4.1) and therefore Lemma 4.1 and (4.6) give us
2Si 41
TR pp— el R

o log* e+ (i) iec

For i € G let us define B; = {j € B:j >diand {i+1,i+2,...,j} C B}.
Analogously to (3.12) we obtain from the definition of B, simple induction and
(4.7) that

287
Z —1- ep($2) )) <

s—1
jeplog™ " (e + log (o

(4.8)

25
<C < 0.
N Z Z 45(=1) Jogs~ 1P (e + log( ep(©) )) >

i€C j=it1 H((0=271])

From (4.7) and (4.8) we obtain

o] ts—l 9si
CZ < 00
s—1— e (2 S— en(2
/2 log®~! ﬂ(e+log(u({/2(23}))) < Jog* e+log(—u({v’§gill})))

and therefore we can finish the proof similarly to (3.9). O

5. THE EUCLIDEAN SETTING

A domain 2 C R" is called an ¢p-John domain, 0 < ¢y < 1, if Q is bounded
and there exists z¢ € €2 such that each x € ) can be joined to x( inside €2 by a
rectifiable curve v : [0,1] — ), parametrized by arc length such that the distance
to the boundary satisfies

dist(y(t),09) > cot, t € [0,1].

Each Lipschitz domain is a John domain and so is a Koch snowflake domain, [18].
Given a domain €2 C R"™ and u : 2 — R we denote ug = #(Q) fQ u. The proof

of [7, Theorem 3.2] tells us that if €2 is a ¢p-John domain, o < 0 and
/ |Vu(z)|" log®(e + |Vu(z)|)dx <1
Q
then we can find constants Cy = C(«, ¢y, £,(2),n) and Cy = C(a, cp, n, L,(2)),

such that
Lexp((%:uﬂ)n . a)d:z:< Cs.

This clearly gives us (1.4) and therefore we have the following corollary of Theo-
rem 1.1:
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Corollary 5.1. Let Q C R" be an co-John domain for some 0 < ¢g < 1. Let
a <0 and Vu € L™log® L(Q2). Then

[ee) ts_l
inIf{/ ; T dt < oo.
ce s—1—« eln

0 log <£n({x€Q:|u(z)fc|2t})>

The main application of our results in the Euclidean settings is the fact, that
we can always have a better embedding in the domain €2, if the embeddings into
exponential or double exponential Orlicz space is valid in Q.

Let us note that the original proof of the exponential embedding of Trudinger
(1.1) was based on the following idea: First estimate a value of the constant of
the embedding

[lull () < CPIVullno
for large p. Then use the exponential series

(z) n >0 [|ul] | n nk
Leo((Emtm) e =X alamns)

k=0

and the knowledge on C (42} to show that the series converges if we choose C
sufficiently big. Our proof tells us that the similar strategy would be possible for
the proof in the general case, i.e. a <n — 1. Indeed, we have used (1.4) only to
deduce (3.5), which is equivalent (note that functions of the form v;* are dense
in WL"log™ L(2)) to an estimate of the constant of the embedding

||U||LP(Q) < C(p, )|Vl Ln 10 L(Q)-
From this fact only we were able to deduce (1.5) which is even a stronger property
than u € exp L#=1=a (Q).

Acknowledgement. The author would like to thank Pekka Koskela and Jani
Onninen for drawing his attention to the problem.
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