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Abstract

We study Sobolev classes of weakly differentiable mappings f :
X — Y between compact Riemannian manifolds without boundary.
These mappings need not be continuous. They actually possess less
regularity than the mappings in #1"(X, Y), n = dimX. The central

themes being discussed are:
e smooth approximation of those mappings
e integrability of the Jacobian determinant

The approximation problem in the category of Sobolev spaces between
manifolds # 17 (X, Y), 1 < p < n, has been recently settled in [2], [3],
[20], [21]. However, the point of our results is that we make no topo-
logical restrictions on manifolds X and Y. We characterize, essentially
all, classes of weakly differentiable mappings which satisfy the approx-
imation property. The novelty of our approach is that we were able
to detect tiny sets on which the mappings are continuous. These sets
give rise to the so-called web like structure of X associated with the
given mapping f: X = Y.

The integrability theory of Jacobians in a manifold setting is really
different than one might a priori expect based on the results in the
Euclidean space. To our surprise, the case when the target manifold

Y admits only trivial cohomology groups H*(Y), 1 < £ < n = dimY,
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like n-sphere, is more difficult than the nontrivial case in which Y
has at least one non-zero ¢-cohomology. The necessity of topological
constraints on the target manifold is a new phenomenon in the theory

of Jacobians.

Contents
1 Introduction

2 Preliminaries Concerning Manifolds

2.1 Manifolds . . . .. ...
2.1.1 Legitimateballs . . . . .. ... ... ... ...
2.1.2 Whitney covering . . . . . . ... ...

2.2 The Sobolev space #'"P(X)Y) . . . .. ... ...

2.3 Differential forms . . . . . . ... oo
2.3.1 Sobolev classes of differential forms . . . . . . ... ..
2.3.2 Hodge decomposition . . . . . . . ...,
233 Pullback . . . ... oo
2.3.4 Partition of unity . . . .. ...
2.3.5 Cartan forms . ... ... ... o000

2.4 Mollifiers and smoothing operator . . . . . .. ... ... ...

2.5 Maximal operators . . . . . .. .. ..o L.
2.5.1 The Hardy-Littlewood maximal operator . . . . . . . .
2.5.2 The Fefferman-Stein operator and the Hardy space

3 Examples
3.1 The longitude projection . . . . . . .. .. ...
3.2 Spherical coordinates . . ... ... ... ...
3.3 Winding around the longitude circles . . . . . . .. ... ...
3.4 A mapping of infinite degree . . . . . . .. ...

12
13
13
14
14
16
17
18
19
19
20
25
28
28
30



4

6

Some Classes of Functions 37

4.1 Marcinkiewicz space Z5.  (X) . . . ... L Lo 37
42 Thespace L*P(X) . . . . . . ... 39
4.2.1 Spherical averages . . . . . ... ... 39
4.2.2 Special sequences . . . . . .. ..o 41
4.3 The Orlicz space ZF(X) . . . . . ... L. 42
4.4 Grand GZP-space . . . . . . . it e e 47
4.5 Relations between spaces . . . . . .. ... ... ... .. 48
4.6 Sobolevclasses . . . . ... . Lo oo 53
4.6.1 The Orlicz-Sobolev space #F(XY) . ... ... ... 53

4.6.2 The Sobolev classes G#'"(X,RY) and V# (X, RY) 54

Smooth Approximation 54
5.1 Web like structures . . . . . . . .. ... ... ... ..., 55
5.2 Vanishing web oscillations . . . . . . ... .. ... ... 55
5.3 Statements of theresults . . . . . ... .. ... ... ..... 56
5.4 Proof of Theorem 5.1 . . . . . . . ... .. ... ... ..... 58
5.4.1 Step 1-Truncations . . . . . . . . . . . ... ... ... 58
5.4.2  Step 2.- Truncations converge in #W'P(X,RN) . . . . .. 60
5.4.3 Step 3.-Mollification . . . . . . . ... ... ... ... 61
5.4.4 Step 4.-Convergence of the mollified truncations . . . . 62
5.4.5 Step 5.-Projection ontoY . . . . . .. ... 62
5.5 Spinningawebon X . ... ... oL 63
5.6 Proof of Theorems 1.1 and 1.2 . . . . . . . ... ... ..... 67
5.7 Proof of Theorem 5.2 . . . . . . ... ... ... ... ..... 67
5.8 Proof of Theorem 1.3 . . . . . . . ... .. ... ... ..... 68
Z'-Estimates of the Jacobian 68
6.1 Weak wedge products . . . . . . ... ... L. 69
6.2 Distributional Jacobian . . . . . . . ... ... ... 72
6.3 Proof of Theorem 6.1 . . . . . . ... ... ... ... ..... 73
6.3.1 An integral estimate of wedge products . . . . . . . .. 74



6.3.2 Point-wise Jacobian versus distributional Jacobian . . . 75

6.3.3 Proof of Theorem 6.1 . . . . . . .. ... ... ..... 7

7 #'-Estimates 79
7.1 The Hausdorff content . . . . . ... ... ... ... ..... 79
7.2 The ' -Theorem . . . . . . . . . . .. . ... ... .... 81
7.2.1 Step 1.-The case of Cartan forms . . . ... ... ... 82

7.2.2 Step 2.-The case of closed forms . . . . . .. ... ... 85

8 Degree Theory 90
8.1 Definition of the degree via weak integrals . . . . . ... ... 91
8.2 Weak integrals . . . . ... ... .o L. 93
8.2.1 Continuity of the weak integral . . . ... .. ... .. 93

8.2.2 Z'-Estimate of the weak integral . .. ... .. ... 93

8.2.3 Proofof Lemma 81. .. ... .............. 94

8.3 Stability of the degree . . . . . . ... ... L. 96
8.4 The degree in Orlicz and grand Sobolev spaces . . . . . . . .. 97

9 Mappings of Finite Distortion 98

1 Introduction

Sobolev theory on Riemannian manifolds has come into widespread usage
in modern geometry and topology. It also continues to be of great impor-
tance in nonlinear partial differential equations (PDE’s for short), variational
problems, like those in the theory of harmonic maps [23], [34] or quasiconfor-
mal deformations [29], [32], nonlinear elasticity, continuum mechanics, and
much more. Looking ahead, we have attempted in this paper to present such
mappings with all their nuances and possible applications.

The primary objects of our study are weakly differentiable mappings:

f:X—=Y (1)



where X and Y are smooth compact oriented Riemannian manifolds without
boundary, dimX = n > 2 and dimY = m > 2. One might say that C.
B. Morrey [40] was the first to consider such mappings. The Sobolev class
#17(X, Y) can be defined in a myriad of ways that are not always equivalent.
In our approach we appeal to the celebrated theorem of J. Nash [44], which
ensures that Y can be #*°-isometrically imbedded in some Euclidean space
RYN. Let us assume that Y C RY, for simplicity. This being so, we say that
=04, fY) : X = RY belongs to the Sobolev space #1?(X, Y) if each
coordinate function f*: X — R lies in the usual Sobolev space #'?(X),
and f(z) € Y for almost every x € X. We do not reserve any particular
notation of the Riemannian tensors on X and Y, as these tensors will be
fixed for the duration of this paper. The volume elements on X and Y,
denoted by dz € €*(A"X) and dy € €*°(A™Y), will be the ones induced by
the orientation and the metric tensors. In this way #'?(X) Y), 1 < p < oo,
becomes a complete metric subspace of the linear space #'2(X, RY).

In the Riemannian manifolds setting it is not clear at all whether smooth
mappings f € €°(X, Y) are dense in #?(X, Y), a question raised by J.
Eells and L. Lemaire [11]. This is trivially the case for p > n. R. Schoen and
K. Uhlenbeck [46], [47] showed that the answer is also positive when p = n.
That is all we can have in the category of the Sobolev spaces # '*(X, Y),
unless additional topological conditions are imposed on the manifolds X and
Y [20], [21]. For example, in the same paper R. Schoen and K. Uhlenbeck
[47] demonstrate that €>°(S", S"~!) is not dense in #1?(S", S*~!) for every
n—1< p < n. While it is not clear at this point, the Sobolev space
#1"(X,Y), with n = dimX > 2, will be the borderline case for many
more classes of weakly differentiable mappings. Other related papers are
[17], [18]. Sobolev spaces with exponents 1 < p < n are natural in the
theory of harmonic mappings [11], [34], [46] and other related areas. However,
properties of these mappings are very different from those in #'"(X, Y).
This difference lies fairly deep in the concept of the topological degree. If
dimX = dimY = n, then a smooth mapping f : X — Y has well defined



degree )
deg (fi%.Y) = 5 [ T o @

where J(z, f) stands for the Jacobian determinant of f. It is evident that
this formula makes sense also for mappings in #'"(X, Y). But it is less
obvious whether it relates to topological properties of such mappings. Indeed
it does, thanks to the density of #°°(X, Y) in #"(X, Y). One might try to
extend formula (2) to mappings f € #'?(X) Y), 1 < p < n. For example,
by assuming that the Jacobian is integrable. This attempt will fail simply
because there is no way to control the integral of the Jacobian by means of
the p-norms of the differential of f. Actually, as f runs over #*(X, Y),
1 < p < n, the integrals at (2) assume every real number.

In spite of these examples, we are still able to build a viable theory of
weakly differentiable mappings slightly less regular than those in the Sobolev
space #1"(X) Y). One representative example is the Orlicz-Sobolev space
#F (X, Y) of mapping f : X — Y whose differential Df : TX — TY
satisfies i

| PUDf@dr <o, PO) = s Q
Let us emphasize, without getting into some technical details, that our theory
will actually work for other Orlicz-Sobolev spaces # " (X, Y). But we must
assume that P grows fast enough to satisfy the so-called divergence condition

/100P(t)dt:oo (@)

tn—i—l

These classes, although appearing rather restrictive, contain #*(X, Y).
However, they are typically smaller than the intersection of all the spaces
#1P(X Y),1<p<n.
X Y) X Y) S (] #XY) (5)
1<p<n
We learn the necessity of the divergence condition (4) from the radial pro-
jection
fo:B* = S" fo(z) == (6)



As observed by R. Schoen and K. Uhlenbeck [47], f, cannot be approximated
by smooth mapping f; : B* — S" ! in the metric of #"?(B", S* ') with
any p > n — 1. This example, together with an analogue on manifolds
without boundary, receives a thorough discussion in Section 3.1. Let us find

out what we should assume on P to prevent f, from being a member of
w1 (B, S*~1). The differential of f, belongs to the Marcinkiewicz space

Zn . (B). Precisely, |Df,(x)| = |z|™! and hence
]Bn
/ ar=0 1<i<o (7)
|Dfo|>t t

Integration in polar coordinates shows that

[Piorwhar=s1 [~ 2D a ®)

Thus f, ¢ #7(B") if and only if P satisfies the divergence condition. In
this way f, will lay beyond the range of our theory.
In Section 5.6 we find the closure of €°°(X,Y) in the Marcinkiewicz class

" (X, Y).

weak

THEOREM 1.1. The closure of €*°(X,Y) in the metric topology of the
Marcinkiewicz class #.-" (X, Y) consists of mappings f € #VH (X, Y) such

weak
that
lim " / dz =0 )

This property is slightly stronger than |Df| € 27 . (X). Moreover, for

every 0 < a < n, (9) is equivalent to

t—00

limt"a/ Df(@)|*dz =0 (10)
|Df|>t

In the spirit of Theorem 1.1, we give here the most general approximation
result.



THEOREM 1.2. Every weakly differentiable mapping f : X = Y, dimX =

n, satisfying

t—00

liminft"_”/|| Df@)Pdz=0, n—l<p<n  (i1)
Df|>t

can be approrimated by smooth mappings f; : X — Y in the metric topology
of WP (X, Y).

This seemingly insignificant replacement of ”lim” in (10) by ”liminf”,
has far reaching consequences. Among them is the density of ¥*°(X, Y) in
the Orlicz-Sobolev spaces # 17 (X, Y). In addition to (4), we impose some
minor technical assumptions on P, see Theorem 5.2.

One further category of mappings appears in a natural way; the grand
Sobolev space, denoted by G#'1"(X, Y). It consists of mappings

fe () 7»XY)

1<s<n

such that

1

IDf % sup ( / |Df(:r)l“dfv>n_5<oo (12)
X

0<egn—1

For instance, this space contains leé:k (X, Y). Rather than discuss this space

in full details, let us introduce a subspace V# (X, Y) ¢ G#'"(X, Y)
characterized by

lim e/X|Df(x)| dz =0 (13)
Our consideration of this subspace is motivated by:

THEOREM 1.3. Smooth mappings are dense in V#1"(X, Y).

All known proofs of the density of smooth mappings in #1"(X, Y) are
based on the embedding of #'"(X, Y) into VMO(X, Y) -the space of map-
pings of vanishing mean oscillation [7], [8]. It turns out, however, that our
spaces # 1T (X, Y) and V#1"(X, Y) for which we prove density results do

8



not admit embeddings in VMO(X, Y), so we had to use a completely different
idea. The proofs of smooth approximation involve an interesting new device,
the so-called web like structure on X. A web on X is a compact set F C X of
measure zero whose complement consists of a finite number of components,
disjoint open connected sets called meshes of the web.

Given f : X — Y, as in Theorem 1.2, there exist webs F C X, with
meshes as small as we wish, so that f restricted to I is continuous. Moreover,
oscillations of f over the boundary of every mesh of the web can be arbitrarily
small too. For this reason we say that f has vanishing web oscillations. The
presence of small oscillations of mappings in #'"(X) Y), V#'*(X, Y) and
other Sobolev subclasses of #?(X, Y) with exponent p below the dimension
of X seems to be important in future applications.

Now that we have the approximation theorems we will be able to give
meaning to usually divergent integrals of the Jacobian of f : X — Y,
dim X = dimY = n. Like in the Euclidean case [1], [42], [14], [29] this leads to
a definition of the distributional Jacobian. In various situations, however, the
manifold setting is really different than one might a priori expect. Manifolds
of the same deRham cohomology groups as S™ will be named rational homol-
ogy spheres. This class of manifolds contains all homology spheres, manifolds
whose integral homology groups are the same as those of the sphere, though
these two classes are not the same. Indeed, for p > 1 the lens spaces L(p, q)
are 3-dimensional rational homology spheres, but their integral homology!
groups are different than those of S3, see e.g. Proposition 21.28 in [5]. To our
surprise the case when the target manifold Y is a rational homology sphere is
more difficult than all other cases. What makes a difference is that in these
other cases every n-form w € €*°(A"Y) decomposes into wedge products of

closed forms of degree smaller than n, namely:

K
W = Z a; N ﬁz (14)
=1

'In what follows by cohomology we will always mean deRham cohomology



where

{ a; € € (AN“Y) Nkerd, ki €{1,2,...n—1} 15)

B; € €°(A*Y) Nkerd, £;+k;=n

Such is not the case of the n-sphere Y = S™. These forms, once pulled back

via a mapping f : X — Y, bring us to analogous decomposition of ffw in X:
K

flo=>"flai A f'8 (16)
i=1

Under suitable regularity of the mapping f, the pullbacks ffo; and f!3; are
closed forms. At this point, a careful reader may observe that the dimension
of Y is immaterial if we confine ourselves to pullbacks of the wedge products
at (14), with k; + 4, = n < dimY. We refer to (14) as Cartan forms,
named after H. Cartan who studies similar decompositions of differential
forms. These ideas fit into even larger framework. The pullback at (16) is
just a special case of a Cartan form on the domain manifold X. Precisely,

the n-form A = ffw on X admits Cartan’s decomposition as well:
K
A=) & AT, (17)
i=1

where
®; € L7 (A%X) Nkerd, £,k €{1,2,...,n—1}

18
U, € Lmi(AMX) Nkerd, l;i+ki=n (18)

If we assume that f € #*(X, Y) for some s > n — 1, then ffo; = ®; €
LG (AEX) and f18; = U € L0 (ARX).

The integral [, J(z, f) dx = [ A will exist in somewhat weak sense. It
will actually converge if J(z, f) > 0, basically by Monotone Convergence
Theorem. We refer to mappings with nonnegative Jacobian as orientation
preserving.

The situation is dramatically different if one cannot decompose fw into
wedge products. To illustrate, we give the following rather striking result.

10



THEOREM 1.4. Every Orlicz-Sobolev class #*(S™,S"), with P(t) =
o(t"), contains an orientation preserving mapping whose Jacobian is not in-

tegrable.

Such mappings are constructed in Section 3. In other words, if the target
manifold Y is a rational homology sphere, then the classical integral formula
for the degree of f fails in every Orlicz-Sobolev class below #'"(X, Y).

It is evident from the Sobolev imbedding theorem that two mappings
f,g € #**(XY), with p > n = dimX, which are sufficiently close in
#17(X, Y), are homotopic. Here X and Y may have different dimension
and need not be even orientable. B. White [53], [54] proved a stronger result
according to which every two continuous mappings in the space #"(X,Y)
are homotopic, provided they are sufficiently close in #"*(X, Y). This and
the fact that smooth mappings are dense in #"(X,Y), allow us to define
homotopy classes in the space #1"(XY).

These homotopy classes suggest several natural questions like the follow-

ing one:

QUESTION 1.1. Are there any topological conditions on X and Y under which
every two mappings f,g € #'"?(X, V)N (X Y),n—1<p<n=dimX
sufficiently close in the metric of # (X, Y), are homotopic?

This is not away the case for continuous mappings in #1?(X, S"). How-
ever, the answer is in the affirmative if 7,(Y) = 0, where we even do not
require that dimY = n. If in addition 7, ;(Y) = 0, then smooth map-
pings are dense in #1?(X, Y). Note also that the homotopy condition is
of a different nature than the cohomological one. Indeed, it is not difficult
to construct a manifold Y of dimension n with nontrivial cohomology group
HY(Y) for some 1 < £ < n and such that 7,(Y) # 0. This shows that, con-
tinuity of the degree can not be deduced from the homotopy equivalence of
mappings under the assumption that m,(Y) = 0.

The difference between trivial and nontrivial target space in terms of

its ¢-cohomologies 1 < ¢ < n, can also be observed in the borderline case

11



#1"(X, Y). Two well known results in R" are worthwhile to consider on
manifolds. The first result is: if the Jacobian of a mapping in #1*(X, Y) is
nonnegative then it belongs to the Zygmund space .Z log .Z(X). The second
is: if Y is not a rational homology sphere, then there also is a uniform bound,

/Jx £)log <e—|— ﬁ) dr < /\Df\" (19)

Remark. Throughout this paper we use the symbol =< to signify that the

namely

inequality holds with certain positive constant in the right hand side. This
constant, referred to as implied constant, will vary from line to line. In many
instances the reader may recognize the parameters on which the implied
constant depends on. If not, we will explicitly specify those parameters. For
example in (19) the implied constant depends only on the manifolds X and
Y.

The .Z log.Z-integrability of J(z, f) will remain true in case of the ra-
tional homology sphere space but the arguments will be completely different.
Unexpectedly, the uniform bound (19) will be lost. If the Jacobian changes
sign then it belong to the Hardy space ' (X), a well known result by R.
Coifman, P. Lions, Y. Meyer and S. Semmes [10] in R™, see also [30], [33].
Again, in manifold setting the arguments establishing #!-regularity of the
Jacobian will be more subtle. We will obtain a uniform bounds only when the
target manifold has a nontrivial cohomology, H¢(Y) # 0 for some 1 < £ < n.

Precisely, we have
|l < [ 1DSI" (20)

These and many more results will be discussed at full length in the text

after background material is introduced.

2 Preliminaries Concerning Manifolds

This section is written to provide notation and to serve as brief introduction
to the ZP-theory of differential forms. The general references here are [9],

12



[40], [48], [24] and [32], [52].

2.1 Manifolds

While many geometric constructions in R" can be transferred to the Rie-
mannian manifolds, the sometimes cumbersome technical details are often
new. Many unfamiliar differences will be explicitly emphasized here. Those
differences sometimes only technical, sometimes delicate and important, are
scattered throughout the research journals. Although, most of these facts
will be left unproven in this text, we state them clearly so that they are
available for a routine verification.

Our ambient space for the geometric analysis will be an oriented compact

(without boundary) smooth Riemannian manifold X of dimension n > 2.

2.1.1 Legitimate balls

Making precise estimates demands that we must work with one atlas A con-
sisting of a finite number of coordinate charts (€2, k) € A, where k : Q@ — R"
is a ¥*°-diffeomorphism of an open region 2 C X onto R*. Let us fix,
once for ever, such an atlas A and call it the reference atlas. Having A,
we introduce the so-called reliable radius of the manifold X and denote it
by R = Rx. It is a positive number such that all concentric geodesic balls
B(x,r) C B(z,4r) C X lay in one coordinate region €2 of the atlas A, pro-
vided < Rx. We then refer to such B(z,r) as a legitimate ball in X. The
point to this concept is that estimates on a legitimate ball will reduce equiv-
alently to analogous estimates in the Euclidean space. We mention now that
the legitimate balls B = B(x,r) C X share basic properties of the Euclidean
balls. In particular,

B < (diamB)" < |B (21)

Here the implied constant depends only on the manifold X.

13



2.1.2 Whitney covering

The familiar decomposition of an open set {2 C R™ into Whitney cubes will be
adapted to manifolds. While cubes are perfect regions for constructing vari-
ous partitions of R", there are serious geometric and combinatorial obstacles
to do the same on manifolds. We have chosen to work with the legitimate
balls instead of cubes. In general, it is impossible to partition a manifold
with balls. Nevertheless, we will work with finite coverings by balls in which
the overlaping number depends only on the manifold X.

PROPOSITION 2.1. Given a non-empty open set ) & X and its complement
F = X\ Q. There exists a collection F = {By,By,...} of legitimate balls
B; C X such that

1) B, C2B, CQ, i=1,2,..

2) Q= U:; B;
3) Dt Xop, () <1 for all z € Q
4) diamB; < dist (B;,F) < diamB; foralli=1,2...

Hereafter, x denotes the characteristic function and 2B stands for the ball

of the same center as B but with radius 2 times larger.

2.2 The Sobolev space #7(X)Y)

The various classes of mappings f : X — Y in this paper are defined based
on the classical Sobolev theory of real valued functions. Note that #'?(X)

is a Banach space equipped with the norm

[ £V = 1 Fl g + 1 DF e (22)

We adopt the well known results in R” to our manifold setting, see for in-
stance [45].

LEMMA 2.1. Smooth functions in €>°(X) are dense in #*P(X), 1 < p < 0.

14



LEMMA 2.2. [POINCARE INEQUALITY| For every set E of a positive measure
in X and f € #'1P(X) we have

/‘f—fE|p < CIE/ |Df(x)|P dx
X X

The constant C actually depends only on the measure of E. As usual,
the integral average of f over the set E is denoted by

fE:]][Ef(x)dx:ﬁ/Ef(x)dx

Next, the local variant of Poincaré inequality reads as:

LEMMA 2.3. For every legitimate ball B = B(a,r) we have

/|f—fB\p < rp/\Df(x)V’dx whenever f € WP (X)
B B

As a matter of fact this inequality is true for all geodesic balls in X but
we will need the inequality only for legitimate balls. Regarding the implied
constant, we emphasize that it depends neither on f nor on the radius r.

Now given two Riemannian manifolds X and Y, we shall consider the
Sobolev space #1P(X, Y) of mappings whose tangent map (differential)

Df(z) : T,X—=>T)Y, y= f(x) (23)

is ZP-integrable. Our description and certainly a rigorous definition of
#17(X, Y) relies on an imbedding Y C RY [44].

THEOREM 2.1. (J. Nash) Every €*°-smooth Riemannian manifold Y

can be €>®-isometrically imbedded in some Euclidean space RY .

The reader is also referred to M. L. Gromov and V. A. Rohlin [16] for an
account of the imbedding problem. The Nash theorem allows us to consider
#17(X, Y) as a subclass of a linear space of mappings f : X — R such that
f(z) € Y at almost every € X. The metric topology in #*(X,Y) will be
inherited from the associated norm topology in the linear space #17(X, RV).
In this way the Sobolev class #?(X, Y) becomes a complete metric space.
In what follows we shall tacitly exploit the fact that #'?(X, Y) is also closed
under weak topology of #17(X, RY).

15



2.3 Differential forms

Throughout this paper we let ¥*°(A‘X), 0 < £ < n = dimX, denote the
space of smooth /-forms on X. Two differential operators on forms will be of

particular interest to us. First is the exterior derivative
d: €°(NX) = €7 (AT'X) (24)
Second is the formal adjoint of d, also called Hodge codifferential
d* = (=)™ x dx 1 E°(ATX) = FP(AX) (25)

where x : €% (A*X) — € (A" *X) denotes the Hodge star duality operator.
Here, we conveniently introduce ¥*°(A*X) = 0, whenever £ < 0 or £ > n.
Note that *+ = (=1)4"=9 on ¥=(A*X). The point-wise scalar product of
a, B € €°(A*X) is given by (a, B) dz = a A x € €°(A"X). Hence

/}g(a,@:/xa/\*ﬁ (26)

The duality between d and d* is emphasized in the integration by parts

[ e = [ o) (27)

for p € €°(A*X) and ¢ € €= (A“1X). Now a differential form p € £P(A*X)
is said to be closed in the sense of distributions if fx (¢, d*p) = 0 for every
test form 1) € €*°(A'X), write it as dp = 0. Similarly, we define what
it means for 1 to be coclosed and write it as d*y = 0. Forms of the type
da, with a € #1?(A*"1X), are called exact while those of type d*, with
B € WP (APX), are called coexact. It results from the identities dod = 0
and d* o d* = 0 that the (-forms da € £P(AX) and d*3 € ZP(A*X) are
closed and coclosed, respectively. Finally, those forms h € £P(AfX) which
are closed and coclosed will be called harmonic fields of degree /. We denote
by H(A*X) the space of all harmonic fields of degree £ and regard it as well
known that this space is finite dimensional and consists of € *°-smooth forms.

Being so, all possible norms on H(A‘X) are equivalent. For instance,

” h H goo(/\lx) < H h HZI(/\ZX) (28)
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and further,

1
e < ([ 1) toranp>o0 (29
X

In relation to the imbedding .2, ., (A*X) C ZP(A*X), with 0 < p < 1, we

weak

record the following estimate

1
IR ] ooy ( / Ih\’”) < X7 sup{t / da; t>o} (30)
X |h|>t

as is easily verified, see (113).

2.3.1 Sobolev classes of differential forms

Four spaces of differential forms have a special place in our studies. These

sSpaces are:

The Sobolev space of closed forms:

LP(ANX) Nkerd

The Sobolev space of coclosed forms:

LP(ANX) Nker d*

The Sobolev space of exact forms:

AW P (NTIX) = {da; aEW 1”’(A“X)} C LP(AX) Nkerd

The Sobolev space of coexact forms:

WP (ATIX) = {d*ﬁ; BeW 1”’(/\‘”X)} C L7 (AX) Nker d”

It is far from being evident, although it is true, that for 1 < p < oo all four
of these classes are complete linear subspaces of .£?(A*X) [32]. In each of
those classes the corresponding subspace of smooth forms is dense.
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2.3.2 Hodge decomposition

Decomposition of a differential form w € Z?(AX) into exact, coexact and

harmonic component will play essential role in our proofs.

THEOREM 2.2. [HODGE DECOMPOSITION| For 1 < p < oo and { =

0,1,...,n we have the following direct sum decomposition
LP(NX) = d# P (NTIX) @ &P (ANTTIX) @ H(AX) (31)
Accordingly, every w € LP(A*X) can be decomposed as
w=da+df+h (32)
where
|| wrope-1x) + [ Blwropensy + [ A] gopnexy < |w] 2oaex) (33)

We restrain ourselves to only a few comments about the case when w is
a closed form. It follows from the uniqueness of this decomposition that the
coexact component of w vanishes. That is,

w=da+h, forwe LP(ANX)Nkerd (34)
In fact, this is none other than the Z?-setting of the deRham cohomology:
Every closed form in Zp(/\eX) N kerd is exact modulo harmonic fields.

In other words, each deRham /-cohomology class of X is uniquely represented
by a harmonic field. In symbols H*(X) 2 H(AX). The harmonic component
at (34) can be explicitly expressed as h = Tw, where T is a Calderén-
Zygmund type operator acting on .ZP(A*X). As this operator is weak (1, 1)-

type, a uniform £}, -estimate combined with (30) yields

e

Il < sup{t /|h|>td‘”; t>o} < 1@l (39)

We reiterate that the implied constant depends on the volume of X.
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2.3.3 Pullback

Our applications of the ZP-theory of differential forms pertain largely to the
pullbacks via a mapping f : X — Y of differential forms in the target space.
Let @ € €°(AYY) and f € #P(X, Y), p > £ > 1. The pullback ffo lies in
A ¢ (A*X), because of the point-wise inequality

ffa| < (DS (36)
We point out that the commutation rule
ffod=do f* (37)

requires some regularity of f. For instance it holds for f € #1*(X, Y) pro-
vided p > ¢+1. The exterior derivative in the right hand side is understood in
the sense of distributions, while the left hand side is a form in .Z71 (A¢HX).

2.3.4 Partition of unity

The arguments for our proofs as well as the definition of the Hardy space
1 (X) will involve a device of regularization. For such purposes partition of
unity is needed. To assemble local estimates into global ones we shall make
use of partitions of unity with small supports on X

Given any locally finite covering § of X a smooth partition of unity
subordinate to § is a collection {ng; Ue 3} of functions ¢y € €;°(U) such
that

e 0< p(r) <1

e > g lr)=1 forall z € X

The existence of partitions of unity is well known. We illustrate it with an
example that will be used later on. Given differential forms o € £P(A*X)
and dB € #P(A“1X), with the aid of a partition of unity we write

a=Y 0% g (38)

UeF Ue¥
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dB=>"dB, =Y d(g, ) (39)

Ueg Ues
In this sum each term dfy is an exact form. On the contrary, if « is closed
the terms ay are no longer closed forms. In spite of this inconvenience the
above decomposition is still the most practical one. The point to it is that
the exterior derivative
doy, = @, da+dg, N (40)

enjoys the same regularity as do.

2.3.5 Cartan forms

Let Y be a € *°-smooth oriented closed Riemannian manifold of dimension
m > 2. Recall that €°(A?Y), 1 < £ < m, is a module over the ring €>(Y).
The first thing we wish to discuss here is that € (A%Y) is finitely generated
by exact differential forms, say

d=,, d=s, ..., d=u (41)

where Z; € €°(A*1Y). This simply means that every v € €*°(A?Y) can be

written as

M
Y NdE;  where A € €7(Y) (42)
i=1

In general, one cannot guarantee that the generators d=1, d=,, ..., d=;; will

be linearly independent at each point y € Y. Therefore, the decomposition
at (42) need not be unique. Our goal is to select the generators carefully
and give an explicit formula for the coefficients \; € €*°(Y) in terms of
v € € (AYY).

PROPOSITION 2.2. There exist differential forms Z; € €°(A“1Y) and T; €
E*(AY), i = 1,2,..., M, such that every v € €*(A*Y) admits the decom-

position

M
v = Z i dE; where \; = (v, T) (43)
i=1
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The symbol (, ) stands for the point-wise scalar product of differential
forms. Precisely, using the Hodge star operator, \;dy = M\ A (xI;). We
take particular note of the fact that the functions \; depend on + in a linear
fashion.

It is useful to begin with a finite atlas of local charts (2, k) on Y,

k=1,2,.., K, such that each mapping
K = (K, Ky ooy )+ Qp — R™

is a diffeomorphism of an open region 2, C Y onto R™ and Uszl Qr =Y.

Let us state it in this way:
dig ANdii A .. ANdK" #0 on O

Upon obvious modifications (multiply by a suitable bump function) we pro-

duce a system of mappings, again denote by xj, such that

e Each kj is defined on the entire manifold Y and maps it smoothly into
R™.

e The Jacobian determinant of ki, which we define by the rule
Ti(y) dy = d/i,lC A dnﬁ A . ANdKy

satisfies:
jk(y) > 1 for Yy E Qk

In this extension of k; the new open sets () are actually slightly smaller
than the original ones, though they still cover the manifold Y. To each
k=1,2,...,K and f-tuple I; 1 <11 < iy < ... < 1g < m there corresponds a
differential form

=l = ki dk? A A dKE € EF(ATHY) (44)
Now, the exact forms we had in mind can be defined as

d=f = dkl} A dK2 A . A dK) € € (NY) (45)
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They will serve as generators of the module ¥*°(AY) over the ring € (Y).
Fix a partition of unity {¢x}r=12,. x subordinate to the cover {Q}r—12, k-

We introduce differential forms I', € € (A%y,), by the rule
Pk dEi’ I 101 <2 <<
1141 <1< < <m
7 where k1:1,22,...,K t (46)

The superscript I’ stands for an ordered complementary (m — £)-tuple. Pre-

I __
x[ =

cisely, I' = (41,145, ...,i., ,) is ordered in such a way that (i1, ..., %, %, ..., 7, _4)
constitutes an even permutation of (1,2,...,m). In this way dEg = dl{,;:l A
e A d/fzm" is a smooth (m — ¢)-form on Y. The Hodge star operator
* 1 €(A™Y) — €°(AYY) converts it onto an ¢-form, making '} €
€>°(A*),). To prove the decomposition formula at (43) we recall that .7,

being a form in €*°(AfQ;), can be uniquely written as

Ry = Z afcl'"i" d/ifcl/\d/-cf/\.../\d/i}f where ozf;"'i‘ € T () (47)

1< <...<ip<m

To compute the coefficients afcl’“"i‘ we wedge both side with the complemen-

tary product
Bl = dkid AdK2 A . Adi € EP(ALY)

The exterior multiplication annihilates all terms except the one corresponding
tol;1< i <...<tp<m

oy ANd=g = o (y) Ti(y) dy

Applying Hodge star operator this equation reads as

i1.ip Pk dEf _ I
k
Hence
oy =Y _(7.ThydEf, k=12 .K (49)
I
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Summing up we arrive at the desired decomposition

K
Y=Y {(,T}) d=; (50)
k=1 T

To complete the proof we need only rename the indices. Precisely, we abbre-
viate the multi-index ,ﬁ to a single letter t = 1,2,...,. M = K (TZ)
Uniform bounds of the functions JA; in terms of v follow directly from the

formula (43). Let us record the following one

[ Xileryy < [vlerw (51)

The decomposition, as constructed above, is at intrinsic interest in regard to

the following representation of the exact forms on Y.

PROPOSITION 2.3. Every ezact n-form w € €°(A"Y), 2 < n < dimY can

be written as

M
w=Y d\AdZ (52)
=1

where \; are smooth functions on Y.

Proof. We write w = dvy, for some v € €*°(A""1Y). With the aid of Propo-

sition 2.2 we decompose 7y as

K
¥ =) Nids
i=1

and differentiate to obtain
K
dy =) _d\ A dZ;
i=1

as desired.
Concerning estimates of \; in terms of w, we observe that our decompo-
sition depends on the choice of . For this reason it is desirable to introduce

the following norm
[W]oo = inf { 7 |1y dy=w} (53)
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With this definition at hand we can achieve the following estimate

[ Xill g1y < [w]oo (54)
Proposition 2.3 gives rise to a class of the so called Cartan forms, named
after H. Cartan who studied similar differential forms.

DEFINITION 2.1. [CARTAN FORMS| An n-form w € €*°(A"Y), n < m =

dim Y, is said to be a Cartan form if it can be decomposed as

M
i=1

where a; € €°(A%Y) Nkerd and B; € €°(A*Y) Nkerd. Here we assume
that k‘z,gz 2 1 and kz +£z =n.

Thus the exact forms in ¥*°(A"Y), with 2 < n < dimY, are Cartan
forms. We take up this topic here by assuming from now on that dimY =
dimX = n.

COROLLARY 2.1. Every n-form w € €*(A"Y), dimY = n, whose integral

over Y wvanishes is exact. Consequently, w is a Cartan form of the type
M
w=Y d\AdZ (56)
i=1

COROLLARY 2.2. If the manifold Y of dimension n admits at least one Car-
tan n-form with non-vanishing integral, then all n-forms on Y are Cartan
forms.

COROLLARY 2.3. [DECOMPOSITION OF n-FORMS| Every w € €*°(A"Y),

dimY = n, can be written as

M
w= <][ w) dy+ d\iNdE; (57)
Y

=1
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Next we bring on stage the manifolds which are cohomologically simple.
Recall that Y is a rational homology sphere if all its cohomology groups
HY(Y), with 1 < £ < n vanish. In this case Cartan’s n-forms

M
w = Z (6] N ﬁz (58)
i=1

are necessarily exact and as such have integral zero over Y. Indeed, every
closed form ¢; is exact so is each wedge product o; AfB;, 2 = 1, ..., M. In other
words, the condition H¢(Y) # 0, for some 1 < ¢ < n, is necessary in order to
find a Cartan form on Y with non-vanishing integral. Our next result shows
that this condition is also sufficient.

Suppose H*(Y) # 0 for some 1 < £ < n. Hodge-deRham theory tells us
that there exists a nonzero harmonic field A € H(A®Y). Consider the n-form

w=hAxh=|h|*dy (59)

where xh € €*°(A" *Y) is Hodge dual to h. By the definition of H(A%Y)
the form h is both closed and coclosed. We then see that *h is also closed.

Thus w is a Cartan form. That w has non-vanishing integral follows from the

w= [ hAxh= [ |h|*dy #0 (60)
Joo= [rnon= ]

We end this section by combining these later observations with Corollary 2.2.

formula

PROPOSITION 2.4. Let dimY = n. Then every w € €*(A"Y) is a Cartan
form if and only if HY(Y) # 0, for some 1 < £ < n i.e. if Y is not rational
homology sphere.

2.4 Mollifiers and smoothing operator

For the duration of this paper we fix a nonnegative function ® € ¢5°(R")

supported in the closed unit ball and having integral 1. For example

1 .
0 if [z] > 1
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where C), is a constant. The one parameter family
1
(o) = @ (%) . >0 (62)

defines an approximation of the Dirac mass at the origin; ®; are called mol-
lifiers.
Given u € 4! (R"), the mollification of u is the family of functions

loc

up € €°(R"), t > 0, defined by the convolution formula
() = / B,(z — 2)u(z) dz (63)

Various bounds for a function u € 7/1;(’:7’ (R*), 1 < p < oo, imply the same

bounds for u;. Basic properties of the mollification are listed below:
(i) %gr(} ui(z) = u(z) for almost every z € R”
(i) If u is continuous then u,; converges to u uniformly on compact subsets
(iii) Mollification preserves the ZP-bounds; more specifically,
|uel| er@ny < [ulgr@ny, 1<p<o0
| dut | zorey < [ dul 2pgn)y, 1<p< o0

(iv) For 1 < p < oo and u € #*(R"), we have

lim [ uy —u | grgn) =0

lim [ up —u | yro@e =0

The implied constants in (iii) are actually equal to 1, but not on manifolds
latter on. It is well known that 11_{% ui(z) = u(x) at every Lebesgue point of
u, regardless of the generating mollifier ®. We can even take ® to be the
average of the characteristic function of the unit ball:

&(z) = ’ﬂBTET”) (64)
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For this choice of ® the mollifications, denoted by u,(x), are the familiar
Z'-averages over the balls B(z,7):

u () :]1[3(95,7«) u(z) dz (65)

Next we invoke the reference atlas A on X, which we already fixed in
Section 2.1.1. Let us also fix a partition of unity {¢,},., subordinate to

onto,

A. Thus, to every () there corresponds a coordinate mapping x : ) =% R”.

Now the mollification operator in R" can also be defined on X, by the rule
Fla) = Y ¢ola) [ Bulwa) = DT (RS dz (66)
Q

Each integral term is a smooth function on Q, equal to (fox™);0k € F*().

We shall write this formula in a compact form as

filz) = /X Kz, 2)f(2) dz (67)

where K; : X x X — R, is ¥*°-smooth for all ¢ > 0.
Clearly, all basic properties of the mollification listed in (i-iv) remain valid

on a manifold X if we restrict ourselves to sufficiently small parameters ¢, say
0<t<tx (68)

where tx depends on X, the atlas A and the partition of unity. As those were
fixed, our upper bound tx is also fixed for the duration of this text. Note
that the proof of (iii) relies on Lemma 2.2 with E = X.

Mollification procedure usually enlarges the support of f. For example,
if supp f C U, then supp f; C Uy, where

Uy ={z€X dist(z,U) <t'} and ¢ gt <t

The implied constants in the inequalities ¢ < ¢ < ¢ depend only on X
This can be seen from the equation

(v) Ki(x,z) =0, whenever dist (x,z) > ¢
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Moreover, if f : X — R" is constant then f, : X — R is also constant for
all ¢ > 0, which is immediate from the identity

(vi) [y Ki(z,2)dz=1, forallt>0
Finally, combining (v) and (vi) we obtain
(vii) osc fi < ess oS f ottt

Perhaps, the definition of the essential oscillation of a measurable function
f:V — R is in order. The symbol ess_0sc f stands for the infimum of all

d > 0 such that the set {(x1,22) € VX V; |f(z1) — f(z2)| > d} has measure
zero in V x V.

2.5 Maximal operators

The well-developed study of maximal functions has an analogue for Rieman-
nian manifolds. Here we shall frame the definitions and basic properties in

this setting, some pending a discussion in subsequent sections.

2.5.1 The Hardy-Littlewood maximal operator

Given 1 < p < o0 and h € Z?(X, V), where V is a finite dimensional

normed space, we define

M, h(z) = sup { <]I[B h(z)P dx) " seBC x} (69)

The supremum runs over all metric balls B C X containing a given point z.

Since the entire manifold X is also a ball we see that for every x € X

Mb) > (f W)% (70)

Lebesgue Differentiation Theorem tells us that
|h(z)] < Mph(z) forae z€X (71)
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Also note, by using Holder’s inequality, that the function p — M,h(z) is
increasing. For notational convenience we omit the subscript p if it equals 1.
Thus

M,h = (MIAP)> (72)

PROPOSITION 2.5. [WEAK TYPE ESTIMATE| For every h € £P(X, V) the

mazimal function Myh belongs to the Marcinkiewicz class L2,..(X) and we
have
/ v < ~ [ |h@)Pde (73)
Mph>2t g |h|>t
for allt > 0.

We will not prove this proposition here. The arguments establishing (73)
are very similar to those used in the Euclidean setting. Let us point out that
the main tool is Vitali type covering lemma, which is true in any separable
metric space. But we are not involved in such generality. The interested
reader may try to consult [13, 2.8.4-2.8.6].

As a consequence of the weak-type estimate at (73) and of sublinearity

of M, we obtain

COROLLARY 2.4. Let {h;} converge to h in Z°(X, V), s > 1, then {M;h;}

contains a subsequence converging to Mh almost everywhere.

Of course, M, is a sublinear bounded operator in .Z*°(X, V). By inter-

polation, we infer strong type estimates.

PROPOSITION 2.6. The mazimal operator M, : Z°(X, V) — Z*(X) is

bounded for all p < s < 0o. Precisely, we have
IMphls < B, (74)

Reviewing the maximal function M f in relation to the mollifiers f; we
first notice that

£@)] < ]{E( 1f(e)ld (75)
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where ¢t < r < t. In particular,
|fi(z)] < Mf(z) forevery z e X (76)

As for the differential D f;, we have the following estimate

D) < ][

B(x,r)

)] de+ ][ Df(2)|dz (77)

B(z,r)

This also applies to f(z) — C, with C being any constant. It has to be noted
that (f — C); = fy — C, hence

Dfi(@)] < ][

B(z,r)

F(z) — Cldz+ ][ Df(2)|dz (78)

B(z,r)

Poincaré inequality gives an estimate of the first integral in terms of D f.

—Cldz < Df(2)|dz < Df(2)|d
Ji@,r) /()= Cldz < 7 ]{BW f(2)]dz < ]{EW)| £(2)] dz

Finally, as the integral averages do not exceed the maximal function, we
obtain
|IDfi(z)] < M(Df)(z) forallzeX (79)

2.5.2 The Fefferman-Stein operator and the Hardy space

The one parameter family of ¥*°-smooth functions K; : X x X - R, 0 <
t < tx, introduced in Section 2.4, will be employed to define another maximal
operator on X. For an n-form w € .Z'(A"X) we define a function w; € €*°(X)
by the rule

wi(z) = /XKt(:L', Jw, 0<t<tx (80)

If w = h(z) dz, where h is an integrable function and dz is the Riemannian

volume element on X, we also write

hi(z) = /XKt(x,z) h(z) dz (81)
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Then PII(} hi(z) = h(z) at the Lebesgue points of h. This gives a way to
%

the concept of the maximal operator; replace 11r% by sup. Recall that the
- t>0

Hardy-Littlewood maximal function of h € .£*(X) is defined by

0<t<tx

(Mh)(z) = sup { ]][B |h(z)|dz; € BC X} = sup |h/i(z) (82)

where the supremum runs over all metric balls containing the given point z €
X. More sensitive on various cancellations is the Fefferman-Stein maximal
function

(Mh)(z) = sup |h(z)], heL(A\"X) (83)

0<t<tx
Let us emphasize explicitly that here we first mollify A and then take the
absolute value of it. Clearly, we have

Mh(z) < Mh(zx) (84)

but not conversely. As a note of additional interest, the maximal operator
M can be defined on Schwartz distributions due to the smoothness of the

generating function ®, see [50].

DEFINITION 2.2. [HARDY SPACE] An n-form h € £ (A"X) is said to be in
the Hardy space #*(A"X) if Mh € £L1(X).

We see that ##1(A"X) is a Banach space with respect to the norm

a2 %’I(X)=/XMh (85)

We refer to [51] for yet another approach to .##!-spaces on manifolds. Now,
we recall very briefly the Zygmund space .Z log .2 (X). It consists of functions
h : X — R such that

| P #1052 = / |h(z)|log (e + M) dr < oo (86)

X fx |h|

see also Section 4.3. It is known that £ log .Z(X) C #'(X). Indeed, for h €
Llog LX), IMh| < IMh| € £'(X), by Stein’s Theorem [49]. Conversely,
any non-negative function in S (X) lies in .Z log Z(X), see [50].
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3 Examples

In this section we go through some well known and some new examples which
provide a view on weakly differentiable mapping. In this vein the following
modification of the example by R. Schoen and K. Uhlenbeck [46] proves to

be most desirable.

3.1 The longitude projection

Consider the n-sphere S™ in the Euclidean space R**! = R* x R. We write
the point z € S™ as © = (2, Z,41), where z € R" and z,,; € R are coupled
by the equation |z|*> + |z,41|*> = 1. The projection along the longitude lines
of S™ onto its equatorial sphere S"™' = {y € R*; |y| = 1} is defined by the
rule

FiS™\ {n, s} = S f(z,2001) = % (87)

Thus f is not defined at the north pole n = (0,1) and the south pole s =

(0,—1). Elementary computation shows that

Df(x)] = |1—| (38)

Therefore, f € #1P(S",S"1) for all 1 < p < n but not for p = n. Actually,

its differential lies in the Marcinkiewicz space £ .. (X). Precisely, we have

1
< / dr 5 —, for t>1 (89)
|Df[>t

1
[ L

Arguing by analytic methods of topological degree we find that f cannot be

approximated by smooth mappings

fi= (fjlaf]?, ,f]n) . §n _y §n-t

in the metric of #1"1(S" S*!). Indeed, looking for a contradiction we

examine the wedge products
df} A .. Ndf] € €=(A"S")
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The 1-forms dfjl, dij, ..., df]" are linearly dependent (at each point) because of
the relation |f;|*+ ...+ |f'|* = 1, which yields that f} df} + ...+ f/"df}' = 0.
Hence, the wedge products df]-1 A ... Ndf} are identically equal to zero. Now,
for every ¢ € €>°(S™) the integration by parts yields

0=/ gpdfj.l/\...Adffz—/ [ do NdfP A NdfT
Sn Sn

The interested reader may recognize that the right hand side defines the so-
called distributional wedge product [24], [29]. These latter integrands possess
sufficient degree of integrability to pass the limit under the integral sign as
j — oo. Elementary computation then shows that

B* | [p(n) — ()] = /Sn frdo ndf?.. Ndf" = Jlggo o fjld@ A dij"‘ Ndfft =0,
which gives a clear contradiction if we choose p(n) # ¢(s).

In this example f fails to be uniformly continuous near the poles. Fur-
thermore, the oscillation of f on any (n— 1)-surface surrounding one of those
poles stays away from zero, no matter how close to the pole the surface is.
And this is exactly what we shall try to avoid. But the precise results must

wait until the relevant concepts will be introduced.

3.2 Spherical coordinates

Let x = (x1,%9,...,7n41) be a point in the n-sphere S* C R**1, 22 + ... +

z2 ., = 1. Spherical coordinates (z,6) on S™ can be introduced by setting
(%1, %2, ..y Tpy1) = (zsin b, cos h) (90)

where z lies in the equatorial sphere S”~! C R", and 0 < 0 < 7 is the latitude
angle, x,.1 = cosf. Singularities occur at the north pole n = (0,...,0,1),
6 = 0, and at the south pole s = (0,...,0,—1), § = w. At those poles we
cannot determine the equatorial point z € S™~!. The usual volume element

on S™ takes the following form in spherical coordinates
dx = |sin@|""" df dz (91)
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where dz stands for the standard volume element on S™*. Thus, in particular

wp, = |S" = / dr = wp—y /7r sin" ' 6 df (92)
n 0
For 0 < a < 8 < 7 we shall consider the spherical slice
SE = {(zcos0,sinf); zeS™ "' and a <0< B} (93)
Its n- dimensional volume can be estimated by

B
S = wn s / sin" 10 df < %(m —a") = [BY(f"—a")  (94)

3.3 Winding around the longitude circles

Given a spherical slice S?, 0 < o < 8 <, let v : [, 8] — [0,00) be an
increasing function. The mapping f : S# — S" is defined using spherical

coordinates by the rule
f(zcosf,sinf) = (zcosy(f),siny(f)) for a<i<p (95)

is called winding map. Note that (zcos#,sin ) and (z cosy(6),sin~y(6)) lay
on the same longitude circles.

We calculate the Jacobian determinant J(z, f) at the points where the
derivative 7'(6) exists. Observe that the linear tangent map D f(z) : T,S™ —

Tt)S™ is stretching in the longitude direction by 4/(f) and in all the equa-

siny(9)
sin §

at x = (zcos#,sinf) is the product of those stretching factors.

torial directions by the factor ‘ ‘ Hence the Jacobian determinant of f

n—1

M >0 (96)

sin

JI(z, f) =~'(0)

The operator norm of the linear map D f(z) is precisely equal to:

sin 6

|Df(z)| = max {7’(9), sinv(@)‘ }, z = (zsin 6, cos ) (97)
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3.4 A mapping of infinite degree

Consider a sequence of latitude angles

00 =T > >20, >0, =20, >0, > 2010 > Ok 20k—|—1 > 0k+1 >0 (98)

w|>1

Additional conditions on these angles will be imposed later on. The sphere

S™ is divided into countable number of spherical slices

U SZ@IH-l U U ka (99)

We now construct an infinite covering f : S® — S™ by the rule
o [:S%  —S"is the identity for k =0,1,...
o f:Sj — S™is the latitude winding for k = 1,2, ...

f(zcos@,sinf) = (zcosy(0),sinvx(0))

(0) =0+ zw(eg— Or) (100)

Let us observe that f : ng’“ — S™ is the identity on the boundary of Szz’“.
Precisely, we have v, (6y) = 6 and 7, (26x) = 20) + 2. Furthermore, f maps
all points of latitude 6 = 376y /(27 + 6) into the south pole. It maps points
of latitude @ = 4n6 /(27w + 6) into the north pole. Outside those latitude
spheres f is a local diffeomorphism. Since the image of ng’“ covers the whole
sphere S™ we estimate the integral of the Jacobian determinant of f as

J(z, f)dz > 2w, (101)

26,,
Sok

for every £ = 1,2,... We then conclude that the Jacobian is not integrable

J(@, f)dz > 2w, = o0 (102)
k=1

Sn
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Because of this f does not belong to the Sobolev class #"(S™, S™). It is
desirable to see which Orlicz-Sobolev classes contain this mapping f. We
therefore need to estimate the differential of f. On each spherical slice Sg§k+l

the norm of D f equals 1, whereas for (z cos 6, sin 6) in ngk formula (97) yields

|Df(z,0)] = max{1+20—7r, M‘}
k

sin 6

2T 1 8
< 1+ —, — < =, 103
max { + 0,  sin@ } 0y (103)

because 0, < 0 < 20,. Also observe that the volume of SZZ’“ does not exceed
2" tw,_10%, by the formula at (94).
Now let P : [0,00) — [0,00) be any Orlicz function that exhibits slower

growth than ¢". Precisely, we assume that
hgg}f tT"P(t) =0 (104)

The reader may consult Section 4.3 for the definition of the Orlicz function.
We find that

[, PUDS @) do < |83 P(E) < 222 P(3) (105)
Ok

As [Df(z)| =1 on the remaining spherical slices, it follows that

[ PUDI@) dr < PO)+ Y N6 (106)

where
Ae) = Zent "P(8) (107)
Since

liminf A(e) =0,

e—0

one can find a sequence of latitude angles satisfying (98) such that

i )\(Gk) < 00

We then conclude with the following result.
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THEOREM 3.1. For every Orlicz function satisfying (104) there ezists
an orientation preserving mapping f : S™ — S™ in the Orlicz-Sobolev class

#1E(S™,S™) whose Jacobian determinant is not integrable.

4 Some Classes of Functions

We begin with the Riemannian volume element dx on X. However, our
considerations in this section pertain to more abstract setting. Perhaps the
reader has already observed that we have reserved capital script letters for
all types of function spaces, with few exceptions. Thus, let (X dz) be a
finite measure space and 0 < p < oo. The Lebesgue #?-space, denoted by
ZP(X), is a complete metric space. The metric is induced by the non-linear

functional )
IF,= | Fll o = ( [1F@r dx) < oo (108)

see Section 4.3 and formula (136).
Before making generalizations we single out the weak-L” space, which is

also known as Marcinkiewicz space.

4.1 Marcinkiewicz space .Z°_ . (X)

weak

This space consists of functions satisfying

1
[Fl, £ sup (tp /F| td:r) T <o (109)
>

>0

Clearly, we have

[Flp < | F'llp,  hence ZP(X) C L0, (X) (110)
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It is evident that [ ], is not a norm, and | |, is also not a norm in .Z?(X)
when 0 < p < 1. For every 0 < a < p, Fubini’s theorem yields

tp/ s < t”“"/ P (2)]* da
|F[>t |F|>t
- tp/ d:r+t”_o‘/ (IF(z)[* — 1) do
|F|>t |F|>t

|F ()]
< [FPp+te / / at® ) drdx
P>t \Jt
= [FP+ tp_a/ ar® P! (Tp/ dx) dr
t |F|>T
< L (pp (111)
= P

pP—«

Taking the supremum over ¢ > 0, we obtain

1
ef —Q o P
[F1p<[F]a,pd=sup(tp /| \F|) <, (1)
>t

In other words, .7

weak

(X) is characterized by the inequality [F],, < oo for
some or, equivalently, for all 0 < o < p. The Lebesgue space .Z?(X) corre-
sponds to o = p, in which | F'|, = [F],,- It follows from the above estimates
that 27 (X) C .Z2%(X), for every 0 < a < p. As a mater of fact, we have
the estimate

11
[ Flo < [X[o2[F], (113)

To this end consider the inequalities
[ < [ r@eds [ r@)eds
X |F|<t >t
e D La-p P
< X+ p—_at [F]p (114)

by (112). Now the estimate (113) follows if we take t = |X|~Y/P[F],,.
(X) in a family Z*P(X)
of the so-called very weak Lebesgue spaces, see [27], [14].

We shall now place the Marcinkiewicz class £7,.,
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4.2 The space .Z*?(X)

Given 0 < a < p, the space Z*P(X) consists of measurable functions F' =
F(z) such that

1
{F}ap 9 Jim inf (t”_a/ |F(z)|“ dx) <0 (115)

One should be a little cautious because .Z*?(X) is not a linear space, though
F ¢ 2%P(X) implies \F' € Z*P(X) for every A € R. Precisely, {\F},, =
IA[{F}ap It is clear that £P(X) C Z*P(X) for every 0 < aw < p. On the

other hand,
2% ¢ | 2% (116)

s>o

see Section 4.5. For 0 < a < 8 < p we have the following chain of inclusions
czﬂp

weak

(X) ¢ 277(X) € 2*7(X) C Lear(X) (117)

This latter new space £&,.. (X) = Z%?(X) consists of functions satisfying

t—00

1
lim inf <tp/ dm> T = {F}op <00 (118)
|F|>t

The nuance is that we have replaced sup in the definition of £”  (X) by
liminf. Finally, we introduce the subclass Z*?(X) C Z*?(X), 0 < a < p,

by requiring that {F'},, = 0.

4.2.1 Spherical averages

Let n—1 < a <nand F € Z*"(X). For a given point z € X, we shall look

closely at the expressions

(7

ro) =1 (f y Fldy) (119)

as functions defined for almost every r € (0, R|, where R will be a small
number. As usually, S(z,7) = 0B(z,r) denotes the geodesic sphere in X
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centered at x and with radius . When applied to F' = |Df| these integral
expressions represent average stretchings of the deformation f : X — Y. One
important feature of the space .Z*"(X) is that F,(r) takes arbitrarily small

values as r — 0. Precise statement reads as:

PROPOSITION 4.1. For every € > 0 the set of radii v € (0, R] such that

F,(r) < € has positive linear measure.

Proof. Recall that F' € Z£*"(X) has the property

t—00

lim inf t”o‘/ |F(z)|*dz =0 (120)
|F|>t

Assume, to the contrary, that there exists € > 0 such that

(e}

Fur) =7 (]é(m Fed) > (121)

for almost every r € (0,R]. For simplicity of the exposition we assume
that S(z,r) are spheres in R” and z = 0. The general case reduces to this
Euclidean one by using the normal coordinates. In this coordinate system
small geodesic spheres centered at x become the Euclidean spheres centered

at 0, see [34, definition 1.4.4.]. Inequality (121) translates into the following

estimate
Wpo1 P° P dr 1 [*
n—uo o T € 0 |z|=r
1
= . |F(2)|° dz (122)
Tlxp

for every 0 < p < R. We split |F| into two parts, say |F'| = F} + Fy

[ P@ R <
Fi(z) —{ 0 it [P > 5o (123)

[0 @<
P { P iR > 55 2



To simplify typing we introduce the parameter ¢t = i and proceed as follows:

n—o 1
L VAR |F(2)| dz
n—a €* Jiz<p
1 . 1 .
= — |Fi(z)|* do + — |Fy(z)|* dx
€ €
lz|<p |z|<p

1 dr 1
< —a/ —xa+—a/ F(2)] do
2 Jizj<p 21* € Jipgy e

e n—0 2p)n
— Wp—1p + ( p) " a/ |F(l‘)|a dz
2%(n — a) " |F(2)|>t

The first term is absorbed by the left hand side, so we arrive at the estimate

(2% — Vw1 €"
2n(n — )

N

o / F(2)]* da (125)
F|>t
This estimate is in contradiction with (120) once we let ¢t = i go to infinity.

4.2.2 Special sequences

By the definition, every F' € Z*P(X) admits a sequence {t;};=1,2,.. of positive
numbers increasing to infinity such that

sup (tfo‘/ |F(z)| dx) T <o (126)
|F|>t;

i>1

If Fe ¥

weak

(X) then every sequence {¢;};—1,.. has this property. Now, a
sequence of positive numbers {#;};=1 o .. increasing to infinity will be referred

to as special sequence for F' if

lim (tf“ / |F(x)\"‘dx)p =0 (127)
1—00 |F‘>tq‘

Thus the notation F' € Z*?(X) simply means that F' admits a special se-
quence. It is not difficult to see that if F,G € £*P(X) have common spe-

cial sequence {t;} then the nontrivial linear combination H = AF + pG
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also lies in Z*P(X). Indeed, special sequence for H consists of the number
7; = (|| + |u|)t;, by the following computation:

( / \H(wﬂad:c)” <
|H|>T;
(tf“ / |F(x)|"‘da:)p + (tf;“ / |G(x)|”‘dx)p
|F|>t; G>t;

However, the linear structure is lost in .Z/*P(X) because two different func-

(lul + [AD

tions may not have a common special sequence.

The reader may wish to recall the function F(x) = |Df(z)| defined at
(88). It belongs to the Marcinkiewicz class 2., (X), but fails to satisfy the
condition {F'}, = 0. In Section 8.2 we shall make use of special sequences
to introduce the concept of the so-called weak integrals. It will not matter
which special sequence we choose, they all yield the same weak integral. It
is therefore natural and important to know in which of the function spaces

we always have special sequences. Let us begin with the Orlicz classes.

4.3 The Orlicz space .7 (X)

In this section we briefly review basic concepts of the theory of Orlicz spaces.
Naturally, it also gives us an opportunity to discuss the notation used in this
text.

DEFINITION 4.1. The term Orlicz function pertains to any infinitely differ-
entiable function P : R, — R, which is strictly increasing and satisfies

def

P(0) £ lim P(#) = 0 (128)
P(00) &£ lim P(t) = oo (129)

DEFINITION 4.2. The Orlicz space is a collection of measurable functions
u : X — V, such that

/XP ('“‘,C—”)‘) dz < oo (130)
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for some positive k = k(u). This space will be denoted by .27 (X, V).

Here and in what follows V is a finite dimensional normed space. If
V = R we simply write Z"(X). Note explicitly that the usual convexity of
P will not always be required in this paper. Also, if we fix a basic for V then
u € Z¥(X V) if and only if its coordinate functions belong to .£* (X). It is
easy to see that .Z¥ (X, V) is a linear space. Clearly .#?(X, V) is the Orlicz
space for P(t) = t?. Of special importance to us will be the Orlicz spaces
ZF(X, V) which are slightly larger than .£7(X), 1 < p < co. More precisely,
our standing assumption upon P will be the so-called divergence condition

<P P
/ (1) dt = oo, for instance P(t) = ——— (131)
, el log(e + t)

Actually, p will be the dimension of X. We shall see in Section 4.5 that

Under the divergence condition at (131) we have the inclusion

LX) c LX) forall 0<a<p (132)

The Orlicz space is equipped with the Luzemburg functional (no triangle
inequality) defined by

Jul, =inf{k>0; /XP(@) dz < 1} (133)

Of course, if a function u vanishes almost everywhere in X then | u | p = 0.
Otherwise, the infimum in (133) is attained at exactly one value k = |u | >

0. As a note of warning, it can happen that

()
/XP(WHP) de < 1 (134)

To see this take P(t) = ¢! —1, X = (0,1] and u(x) = —log(z + z log®z) > 0.

Indeed, elementary computation reveals that

1
/ (€|u(m)‘—1)dx:g—1<1, whereas |u|p=1
0
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because .
/ (ewq)dx:oo for all k < 1
0

On the other hand for u = 0 we have the equation

/P(Iu(w)) dv=1,  provided |u[, >0
X

lulp

whenever the defining Orlicz function satisfies a doubling condition. This
simply means that
P(2t) <k P(t) (135)

for some k > 1 and all ¢ > 0. We call k the doubling constant.
Recall that .#F(X,V) is a complete linear metric space in which the
distance between v and v is measured by

dist, [u,v] = dist [u, v] 9L inf {p > 0; /P (M) dx < p} (136)
2P x) X ’
Clearly if dist, [u, v] > 0 then

[u(z)—v(z)| = di
/XP (T) dr < pg for py = ’gp}%;cg)[u, v] (137)

with the possibility of equality to occur sometimes. However, if P satisfies
the doubling condition, then the equality always holds.
The triangle inequality dist,[u,v] < dist,[u, w] + dist,[w, v] follows di-
rectly from the elementary inequality
la + 8 < max{M,M}, p1,p2 >0
p1+ P2 p1 P2

when we apply it to @ = u — w and b = w — v. The arguments establishing

completeness of the space £ (X) are much the same as in the case of the
space -ZP(X), with p > 1.

Taking P(t) = t?, where p > 0, we recover the well know fact that
ZP(X,V) is a complete linear metric space with respect to the distance

” p/(p+1)

dist [u,0] = [u=o]’
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However, for p > 1 the exponent p/(p + 1) is unnecessary in order to make
a metric in .ZP(X). For p > 1 the usual distance function |u — v|, has
many advantages such as homogeneity. Unfortunately, if 0 < p < 1, this nice
expression |u — v |, fails to satisfy the triangle inequality; £7(X) is not a
Banach space.

If a sequence u; converges to u in .Z* (X, V) then also jli_glo |uj—u|, =0.

This follows from the inequality

|u—v]|, < dist [u,v],  provided dist [u,v] <1 (138)
2P (X) 2P x)

Another useful observation is that if functions u; € L7 (X, V), j = 1,2,...
are supported on a common set of finite measure and converge uniformly to
u then v € ZF(X, V). Moreover,

lim |u; —u|, < lim dist [u;,u] =0 (139)
j—o0

j—o0 £P(x)

PROPOSITION 4.2. Let X be a finite measure space. The closure of bounded

functions in LY (X, V) is a linear subspace given by

ZEX, V) = {u; /P (|u$c_;c)|) dx < oo,  for every k > 0} (140)
X

In fact we have even more precise result. Given u € £ (X, V), where
X is a finite measure space, its distance to .Z*(X, V) Cc ZF(X, V) can be
computed by the rule

2P (x)

dist [u, £ = inf {k > 0; /P (@) dx < oo} (141)
X

If the space X enjoys some differentiable structure we find the following

corollary.

COROLLARY 4.1. Let §2 be a bounded open subset of R* (or any Riemannian
n-manifold). Then the closure of €°(, V)N .ZL*(Q, V) equals LL(Q, V).
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It is to be noted that, in general, bounded functions are not dense in
ZF (X, V). An example that illustrates this possibility is furnished by P(t) =

e! — 1, which defines the so-called exponential class

Exp.Z (X, V) = {u; / e do < oo, for some k = k(u) > 0} (142)
X

Fortunately for our analysis, ZZ (X, V) = £ (X, V) whenever the defining
Orlicz function satisfies a doubling condition.

We refer to an Orlicz function P as Young function if its second derivative
is non-negative, i.e. P is convex. In this case .#"(X,V) is a Banach space

and | satisfies also the triangle inequality. That is why we shall use the

I

in the convex case. It compares with the

term Luxemburg norm for | |,,

distance function rather nicely:

dist [u,v] < 4/ |u—wv],, provided |u—wv], <1 (143)

2P x)

This follows from the inequality P(et) < eP(t) forall0 < e<1and t > 0;a
simple consequence of convexity. Inequalities (138) and (143) imply that

lig oy~ ul, =0 iff lim dist i, 0] =0 (141
Note that even in this convex case the density of bounded functions (Propo-
sition 4.2) in £P(X, V) still requires the doubling condition (135) as the
example of exponential class demonstrates.

In many situations, when we speak of the space £ (X, V), we do not need
to explicitly specify the defining function P = P(t); only its behavior for large
values of ¢ will be significant to us. To effectively handle this case we make
the following definition. Given ® € ([0, 00) (not necessarily increasing), an
Orlicz function P = P(t) is said to be equivalent to ® if there exists A > 1
such that

P () < ®(t) < AP(A), forallt>0 (145)

1
AT X

We write it as P =~ ®. Note we do not claim here that a given ® € C[0, c0)

admits an equivalent Orlicz function. If two Orlicz functions P and @) are
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equivalent to each other, with the parameter )\, then
£ dist [u, v] < dist [u,v] < X dist [u, v] (146)
2P (x) 29(x) 2P x)

Hence T (X, V) = Z9(X,V), as metric spaces. In particular, two Orlicz
functions equivalent to a given ® yield the same metric space. When X has
finite measure it will suffice to assume that (145) holds for only large values
of ¢, in symbols P ~ ®. Here ® need not be even defined for all ¢. In this
finite measure case we still have ZF (X V) = £9(X V), whenever P ~ ®
and Q ~ ®.

Some Orlicz spaces play special role in the theory of Jacobians. The
Zygmund spaces already have standard notation which we want to recall
here:

o ZlogZ(X) = £P(X), P =tlogle+1)

o Llog Z(X) = 2"(X), P=rmy

o ZPlog” Z(X)

LX), P~tlog®(e+1), 0<p<ooand a€R

o ZPloglog Z(X) = £7(X), P ~tPloglog(e¢+1), 0 <p< oo

4.4 Grand G.ZP-space

Let 1 < p < oo, we consider functions F' € (), ,_,-Z*(X) furnished with the
norm .
|Fl,= sup (e / |F(z) [P~ d:r) PSS (147)
0<ep—1 X
This gives us a Banach space, denoted by G.£?(X), which is even larger than
the Marcinkiewicz class

LX) C 27

weak

(X) € G27(X) (148)

It is important to realize that £?(X) is not dense in G.£?(X). Its closure

consists of functions having ”vanishing p-modulus”, see [31], [27]

lim ¢ / F(2)]"~dz = 0 (149)
X
4

e—0
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We denote this space by V.ZP(X). As before, the function F(z) = |DF(z)|
defined at (88) lies in G.Z"(X) but not in V.£"(X); a cause for the lack of
smooth approximation later on. Let us record two more inclusions (see the

next section)

GL'(X) C 27X (150)
VLX) C LX) (151)

for every 0 < a < p.

4.5 Relations between spaces

In this section we will show that

VX)) c | L7 X) =27(X) 0<a<p (152)

where the union runs over all Orlicz functions P satisfying

e divergence condition

/OO PO 4= oo (153)

w1

e growth condition

[t=*P(t)] > 0, for large values of ¢ (154)

We would like to remind the reader that the divergence condition (153) alone
is too weak to guarantee that the functions in .#*(X) belong to £%(X). To
fill up this gap we have to impose the additional condition (154).

It is well known that .Z. ., (X) C (,.,-Z*(X). Here we shall demonstrate
that the space Z;?(X) is not contained in [, _, £*(X). Even more, we will
construct a function which lies in .Z*?(X) but not in .Z*(X), for any s > a.
Of course this example also will show that the inclusion £#?(X) C £**(X),

where o < 3, is proper, because Z*?(X) C Z*(X).
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Let us notice that

z@WX)={Fe;z%xy hﬁﬂ%a/;xuwmwdx:o} (155)

t—00

as this infimum, if vanishes, coincides with lim inf.

PROPOSITION 4.3. Suppose that u € V.LP(X). Then v € L*?(X) for all
0<a<np.

Proof. Let € > 0 and consider the function W (t) = ¢!, for all ¢ > 0. First
we observe that

e/w (1) di = 1 (156)

Next we perform the following computation, by using Fubini’s Theorem:

inf 7o / u(@)edz < e / W, (t) = / u(z)|® dx dt
lu|>t 1 |u|>t

t>1
()|
= e/ \u(x)|°‘/ tr=eldt da
lu[>1 1
€
L — Pmed 157
[ (157)

Letting € go to zero, the claim follows by (155). O

PROPOSITION 4.4. Fiz 0 < a < p. Suppose that P is an Orlicz-function
satisfying (153) and (154). Let u : X — R be a measurable function such
that

/Xpﬂu(x)\) de < o0 (158)

Then
u € Z2(X) (159)

Proof. First we observe that the condition (154) implies u € .£*(X). Con-

sider the non-negative function ¥ = t* Pt *P(t)|', with large values of ¢;
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say t > A. Then

/Oolll(t) a = L0

A 1%

h > P(t)
+(p—a)/A e dt
A

P(4) -
> P +(p—a)/A Wit=co  (160)

Next we pick up 7" > A, and compute by using Fubini’s Theorem:

(/AT\II(t) dt) g/gtp—aﬁxm(x)\adx < /AT\I!(t)t”‘“ </|u>t\u\a) dt

|l
< / e / (1)1 dt
lu[>A A

< [ Pud< [ P(u) 161
lu|>A X
Letting T tend to infinity, the claim follows from (158), (160) and (155). O

PROPOSITION 4.5. Suppose that v € L*P(X). Then there exists an Orlicz
function P satisfying conditions (153) and (154) such that

u e L7 (X)
Proof. We find a special sequence {t} such that
l<thi<thi+l<ta<ta+1l<ts<...

and
e / lu(z)[ dz < 27
ul >,

For each k£ = 1,2,... we find a smooth nonnegative bump function n; on
(0, 00) with support in (t,tx + 1), such that

/ - me(s)ds = (p— a)(ty + 1)P

t

We set



and

Then

/000 f;(fl) dt = /Ooota—f’—ly dt = /Ooot"‘""l(/otn(S) dS) dt
— /O h ( / h 1P Iy (s) dt) ds=(p—a)’ /O ) s*Pn(s) ds

which shows that u € £7(X). O

EXAMPLE 4.1. We prove strictness of the inclusion in (152) and simulta-
neously validate the claim (116). There exists a function F' : I = [0,1] —
[0,00) in the space Z*P(I), so that F' ¢ .., -Z*(I). It then follows that
F ¢ V.ZP(D).

s>a

o1



Construction. We define Iy =0, a; =0,t; =1
t, = 2%
I, =ty P2k k=23,...,
ar = agp_1 + Iy

and denote
]Ik: [ak_l,ak), k:2,3,

so that

Iy = ap — ag_1 = |Ij

Then we set

F(z) = Zthﬂk(x) z € l=][0,1].
k=2
Notice that
I, <27k

and thus (J, I C L. First we show that F' belongs to Z*?(I). The sequence
{te}32, is special. Indeed, for i > k > 2

G Lt =) P2 <27
Hence

o [ F@ede=gm Y nes > 2t=zt o0 (10
F>ty,

i=k+1 i=k+1

as k goes to infinity. Now, we show that F' does not lie in J,,,Z*(I).
Indeed,

1 o0 o)
| @ =3 tn =3 e (163)
0 k=1 k=1
Using elementary inequality
logy 7Ty = (s —a)k* — (p— ) (k —1)*' —k
(s —a)k* — (p— a)k*t — kF1
= ((s —a)k—(p—a+ 1))1::'“_1 — 00

Y
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we obtain .
/ |F(z)]° dz = o0
0

as desired.

4.6 Sobolev classes

A Sobolev mapping f : X — RY is a vector field f = (f', f?, ..., f¥) whose
coordinate functions lay in the usual Sobolev space #1?(X), 1 < p < oo.
As for the mappings f : X — Y between manifolds it has been increasingly
acknowledged that the introduction of the Riemannian structure on both X
and Y is necessary to build a viable theory. Broadly speaking the presence
of this additional structure involves no loss of generality and at the same
time it pays off handsomely in geometric insights. Adopting the imbedding
theorem of J. Nash simplifies matters substantially. Thus we assume that
the target manifold Y is ¥ *°-isometrically imbedded in some Euclidean space
RM. Now the term Sobolev mapping f : X — Y pertains to a measurable
function f: X — RY such that f(z) € Y for a.e. z € X.

4.6.1 The Orlicz-Sobolev space #H¥(X)Y)

This space consists of weakly differentiable functions f : X — Y C R" such
that

| fln = / (@)|dz+ | Df[, < o0 (164)

We should stress that in order to speak of weakly differentiable mapping
f : X — Y we must ensure that |[Df| € #'(X). This requires P(t) to
grow at least linearly, namely P(¢t) » ¢ With this assumption in place

#1F(X,Y) becomes a complete metric space with respect to the distance

dist, ,[f, 9] = | f — g, +dist,[Df, Dg] (165)

Of course, the distance function depends on the imbedding Y C RY but dif-
ferent imbeddings yield the same topology in # " (X,Y). The weak topol-
ogy in the linear spaces .ZF (X, R") makes no sense in the nonlinear class
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ZF(X,Y). But we can speak of weak convergence in #1F(X,Y). In what
follows we will be interested in the Orlicz-Sobolev classes # 1" (X,Y) such

that * P(t) dt
/1 UL (166)

Additional conditions, such as (135) or (154), will also be imposed when

necessary.

4.6.2 The Sobolev classes G#''"(X,R"Y) and V#1*(X,R"Y)

As always the dimension of the domain manifold X equals n > 2. The grand
Sobolev space G#'1" (X, R") consists of the vector functions f : X — R¥
such that

£l = 1£1,+ sup (/|Df |"fdx) oo (167)

0<e<n—1

This is a norm which makes G#1"(X, R") a Banach space. The closure of
%> (X, RY) in this space denoted by V#1" (X, RY) is characterized precisely
by the condition

11_1)%6 /X|Df(:c)|” ‘de =0 (168)
However, the density of €*(X,Y) in V#1*(X,Y) will require some work, if
the target manifold Y is not a vector space. We shall establish this important

fact in Section 5.8.

5 Smooth Approximation

The first of the main questions that faces us is to whether smooth map-
pings f : X — Y are dense in the given Sobolev class. As we have said,
this approximation problem has already a remarkable history, J. Eells and
L. Lemaire [11] first consider # (X Y), with p > n = dimX. By virtue
of the embedding theorem such mappings are continuous. A general fact is
that whenever f : X — Y happens to be continuous the usual mollification
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followed by the projection of a tubular neighborhood of Y gives the desired
approximation of f, see also [7] for the related ideas concerning the space
VMO(X, Y)-mappings with vanishing mean oscillations. But the true diffi-
culty shows up below the dimension of X, 1 < p < n. The prevailing idea
of our approach is that in the Sobolev classes slightly below # 1" (X, Y) we
were able to detect certain sets (refered to as webs) on which a given map is

continuous.

5.1 Web like structures

We repeat from Introduction that a web on X is a compact set F C X
of Lebesgue measure zero whose complement consists of finite number of
components U;, i = 1,...,I (disjoint open connected sets). We call them

meshes of the web; thus,

X\]F:OUi: Uu (169)

i=1 Uew
Let the collection of meshes be denoted by 2 = {U;; i =1,...,/}. In what
follows we will spin webs on X with arbitrarily small meshes. the precise

term for this is
fine-diameter (F) = max {diamU; U € 20} (170)

It seems that in the perspective we will need only consider "regular web
structures”, meshes being Lipschitz or even more regular domains. In this
paper the web will be no other than a finite union of geodesic spheres in X.

5.2 Vanishing web oscillations

We shall investigate Sobolev mappings f € #'?(X, R") which have continu-
ous trace along the web. Precisely this means that there exists a continuous
function ¢ : X — R such that f —¢ € #;"(U,R"), for every mesh U € 20.
Equivalently,

feeo+#"(X\F, RY) (171)
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where #;""(U,RY) is the closure of €°(U,RY) in #2(U,RY). Note that
the above assumptions imply ¢ € #12(X, R"). Now, we say that a mapping
f € #'"?(X,R") has vanishing web oscillations if to every ¢ > 0 there
corresponds a web F C X such that:

1) fine-diameter(F) < €

2) f has continuous trace along F, say o € #"P(X,RY) N &(X, RY)
For every mesh U € 20, we have

3) osc(f,0U) &t max {|¢o(z1) — ¢(z2)|; z1,22 € OU} <€

It is interesting to observe that in this definition the Sobolev exponent p
plays no role if F is regular web. But we shall not use this observation.

5.3 Statements of the results

Our first theorem shows that the smooth approximation in #1?(X Y), 1 <
p < n, is still possible for discontinuous mappings provided they have van-
ishing web oscillations. We shall see later that the vanishing web oscillations

always occur in Sobolev spaces slightly weaker than #1"(X,Y).

THEOREM 5.1. Suppose that f € #'?(X Y), p > 1, has vanishing web
oscillations. Then there exist mappings f; € €*(X,Y), converging to f in
#1P(X)Y), such that

IDf;| < M(Df), almost everywhere in X (172)

where the implied constant depends only on X and Y.

Recall that M is the Hardy-Littlewood maximal operator on X. This
theorem, although only auxiliary, will be the key to many more convergence
results. Let us emphasize that M(Df) enjoys (in general) the same degree
of integrability as |Df|, hence passing to the limit will be achieved by the

Lebesgue Dominated Convergence Theorem.
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The longitude projection in Section 3.1 demonstrates that the vanishing
web oscillations fail in the Marcinkiewicz class #, .o (X,Y). However, the

situation is completely different if we assume instead of (89) that

lim t"/ dr =0 (173)
|DfI>t

t—o0

Such mappings indeed have vanishing web oscillations. As a consequence of
Theorem 5.1 we will obtain Theorem 1.1.

It is certainly curious that the vanishing web oscillations occur under
slightly weaker assumption that (173). These weaker assumptions are stated
n (11). Theorem 1.2 will be a consequence of this observation as well.

This idea applies with great effectiveness to many Orlicz-Sobolev classes
#1F(X,Y) in which the defining function P : [0,00) — [0, c0) satisfies the

divergence condition
* P(t)
/1 e dt = oo (174)

Here is a typical example of such functions

P() = 5
~ log(e + t) loglog(e€ 4 t)... log .. log(e®” + t)

It is probably worth mentioning that the divergence condition at (174) is
critical for many more phenomena in geometric PDEs. Among them are:
the Z!-integrability of Jacobians [31], [14], [39] monotonicity of Sobolev
functions [27] and compactness of mappings with finite distortion [28]. For
precise statement concerning smooth approximation in #1 (X, Y) we need

to impose two additional technical assumptions:
the function ¢ “P(t) with some & >n — 1 is nondecreasing  (175)
and the doubling condition
P(2t) <kP(t) forsomek>1andallt>0 (176)

THEOREM 5.2. Let hypothesis (174), (175) and (176) hold. Then the
space €*°(X,Y) is dense in the metric topology #1'F (X, Y).
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We will emphasize that in practice the technical assumptions (175) and

(175) will always be satisfied.

5.4 Proof of Theorem 5.1

We divide the proof into 5 steps.

5.4.1 Step 1-Truncations

Let € be any positive number. We consider a web F of fine-diameter € such

that f has continuous trace ¢ on F and
osc (f,0U) <€, for every mesh U € 20
Given any mesh U € 20, we pick up a point
a€ f(OU) cYCRY

and consider a map
T.of :U—R",

where T, : RY — RY, called truncation operator, is given by

It is immediate that 0 < A(f) < 1 and

T.y — a| < 4e for every y € RY

(177)

(178)

(179)

(180)

(181)

(182)

As T, € €*(RY,RY), we see that T.f € #'?(X,R"). Using chain rule we
compute the Hilbert-Schmidt norm of the N x n-matrix D(T,f) € RV*"®

ID(TA)P = XD + (BL + X X) (D) (f = a)?

o8
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where A and its derivative A’ are computed at t = |f(x) — a|. Recall from
algebra that the Hilbert-Schmidt norm of Df € RY*" is given by

|Df|* = Trace (D*f Df) (184)

where D*f € R™" is transpose of Df. Hence the vector (D*f)f € R". It
is important to realize that the last term in (183) is non-positive and so we

can ignore it to obtain
|D(T.f)| < |Df| almost everywhere in U (185)

We also observe that
T.f - f € #;"(U,RY) (186)

Indeed, since f has continuous trace along F there exist u € #; " (U,R"Y)
and a continuous mapping ¢ € #5P(X,RY), such that f = ¢ +u on U.
We approximate u by mappings u; € 45°(U,RY). By continuity of the
truncation operator T, : #P(U,RY) — #'P(U,R") we conclude that

f=Tf = f=T[limlp+u)] = o +u—lmT(p+u)
J J
= wu+limp — T.(p + u;)] € #,"*(U,RY) (187)
j

This follows from the observation that ¢ — T.(¢ + u;) vanishes near 0U. To
see this we notice that ¢(9U) lies in the ball B(a,e¢) C RY, by (177). Since
¢ is continuous, the image of a neighborhood of U lies in B(a, 2¢). It only
remains to notice that 7, in B(a, 2¢).

Finally, we perform truncation of f over every mesh U € 2J and denote
the resulting mapping by f€: X — R". It follows from (186) that

fee wP(X,RY) (188)

and
|IDf(z)| < |Df(z)| ae z€X (189)
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It is important that there is no constant in the right hand side. Unfortunately,
the image of X under f€ is not longer in the target manifold Y. However, in

making truncation we gain small oscillations. Precisely, we have
|f(z1) — f(z2)| < 8e forall zy,20 € U W (190)

by (182). This holds for the original f only when z;,zo € OU

Remark 5.1. Before leaving this step of the proof, let us remark that we could
introduce somewhat simpler, though only Lipschitz continuous, truncation
operator. However, we prefer the ¢*-truncation to the Lipschitz one in order
to apply chain rule.

5.4.2 Step 2.- Truncations converge in # 17 (X, RN)

Now we investigate the limit of f¢ as ¢ — 0. First, by using Poincaré in-

equality (the version with zero traces) we see that for every U € 20
[lr=sp < @amwp [ D Dsp
U U
< (diamU) / DfPP (191)
U

by (185). Since the fine-diameter of F is no larger than ¢, we may add those

estimates for all meshes, to obtain

” [ =r ” £P(X) S € ” Df Hzp(x) (192)

Hence
lim f¢=f in LP(X,RY) (193)
€—>

Next, we infer from (189) that
lim Df¢=Df, in weak topology of LP (X, RV*m) (194)
€—>

It is at this point important that the estimate at (189) holds without a

constant. Lower semicontinuity of the p-norm yields

|Df |, <liminf | Dfe|, <lmsup | Df|, < [Dfl,  (195)
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Hence,
lim | Df|, = | DFI, (196)

By virtue of uniform convexity of .£7(X, R¥*") we conclude that

lim Df¢= Df, strongly in .Z7(X, R¥*™) (197)

e—0
as desired.

Remark 5.2. A fact worth noticing is that f€ is not converging uniformly,
unless f is continuous. The reason is that in reality the meshes in the web 2
are significantly smaller than the oscillations of f¢. If they were comparable

then the limit mapping would be even Lipschitz continuous.

5.4.3 Step 3.-Mollification

The truncated mappings f¢ : X — RY are not smooth, but they have small
local oscillations. We now mollify each f€, as discussed in Section 2.4. The
mollified mappings will be denoted by ff € €°(X,R"), for 0 < ¢ < tx. The
reader may wish consult (68) for the definition of the upper bound ¢x. Hence

(i)
11_{% | ff = flwrrxryy =0 (198)

(ii) It follows by (79) and by (189) again, that

IDff| < M(Df) < M(Df), forall0<t< tx (199)

Given small € > 0 we shall restrict the mollifying parameter 0 < ¢t < tx to
an interval 0 < ¢t < t.. The upper bound %, is determined by requiring the

following:

(iii) For every mesh U € 9t and 0 < ¢ < ?, it holds

0sC i< es§ 0sC f6<24e wheret x t' St (200)
4
consult formula (vii) of Section 2.4.
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The reasoning for the last inequality is as follows. Once ? is sufficiently small
so is t'. We can choose it small enough to ensure that every Uy intersects
only those meshes of the web which touch U. Then, by triangle inequality,
we see that essmosc[fe] < 3 - 8¢ because of (190).

5.4.4 Step 4.-Convergence of the mollified truncations
It is immediate from (193), (194) and (198) that

lim f = f in #'P (X, RY) (201)
We also infer from (199) that

IDff

< M(Df) (202)

5.4.5 Step 5.-Projection onto Y

In the final step we project the values of ff smoothly onto Y. The actual
calculation is reduced to a tubular neighborhood of Y of sufficiently small
width; say

Y, = {y € RY; dist(y,Y) <h} (203)

Note that the closest point projection
Im: Y, - Y (204)

is a map of class €°(Y,,Y). Now, the approximating sequence {f;} of
smooth mappings converging to f is obtained as f; = II( ffjj ), where €¢; — 0
and the mollifying parameters ¢; — 0, are chosen accordingly. For the proof
of Theorem 5.1 we need only show that the mappings II ( ffjj ) € 2 (XY)
converge to f in # 1P (X, RY). First notice that each ff]?' maps X into Y, maps
if we choose sufficiently small €;. This follows from the inequality (200) and
the fact that f¢(X) lies in a small tubular neighborhood of Y. As j — oo

the mappings ffjj are arbitrarily close to f% at some points in each mesh U
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due to (198). For abbreviation, we let II'(y) stand for the differential of IT at
y € Y,. The remaining reasoning goes without further special comment.

=Ty, = 1 =T0f ]
|1Lf =11, |, + | D(ILf) = DL |

< N f=flp+ 1T (f)oDf —=I'(f) o Dfe | »
< N f=felp+ 1T (f) o (Df = Dfe) |
+ | I(f) =I'(f) o Df |
- 0404+0=0 (205)

Here in the last step we have made appeal to Dominated Convergence The-

orem.

5.5 Spinning a web on X

In this subsection we consider a Sobolev mapping f : X — Y whose differ-
ential lies in the very weak Lebesgue space .Z*"(X, RV*N), where n — 1 <
a < n, see formula (115) for the definition of .£*™. Our goal is to build webs
on X which capture arbitrarily small oscillations of f. Precise statement is
contained in the following

PROPOSITION 5.1. Given € > 0, there exists a finite family 2 = {U,; v =
1,...., K} of mutually disjoint open sets U, C X, with diamU, < €, whose
unton M = Ule U, has full measure, and there exists a continuous mapping
0 : X = RN such that

(i)
f—ype€ %I’Q(UIMRN)
(ii)

£
05C ¢ def max{\go(xl) —p(z2)|; 1,79 € U,,} <e

forallv=1,2,.. K.
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It is automatic from (i) that ¢ € #1*(X,R"). We shall then consider the
web F =TF, = X — UK TU,. The key ingredient needed for the construction

of such webs will be the following

LEMMA 5.1. [OSCILLATIONS ON SPHERES| Let h € (X, R") and R < Rx
(reliable radius for X see Section 2.1.1.). Then for every a € X andr € (0, R]

we have

osc h X r (][ |Dh(x)[* d:c) i (206)
S(a,r)

S(a,r)
provided o > n — 1.

This is none other than a spherical variant of the imbedding inequal-
ity. That is why the Sobolev exponent « is required to be greater than the
dimension of the sphere.

Proof of Proposition 5.1. We have now all requisites needed for the proof
of Proposition 5.1. Given a sequence {f;} of mappings f; € €< (X,RY),
j = 1,2, ..., converging to f in #5*(X,R"Y). Fix a positive number R <

min{e, Rx}, so that we can use the oscillation Lemma 5.1. Accordingly,

1

osc g < @(X)r(f |Dg|a)°‘,
S(z,r) S(z,r)

sup |g| < inf |g| + osc
S(z,r) ‘g| S(z,r) ‘g| S(z,r) g (207)

s(][ |g|a) +ca<x>r(][ \Dgw)
S(z,r) S(z,r)

whenever 0 < 7 < R and ¢g: X — RY is a smooth function. On the other
hand, since |Df| € .£*™(X), we may appeal to Proposition 4.1 to ensure the
inequalities .
ar ([ i) <4 (208)
S(z,r) 4
for some radii r in a set of positive linear measure in (0, R]. Next, Fubini’s

theorem tells us that

lim (IDf; = DfI*+1f; = £1%) =0 (209)

I JS(,r)
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for almost every r in (0, R]. When confronted with (208), this gives at least
one radius r = r, € (0, R] for which (208) and (209) hold. We consider the

covering X = |,y B(z,7,) by geodesic open balls. Since X is compact, a

reX
finite collection of these balls will also cover X. We assort this finite collection

further to obtain a sequence, denoted by By, ..., B, B; = B(x;,;), such that

(i)
B, U..UB, =X

(ii) No ball in the sequence is contained in the other one.

Having these selected balls at hand we now define a web F = F, to be the
union of the spheres S; = 0B;, i = 1,2, ..., k. Then the meshes Uy, ..., Ux are
the connected components of X \ F. Note, for curiosity, that K < 2*. Now,
we pass to a subsequence (labelled again as f;) such that

”fj - fj—1||W1,a(X) <9277

(][ fi — f|“> : +Ca(X)r(][ |Df; — Df|“) "< 277 3¢, i=1,...,k
S; S

(210)
We define a truncated sequence {¢,} by

(;01 = fla
©; — i1 = Toic(fj — fi=1), J=23,...

where T, ;. is the truncation operator defined in (180) with 277¢ in place of

€ and a = 0. The properties of the truncation operator ensure that
sup |g; — pj1| < 277 % (211)
X

see inequality (182). Next we apply (207) to the mapping f; — f;_1 in place
of g and in view of (210) we obtain

sup | f; — fi—1| <2777 % (212)
S;
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This latter estimate combined with formulas (180) and (181) show that
To-ie(fj— fi—1) = fj— fj—1 on every S;i =1, ..., k. In particular, we see that

oi=1f; onF (213)
Appealing to (189) we have

ID(¢; = @5-1llzacx) < ID(f; = fi-1)llzaer) < 27 (214)
By (211) and (214), the sequence {g;} is a Cauchy sequence both in #1%(X)
and € (X). We define ¢ to be the uniform limit of the sequence {¢;}. Notice
that ¢; — f; are Lipschitz continuous functions on X and vanish on F, by
(213). As these functions converge to ¢ — f in #1*(X) we deduce that
© — f € #,"*(U) for each connected component U of X \ F. It remains to
estimate the oscillation of ¢ on the web. We infer from (207), (208), (209)
and (213) that

(e}

osc ¢ < liminfosc p; < Co(X)r lim.inf<][ |D€0j‘a>
Si J Si J S

< (f |Df|a)é <

2

Now, each U, lies in a ball B from the family {B,, ..., B;}. In particular,

(215)

IS e

diamU, < e (216)

Further, 0U, consists of certain fragments of the spheres S, ...,Sg, those
spheres that intersect B. By condition (ii), every such sphere intersects 0B.
Consequently, given two points x1,xy € 0U,, say z; € S;; and x5 € S;,, we
can find a; € S;; NOB and ay € S;, N 0B and conclude by triangle inequality,
that
(1) — @(z2)| < lo(21) — @lar)] + |@(ar) — ¢(as)]
+o(az) — p(z2)]

<

S %iC(P‘f‘OgCSD‘f‘%ZC(P

< € (217)
by (215). O
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5.6 Proof of Theorems 1.1 and 1.2

The distance in the space # 2" (X,Y) will be denoted by

weak

n+l
Distlf, g = | £ = g1, +su0 (t" / . dw) (218)

It is obvious that (173) holds for smooth mappings and remains valid in the
closure of (X, Y). The only non-trivial fact is that every f € #." (X,Y)
can be approximated by smooth mappings. In view of the inclusion at (117)
we see that |Df| satisfies (10), for every 0 < a < n. Proposition 5.1 tells us
that f has vanishing web oscillations. Then by virtue of Theorem 5.1, there
exist smooth mappings f; : X — Y converging to f in every #"*(XY),
1 < a@ < n. It is important that |Df;| are dominated by the maximal
function M(Df), that is, independently of j = 1,2, ..., see (172). Since M :
L — 2L is bounded, it follows that {f;} is bounded in #." (X, Y).
With the aid of Lebesgue Dominated Convergence Theorem we conclude that

lim Dist[f;, f] = 0
j—00

completing the proof of Theorem 1.1.
The reader may see from Proposition 5.1 that (11) implies vanishing web

oscillation. Theorem 1.2 then follows from Theorem 5.1.

5.7 Proof of Theorem 5.2

Given f € #1P (X Y) we find, as before, a sequence f; € €°(X,Y) converg-
ing to f in #11(X)Y), with differentials Df; controlled point-wise by the
maximal function of Df as in the inequality (172). In particular, {Df;} con-
tains a subsequence converging point-wise almost everywhere to D f. Since
M : ¥P — £7 is bounded, again by Lebesgue Dominated Convergence
Theorem we conclude that this subsequence converges to f in the metric
topology of #17(X)Y).
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5.8 Proof of Theorem 1.3

The distance function in V#'"*(X Y) is the one induced by the norm at
(167). This space is contained in every ZP(X,RY) , 1 < p < n. Also
M(Df) € VZ"(X). The rest of the proof runs in much the same way as

above.

6 Z-Estimates of the Jacobian

Let f : X — Y be a Sobolev mapping, where we assume that n = dimX <
dimY = m. To every ¥*-smooth n-form w € €>°(A™Y) there corresponds
its pullback ffw € .Z(A"X) via f. The point-wise estimate

ffw] < |DfI" (219)

gives us at least some idea how to control the degree of integrability of the
pullback ffw in terms of |Df|. Surprisingly, if dw = 0, then ffw may enjoy
higher degree of integrability than |D f|™. This phenomenon, first observed in
[41] and [10] for mappings in #1"(R", R"), has come to play a central role in
modern calculus of variations, nonlinear elasticity and the geometric function
theory. Our integral estimates in this paper are sharp generalizations of
these results in the manifold setting. If we wish not to make any topological
assumption on the target manifold then we need to restrict ourselves to the

pullbacks of Cartan n-forms
K
do;=dp;=0 deg a;+deg Bi=n
w=Y a (220)
i=1

deg a;>1 and deg B;>1

The wedge product structure of the terms will be critical for our arguments.
For f € #'"(X,Y) we have a linear functional that operates on the test
function ¢ € €*°(X) by the rule

(Fa)lel = [ o) = [ o3 (o) n (78)
< lele / Df ()| da (221)
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In other words, ffw can be viewed as a Schwartz distribution of order zero.
The differential forms ffo; and f%3; are closed and, therefore, exact modulo
harmonic fields. One of the useful analytic advantages of this idea is that

ffw can be defined as a Schwartz distribution for all mappings

TL2

#1(X Y ith s =
RS (X)Y), withs ]

(222)

see Section 6.1, for details. In particular, f; : X — Y are smooth mappings
converging to f in #1*(X,Y) then the pullback f%w be computed by the

formula

(Fe)le] = Jim | ¢ (fe) (223)
Jj—ooo [x
We call s = 2 the critical erponent. This turns out to be exponent the

n+1
smallest one that we can prove existence of the limit at (223).

In this larger context f%w will be a distribution of order 1, more precisely

(ffw) el < (leloo+ lde o) | Df | Ge) (224)

for every p € €*°(X). The computation in the forthcoming section 6.1 should
be compared with the analogous situation in the Euclidean case. Later, it
will prove handy to express the distribution ffw by integrals of the point-wise
Jacobian J,(z, f), defined by

K

Jo(x, f)de =Y (floi) A (f*5:) (225)

i=1

To this effect we notice that d(f*a;) = 0 and d(f*B;) = 0. It suggests that

we must consider even more general situation.

6.1 Weak wedge products

Consider closed differential forms ® € .ZP(A'’X) Nkerd and ¥ € £"(A*X) N
kerd, where 1 < k,l <n,k+1l=mnand 1 < p,r < oco. First assume that p
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and r are Holder conjugate. Thus ® A ¥ is integrable. It defines a Schwartz
distribution of order zero
(PAT)[n] = / n(®A¥) forne T (X) (226)

X
But we can do much better if we apply the ZP-cohomology theory, see Section
2.3.2.  Accordingly, every closed form of class .Z?(A'X) is exact modulo
harmonic fields. Precisely,

O =dp+9 (227)

where the exact component dp € .£P(A'X) and the harmonic field ¥ €
%> (N'X) are determined by the equation

¢ =E® and Y =H® (228)
Here both E and H are linear integral operators. Precisely,
E: Z2°(N'X) —» #P(AN1X) l<p<oo (229)

and
H: 2" (NX) - ¢°(X), 1<p< oo (230)

Using the decomposition & = dyp + ¥, we obtain another formula for the
action at ® A ¥ on the test function n € €*°(X);

(PAY)[n = /Xn(deof\\I’)Jr/n(ﬁ/\‘I’)

= /Xn(ﬁ/\\lf)—/xdn/\(go/\\l’) (231)

It is important to realize that this latter integral converges whenever ¢ A W
is integrable. Assume now that 1 < p,r < oo is a Sobolev conjugate pair,

that is
1 1 1
S =1+4- (232)
p T n

This condition implies that one of the exponents is less than n, for instance

1 < p < n. Then, by Sobolev imbedding, we find that ¢ € .Z7 7 (A"'X).

The exponent "Tpp is exactly Holder conjugate to r, ensuring that o A ¥ €

n

LN (A1X).
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Remark 6.1. The reader may wish to argue in much the same way for anal-

ogous formula in case when 1 < r < n.

We are now ready to make the definition.
DEFINITION 6.1. (DISTRIBUTIONAL WEDGE PRODUCT) Let
dec LP(ANX)Nkerd and Ve Z"(A*X)Nkerd

where 1 < p,r < oo are Sobolev conjugate exponents. The distribution ® AW
operates on the test function 7 € €*°(X) by the rule
(@ AD)n] £ Tim | 7(D; AT,) (233)
J—00 X
where ®; € ¥ (A*X) and ¥; € €°(A*X) are closed forms converging to ®
and ¥ in £P(A*X) and .£" (AFX), respectively.

Remark 6.2. For this definition let us recall that closed forms in *°(A'X)
are dense in .£P(A'X) Nker d, see Section 2.3.1. Also notice that the limit at
(233) does not depend on the choice of the sequences {®,} and {¥,}.

Remark 6.3. Our arguments above also show that if % + % <1+ % then the
limit at (233) still exists when ®; and ¥; converge to ® and ¥ weakly in
ZLP(AX) and Z" (AFX), respectively.

It is now obvious how to define the distributional pullback. Suppose we
are given a Cartan form as in (220). For f € #™*(XY), with the critical

exponent s = n"—jl, we consider the closed forms
®; = floy € L5 (A5X) Nkerd (234)
T, = f6; € £5/%(A¥X) Nkerd (235)
where we observe that
bk 1
bok_q4 1 (236)
s s n

Thus ®; A ¥; can be regarded as a Schwartz distribution. The distributional

pullback of w is then defined by
K

(frw)ln) =D (@i A T3) ] (237)

=1
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6.2 Distributional Jacobian

It is reasonable to ask how the distributional pullback relates to the point-
wise Jacobian. The answer is obvious if f € #1"(X)Y), we simply have
(f'w)[¢] = [xe(z) Tu(z, f)dz. However one can go slightly below this

regularity assumption.

THEOREM 6.1. Let f : X = Y, n = dimX < dimY, be a Sobolev map
satisfying
2

lim inf ¢7 / |Df(z)|7+ dz =0 (238)

Then there are measurable sets X; C Xy C ... C X whose union s X such
that the distributional pullback of every Cartan form w € €*°(A"Y) takes the

form
(Pl =Jim [ o@Dt peT®) @)
The reader is warned that the sets X1, Xy, ... are chosen for a specific map

f, the limit at (239) may not exist for other sets. As a matter of fact X; will

be carefully selected from the level sets of the maximal function of |D f |an1
In particular, the point-wise Jacobian will be bounded on each of those sets,
making the integrals at (239) will defined.

At this stage we are able to give meaning to the so-called weak integral
of the Jacobian that is (f*w)[1]. Formula (239) gives

(F) 1) 2 i | (o, o (240)

The following corollary is straightforward by a monotone convergence argu-

ment.

THEOREM 6.2. If, in addition to the conditions stated in Theorem 6.1,
the Jacobian is nonnegative then it is integrable and coincides with the dis-

tribution ffw. Precisely, we have

[ ot 1)dz = (fw) (241)
for all p € €= (X).
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Passing to the limit under the integral sign at (239) is perfectly justified
whenever the point-wise Jacobian is integrable over X. Thus, we also have
the following variant of Theorem 6.2.

THEOREM 6.3. Under the conditions stated in Theorem 6.1, if T, (-, f) €
LYX), then the point-wise Jacobian coincides with the distribution f*w.

Precisely, this means that

/X (@) T, ) dz = (f'w) [¢] (242)

for all o € €= (X).

In what follows we refer to Sobolev mappings having non-negative Ja-
cobians J,(z, f), with respect to the Riemannian volume form w = dy, as
orientation preserving. We reserve the notation J(z, f) for the Jacobian if
w = dy. Theorem 6.2 may fail if w is not a Cartan form, which is the case of
the volume form on the n-sphere S™, see Theorem 3.1. In the Sobolev class

#1™(X,Y) the orientation preserving mappings satisfy

/jx f) log(e—i— j( f) )dx < IMIG )| 2x) < /\Df\n
T (243)

This simply means that J (-, f) belongs to the Zygmund space .£ log .Z(X),
see S. Miiller [41] for the Euclidean case. In our manifold setting, in which
the target space is not a rational homology sphere this result will follow from
the forthcoming .7#!-estimates.

We come now to perhaps the most surprising phenomenon. It is true
that if f € #'"(X)Y) and J,(z, f) = 0, then J, belongs to .Z log.Z(X)
regardless whether w is a Cartan form or not. However, the uniform bound
at (243) will be lost for non Cartan forms.

6.3 Proof of Theorem 6.1

Although our main objective is to prove Theorem 6.1, the arguments we shall
use here can be set in more general context, which might be of independent
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interest. This more general consists in replacing the forms ffo; and f*3; at
(225) by arbitrary closed forms.

6.3.1 An integral estimate of wedge products

LEMMA 6.1. Let ® € €°(AX) and ¥ € €°(A*X), k=1,2,..., k+{ =n be
closed differential forms and let p,q > 1, satisfy the Sobolev relation % + % =

1+ % Then for every nonempty open set Q2 G X and every test function
n € €*(Y), we have

ﬁn(éAW)

Here, as always, the implied constant depends only on the manifold X.

< 1 ler@) [ Mp® || gooxwa) | Mp ¥ || 20 x w0 (244)

Proof. Because of the relation % + % =1+ % one of these exponents does not

exceed n2—f1 Suppose that

2n
n+1

1<p< <n (245)

We consider Whitney’s covering of €2 by legitimate balls B;, 7 = 1,2, ...,
as in Proposition 2.1. Next we construct a partition of unity, non-negative
functions 7; € %5°(2B;) whose sum equals 1 on Q and such that |dn;| <

(diamB;)~! for s = 1,2, .... We now calculate as follows:

[n@rn =3[ wn@nw (210

Since 2B; is a legitimate ball, Poincaré Lemma tells us that the closed form &
is also exact on 2B;. As a matter of fact, using Sobolev theory of differential
forms [32], we find a differential form ¢; € €*°(A*'2B;) whose #'P-norm
is controlled by Z?-norm of ®, and such that dp; = ®. Then, by Sobolev-

Poincaré inequality, we obtain

n—p

<]£ma,- |<pz~|f—'9’>ﬁ < (diamB;) (nga, |q>|p>’1’ (247)
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Next, we integrate (246) by parts and use Holder’s inequality with exponents

LPand r,
n—p

/mi mn(‘b/\‘l’)‘ =

< I (i) [ g
2B;

< Il L (L)
h M1y diamB; \/op, vi

[ dm e \D)\

£ |w)i
< 0l B (]{& W)% (][E wr) e

At this point it is important to observe that if we enlarge the ball 2B; by a
suitable factor (depending only on X) then it will touch the set X \ €. This
is immediate from the property 4) listed in Proposition 2.1. In other words,
there is A = A(X) such that 2B; C AB; and AB; \. Q # (). We infer from this

observation that

1 1
(][ |<I>|P) < (][ |<I>\P) < IM |y (249)
2B; AB;

1
p
(][ \w) < IMT (250)
2B;

Therefore, for each ball 2B; we can write

/ min(®AY)

2 .

N

S =

Similarly,

< Bil Il 910 [ Mp® | 4o gy | Mr ¥ | (251)

L (X\0Q)

As the overlaping number for the covering {2B; };—1 .. depends only on X, we
see that Y -, [B;| < [Q|. Finally, combining (246) and (251) we conclude
with the desired estimate at (244).

6.3.2 Point-wise Jacobian versus distributional Jacobian

Here is the first of our estimates which relates the point-wise Jacobian with
distributional Jacobian.
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LEMMA 6.2. Suppose that f € €°(X,Y) and A > 0. Then

‘(fﬂW)[n] —/X Q77(33) o, f)dz| < NQ 0] 0 (252)
where Q = {z; (M;Df)(z) > A} and s = n"—jl
Proof. The left hand side of the inequality (252) reduces to
K
> / 0 (®; A T;) (253)
i=1 /O

where we consider the closed forms ®; = fia; € €°(A%X) and ¥; = f4; €
%> (A*X). Using Lemma 6.1 we find that

=1

/Qﬂ(q’z'/\‘l’z‘)

K
< Qnle@ ) IMp®ilpoen) | Me¥il gy (254)

=1

where p; = 7 and r; = . Next we observe that

(@7 = [ flei?" < DS = [ DS (255)
and

Wi = [f*B,[" < [DfI5" = |Df° (256)

Finally, inequality (252) follows readily from the point-wise estimates
M,,®; < (M,Df)4 < M4 (257)

and
M, ¥; < (M,Df)¥ < A8 (258)

where /; + k; = n.

76



6.3.3 Proof of Theorem 6.1

First observe that our mapping f also satisfies inequality (252) for all but a
countable number of parameters A > 0. Indeed, by Theorem 1.2 there exist
mappings f; € €=(X,Y) converging to f in #¥(X)Y), s = n”—jl We need
only justify a passage to the limit in the following inequalities:

‘(fﬁwnn] S R CEACHAL,

< X0l | e
st

We recall that A is a regular value of h if the set {z; h(z) = A} has measure
zero. We also point out that the non regular values are always countable.

Since, for any € > 0,

/ dx §/ d:L‘-I—/ dx (260)
M;Df;>A M;Df>\—¢ M;|Df—-Dfj|>e
by the weak-type estimate at (73) we obtain
lim sup/ dx < / dx (261)
J—=oo  JMDfi>A M Df>X

for each regular value A. Of course, (f}w)[n] — (f*w)[n], by the definition of
the distributional pullback. To deal with the integral in the left hand side

we write it as
/X 0(z) T, )% (@) do (262)

where X; are characteristic functions of the level sets {z; M;Df;(z) < A}
Since the integrands are uniformly bounded by A™ | 7| ge(x), we can apply
the Lebesgue Dominated Convergence Theorem. To this effect we observe
that J,(z, f;) = Ju(z, f) a.e. We need only verify that X; converge a.e. to
X-the characteristic function of {z; M D f < A}. This is true for all regular
values of M;Df.

LEMMA 6.3. Given measurable functions h; : X — R, converging to h almost

everywhere. Then for every reqular value A\, we have

limx; =x a.e (263)

j—oo
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where X; and X are the characteristic functions of the level sets {z; hj(z) <
A} and {x; h(z) < A}, respectively.

We recall that A is a regular value of h if the set {z; h(z) = A} has
measure zero. We also point out that the non regular values are always
countable. We can apply this lemma to h; = M;Df; and h = M,Df in view
of Corollary 2.4.

Having disposed with the inequality

meiﬁwﬂ@%@““<”“bWAm;“(m)

we now fix a special sequence {t;} for |[Df|. Recall that ¢; are numbers

increasing to infinity such that

j—o00

n_ n?
lim 27+ / |Df(x)|7+1 dx =0 (265)
IDf[>t;

There are many such sequences. We may choose a one that consists of regular

values of LM Df. Now we are in a position to define the sets X

2

X; = {x; (M;Df)(z) < 2tj} 5= nz 1

(266)

We make use of the estimate in Lemma 6.2 with A = 2¢;; these are regular
values of M;Df.

mwm—émwﬁmnm

J

< Dl t [ s
M, Df>2t;

< Uil &5 [ DFP(26T)
|DfI>t;

The latter follows by weak type inequality stated in Proposition (2.5). Let-
ting ¢; go to infinity we conclude with (239). The proof of Theorem 6.1is
complete.

The interested reader may see that the above arguments also work for
differential forms. Let us state this more general variant of Theorem 6.1

without proof.
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THEOREM 6.4. Given a Cartan form A = Zfil D, N ;, where ®; €
LPi(AX) Nkerd and ¥; € L7 (A¥X) Nkerd, 1 < ki, b <n, ki +4; = n.
Here each pair (p;,r;) consists of Sobolev conjugate exponents. Suppose that

liminf ¢+ H(z)dx =0 (268)

t—o0 H>t

where H = Y10 |®;[7% + |, |"% . Then there are measurable sets X C X C
... C X whose union is X such that

e A is integrable over each X;

[
K

Apn) 5 3 (@ A wln) = Jim | nA (269)

for every n € €= (X).

7 #'-Estimates

In this section we formulate and prove the sharpest possible result concerning
A1 -regularity of the Jacobian, see [43] for somewhat different ideas. Before,

we need some auxiliary material.

7.1 The Hausdorff content

Let s > 0 and E C R”. The s-content of E is defined by the rule

b*(E) = inf ) _(diamB)”’, (270)

j=1
where the infimum is taken over all sequences of balls B; C R” covering the
set, [E.

LEMMA 7.1. Let u € 65°(2), B=B(a,R) CR* and0 < n—s <p < n.
Then
b*({z € B; [u(z)| >1}) < R ][ Vu(z) P d (271)
B
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For the proof see [22, p. 45]. We infer from this lemma the following
useful corollary.

COROLLARY 7.1. Let % < p < mn, and B = B(a, p) be a legitimate ball
in X, dimX = n. Then every compact set & C B can be split into a finite

number of mutually disjoint compact sets Ky, ..., K such that

k n
Z diamE; < o"*! (][ |Vu(z)|? dx) ’ (272)
i=1 B

for every test function u € € (B)NW P (B) satisfying u < 0 on OB and u > 1
on E.

Proof. As the concentric balls B C 3B lay in a coordinate region €2, we
may change the variables via the diffeomorphism « : Q 2% R", reducing the
problem to the Euclidean space. We now apply Lemma 7.1 with s = 2 < 1.
Clearly, n — s < p < n and

B) < 0 f Vup (273)

There exists a finite cover of E by balls By, ..., B,, such that

S (diamB,)° < & ]I[B Vuf? (274)
=1

Let C;,C,,...,C; be connected components of U;"leﬁ%j, and denote E; =
ENG;, :=1,...,k. Obviously, E; are mutually disjoint compact sets whose

union is E. The rest is the following elementary computation

k m
) diamE; Z diam C; < ) _ diamB;
=1 j=1
[zm: diamB,)*]" < o ( |vu\f’) (275)
j=1

as claimed. Later we shall choose the following exponents

2n? 2n
p=—— so that s =

276
n+1’ 2n +1 (276)
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7.2 The #/-Theorem

We can now state the main result. We assume that 2 < n = dimX <
dimY = m. We denote by %(g, p) the ball centered at g and with radius p
in the space # (X, Y), namely

A9, p) = {f eVXY): [ f=glwn < p}-

THEOREM 7.1. Let w € €°(A"Y) be either a Cartan form or a closed
form and g € #'"(X,Y). Then there exist a constant C(w,g) and a radius
€ > 0 such that

| £l ) < Clerg) [ IDS@)P" da (277)
for all f € PB(g,¢). Moreover, the pullback operator
WX Y) = A (AX) (278)

18 continuous.

Remark 7.1. If w = > a; A B; is a Cartan form, as in (220), then in fact
| Folne < 1wl [ D@ e (279)
for all f € #'"(X,Y) where

[ol = lail gom | Bil 2=y (280)

Remark 7.2. Theorem 7.1 will be established by proving the following in-

equality for the Fefferman-Stein maximal function of ffw:
M(fiw) < Clw,g) [My(Df) + | Df )" (281)
where

_ 2n?
Com+1

M,(Df) = (M|Df[")7, p (282)
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Indeed, estimate at (277) is then straightforward by the maximal theorem.
As for the continuity of the pullback fw we argue as follows. Let f; — g in
#1"(X,Y). We need to show that

M(fjﬂw —¢'w) =0 in LX) (283)

We may assume that f; € (g, €). Therefore, we have the uniform bound

sup

up | [ Kile, ) fjw = o)

< (My(Df;) + Mp(Df) + | Dfj |+ [ Df [2)" (284)
for every x € X. In the right hand side we have a sequence of functions
converging in £ (X) to 2" (M,(Df)+ | Df | »)". By virtue of the Lebesgue
Dominated Convergence Theorem we shall have established (283) if we prove
that

sup
>0

[ Kt g = flw) =0 (285)

for almost every x € X. To this end, we estimate the supremum in terms of

the Hardy-Littlewood maximal function. We are reduced to proving that
M(fjl-jw — ffw) =0 ae in X (286)

But this is well known, since f}jw — ffwin Z21(X).

7.2.1 Step 1.-The case of Cartan forms

We give here the reasoning for the inequality (279).

It suffices to consider one wedge product w = aA 3, with a € €*(A'Y)N
kerd and B € €*°(A"'Y) Nkerd, and we may assume that 5 <l <n
Clearly

ffw= flan fB (287)
Here we have sufficient degree of regularity to ensure that the factors are

closed forms. These factors satisfy:
[fla] 5 |alelDfI'e £21(X) (288)
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8] < 18]l DFI"™ € £71(X) (289)
The Hodge theory of the deRham cohomology tells us that
fla=dy+x, xe? T(ANTX) (290)

where x is a harmonic field of degree [ representing the cohomology class of
ffo. Harmonic fields, being €*°-smooth, are harmless. They form a finite

dimensional space and we have nice bounds, such as

Ixloo < Ixls < [ flals 5 lalelDFI (291)
provided 1 < s < co. Taking s = 7 we obtain
Ixlee < [l lDf (292)
Accordingly, we split ffw as
flo = dy A(F*B) + x A (£°8) (293)

The latter term poses no difficulty as it belongs to Z?(A"X). Indeed, we
have

IxA (B < Ixlel ffB12
< lalelBle DI TD ]
S el Bl | DFIR (294)

Note that we have actually a point-wise estimate of the maximal function

M(XAFB) < x| M(f*B)

< Ixlee Bl M(IDF™)
< lalwlBlelDf I MDD
< lelolBlo[IDf[n+M(IDF)]"  (295)

We will now concern ourselves with the estimates of the maximal function

of dy A (f*8). Before jumping to the computation let us observe that the

83



exact [-form dv is not affected if we add any closed form to . We begin with
the following variant of the Poincaré-Sobolev inequality for differential forms

132]. 1
([r=w=)" < ([lar) 1ss<n o9

where B = B(z, t) is a legitimate ball in X, 0 < ¢t < Rx, and 7, is a suitable
closed form on B. As far as integration is concerned we also notice that the
mollifying kernels ( — Ky(x, () are supported in the ball B = B(x,t'), where

t' is comparable with ¢ by a factor depending only on X.

Remark 7.3. For notational convenience one could introduce new kernel

K£($, C) = Kt’ (33, C)

so that the function ( — Kj(x, () would be supported in B = B(x, ). Instead
of doing this we simply assume that ( — Ky(z, () is supported in B(z, t).

Integration by parts yields

@aro@] = | [ Ko - Afﬁﬁ\ (297)
B —
< 7L / = nollDF
ns—n-+s
h tntl
We take s = TnTD) +1) to obtain
1 L\ et
@ ron@| < 181w (Fla) " (f D11 (298)

Directly from the decomposition ffor = dy + x we see that

dyl < Ifal+ Ix ]
< lalwlDf + lalo|Df |, (299)
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Hence
n+41

(ﬁ\dvlf < el [(ﬁ\Df%)W + | Df| n]l (300)

n+1

n2 n
Note that (£ [Df[¥51) " < My(Df), since p = 22 > 2. This com-

bined with (300), (296) and (298) results in the following estimate

@A £8)] < lalwl8l=] 1Dl 4M0D| G0
By virtue of the previously established inequality for M(x A f*3), we obtain

()| < uanoouﬁum[u Df Hn+Mp(Df)] (302)

for 0 < t < Rx. In summary, if w = a A § is a Cartan form, then

M(f) < ||auoouﬁuoo[n Df un+Mp(Df>] (303)

Hence, Remark 7.1 follows by the maximal theorem.

7.2.2 Step 2.-The case of closed forms

Now, we pass to proving Theorem 7.1 for closed forms.

We aim to prove the following inequality

n

< Clw,g) [Mpqu\)(a) C1Dfl.] oy

| Kila.0) (o, pda

forallt >0,a € Xand f € B(g,¢). Here J,(-, f) stands for the pointwise
pullback fiw.

We shall work with small balls B(a,t) C X; say with radii ¢ < R = R(g).
We now list all the conditions on R and € needed in the sequel. First condition
is:

R < Ry. (305)

Another restriction on € and R results from the following lemma
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LEMMA 7.2. [OSCILLATION LEMMA] Let h € €*°(X,Y) and let B(a, R) be
a legitimate ball in X. Then for every 0 <t < 2t < R there exists r € (t, 2t)

such that )
osc h X r <][ |Dh|p)p (306)
0B(a,r) B(a,2r)

< n. By Holder’s inequality

2n?

wheren —1<p =24

OB(a,r)

<osc h) < Cn, X)" / Dh|" (307)
B(a,R)

We want these oscillations to be smaller than Ry. For this reason we

must confine ourselves to R < Rx and e small enough so that

1 n
C(n, X)" / Dy(z)|" dz < <§RY> (308)
B(a,R)

for all ¢ € X and .
C(n,X)e < éRY (309)

Next we wish that the integrals fB(a ry [DfI", with a € X and f € #(g,¢)
will be sufficiently small. We have

(/B(a’R) |Df|nd_q;)l/n < (/B(a’R) |Dg|ndx)l/n

1/n
+ (/ Df - Dg|" dz) (310)
B(a,R)

1/n
< (/ |Dg|"dm) +e
B(a,R)
for each ¢ € X.

A theorem of B. White (Theorem 2. p. 135 in [53]) states that for each
g € W1 (X,Y) there exists p > 0 such that if fi, fo € %(g,2p) are smooth
for s = 1,2, then f; and f5 are homotopic. The requirement

con((f, oora) "+ <0
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where the constant C(Y) will ve determined later, see (321), will be the last
condition on R and e.

The above conditions at (305)—(311) determine the numbers R = R(g) >
0 and € = €(g) > 0. The estimates occurring in the rest of this section will be
explicit given R = R(g) and € = ¢(g). Returning to the inequality (HK40)
let us temporarily fix both f € %(g,¢€) and the parameter 0 < ¢t < R(g). It
involves no loss of generality in assuming that f € €°°(XY), simply because
¢>(X,Y) is dense in #1*(X,Y). It remains to prove the inequality

/XKt(a,x)Jw(x,f)

< [Myps)@| (312)

where the implied constant depends on R which we have already determined
for the given function g.

We consider a fixed finite covering of Y by legitimate balls of radius
T := Ry. By the oscillation inequality at (306) we find a radius r € (¢, 2t)
such that

<Ry=T 1
o35 f < Ry (313)

which is immediate from (307). We look at the image of f : 0B(a,r) — Y. It
intersects some legitimate ball B(b, 7)) C Y from the above mentioned fixed
finite family and by (313),

f(0B(a,r)) C B(b,27). (314)

Recall that there is a coordinate chart (€2, k) € A onto R™ such that B(b, 47")
C Q. We may assume that x(b) = 0. Consider a cut-off function n € €<(Y)
with support in B(b,47") and equal to 1 on a neighborhood of B(b, 37"). The
form k™ 'fw is closed in R™ and thus there exists a form v € (A" 'R™)

such that dy = s~ 'fw. Consider the form

w = d(nkty)

Then @ is exact and coincides with w on B(b, 3T"). Since the legitimate ball is
selected from the given finite family, all quantities related to n and x depend
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only on Y, and all quantities related to @ depend only on Y and w. Define

Flz) = kL (K,(Z) + n(f(x))(n(f(a;)) — /-e(z))) flz) €Q
’ fa) ¢ 9
where z is a point of Y which is nearest to the mean value of f. Then
Tz, ) = To(z, f)
and by (303) we have

‘/XKt(a, ) Jo(x, f) dz| < Cw) :H Df|n+ Mp(Df)(a)]n

< ow|1D5]. + ||f—2||n+Mp(Df)(a)]n

<cw)| 1Dl + Mp(Dfxa)}

(315)
where in the last step we have used a version of the Poincaré inequality.
It remains to achieve the estimate

‘/th(a’ 2) (ol ) = ol 1)) da] < O, 0) (My(DD)(@)) " (316)
Let us look closely at the set

E:=B(a,r) 0 [~ (Y\B.37)) 5 B(a,r) n {7, f) # Tu(x. /)

We first notice that f(0B(a,r)) lies in B(b,2T) by (314). Thus E is compact
subset of the ball B(a,r). The function

e
T
is negative on 0B(a,r) and assumes values > 1 on the set E. By Corollary

7.1 we can split E into mutually disjoint compact sets Ei, ..., E; such that
k »
Y diamE; < Cxrt! <][ |vu|p)
i=1 B(a,r)
< o [ My(0s)) 317
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We accordingly split the integral at (316) as:

Ba,t) Ki(a,z) (‘7‘*’(33’ f) = Ju(=, f))) dz

k (318)
- Z/E Ky(a,z) (Jw(m, f) - Jw(a:,f))) dz

An important point to make here is that
/ Jw(x,f) dx :/ Jo(z, f)dx, for i =1,2,..k (319)
E; LD}
To see this we consider the following functions

f~ on Ez
fi= (320)
f on X \ ]Ez

Then f; are smooth. Using (311) we obtain

| f - fi

we(f o) (321)

Thus both functions f and f; belong to B(g,2p). This, by the definition of
p, implies that f and f; are homotopic. Hence

/ij(a:,fz')dxzijw(xaf) dx

which proves the claim (319). Similarly we obtain the estimate
[0 p g plie < [ i< @)
E; B(a,r

To make use of the formulas (317) we pick up some points z; € E; and
express the left term of (316) as

» Ky(a, z) (Jw(x, ) = Jula, f)) da
9 (323)

= g/m [Kt(a, z) — Ki(a, xi)] <\7w($,f) - Jw(xaf)) dz
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Next, we use the following inequalities for the mollifiers

|z —x;| _ diamE;
T yndl

|Ki(a,7) — Ky(a, 2;)| < (324)

for all z € E;. They follows routinely from (66). Finally, by (317) and (322)
we conclude with the desired estimate

Ki(a,2) (Tl f) = Tule, )) do

‘ B(a,t)

£, diamE, .
= Z 1;21& /Ei | T, f) = Tu(@, f)| do (325)

< @]

completing the proof of (316) and thus of Theorem 7.1.

8 Degree Theory

Z-estimates of the Jacobian and related wedge products lead to an analytic
degree theory of weakly differentiable mappings. Readers interested in this
topic will find it profitable to consult Brezis and Nirenberg [7], [8] and also
[4], [6], [12], [19], [15]. Analytic approach to the degree of smooth mappings
begins with a choice of a closed form w € *°(A™Y). This form must have
non-vanishing integral, which may not be possible within the class of Cartan

forms;
K
w = Zai AN ﬂi, dO[z‘ = dﬂz = O, /(JJ 7é O, (326)
i=1 Y

Unluckily, such is the case Y = S™ On the other hand we need Cartan forms
in order to employ Theorems 6.1, 6.2 and 6.3. More generally, if 7#(Y) =0
for all 1 <1 < n, Cartan’s forms are exact and, therefore, have integral zero.
This being so, we must assume that #(Y) # 0, for some 1 <1 < n.
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8.1 Definition of the degree via weak integrals

There are several approaches to the degree of Sobolev mappings that are

each of considerable interest. We shall give first the most general one.

DEFINITION 8.1. Let dimX = dimY = n. The notation and hypothesis
being as in Theorem 6.1, we define the degree of f : X — Y by the rule

deg (f;X,Y) = lim [ T, (z, f)dz = (fiw)[1] (327)
j—o0 X;

where w € €°(A"Y) has integral 1 over Y.

Absence of w in the notation for the degree is justified by Theorem 8.1
below.

From differential topology we know that the notion of the topological
degree of a mapping f : X — Y of class 4" (X,Y) coincides with the integral
of J,(z, f) and, therefore, is an integer. Basic characteristics of deg (f; X, Y);
that justify the name degree, are listed in the following theorem.

THEOREM 8.1. With the reference to Definition 8.1, we have

(i) Different choices of the Cartan forms with integral 1 yield the same
limit at (327).

(11) If smooth mappings fr : X — Y, converge to f in #W1*(XY), with the

critical exponent s = n”—fl, then
deg (f;X)Y) = lim deg (fx; X, Y)
k—o0
Moreover, such a smooth approrimation of f always exists.

(11i) The degree is an integer

(iv) If the Jacobian J,(x, ) is non-negative, then it is integrable and we

have

deg (f;X,Y) = /X T, ) da
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(v) If deg (f;X,Y) # 0, then the image of any set of full measure is dense
Y

Proof. The proof is simply an adaptation of ideas of analytic degree theory
of smooth mappings. To prove statement (i) we fix two Cartan forms w, €
€ (A"Y) whose integral is equal to 1. Thus

Jim | ol e = (0 (329)
and
Jim | Jale de = (£ (320)

by Theorem 6.1. Now the problem reduces to showing that (ffw)[1] =
(f*0)[1]. Thanks to Theorem 1.2, we can approximate f by smooth map-
pings in the metric topology of #1*(X,Y). Since the nonlinear functionals
f — (f*w)[1] and f — (f*9)[1] are continuous in #*(X,Y), we are further
reduced to showing that (f*w— f*0)[1] = 0, whenever f € €=(X,Y). To this
end we observe that the differential form w — 6 € > (A™Y) is exact; that is
w — 0 = da for some « € €°(A"'Y). This is because the integral of w — 6
over Y vanishes and H"(Y) ~ R. The rest is folklore, f*(da) = d(f*«) and
by Stokes’ theorem

(flw — fO)[1] = /X d(fta) = 0 (330)

The property (i7) is immediate from Theorem 1.2. Then to see (7ii), we need
only recall that the degree of a smooth mapping is an integer. Also (iv)
follows readily from Theorem 6.2.

As for the statement (v), consider a set X' of full measure in X. Let us
assume, to the contrary, that f : X’ — Y omits an open set V C Y. Fix
a Cartan form w € 65°(A"V) whose integral over Y equals 1; for instance,
w = Ay) dy with A\ € €5°(V). Thus J,(z, f) = 0 almost everywhere in X',
hence in X as well. Being so, the limit at (327) is equal to zero, contradicting
the assumption that deg (f;X)Y) # 0.
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8.2 Weak integrals

Our next objective is to investigate properties of the degree function f —

deg (f;X,Y) defined on mappings f € #1*(XY), s = n"—jl, such that

t—o0

lim inf t”‘s/ IDf|*=0 (331)
|Df|>t

We assume here that Y has nontrivial [-cohomology for some 1 <1 < n =
dimY = dimX. As a preliminary step we consider a nonlinear functional
Jo : ¥ (XY) — R, defined by

Julf1 = (frw)l1] (332)

where w € €*°(A"Y) is fixed. We call it weak integral of the Jacobian.

8.2.1 Continuity of the weak integral
Surprisingly, J,, is continuous even in the metric topology of #1"1(XY).
LEMMA 8.1. Suppose f, € #1*(X,Y) converge to

few XY c#'"" M (XY)

in the metric of W1 Y(X,Y). Then

Vlggo Tl fv] = Tulf] (333)

8.2.2 Z!-Estimate of the weak integral

Before jumping to the proof of Lemma 8.1 let us state another surprising
result, which will be the key ingredient.

LEMMA 8.2. Given ® € ZP(ANX) Nkerd and ¥ € £ (AFX) Nkerd, 1 <
k,l<n, k+1=n, where 1l < p,r < oo are Sobolev conjugate exponents. We
have

(@AY < [@] 2rx) | ¥ | 21 x) (334)
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This estimate is not always true if we replace 1 by arbitrary test function

n € € (X).

Proof. By the definition of the distributional wedge product, given at (233),
it will be enough to prove (334) for smooth forms. In this case, we have
@Awm%i/QAW (335)
X
If one of the factors ® or W is exact then so is their wedge product. In this
case the integral vanishes, so there is nothing to estimate. But this is not
always the case. Fortunately, closed forms are exact modulo harmonic fields,

which we consider as harmless terms. Precisely, we proceed as follows:
®=dp+h, heH(X) and pc T°A'X) (336)

Although we may not have good estimates of dp in terms of ®, we do have,
however, good estimates of the harmonic component. Luckily, dy disappears
after we integrate at (335):

.éQAW:éhAW (337)

[(@AVA] < ] 2o [ V] 21x) (338)

by Stokes’ theorem. Hence

The rest of the proof relies on the regularity properties of the harmonic fields,
see inequality (35). Accordingly,

hloe < suptlas [h@) >} < @] (339)

as desired.

8.2.3 Proof of Lemma 8.1

As we have already observed in Lemma 2.4 every w € € (A"Y) is a Cartan

form, say

K
w= Z a; N B (340)
i=1
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Hence (ffw)[1] = Zfil(@z” A WY)[1], where both ® = ffa; and ¥ = fi3
are closed forms of degree 1 < I; < n and 1 < k; < n, respectively. Similarly,
(flw)[1] = 3K, (®; AW;)[1]. First observe the point-wise inequalities |®?| <
|Df, % and |¥%| < |Df,|%, l; + k; = n. Thus ® € £Pi(A4X) and UY €

ZTi(A*X), with a Sobolev conjugate pair of exponents p; = f and r; = kii’
I%-i—}i:%:l—i-%. We need to show that
lim (®7 A UY)[1] = (P; A ;) [1] (341)
V—00

for every ¢ = 1,2, ..., K. Using telescoping decomposition, this reduces to

two equations:

Tim [(@f — @) A w/|[1] =0 (342)
and
lim [(@: A (27 —0)| 1] = 0 (343)

We will only demonstrate the proof of (342); the other being similar is omit-
ted. By Lemma 8.2, we have

@ —apnw]u]| < 1o -dil,., 9

fl(X) ”

kg
< | floi— fol g | DR

21(x)

(344)

ki (x)
Since k; < n — 1 the last factor is bounded by | Df, |* ,. Next observe the

point-wise inequality

|fias — fia| < DS, — DFI(IDL|+ DS + |f, — fIIDFIE (345)

This can be easily verified using local coordinates. The .#*-norm of the first
term in the right hand side of (345) is controlled by

;-1
|Df,~ Df s ( | Dfy s+ | DF| )

Simple application of Hélder’s inequality shows that integral of the second
term is bounded by

;-1

L — D l; < - — n—lD n—1 o1 D n—1 ot
/le /11D <(/X|f " DS ) (/X| /l ) (346)
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We conclude with the following inequality
| (fhw— Fo)]] (347)
< (118511081 Lo+ 105 = D7 ) ( [ 105 + 17
X

Finally, let v go to infinity. The integral stays bounded and the term | D f, —
Df | n1 goes to zero. Also (f,—f) |Df] goes to zero in £~ by the Lebesgue
Convergence Theorem. Hence lim (ffw) [1] = (ffw)[1], as desired.

V—00

8.3 Stability of the degree

Next we are concerned with the fundamental question of the degree theory;
how close should the mappings f,g € €°(X,Y) be in order to ensure that
they have the same degree. We shall measure the distance using the metric
of the Sobolev space #14(X,Y) with ¢ > n — 1. We also assume, as always,
that the [-cohomology of the target space is nontrivial for some 1 < I < n.

THEOREM 8.2. Given M > 0 and ¢ > n — 1, there ezists ¢ = ¢(X,Y)
such that if two mappings f,g € €*°(X)Y) satisfy

[ flwra+ 1glpra <M and | f—glyr<e (348)
Then deg(f;XY) =deg(g;X)Y).

Proof. The reader may carefully reexamine the proof of (347) to observe that

we have actually proven the following estimate
| (ffw — g'w)[1] |
< (\I |f =9lIDf[ [ n-1+ [ Df — Dg| n—1> (II Df|3=i+ | Dyl Zi)

whenever f,g € €°(X Y) and ¢ > n— 1. Since the target space is bounded,
it folows

n—1
| (ffw=gtw)]| < 1 =9, ( £l + 19 H,,l,q) (349)

This proves Theorem 8.2.
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Remark 8.1. Theorem 8.2 also holds for mappings f,g € #1*(X,Y), pro-
vided they both satisfy condition (238). This is because we could approxi-
mate them by smooth mappings.

8.4 The degree in Orlicz and grand Sobolev spaces

Finally, our discussion is narrowed to Orlicz-Sobolev and to grand-Sobolev
classes of mappings f : X — Y, dimX = dimY = n, where HY(Y) # 0
for some 1 < [ < n. Recall that these classes hold smooth approximation
property, by Theorems 5.2 and 1.3.

Let P satisfy the hypothesis of Theorem 5.2. As a corollary of Theorem

8.2, we conclude:

THEOREM 8.3. The degree function
deg: #P(XY) = {.,-2,-1,0,1,2,...} (350)

is uniformly continuous on every bounded subclass of #'HF'(X,Y).

Speaking of the category of grand Sobolev spaces, let us recall that
lim / \Df ()" dz = 0 (351)
e—0 X

whenever f € V#1"(XY). For such mappings we have yet another inter-
esting integral formula for the degree

_ . TJo(z, f)dx

deg (f;X)Y) = 11_{% @ (352)
simply because this limit coincides with (f*w)[1], see [15], [31]. The advantage
of this latter formula is that we neither approximate f by smooth mappings
nor approximate X by the sets X;. This formula might be extremely useful
in numerical treatment of the degree theory. Indeed, as deg (f;X,Y) is an
integer, we only need to compute the limit at (352), with sufficient accuracy
to ensure that the error is less than % Explicit estimates of the error in terms
of € are also available.
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One particular Orlicz-Sobolev subspace of V# 1" (X,Y) deserves men-
tioning here. This is the class of weakly differentiable mapping f : X — Y
whose differential lies in the Zygmund class .Z"log™' .Z(X); that is

D ()" de
| oo = 1br0y < (353)

9 Mappings of Finite Distortion

Recently there have been considerable advances made in the study of map-
pings of finite distortion between the domains in R”. The reader interested
in these developments is referred to [27], [35], [36], [28] and the recent mono-
graph [29]. What we want to point out here is the extent to which those

results are true in the Riemannian manifold setting.

DEFINITION 9.1. Let dimX = dimY = n. A Sobolev mapping f : X — Y is
said to have finite distortion if

(i) The Jacobian determinant J(x, f) dz = f*(dy) is integrable

(ii) There is a measurable function K = K(z) > 1, finite almost every-
where, such that f satisfies the distortion inequality

IDf(z)|" < K(z) J(x, f) for almost every x € X (354)

We emphasize that in many natural situations the condition (i) is auto-
matic. Such is the case when f is a local homeomorphism. More generally,
J(x, f) € LYX) if the cardinality of the set {z € X; f(z) = y} is an
integrable function in y € Y. Foundational analysis of mappings of finite
distortion relies on integration of the Jacobian. In order to fully benefit
from the estimates and the degree formulas we must stay close to the natu-
ral Sobolev class #"(X,Y). Thanks to .#'-estimates in Section 6 we may
consider unbounded distortion K = K(z). It turns out that the following

integral condition on K has interesting implications

© P(t
/ e* @) dr < 0o,  where / o) dt = oo (355)
X 1

t2
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This implies, via the distortion inequality, that f € #1(X,Y), where P
satisfies the hypotheses of Theorem 8.2. To be precise, we should mention
here that one also needs ®(t) = logt. This additional condition plays rather
technical role, since in practice ®(¢) behaves more or less like the linear
function. For instance, ®(t) = At or ®(¢t) = Mlog '(e +1), A > 0. As a
consequence of our investigation of the pullback of Sobolev mappings we are

able to carry out this program on manifolds.

THEOREM 9.1. Let f : X — Y be a non-constant mapping of finite
distortion K = K (x) satisfying (355). Then

e f is continuous, open, and discrete.

e The measure of E C X is zero if and only if f(E) C Y has measure

ZET0.

e Given A >0,C >0 andd € {1,2,...}, the family of mappings f : X —
Y such that
/ M@ dr < C (356)
X

deg (f;X,Y) < d (357)

15 compact with respect to uniform convergence.

e If for sufficiently large A = \(n)
/ eM@ gy < 0o
X

then f € #'"(X)Y).

We shall not prove this theorem, it can be found in [25], [26], [27], [28],
[35], [36], [37], and [38].
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