Quasiconformal removability and the quasihyperbolic metric

Pekka Koskela Tomi Nieminen

Mathematics Subject Classification. Primary 46E35; Secondary 30C65.

Abstract

We establish an essentially sharp condition sufficient for the L^nintegrability of the quasihyperbolic metric in a domain Ω ⊂ R^n. As a corollary, we prove a result concerning (quasi)conformal and W^{1,n}- removability of the boundary ∂Ω.

1 Introduction

Recall that a compact set K ⊂ U ⊂ R^n is called (quasi)conformally removable inside a domain U, if each homeomorphism of U, which is (quasi)conformal on U \ K, is (quasi)conformal on U. In the same way one defines a stronger property, Sobolev W^{1,n}-removability: K is W^{1,n}-removable if each continuous function in U that belongs to W^{1,n}(U \ K) also belongs to W^{1,n}(U). For the basics of removability and the motivation that partially arises from complex dynamics, see [Bi], [Jo], [JS].

In [JS], P. W. Jones and S. K. Smirnov established a connection between the L^n-integrability of the quasihyperbolic metric in a domain Ω and the removability of the boundary ∂Ω ([JS, Theorem 2]). Namely, if a domain Ω satisfies

k_Ω(·, z_0) ∈ L^n(Ω), (1)

then ∂Ω is quasiconformally and W^{1,n}-removable. Here the quasihyperbolic metric k_Ω is defined in the usual way: k_Ω(z, z^′) = inf_γ ∫ γ ds d(ω,∂Ω) , where the

infimum is taken over all rectifiable curves γ joining z to z^′ in Ω.

As a corollary, Jones and Smirnov proved that if a domain Ω ⊂ R^2 is simply connected and the Riemann uniformization map f : B^2 → Ω has the modulus of continuity ψ(t) < exp(− √ log^1_t log log^1_t /o(1)), then ∂Ω is conformally and W^{1,2}-removable. They reduced this result to the fact that the required modulus of continuity implies condition (1) for the image domain f(B^2) = Ω. In this paper we show that the second order term log log^1_t in ψ can be disposed of in this conclusion.

Theorem 1.1. For each p ≥ 1 there exists a constant C_p ∈ R such that, if the conformal mapping f : B^2 −→ Ω ⊂ R^2 satisfies

|f(x) − f(x^′)| ≤ exp(−(C_p log 1 |x − x^′| )^{1/2}) (2)

for all x, x^′ ∈ B^2 sufficiently close to each other, then ∫ Ω k_Ω(y, y_0)^pdy < ∞

for y_0 = f(0) ∈ Ω.

Combining Theorem 1.1 and [JS, Theorem 2], we obtain the following corollary concerning the removability of the boundary of a simply connected planar domain.

Corollary 1.2. There is a constant C such that, if a planar domain Ω is simply connected and the Riemann uniformization map f : B^2 −→ Ω satisfies |f(x) − f(x^′)| ≤ exp(−(C log 1 |x − x^′| )^{1/2}) (3)

for all x, x^′ ∈ B^2 sufficiently close to each other, then ∂Ω is conformally and W^{1,2}-removable.

Recall that the modulus of continuity φ(t) = exp(− √ log^1_t / log log^1_t ) guarantees that the area of f(∂B^2) is zero by [JM]. It remains open if this modulus of continuity could also be sufficient for removability. However, one cannot obtain such an improvement on Corollary 1.2 by techniques of this kind: in Section 3 below we describe an example of a situation where (3) holds for a small C but k_Ω fails to be in L^2 or even in L^1. It is known that k_Ω ∈ L^1 is not sufficient for removability.

The results above can be extended to R^n with n ≥ 2. We do this by establishing the critical quasihyperbolic growth condition that implies the L^p-integrability of the quasihyperbolic metric in Ω ⊂ R^n. Theorem 1.3. For each p ≥ 1 there exists a constant C_p = C_p(p, n) such that, if a domain Ω ⊂ R^n satisfies

k_Ω(y, y_0) ≤ 1 C_p (log d(y_0, ∂Ω) d(y, ∂Ω) )^{nn−1} + C_0 (4)

for all y ∈ Ω with some fixed point y_0 ∈ Ω, then ∫ Ω k_Ω(y, y_0)^pdy < ∞.

Note that Theorem 1.3 is sharp in the following sense: the exponent^n_{n−1} is the best possible. In fact, for any p ≥ 1 there even exists a constant C^′_p and a domain Ω ⊂ R^2 such that it satisfies condition (4) with the constant C^′_p, and that ∫ Ω k_Ω(y, y_0)^pdy = ∞.

If we consider a simply connected planar domain, Theorem 1.3 gives us an essentially equivalent result with Theorem 1.1. Indeed, condition (4) is roughly equivalent with condition (2) when we are close to the boundary.

By combining Theorem 1.3 with [JS, Theorem 2], we arrive at the following result.

Corollary 1.4. There is a constant C = C(n) such that, if a domain Ω ⊂ R^n satisfies

k_Ω(y, y_0) ≤ 1 C (log d(y_0, ∂Ω) d(y, ∂Ω) )^{nn−1} + C_0

for all y ∈ Ω with some fixed point y_0 ∈ Ω, then ∂Ω is quasiconformally and W^{1,n}-removable.

2 Proofs of the theorems

For the proof of Theorem 1.1 we need the following well-known consequence of the Hardy-Littlewood maximal theorem (see [Bo]).

Lemma 2.1. Let Q be a collection of cubes Q ⊂ R^n and let p ≥ 1. Then ∫ R^n ( ∑ Q∈Q χ_{pQ}(x))^kdx ≤ (Ckp^n)^k ∫ R^n ( ∑ Q∈Q χ_Q(x))^kdx for all k ≥ 1, where C = C(n).

Proof of Theorem 1.1. Let ω ∈ ∂B^2 and let γ = f([0, ω]). Define for each k ∈ Z^+ a function χ_k : ∂Ω −→ {0, 1},

χ_k(x) = { 1, if ∫ A_k(x)∩γ dt d(t,∂Ω) ≤ k c 0, otherwise,

where 0 < c < 1 and A_k(x) = {y ∈ R^2 : 2^{−k} ≤ y < 2^{−k+1}}. Let j ∈ Z^+ and let S_j (x) = j∑ k=1 χ_k(x). We show first that there is an absolute constant C such that, when we choose c < CC_p, then S_j(f(ω)) j > 1 2 (5) for all j ≥ j_0, where the integer j_0 is independent of ω.

Consider an integer k < j such that χ_k(f(ω)) = 0. The curve γ intersects the two boundary components of A_k(f(ω)) in two points a = f(t_aω) and b = f(t_bω), say. The quasihyperbolic distance k_Ω(a, b) is at least^k_c . Due to the invariance of the hyperbolic metric under conformal mappings, the quasihyperbolic distance k_B2 (t_aω, t_bω) is at least^k_{4c} .

Consider the largest t < 1 with f(tω) − f(ω) = 2^{−j} . By assumption (2), there is an integer j_0 (independent of ω) such that

2^{−j} ≤ exp(−(C_p log 1 1 − t )^{1/2})

whenever j ≥ j_0, and hence log 1 1 − t ≤ j^2 C_p . (6)

On the other hand log 1 1 − t = k_B2 (0, tω) ≥ ∑ k_B2 (t_aω, t_bω) ≥ ∑ k 4c , (7)

where the summation is over all k < j with χ_k(f(ω)) = 0.

Suppose the assertion (5) fails for some large j. Then, by combining (6) and (7), we obtain j^2 C_p ≥ j/2∑ k=1 k 4c ≥ C j^2 c for each j ≥ j_0 with some absolute constant C. This is a contradiction when we choose c < CC_p, and thus (5) is proved.

Next we define for each j ∈ Z^+ a set Ω_j := {x ∈ Ω : d(x, ∂Ω) < 2^{−j} } and we prove that there are constants M and C̃ such that |Ω_j| ≤ Mj^{−C̃Cp} (8) for all j > j_0.

Define a collection Q of pairwise disjoint squares in the domain Ω in the following way: Let W be the Whitney decomposition of Ω, and let Q consist of all the squares in the Whitney decompositions of the squares Q ∈ W.

Let us now consider a dyadic annulus A_k(f(ω)) such that χ_k(f(ω)) = 1. Recall that the quasihyperbolic distance between the points a, b ∈ Ω is comparable with the number of squares in the shortest chain of Whitney squares Q ∈ W connecting the points a and b (see e.g. [JS, p. 273]). Hence there is a chain of Whitney squares such that it connects two points a, b from the boundary components of the annulus and that there are at most

c_0k

c squares in the chain. Here c_0 is some absolute constant. Since the width of the annulus is 2^{−k}, we find at least^{c0k}_c squares Q^k_i ∈ Q such that Q^k_i ⊂ A_k(f(ω)) and the edge lengths of the squares Q^k_i are at least^{c2−k}_{c1k} with some absolute constant c_1.

Let j > j_0. For each k ≤ j let N(k) be the smallest integer such that N(k) ≥^j_k . We define a collection Q_j in the following way: If Q ∈ Q and there is 1 < k ≤ j such that^{c2−k}_{c1k} ≤ l(Q) <^{c2−k+1}_{c1(k−1)} , then each edge of the square Q is divided into N(k) parts. As for a square Q with l(Q) ≥^c_{2c1} , divide each edge into N(1) parts. Hence Q is subdivided into N(k)^2 squares that have edge lengths of at least^{c2−k}_{2c1j} . Let Q_j be the collection of squares aqcuired in this manner from the squares Q ∈ Q with l(Q) ≥^{c2−j}_{c1j} .

Let y ∈ Ω_j . We choose y^′ ∈ ∂Ω such that d(y, y^′) < 2^{−j}. From now on, c_i, i ≥ 0, denotes an absolute constant. Let k ≤ j satisfy χ_k(y^′) = 1. By the calculations above we conclude that from the annulus A_k(y^′) we find at least

c_0k

c N(k)^2 =^{c0j2}_{ck} disjoint squares Q^k_i (y^′) ∈ Q_j, such that l(Q^k_i (y^′)) ≥^{c2−k}_{2c1j} for all 1 ≤ i ≤^{c0j2}_{ck} .

By enlarging the squares Q ∈ Q_j we have by (5) that ∑ Q∈Q_j χ c_2j_{c Q}(y) ≥ j∑ k=j_0 c_0j^2 2ck = c_0j^2 2c j∑ k=j_0 1 k ≥ c_3j^2 log^j_{j0} c when the constant c_2 is chosen large enough. Hence we have the estimate

c^2 c_3j^2c log^j_{j0} ∑ Q∈Q_j χ c_2j_{c Q}(y) ≥ 1. (9)

Next we use inequality (9) to estimate the Lebesgue measure of Ω_j. For all ε > 0 we have by (9) that

|Ω_j| exp(εc log j j_0 ) ≤ ∫ Ω_j ∑ i≥0 1 i! (εc log j j_0 )^idy

≤ c_4|Ω| + ∑ i≥2 1 i! (εc log j j_0

)^i ∫ R^2 ( c^2 c_3j^2c log^j_{j0} ∑ Q∈Q_j χ c_2j_{c Q}(y) )_{i/2} dy

By Lemma 2.1 we thus deduce that

|Ω_j | exp(εc log j j_0 )

≤ c_4|Ω| + ∑ i≥2 ε^i i! ( c^2 c_3j^2 c_5 i 2 c^2j^2 c^2 c log j j_0 )_{i/2} ∫ R^2 ( ∑ Q∈Q_j χ_Q(y))^{i/2}dy

≤ |Ω|(c_4 + ∑ i≥2 ε^i(c_6^i_2 c log^j_{j0} )^{i/2} i! ). (10)

By the inequality i^i ≤ e^ii! we have that

|Ω|(c_4 + ∑ i≥2 ε^i(c_6^i_2 c log^j_{j0} )^{i/2} i! )

≤ |Ω|(c_4 + ∑ i≥2 (^1_2 )^{i/2}ε^i(c_7c log^j_{j0} )^{i/2} i!^{1/2}

). (11)

By Hölder’s inequality we obtain

|Ω|(c_4 + ∑ i≥2 (^1_2 )^{i/2}ε^i(c_7c log^j_{j0} )^{i/2} i!^{1/2} )

≤ |Ω|(c_4 + ( ∑ i≥2 1 2^i

)^{1/2}( ∑ i≥2 ε^{2i}(c_7c log^j_{j0} )^i i! )^{1/2})

≤ |Ω|(c_4 + exp( 1 2 ε^2c_7c log j j_0

). (12) Now |Ω|(c_4 + exp( 1 2 ε^2c_7c log j j_0

) ≤ M_0 exp( 1 2 εc log j j_0

), (13)

when we choose ε = 1/c_7 and the constant M_0 suitably. Thus, by combining (10),(11),(12),(13), we arrive at

|Ω_j | ≤ M_0 exp(− 1 2 εc log j j_0 ), and hence

|Ω_j| ≤ M_0 exp(− 1 2 εc log j) exp( 1 2 εc log j_0) ≤ Mj^{−C̃Cp} , where the constant M depends on |Ω| and j_0, and C̃ is an absolute constant. This proves inequality (8).

It follows from (2) that

k_Ω(f(x), f(0)) ≲ 1 C_p (log d(f(0), ∂Ω) d(f(x), ∂Ω) )^2 + C_0 (14)

for all points x ∈ B^2.

Now, by combining (8) and (14), we obtain for y_0 = f(0) ∈ Ω that ∫ Ω k_Ω(y, y_0)^pdy ≲ ∫ Ω 1 C^p_p (log d(y_0, ∂Ω) d(y, ∂Ω) )^{2p}dy + const

≲ ∞∑ j=j_0 ∫ Ω_j \Ω_{j+1} 1 C^p_p (log 2^{j+1})^{2p}dy + const

≲ ∞∑ j=j_0 M C^p_p j^{−C̃Cp+2p} + const.

The sum above converges if C̃C_p > 2p + 1 or C_p > 2p + 1 C̃ , and hence the theorem is proved. □

Note that, by using the technique in the proof of Theorem 1.1, we obtain the estimate (corresponding to (8)) |{y : d(y, ∂Ω) < r}| ≤ G(r) for all r > 0 with some increasing function G with G(0) = 0. This implies a generalized Hausdorff dimension estimate for the set ∂Ω. This kind of estimates, that can be viewed of generalizations of the dimension bounds in [JM] and [KR], are considered further in [N].

Proof of Theorem 1.3. The proof is very similar to the proof of Theorem 1.1, and thus we only indicate the important modifications needed. Instead of using the curves γ = f([0, ω]), we directly work with quasihyperbolic geodesics. In the definition of χ_k, the bound^k_c is replaced with^k 1 n−1 c . The crucial estimate (5) is now obtained by applying [KOT, Lemma 4.6]. The rest of the proof then follows essentially as in the proof of Theorem 1.1. □

3 Sharpness of the results

We show the essential sharpness of Theorem 1.3 by sketching an example of a domain Ω ⊂ R^2 which satisfies condition (4) with some constant, but ∫ Ω k_Ω(y, y_0)^pdy = ∞ for all p ≥ 1. A similar construction can be carried out in R^n, n > 2, to show that the exponent^n_{n−1} in Theorem 1.3 is critical for the volume of ∂Ω to be zero, see [N]. Because k_Ω ∈ L^n can be shown to guarantee that the volume of ∂Ω is zero, it follows that the exponent^n_{n−1} in Theorem 1.3 is the best possible.

Let α :]0, 1[→]0, ∞[, α(t) = εt log^1_t , where 0 < ε <^1_2 . Let Q_1 = {x ∈ R^2 : |x_i| <^1_4 for i = 1, 2}, and denote the side length of Q_1 by r_1. Let Ω^1 be the α(r_1)-neighborhood of the coordinate axes in Q_1. Let Q_2 = Q_1 \ Ω^1. Now Q_2 consists of 4 squares with side lengths r_2 =^1_2 r_1(1 −^{2ε}_{log 1r1} ). Denote the components of Q_2 by Q^l_2. Let Ω^2 be the union of the α(r_2)-neighborhoods of the centered coordinate axes in the squares Q^l_2. Then let Q_3 = Q_2 \ Ω^2. Now Q_3 consists of 4^2 squares with side lengths r_3 = (^1_2 )^2r_1(1 −^{2ε}_{log 1r1} )(1 −^{2ε}_{log 1r2} ). Define for every k ≥ 3 the sets Ω^k

and Q_k accordingly. Now the set Ω^k consists of the α(r_k)-neighborhoods of the centered coordinate axes in the squares Q^l_k, l = 1, 2, ..., 4^{k−1} , with side lenghts

r_k = r_1( 1 2 )^{k−1} k−1∏ i=1 (1 − 2ε log r_i

) ≥ r_1( 1 2 )^{k−1} k−1∏ i=1 (1 − 2ε i ).

Define the domain Ω by Ω = ∞⋃ k=1 Ω^k.

Now an easy calculation shows that Ω satisfies condition (4) with some constants C(ε) and C_0. Moreover, choosing the constant ε small enough implies ∫ Ω k_Ω(y, y_0)^pdy = ∞ for any p ≥ 1. Indeed, notice that r_k ≍ 2^{−k}k^{−2ε}, and ∫ Ω k(y, y_0)^pdy ≳ ∞∑ k=1 4^{k−1}r_kα(r_k)( r_k α(r_k) )^p

= ∞∑ k=1 4^{k−1}r^2_k( log^1_{rk} ε )^{p−1}

≳ ∞∑ k=1 k^{−4ε}( k ε )^{p−1}. This sum diverges if ε <^p_4 . Notice that Ω is not simply connected because of loops. This can be easily fixed by closing certain gates in the construction. We leave the details to the reader. Moreover, condition (4) implies condition (3) with a constant C̃(ε).

References

[Bi] C. J. Bishop: Some homeomorphisms of the sphere conformal off a curve, Ann. Acad. Sci. Fenn. Ser. A I Math. 19 (1994), 323-338.

[Bo] B. Bojarski: Remarks on Sobolev imbedding inequalities, Lecture Notes in Math. 1351, Berlin, Heidelberg, New York: Springer 1989, 52-68.

[JM] P. W. Jones, N. Makarov: Density properties of harmonic measure, Ann. of Math. 142 (1995), 427-455.

[Jo] P. W. Jones: On removable sets for Sobolev spaces in the plane, in Essays on Fourier Analysis in Honor of Elias M. Stein (Fefferman, C., Fefferman, R. and Wainger, S., eds.), Princeton Math. Ser. 42, pp. 250- 267, Princeton Univ. Press, Princeton, N. J., 1995.

[JS] P. Jones, S. Smirnov: Removability theorems for Sobolev functions and quasiconformal maps, Ark. Mat. 38 (2000), 263-279.

[KOT] P. Koskela, J. Onninen, J. T. Tyson: Quasihyperbolic boundary conditions and capacity: Hölder continuity of quasiconformal mappings, Comment. Math. Helv. 76 (2001), 416-435.

[KR] P. Koskela, S. Rohde: Hausdorff dimension and mean porosity, Math.

Ann. 309 (1997), 593-609.

[N] T. Nieminen: Generalized mean porosity and Hausdorff dimension, in preparation.

Pekka Koskela and Tomi Nieminen, University of Jyväskylä, Department of Mathematics and Statistics, P.O. Box 35, FIN-40014 Jyväskylä, Finland.