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Abstract

Assume a standard Brownian motion W = (W4),c(o,1) and a Borel
function f : R — R such that Z = f(W;) € Ly. We show that
certain approximation properties of Z with respect to the Brownian
motion and the geometric Brownian motion are equivalent to the fact
that f belongs to some fractional Sobolev space obtained by the real
interpolation method from the couple (D; 2(7), L2(y)), where 7 is the
standard Gaussian measure on the real line.
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1 Introduction

The recent study of quantitative approximation problems for stochastic in-
tegrals has been motivated by problems in Stochastic Finance, where one
replaces continuously adjusted portfolios by discretely adjusted ones and is
interested in the occurring approximation error, which can be interpreted
as risk. After considering special pay-off functions the investigations were
indicating that there are close relations between stochastic approximation
properties and interpolation properties. A first connection in this direction



was given in [3]. The aim of this paper is to extend these results in the
case that the underlying diffusion, which acts as integrator of our stochas-
tic integrals, is the Brownian motion or the geometric Brownian motion.
The particular choice of the diffusion allows us to exploit Hermite polyno-
mial expansions to understand better the interplay between interpolation and
stochastic approximation.

We let W = (W;)iepo,1) be a standard Brownian motion with Wy = 0
and having continuous paths for all w € €) defined on a probability space
(Q, F,P), where we assume that F is the completion of o(W; : t € [0,1]).
We let (Fi)icp,) be the augmentation of the natural filtration of W, the
process S = (S¢)iepo1] be the geometric Brownian motion

St = GWt_%a le [07 1]7

and v be the standard Gaussian measure on the real line
1
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The complete orthonormal system of Hermite polynomials (hx)32, C La(7)
is obtained by
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dvy(x) ==

)\2 > hk(l’)
exp()\x——):z}\k for AeR
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and the Sobolev space Dy 5(7) as the Banach space of all f = Y2 axhy
such that

£l = (Z(k + l)ai) < oo.

k=0
Given f € Ly(y) we want to approximate f(W;) as follows.

Definition 1.1 Let X be the Brownian motion or the geometric Brownian
motion and T be the set of all deterministic time-nets 0 =ty < --- < t, = 1.
Given 7 = (t;))I"y € T and Z € Ly(Q, F,P), we let

n

ax(Z;T) :=inf

=1 Lo

where the infimum s taken over all F,  -measurable step-functions v;_;.
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To introduce the fractional Sobolev spaces we use the real interpolation
method described for example in [1] and [2].

Definition 1.2 Let (Xo, X1) be a compatible couple of Banach spaces. Given
x € Xo+ Xy and A > 0, the K-functional is defined by

K(l’, )\, X07X1) ;= inf {H.I’()HXO + )\H.Q?lel X =X+ lEl} .

Moreover, given n € (0,1) and g € [1,00], we let (Xo, X1),,4 be the space of
all z € Xo + X5 such that

||x||(XOaX1)n,q = H)\777K<x7 >\;X07X1 < Q.

) HLq((o,oo),%)

The following result was, in a sense, announced in [3] in the case, X being
the Brownian motion, and gives a first connection between real interpolation
and stochastic approximation. To shorten the notation, given A, B > 0 and
¢ > 1, the expression A ~. B stands for A/c < B < cA.

Theorem 1.3 Let n € (0,1), f € Ly(y), and X be either the Brownian
motion or the geometric Brownian motion. Then the following assertions
are equivalent:

(i) fe D7), La(7))n0o-

(ii) There is a ¢ > 0 such that, for all T = (;)7-, € T,

ax(FW1);7) <c sup [t —tiq| 2.

1=1,....n
Moreover, if | f(Wh)|,.x is the smallest possible ¢ > 0 in (ii), then

@120, L2 moo ~d N Loy + 1F (WD) |5,

where d > 0 depends on n only.

As a byproduct of the paper we prove this theorem as well. This might be
of interest since the method in this paper is completely different from the



method used in [3]. The theorem has a couple of ’drawbacks’: firstly, it is
not visible at all that

supyv/n inf ax (f(Wh); (t:)iy) < o0

n>1 (t)iso€T
under the conditions of Theorem 1.3 (this estimate and that the rate 1/y/n
is optimal follow from [3]). Secondly, the usage of the interpolation spaces
with the parameters (6, 2) seems to be more favorable because of the already
existing very intuitive characterizations (see, for example, [5]). Finally, we
would like to connect path-properties of the martingale (]E(f (W1)|ﬁ))te[o,1]
and approximation properties of f(/). A first attempt in this direction was
done in [3]: letting X be the Brownian motion or the geometric Brownian
motion and

2

BN = ([ a- 0w - EgmiE@ka) o
for 6 € (0,1/2), it was shown for certain f that Iy(f) € Lo implies
ax(f(Wi);7) <c sup It — tia|’, (2)

=1,...,n
and that the latter inequality implies in turn that I;(f) € L, for § < 0.
The question about an equivalence was raised. Here we answer this question
by modifying the right-hand side of Formula (2) or, equivalently, by passing
from the interpolation spaces with the parameters (7, c0) to the spaces with
the parameters (7, 2).

2 Results

Our first result characterizes f € (IDy2(7), L2(7))n,q by the martingale ob-
tained from f(W;). This is slightly different from the semi-group approach
used for example in [5], where the corresponding Ornstein-Uhlenbeck semi-
group is exploited. Given f € La(7y), we define

F(t,z) = Ef(x + Wi_y)

for (t,z) € [0,1) x R. The function F' is smooth. In particular, one can
define F' on (—¢,1) x R for some ¢ > 0 (cf. [4] (Lemma A.2)) and

OF 10*F

ot T2
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By It6’s formula we obtain E(f(W,)|F;) = F(t,W;) a.s. for t € [0,1) and

JfWy) =Ef(W) = 1 g—F(t, Wy)dW; a.s.
o Oz

with Esup,c ) [(OF/0x)(t, W;)[* < oo for b € [0,1) (cf. [4] (Corollary 4.1)).

Theorem 2.1 Forn € (0,1), g € [2,00], and f € Ly(y) one has that

OF
——(t, W)

(1—1)2 e

||f||(D1,2(’Y),L2(’Y))n-,q ~d Hf”Lz(’Y) +

L2 Lq(p)

~a I la + || = DF 2 1FO0) = F W)l

Lq(p)

where d > 0 depends on (n,q) only and du(t) := % on [0,1).

Now let us turn to the approximation problem we are interested in. As
already pointed out in [4] and [3], equidistant time nets are not optimal in
general when one minimizes ax(f(W;);7) while 7 is restricted to a certain

cardinality. Instead of equidistant nets, the nets 77 = (£, with

p\ 1-7
AU (1 = %) (3)

and n € (0,1) were used there. The following theorem shows that f €
(D1,2(7y), L2(77))n,2 is exactly characterized by the fact that the nets 77 give
already the optimal approximation rate of 1/4/n, which was slightly surpris-
ing to us. Moreover it should be noted, that the following characterization
is independent from the choice of the diffusion W or S.



Theorem 2.2 Let n € (0,1), f € La(y), and X be either the Brownian
motion or the geometric Brownian motion. Then the following assertions
are equivalent:

(i) f e Da(y), La(7))n2-

(ii) There is a co > 0 such that, for all T = (t;)I-, € 7,

(iii) There is a c3 > 0 such that, for alln =1,2, ...,

Moreover, if | f(Wh)|,x is the smallest possible c; > 0 in (ii) and || f(W1)],.x
is the smallest possible c3 > 0 in (iii), then

1l @120 Lot))me ~a Loy + 1F V1) nx
~a | fllesey + W) [lnx

where d > 0 depends on n only.
Combining Theorems 2.1 and 2.2 gives immediately the

Corollary 2.3 Assume that 6 € (0,1/2) and n € (0,1) with 20 =1 —n and
that Ig(f) is given by Formula (1) for f € Lo(vy). Let X be the Brownian
motion or the geometric Brownian motion. Then Io(f) € Lo if and only if
there is a constant ¢ > 0 such that, for all T = (t;)I-, € T,

ax(f(Wi);7) <c sup



3 Proof of the theorems

In the following we let d; 2 and 3 be the spaces of all @ = (ay)32, C R such

that )
o0 2
lalla, » == (Z(k + 1)a§> <00
k=0
and |alle, == O ai)% < o0, respectively. First we compute the K-

functional of the couple (d;2,¢3) (we believe that this should be folklore).

Lemma 3.1 For a = (ax)i2, € lo one has K(a,\;di2,la) = Alall,, for
A€ [0,1] and

2

K(a, \;dya,ls) ~ <Z min{k + 1, )\2}ak> for A>1.

Proof. Since the case A € [0, 1] is obvious, we suppose A € (y/n,v/n + 1] for
some n € {1,2,...}. Letting ap = (ak0)>y € di2 and a1 = (1)i2y € {2
such that a = ag + a; we get

Z (k+1) 0%0“‘)\220%1 > Zmin{k+1,)\2}(ai70+ail)
k=0

k=0
oo

%Zmin{kH— 1, N} o

k=0

v

so that Y 7o min{k + 1, \*} af < 2K(a, \;dy2,02)*. On the other hand,
n—1
K(a,\idyo, ly) < (Z(k +1)a ) +A <Z ak>
k=0
o0 >
V2 (Z min {k +1, /\2} ai) .

k=0

IN



Now we use a transformation, in a sense, similar to the Hermite transform:
given a = ()32, € l2, we let

(Ta)(t Zaktk for te]0,1)
k=0

and obtain

Proposition 3.2 Forn € (0,1), ¢ € [2,00], and a = ()72, € {2 one has
||a||(d1,27£2)77,q ~ec ||a||€2 + H(]‘ _t 2 Vv Ta ‘ L ([O 1) dt

_1

/(T - <Ta><t>\

~e Nalle, + [[(1 =)

Lq([0,1),1%)

where ¢ > 0 depends on (n,q) only and the expressions may be infinite.

Proof. (a) We start with the first equivalence For t € [0,1) take n; €
{1,2,..} such that 1 — - <t <1 — —5. Then we get

[N ez

Lq(0,1),-2%

o 2
Z aiktk_1>

(=7}

IA
—~
—_
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~
~—
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e
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k=n; Lq([0,1),1%7)
ng—1 2
< |[a-n? (Z ’“""3>

k=1 Lq([o 1)7%)
1

n RS 2 2

+e|l(1—1)2 (1——15 2 ak)
k=n Lq([0,1),725)



since kt*~! < 2/(1 —t) for k > n; and some absolute ¢ > 0 and where
‘empty’ sums are treated as zero. Using the transformation A\* = 1/(1 — )
and observing that n, < A\? < n; + 1 we can continue from the last sum to

[)\2]_1 2 0o %
1 1
20X ko +e20 AT [N o
k=1 k=[\2]
Lq([lvoo%%) Lq([laoo)v%)
1
o 2
< (14020 A7 <Zmin{k+1,AQ}ai>
k=1 LQ([LOO%%

< (L4 2V AT (0 X diz )],y o o)

1
< (1 + C)2q \/§||a||(d1,27€2)n,q

where we have used Lemma 3.1. Moreover,

||a||f2 < 0777Q||a||(d1,2,f2)n,q

so that one direction of the equivalence is verified. To get the remaining
estimate we again use Lemma 3.1 to obtain

all (d1,2,62)n,q
= MR (@ X die, )] 00,29

ng,qHaHEQ + ||>\7UK(CL7 A;dy o, b

IN

)HLq([l,oo) Ay

X

2

IN

challalle, + V2 [ (Z min{k + 1, AQ}a,%)
k=0

LQ([lvoo)v%)
1

o) 2
< allalle, + V2| A" (Z min{k + 1, /\2}ai>
Lq

IN

=1 ([1,00),2)

= CH??JIHG’H%

[NIES

A2]-1 00
V2 (AT (k+1)a; + A > of

1 k=[)?]

i

Lg([1,00), %)



Moreover, for t, ;=1 — %, n > 1, one has

1 o0 [e'S)
1 _tk 1
(k+1aj + n;ai < 5;aﬁﬁ =5n /tn (Ta)(s)ds

n—

k=1
so that
1
A?]-1 o 2
AT Z (k+ 1)z + N2 Z o
k=1 k=[A2]

Lq([1,00), %)

< V10 || AT ([)\2] /lil(Ta)’(s)ds)Q

2]

Lq([1,00), %)
Letting Z(t) := (T'a)'(1 —t), t € (0,1], we have that

_1_ 1

2 /  (Tay(s)ds = V] / 2t < X2 / ¥ 2t

1
o7 0 0

and

7 Lg([1,00),2)

IA
>
E

A7 ([)\2] /11(Ta)'(s)ds)

Lq([1,00), %)

Lq((0,1],57)

Applying one of Hardy’s inequalities (see [1] (Lemma 3.9, p. 124)) (note
that ¢/2 > 1 and n € (0,1)) implies that the last term can be estimated
from above by

HVZ0)

g\/ Ta) 1—t H

V1 ‘ Lq((0,1], ‘“) \/
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Lg((0,1],4)



so that the remaining inequality follows.
(b) The second equivalence follows from step (a) and

rd (% /0 Z(t)dt)2 = (1—s)272/(Ta)(1) — (Ta)(s)
for r € (0,1] and r + s = 1. O

Lemma 3.3 Let n € (0,1), 77 be the nets defined in Formula (3), and ¢ :
[0,1) — [0, 00) be a continuous and increasing function. Then the following
assertions are equivalent:

(i) There is a constant ¢; > 0 such that

ti—t;
Z/ t—U dU<C1 Sup ﬁ
i=1,..., - bi—1

forallO=ty <ty <---<t,=1.

(ii) There is a constant c; > 0 such that

()
nn < 2
3) NCEEREUTES
foralln=1,2, ..

(iii) There is a constant c3 > 0 such that
1
/ (1 —u)"p(u)du < cs.
0

For (i) = (i) and (ii) = (iii) one can take co = dcy and ¢35 = dca, where
d > 0 is a constant depending at most on n, for (iii) = (i) one can take
C1 = C3.

Proof. (i) = (i7) is trivial, so let us check first (i) = (i4i): given time-nets
(tl(n))?fzo with 0 = t(()n) <. < t™ =1 and lim, SUP;—1. n |tl(-n) — t52)1| =0 we

have that

1
hm inf Z t(n (i)l)(tl(n) — t§ﬁ)1) > /0 (1 —u)"p(u)du.



Furthermore,

- e (6 = 1) (™)
-1t —tig
(n) n
1—t¢ n
= 0w (<n> Z_<1n)> (t — 1)) 2t
=Lon 4 =ty ) S

n n (n)
(1—8")" K.
< 2 ( sup W /(n> (tz( )—u)go(u)du.
Tl i=1 7t

i=1,..,n
I b 1

Applying this to (tg"’n))?zo gives

! 1 — ")
/ (1 —u)"p(u)du < 2liminf < sup @ e < dcy
0

n i=1,.n tz(.”’”) _ tl(.ﬁf) n

for some d = d(n) > 0.
(73i) = (i) Here one gets that

g;szu—uxxmdu

- Z/ —(fi__:;n(l—u)”w(u)du

i=1 Jti-1

) (1 - wplu)d
sup  sup ——m— —u) plu)au
1=1,...,n u€lt;_1,t;) (1 - u)n 0

ti —ti1 !
= —_— 1 — )" du.
Qj?ma_ﬁ4w>é< u)elu)du

IN

Given f € Ly(y) and F(t,x) = Ef(z + Wi_4) we let
t
G(t,y) =F (t, 3 + logy)

12



for (t,y) € (—¢,1) x (0,00), where € > 0 is taken from the definition of F,
so that G € C"X’(( g,1) x (0,00)) and

oG s 82G
ot 2 ay
As function ¢ in Lemma 3.3 we shall take
O*F 0?°G
He (D0 = | G|t 20 = 52555
L2 L2

The functions Hw (f) and Hg(f) are the main tool in order to estimate
ax(f(W1);7) and can be computed by

Lemma 3.4 For f =" oxhy € La(y) and t € [0,1) one has that

Hw(f)P(t) = Y ik +2)(k+1)t"

Hs(f)*(t) = Z (Oék;+2 - j%) (k+2)(k + 1)tF

Proof. For f € Lo(y), t € [0,1), and € R we use the Ornstein-Uhlenbeck
type operators

SIS () = / F(VE 2+ VT =T 5) 1 dy(n),
S(f)(x) = / FVEz+ VT ) (7 — 1) dy(n).

The operators S} and S? are bounded on Ls(y). In particular, S}(hg) =
S%(ho) = S?(hy) = 0 and

SHhy) = VT—tVkt'= hyy,
Sy = (1— 1) VT 1) 2 his

for k > 1 and [ > 2. We only check the formula for Hg(f). It is known (cf.,
for example, [4] (Lemma A.2)) that

y ?;C;(t y) = (g(ysl—t) <(1W_12tt)2 — Wiij 1))

13




and
Hs(f)*(t)

= [ [ v (S - A ) e dnr

= HLSQ(JC)_

o0

= Z <Oék;+2 - a—%) (k +2)(k + 1)t".

k=0

O

One gets from the above lemma that the behavior of Hy (f) and Hg(f)
is not far from each other since a simple computation implies

Lemma 3.5 For f =" oxhy € La(y) and t € [0,1) one has

S Hw ()~ > (o + ad) < Hs(f)7(1) < 4Huw((1) + 207

The following lemma is taken from [4] where it is formulated for the geometric
Brownian motion. The case of the Brownian motion can be obtained by the
results of [4] as well.

Lemma 3.6 For f € Ly(v), Z = f(Wh), and T = (t;)I-y € T one has that

1
2

ax(Z;1) ~e <Z/tl (ti—u)HX(f)Z(u)du>

where X s either the Brownian motion or the geometric Brownian motion
and ¢ > 1 1s an absolute constant.

14



Proof of Theorem 2.1. Assuming f = Y .~ oxh; we get by the
properties of the Ornstein-Uhlenbeck semi-group that E|E(f(W;)|F)]? =
> oo @it? and E|(OF/0x)(t, Wy)|? = > pe, adkt*™ = (Ta)'(t) for t € [0,1).
Now our assertion follows from Proposition 3.2 and

Elf (W) —E(f(W)IF)* = E[f(W)]* — BIE(f(W1)|F)[*
(Ta)(1) - (Ta)(t).

O

Proof of Theorem 1.3. Applying Proposition 3.2 to f = Y ;- axhy
and ¢ = oo gives

n
1 F D120 La())moe e ||f||L2(v)+tSEIi)(1—t)2 (T'a)'(t)
€10,

(SIS

~e N f e + sup (1=1)24/(Ta)(t) — of

te[0,1)

= N flleaen + Sup 1—t3\// Hy (f

~er sy + sup <1—t>3\/ [ st
te[0,1) 0

where we used Lemmas 3.4 and 3.5, and where ¢, ¢/, ¢’ > 0 depend at most
on 7. Now the assertion follows from Lemma 3.6 and [3] (Lemma 3.1). O

Proof of Theorem 2.2. Again, applying Proposition 3.2 to the function
[ => 1 ,arhy and, now, ¢ = 2 gives

1
1l @120 Latr))ne e HfHLg(v)Jr\//o (1 —t)1=1(Ta)(t)dt

e Il + \/ | a=omiray) -t
=l \// 1—tn1/HW u)dudt

15




= HfHLz(w)Jr\/%/o (1 —t)7Hw (f)*(t)dt

e HfHLz(“f)‘i‘\//o (1 — )" Hs(f)*(t)dt

by Lemmas 3.4 and 3.5, where ¢, ¢, ¢’ > 0 depend at most on 7. Finally, the
assertion follows from Lemmas 3.6 and 3.3. a
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