QUASIHYPERBOLIC BOUNDARY CONDITIONS AND
CAPACITY: UNIFORM CONTINUITY OF QUASICONFORMAL
MAPPINGS

STANISLAV HENCL AND PEKKA KOSKELA

ABSTRACT. We prove that quasiconformal maps onto domains which satisfy
a suitable growth condition on the quasihyperbolic metric are uniformly con-
tinuous when the source domain is equipped with the internal metric. The
obtained modulus of continuity and the growth assumption on the quasihy-
perbolic metric are shown to be essentially sharp. As a tool we prove a new
capacity estimate.

1. INTRODUCTION

It is well-known that a quasiconformal mapping between sufficiently nice do-
mains is uniformly continuous. In this paper we consider the following question.
Suppose that we are given the growth condition

(1.1) ka(zo,7) < ¢ (%)

on the quasihyperbolic metric ko of a domain, where ¢ : (0,00) — (0,00) is an
increasing function and zg is a fixed point in 2. Under which conditions on €'
and ¢ can we conclude that each quasiconformal mapping f : ' —  is uniformly
continuous when 2 is equipped with the euclidean metric and €' with the internal
distance §(z,y), i.e., the infimum of lengths of curves that join = to y in €', or
some other natural metric on €)'.

Let us comment on the history of the problem. Becker and Pommerenke [3]
proved that a conformal mapping f from the unit disk onto a domain €2 is uni-
formly a-Hélder continuous, 0 < a < 1, if (and only if) the hyperbolic metric pq
in (2 satisfies a logarithmic growth condition

1 N dist( 29, 09)
o 08 dist(z, 092)
where 2y = f(0) and Cy < co. Here dist(-, 9€2) denotes the Euclidean distance to

the boundary of €. Notice that the hyperbolic metric pg above is comparable to
kq by the Koebe distortion theorem. Gehring and Martio [5] proved a version of

(12) pQ(ZOVZ) S +C(]7
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this statement in all dimensions for possibly multiply connected domains. Their
assumption on on {2 was that

1. dist(zg,00)
(1.3) ko(zo, ) < Elogm
for some (each) zg € 2 and a constant Cy = Cy(zg) < co. They showed that this
rather easily imples that, given 2’ and a quasiconformal mapping f : Q' — Q,
f is uniformly Holder continuous on each (open) ball B C ' with an exponent
« and constant M which depend only on n, K, and the constants § and Cj but
are independent of B. Given points z,y were then assumed to be joinable by a
“nice” curve v along which this estimate was applied in order to obtain a global
distortion estimate. The “niceness” of v required that the length of it was no
more than a constant times |z — y| and that v stayed sufficiently far away from
the boundary, when measured in a certain averaged sense.

Very recently, Koskela, Onninen, and Tyson [13] improved on the above results
by showing that, under the logarithmic growth condition (1.3), a mapping f
as above is always uniformly Holder continuous when €' is equipped with the
internal metric §(x,y) and 2 with the euclidean metric.

Before stating our first result, let us indicate what kinds of functions ¢ in the
growth condition (1.1) are critical. Consider the unbounded simply connected
domain

+ C)

Q={[z,y] eR?: 2> —1, |y| < exp(—z)}

Then (1.1) holds with zy = (0,0) and ¢(t) = Ct+ C and there exists a conformal
mapping from the unit disk onto 2. Thus this growth order does not guarantee
uniform continuity even when €' is the unit disk. On the other hand, using the
Koebe distortion theorem, one easily checks that the growth order ¢(¢) = t* + C
is sufficient for the uniform continuity of conformal mappings from the disk onto
Q, for any s < 1. In fact, even the integrability condition

(1.4) /quﬁdft(t)@o

suffices. Our first result comes rather close to verifying that this condition is
always sufficient.

In what follows, we denote by dq(z,y) the internal distance between a pair of
points z,y € €1, i.e., the infimum of the lengths of curves in €2 joining = to y.
For technical reasons, it is more convenient to write the growth condition (1.1),
following Gotoh [8], in the form

(1.5) dist(z, 0Q2) < dist(xg, 0Q)p(ka(zo, x)),

where we assume that ¢ : [0,00) — (0, 00) is non-increasing, and that

(1.6) /00 p(t) dt < oo.
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To relate (1.1) to (1.5), simply notice that we may take

for ¢t large. Given a € R we define
(1.7) B(s) = / @(t) dt and ¥, (t) = (1(2)) .

Theorem 1.1. Let 2,92 C R", n > 2 be domains and assume that S satisfies
(1.5) and that (1.6) holds. Suppose that there is a > n — 1 such that the function
1q 18 concave. Then each quasiconformal mapping [ : Q' — Q satisfies

(1.8) f(@') = f(y)] < C® (Clog ﬁ)

for every pair x',y" of distinct points in €.

The above concavity condition does not hold for p(t) =t * + C, when s = n,
in other words, when ¢(t) = t'/* 4 C. We do however believe that Theorem
1.1 holds even without this condition (also see [13] pp. 429-430). The modulus
of continuity given in (1.8) is essentially sharp even when €' is the disk, see
Section 5 below. For example, when ¢(t) = t*+ C, 0 < s < 1, we may take
®(t) =t =, and when ¢(t) = Clogt + C, we have ®(t) = exp(—Ct), and we
recover Holder continuity. Moreover, the integrability condition is really needed
because otherwise {2 may fail to be bounded.

Our second result allows us to omit the concavity condition, but we need to
use another distance function on €Y',

Theorem 1.2. Let 2,9 C R", n > 2 be domains and assume that € satisfies
(1.5) and that (1.6) holds. Then each quasiconformal mapping f : Q@ — Q
satisfies

(1.9) 7(a') ~ fW)] < C2(Clog m>

for every o',y € Q, where [z, Y| is any quasihyperbolic geodesic joining x' to
y in Q.

Note that this gives us the result of Theorem 1.1 without the concavity as-
sumption if we assume instead that the Gehring-Hayman inequality is satisfied
in . The Gehring-Hayman inequality states that there is a constant M so that

(1.10) diam[z', y'|o < Mo(2',y")

for every ',y € Q. It is known to hold in many natural situations [4], [10],
(2], in particular for simply connected domains and more generally for domains
quasiconformally equivalent to uniform domains. Again the given modulus of
continuity is essentially sharp, see Section 5.
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Our proofs of Theorem 1.1 and Theorem 1.2 rely on certain capacity estimates
in domains satisfying the given growth condition on the quasihyperbolic metric.
Specifically, we establish the following result.

Theorem 1.3. Let 2 be a proper subdomain of R™, n > 2, with diameter one
which satisfies (1.5) and that (1.6) holds. Suppose that there is a > n — 1 such
that the function 1, is concave. Let Qg denote a fired Whitney cube containing
the basepoint xy. Then

(1.11) cap(E, Qo; Q) > C(®~'(C diam E))' ™"
for all continua E C Q.

Here cap(E, F;Q2) denotes the n-capacity between a pair of disjoint continua
E and F in the domain €2, see Section 2. The given bound on the capacity is
sharp, but we do not know if one could omit the concavity assumption.

We prove Theorem 1.3 by a chaining argument involving the Poincaré inequal-
ity on Whitney cubes in €2. Our argument here is an improvement on the tech-
niques introduced in [13] and in [11]. Theorem 1.2 will be obtained from a version
of Theorem 1.3, which is proven without the concavity assumption. In this ana-
log, only continua F of a special type are considered.

This paper is organized as follows. Section 2 reviews the notations used in the
paper and gives most of the necessary definitions. In Section 3, we introduce the
quasihyperbolic metric and prove some of it’s important properties. Section 4
contains the proofs of the capacity estimates and the final section, Section 5, is
devoted to the discussion of uniform continuity.

2. NOTATIONS AND DEFINITIONS

We denote by R"™, n > 1, the euclidean space of dimension n. The Lebesgue
measure in R™ is denoted by m, although we usually abbreviate dm(z) = dz. We
write #M for the number of elements of a set M.

For a cube @ C R" with center x and side length s(Q) and for a factor A > 0,
we denote by AQ@) the dilated cube which is again centered at x but has side length
As(Q). The center of a cube @ is denoted by c¢g. Given an integrable function u
on an open set A C R" we write

v :]éu(x)dx _ ﬁ[lu(x)dx.

For an increasing function ¢ : [0, 00) — [0,00) with ¢(0) = 0, we denote by
HZY the Hausdorff p-content: H (E) = inf ), ¢(r;), where the infimum is taken
over all coverings of E C R™ with balls B(x;,r;), i = 1,2,.... When p(t) = t*
for some 0 < s < 0o we write H® = H.
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For disjoint compact sets E and F' in the domain €2, we denote by cap(E, F’; Q)
the conformal (or n-) capacity of the pair (E, F);

cap(E, F;;Q) :inf/ |Vul|" dz,
v Ja

where the infimum is taken over all continuous functions v in the Sobolev space
Wh™(©) which satisfy u(z) < 0 for 2 € E and u(x) > 1 for z € F.

For K > 1 and §,Q as above, we say that a homeomorphism f : Q — Q' is
K -quasiconformal if

1
7¢ Cap(B, F3Q) < cap(E', F'; YY) < K cap(E, F; Q)

whenever E and F' are disjoint compact sets in €, where E' = f(F) and F' =
f(F). For the basic theory of quasiconformal maps, we refer the reader to the
monograph [16] of Viisila.

Let Q be a bounded domain in R, n > 2. Set () = n~"/2diam Q. We denote
by W = W(Q) a Whitney decomposition of the domain € into Whitney cubes @,
ie., Q= Ugew @, the cubes in VW have pairwise disjoint interiors, vertices in the
set

27Ns(Q) - 2" = {(277s(V)y,...,277s(WN,) : j € NIy, ..., 1, € Z},

and satisfy diam @ < dist(Q, 92) < 4diam @ for each @@ € W. For the existence
of such a decomposition, we refer to Stein’s book [15, VI.1]. For any A, 1 <
A < 5/4, the expanded collection of cubes {AQ : @ € W} has bounded overlap,
specifically,

Qew
See, e.g., [15, VI.1.3, Proposition 3|. For j € N we set
(21) W]:{QEW J SkQ(CQ,iUU) <j—|—1}

We will also suppose that xj is the center of the Whitney cube Q).

By C we will denote various positive constants that may depend on n, ¢, a, M,
K, dist(xo, ) and dist(f(zg), Q). These constants may vary from expression
to expression as usual.

3. PRELIMINARY RESULTS ON THE QUASIHYPERBOLIC METRIC

Throughout this section, 2 will denote a proper subdomain in the euclidean
space R™, n > 2. Recall that the quasihyperbolic metric ko in the domain €2 is
defined to be

ko(z,y) = inf kq-length(y),
2
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where the infimum is taken over all rectifiable curves ~ in €2 which join = to y

and
ds

length(y) = [ —— 2
k- length(7) /vdist(x,aQ)

denotes the quasihyperbolic length of ~ in . This metric was introduced by
Gehring and Palka in [7]. A curve 7 joining z to y for which kq-length(y) =
ko(z,y) is called a quasihyperbolic geodesic. Quasihyperbolic geodesics joining
any two points of a proper subdomain of R™ always exist, see [6, Lemma 1]. If
v is a quasihyperbolic geodesic in ©Q and z',y" € =, we denote by v(2',y') the
portion of 7 which joins 2’ to . Given any two points z,y €  we denote by
[z, y]o the quasihyperbolic geodesic that joins x and y.

When = and y are sufficiently far apart, kq(z, y) is roughly equal to the number
N(z,y) of Whitney cubes @ that intersect a quasihyperbolic geodesic 7 joining
x to y. More precisely,

N(z,y)/C < ko(z,y) < CN(z,y)

for all z,y € Q with |z — y| > dist(z, 0Q)/2, where C' = C(n).
The following estimate is always true for all z € Q (see [7])

diSt(fL’O, 89)
1 > log ——————~
(3-1) (10, ) = log dist(z, 092)

Lemma 3.1. Let v be a quasthyperbolic geodesic in ) starting at the basepoint
To. Then

card{Q e WL U...UW;: QN #0} <Cjy
for all j € N.

Proof. This follows from the fact that the length of a geodesic is comparable with
the number of Whitney cubes it intersects and the definition of W; (2.1). O

For each cube ) € W we fix a quasihyperbolic geodesic v joining z¢ with cq.
We denote by P(Q) the collection of all Whitney cubes which intersect . The
shadow S(@) of a Whitney cube @ is defined by

S(Q): U -
QLEW
QEP(Q1)

Using only Lemma 3.1 we obtain analogously to [13, Lemma 2.3| the following
lemma.

Lemma 3.2. For every 5 € N and x € €2 we have

Y. xso®) <Cj.

QeEWLU..UW;
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Lemma 3.3. Suppose that  satisfies (1.5) and that (1.6) holds. Then for every
QRew
diam S(Q) < C dist(z, 0Q)P(Cka(cg, x0))-

Proof. Clearly for every Q € S(Q) inequality (1.5) and dist(cy, 092) ~ diam Q
give us
(3.2) diamQ < C dist(zo, 3Q) @ (ko cg)) < C dist(xq, 0P (ka (o, c5)/2)-
Now it is enough to show that for every @1, Q2 € S(Q) we have dist(cg,, cg,) <
C®(Ckq(xo,cq)). Let v; be a quasihyperbolic geodesic joining xy and cq, for
i = 1,2 and choose points z; € () N ;. Clearly
lco, — cg,| < length(vi(z1,cq,)) + diam Q + length(ya(wa, cg,))-
Now the first inequality in (3.2) implies for : = 1,2 that
length(vy;(z;, cg,)) < C Z diam Q
o Qew
QMi(zicq,)#0

< O dist(z, 0Q) > ©(j) < O dist (g, 0Q)®(Cha (o, c)).
j=max{0,kq(zo,cq)—C}
Together with (3.2) for Q = Q this implies the desired result. O

As a corollary to this lemma we obtain the following known fact (see [8]).

Corollary 3.4. Suppose that Q C R" satisfies (1.5) and that (1.6) holds. Then
Q is a bounded domain (because S(Qp) is bounded).

Lemma 3.5. Suppose that Q satisfies (1.5) and ¢ satisfies (1.6). Assume that a
curve v in € satisfies
(3.3) #{Q eW: QNy(x1,x9) # 0} < Cko(z1,22) + C

for every xy, x5 € . Then there are j € N and a cube Q € W; such that QNry # ()
and

(3.4) diam(y) < C'dist(xq, 0Q)P(j/2).

Proof. Denote j = min{i € Ny : there is @ € W, such that Q@ N~ # (0}. From
the properties of Whitney cubes, (1.5) and definition of j we have

(3.5) diam(y) < Y diam@Q < C ) dist(cg, 09)
Qew Qew
QNy#D QNy#D
< Cdist(m,09) Y p(ka(o,cq)) < C dist(zo, 02) Y Mip(i)
QeEW =7
QNYy#£D

where M; = #{Q e W; : Q N~ # D}.
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Denote A, = {Q : Q € W, for some i < m and QN+ # B} for any m > j. We
claim that

(3.6) #A, =M;+...+ M, <Cm.

This inequality is clearly true if #A4,, < 3 and thus we may assume that A,
contains at least three cubes. Find Q7', Q%' € A,, which lay on 7 as far as
possible from each other and fix z; € Q7" N~y and x5, € Q7' N~y. That is, for every
Q€ A, \{Q7,Q%} we have Q Ny C y(x,x2). From (3.3) we obtain

< C+ C(ka(21, cop) + ka(cgn, mo) + ka(zo, cop) + ka(cgp, x2)) < C+Cm

which gives us (3.6).
Now we multiply (3.6) by an, = ¢(j) — ¢(j + 1) and sum these inequalities for
m from j to infinity. The left hand side is equal to

3D (P m) =Y <Mi >~ (tm) ~ otom + 1))) =3 el

and is less or equal to the right-hand side

(3.8) C im(g@(m) — o(m+ 1))

~Cipli) +C 3 wlm<C [ ot dr
m=j+1 i/?
From (3.5), (3.7) and (3.8) we obtain (3.4). O

In order to later apply the previous lemma in connection to quasiconformal
mappings we record the following fact.

Proposition 3.6. Let Q,QF C R", n > 2 be domains and assume that f : ' —
Q is a quasiconformal mapping. Let ~' be a quasihyperbolic geodesic in €' and
denote v = f(v'). Then

#{Q €W QNy(z1,32) # 0} < Cho(zr,22) +C
for every x1, x5 € 7.

This result is essentially contained in [6, Theorem 3], according to which qua-
siconformal mappings are bi-Lipschitz for large distances in the quasihyperbolic
metric. To deduce the above statement, also use the facts that the quasihyper-
bolic metric can be estimated in terms of the number of the Whitney cubes that
intersect the corresponding geodesic and that a quasiconformal mapping maps
Whitney cubes to Whitney type objects.
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4. CAPACITARY ESTIMATES

Proof of Theorem 1.3. This proof goes analogously to the proofs of theorems 1.4.
and 4.2. in [13]. For the completeness of our proofs we give the details. Let
u € VVI})C”(Q) be a test function for the n-capacity for the pair (Qo, E), i.e.,
u: Q2 — [0,1] is a continuous function and u(x) = 1 for x € E and u(x) = 0 for
T € Qo.

For each x € E, let Q(x) denote the Whitney cube containing z. We define
a subchain P'(Q(z)) C P(Q(x)) as follows: P'(Q(z)) = {Qs,...,Q s} consists of
a chain of Whitney cubes, which begins with the terminal cube Qs = Q(z) and
continues back along the chain P(Q(z)) until it reaches the first cube for which
Qr € Wj, where jy is a fixed integer such that jo ~ ®~'(diam E). From now on
let jo be fixed.

We claim that without loss of generality we can suppose that ug) > 2/3 and
ug, < 1/3. First, suppose that uge) < 2/3 for some x € E. Then we can use
some known results from the literature ([17], [9, Theorem 5.9]) to deduce that

1 1-n
"dx > 1
/Q|Vu(x)| dx > C < og diamE)

(see [13] for details). Note that in view of (3.1) and (1.5) we obtain p(t) > e
and thus ®(t) > e~'. Since ® is non-increasing, this implies that this estimate of
capacity is no worse than (1.11).

Next suppose that the final cube @y in the path P'(Q(x)) satisfies ug, > 1/3.

Then we have two cubes )y and Q)¢ in the domain {2 and a continuous VVI})? -
function u satisfying u = 0 on Q) and ug, > 1/3. We can find a chain of Whitney
cubes which joins Qg to Q; i.e. cubes {Q;}\_, such that @ is the central cube,

QiNQi #Dforalliec{0,...,1-1}, Q= Q; and
(4.1) | < Cjy < CP *(diam E)

where the last inequality follows from the fact that the length of a geodesic
is comparable with the number of Whitney cubes it intersects and the choice
of jo. In this situation a straightforward chaining argument involving Poincaré
inequality on the cubes from P'(Q(z)) (c.f. [12] pp 519-520 or [14] Lemma 8)
gives us the estimate

I
(4.2) 1< CZdiamQ][ Vu(y)|dy.
i=1 Qi

By applying Holder’s inequality twice we obtain
(4.3)

l l
i=1 Y@ i=1 7 Qi

1

n

< c(/Q |vu|")%z"nl.
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Thus (4.1) gives us (1.11) in this situation.
Therefore we may really assume that uge) > 2/3 and ug, < 1/3. As before,
for a chain P'(Q(x)) of cubes we may obtaln an estimate

(4.4) 1<C dlamQ][ |Vu(y)|dy.
(Qx))

Qep!

We now choose a Frostman measure g on the continuum E with the growth
function v, (t) (see e.g. [1, Theorem 5.1.12]), i.e., a Borel measure supported on
E satisfying

(4.5) WENB(z,1)) < ¢a(r)
for all balls B(x,r) and
W(E) > CHE (F) > Ciy(diam ),

where the last inequality follows from the concavity of ,.
Integrating (4.4) over the set E with respect to the Frostman measure p and
applying Holder’s inequality we obtain

WE) < C / / Vul") " du(e).
QeP/(Q

By interchanging the order of summation and integration we obtain in view of
the choise of @)y that

ey Y us@nm([ vir)”

J=Jjo QEW;

Holder’s inequality gives us

) < C(Z Z Q)N E)'+/(n= 1)>1_1/n (/ |VUI")1/
Q

Jj=jo QEWJ

We require an estimate for the double sum on the right hand side, which we
give in the following lemma:

Lemma 4.1. Let Q be a domain in R", n > 2, with diameter one which satisfies
(1.5) and suppose (1.6) holds. Assume that the function v, is concave. Suppose
that u is a Borel measure on R™ which satisfies the growth condition u(B(x,r)) <
Yo (r) where a > 1/6. Then for any set E C Q we have

ZZ ﬂE1+6<Cu()la6

J=Jjo QEW;



QUASTHYPERBOLIC BOUNDARY CONDITIONS CAPACITY: UNIFORM CONTINUITY 11

We defer the proof of this lemma momentarily. The measure p satisfies the
assumptions of the previous lemma for § = 1/(n — 1) and thus

u(E) < Cu(E)—Yn (jga/mn)l‘l/" (/Q |Vu|”) 1/

Therefore jo ~ ®~!(diam E) and the choice of the growth function for the Frost-
man measure j; gives us

/Q IVu|" > Cp(E) (@~ (diam E))' " > C(®~ ! (diam E)) '~
0

Proof of Lemma 4.1. From the growth condition on px, Lemma 3.3, concavity of
b, (we can suppose that C dist(zo, 2) > 1) and definition (1.7) of ¢, we have

D wS@nNE)uS@nE)

J=jo QEW;
<Y > mS(@Q)N E)iy(diam 5(Q))°
J=jo QEW;
<33 w(S@Q) 1 ) (Cr dist(wo, )@(C))’
Jj=Jo QEWJ
<CZZ Q) N E) (2(C5))°
J=Jjo QEW;
<eS i Y WS@NE
J=Jjo QEW;
Set a; = ZQer p(S(Q)NE) and let A; = a;+...+a;. Thanks to the elementary

—0 — (j + 1)_“5‘ < 057179 we can apply summation by parts to

f:j—aéaj < Cij—l—a(SAj.

J=Jjo J=jo
By Lemma 3.2, A; < Cu(E)j for each j so

inequality ‘ J
obtain

ZZ ﬂE1+5<C’u( )i]a6<cu()la5.
J=jo QEW; J=jo

O

Theorem 4.2. Let Q be a domain in R"™, n > 2, with diameter one which
satisfies (1.5) and suppose (1.6) holds. Assume that a curve v in Q satisfies

H#FQeW: QNy(xy, 1) # 0} < Cho(wy,29) +C
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for every xy, x5 € 7v. Then
(4.6) cap(7, Qo; Q) > C (@ (C diam 7)) ™"

Proof. Let a function u € WL"(92) be a test function for the n-capacity for the
pair (Qo, ), i.e., u :  — [0,1] is a continuous function and u(x) = 1 for z € v
and u(z) = 0 for z € Q.

Thanks to Lemma 3.5 we can find a sequence of cubes which joins @)y to
v, i.e., Cubes {Q;}._, such that @, is the central cube, Q; N Qi1 # 0 for all
iE{O -1}, Qlﬂfy%@and

(4.7) [<CP ! <c diam y )> < €O 1(C diam ).

dist(xg, 0
Without loss of generality we may suppose that ug, > 1/2 (see proof of Theo-
rem 1.3) and clearly ug, = 0. Analogously to (4.2) and (4.3) we obtain

1<C /|Vu|

This inequality and (4.7) imply (4.6). O

5. UNIFORM CONTINUITY

Proof of Theorem 1.1. We follow the ideas from [13, Theorem 1.1] and again
we give some details for the completeness of our arguments. Since €2 is bounded
(Corollary 3.4) we may scale it to have diameter one. Fix a Whitney cube F' = @)
in Q with center zy and let F' = f~'(F) and F = f‘l(%QU). By elementary
properties of quasiconformal mappings, there exists 06 = d(n, K) > 0 so that the
set of points € R™ with dist(z, F') < § diam F” is contained in F.

Let 2',y" € €. Since f is automatically Holder continuous on F' we may assume
that either o’ or ¢/ (say z') is in Q' \ F. Recall that in view of (3.1) and (1.5)
the inequality (1.8) cannot give us a better modulus of continuity than Holder
continuity.

Next, note that if do (2, y') > i& diam F’, then
£ (@) = f()] diam €2
5.1 <C
(5-1) dor (', y") (, )dlamF’_

which gives us again a modulus of continuity that is no worse than (1.8). Thus
it suffices to verify (1.8) only in the case 40¢/ (2',y") < ddiam F' < dist(z', F").
Choose a continuum E' C Q' joining z’ to y' with diam E' < 20q/(2',y') <
%5 diam F’. Then diam E' < %5 diam F" < dist(E’, F'). A fundamental property
of the conformal capacity (see Fact 3.1(e) of [11]) states that in this case

dist(E’, F") ) .

L QN <
cap(E', F'; Q') < C(n) <10g prp—-T
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Set E = f(E'). By Theorem 1.3,

(5.2) cap(E, F;Q) > C (@' (C diam E))lfn .
Therefore
e n dist(E', F')\ "
<ok (1 %5diamF’ =
= %8 diam £/ ’
which implies
C
i < .
diam F < C® (Clog Tiam E’)
Since |f(2') — f(y")| < diam E and diam E" < 20q/(2',y), the proof of Theorem
1.1 is complete. O

Proof of Theorem 1.2. This proof is analogous to the previous one and therefore
we only point out the details which are different. Boundedness of € follows
from Lemma 3.5. If diam[2’, 3’| > ddiam F”/2, then analogously to (5.1), we
obtain (1.9). In this proof we denote E' = [2',y']oy and E = f(E'). Thanks
to Proposition 3.6 we can use Theorem 4.2 for v = f([2/,y]or) to conclude the
analog of (5.2). The other details and computations are similar. O

Let us close the paper by commenting on the sharpness of the estimates in
Theorem 1.1, Theorem 1.2, and Theorem 1.3.

Example 5.1. Let ¢ : [0,00) — (0,00) be a non-increasing continuous function
so that fooo v =1 and

(5.3) c1p(t) < p(t+ 1) for every t > 0.

Define @ : [0,00) — [0,1] by formula (1.7) and set f(x) = o(® (z)) for every
z € (0,1]. Define

Q= {x eR": z; € (0, 1],zn::c? < fZ(:cl)} U (3(61790(0)) N {z1 > 1})7

where ey is the unit vector (1,0,---,0). Set xp =e; and E, = {te; : t € [a/2,a]}
fora > 0. Then

(5.4) dist(z, 0Q) < Cp(Cka(xg, x)) for every x € Q and
cap(Eq, Qo; Q) < C(@7'(Ca))'™ for a small enough.

In Example 5.1, condition (1.5) holds, (for ¢(t) = Cp(Ct)) and the bound
(1.11) for capacity of a continuum is sharp. The growth assumption (5.3) is in
practise harmless.
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Proof. The function f is clearly increasing and continuous. For k € N set y, =
®(k). From (5.3) we obtain

kb2
(5.5) Yk+1 — Yk42 = / 0> crp(k+1) = e f (Yrs1)-
kb1

Given z € (0,1/2], we can find & € N such that yx,1 < 2 < yg. Then f(z) <
flyk) = (k) < p(k+1)/c1 = f(ygs1)/c1 and therefore (5.5) and (5.3) give us

flz = f(@) = fyesr — af (1)) = fyrse) =

= ¢k +2) > clp(k) = ¢ f(ye) > e1f ().
Because (5.3) easily shows that f(z) < Cz, this inequality implies that dist(ze;, 02) ~
f(x) for every z € (0,1/2].
It is not difficult to verify from dist(xe;, Q) ~ f(x), f(yx) = ¢(k) and (5.3)
that

B Yk dt (yk - ?Jk+1)
ko(yrer, Yeri€1) _/ dist(te;, 0N2) ~ o(k) ~ e

Yk+1

Therefore ko(zg,yre1) ~ k. Recall that © € [yri1,yx]. Then &7 '(z) ~ k ~
ko(zo, re;) and we have

dist(we;, 0Q) < f(x) = (@' () < o(Ckq(wy, ve1)).

Because f is increasing, we easily conclude that (5.4) holds for all z € Q. Fix
ko € N such that yge; ¢ Qp. For 0 < a < 1/2 we find A € N such that
yas1 < a < yu and therefore, when a is sufficiently small, A > ®~1(Ca). If a is
small enough we further have A > 2k. Define a function

0 if T S YA,
A—1—k 1 T1—Yk41 .
+ iy <o < g
u([xy,...,2,)) = Ak Akoyi—yen Yk+ Y

where k € {kq,..., A — 1},
1 if yp, < 1.

Clearly u € W', w=1on Q and u = 0 on FE,. Since f(ypr1) ~ f(yx) ~ @(k)

loc »

we obtain using (5.5) that

QN {z € R" : ypp1 < 21 <y} ~ (b — yer1)p(B)" " ~ (y — ys1)™
Therefore

A-1 )
v =3 | .
/Q 1621;0 QO {zyp 41 <T1<yr} (A - ko)n(yk - yk+1)”
C

< < 1-n < -1 l—n‘
S Ak S CA™ <C(® " (Ca))
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Regarding Theorem 1.1 and Theorem 1.2, we let n = 2 and consider a con-
formal mapping of the disk onto €2, where Q is given in Example 5.1. Using
the fact that the capacity is preserved under conformal mappings and the fact
that the lower bound for the capacity is optimal, as discussed above, one easily
checks that the given modulus of continuity is optimal. It also seems plausible
that domains of this type are, in higher dimensions, quasiconformally equivalent
to the unit ball, which would show that the dimension independent modulus of
continuity given in Theorem 1.1 and Theorem 1.2 is sharp in all dimensions.
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