MAPPINGS OF FINITE DISTORTION: DISCRETENESS
AND OPENNESS FOR QUASI-LIGHT MAPPINGS

STANISLAV HENCL AND PEKKA KOSKELA

ABSTRACT. Let f € WbH(Q, R") be a continuous mapping so that
the components of the preimage of each y € R” are compact. We
show that f is open and discrete if |Df(z)|” < K(z)Jr(x) ae
where K (z) > 1 and K" 1/®(log(e + K)) € L'(Q) for a function
® that satisfies [ 1/®(t)dt = oo and some technical conditions.
This divergence condition on @ is shown to be sharp.

1. INTRODUCTION

Let €2 be a connected, open subset of R* with n > 2. In this paper we
consider continuous mappings f € VV%’(Q, R™), p > 1. We suppose that
there is a measurable function K : Q@ — [1,00) so that the distortion
inequality

|Df(z)|" < K(x)J¢(x)
holds almost everywhere in 2, where D f(z) is the differential matrix
of f at x, |[Df(x)| is the operator norm of this matrix, and J;(z) is
the determinant of Df(x). We say that f is of finite distortion K if
furthermore J; is locally integrable.

If above K is bounded, then necessarily f € VVlic”(Q, R™), and we re-
cover the class of mappings of bounded distortion, also called quasireg-
ular mappings (cf. [22], [23], [9], [26]). One of the fundamental prop-
erties of mappings of bounded distortion is the remarkable result by
Reshetnyak [21] that such a mapping is either constant or both discrete
and open. This means that the preimage of each point is a discrete set
of points and that f maps open sets to open sets.

A principal goal in the theory of mappings of finite distortion has
been to try and obtain analogs of Reshetnyak’s result. In [10] Iwaniec
and Sverdk proved in dimension two, using the Beltrami equation,
that each non-constant mapping f € W1%(Q,R?) of finite distortion
K € L'(Q) is both open and discrete. Subsequently, Heinonen and
Koskela [6] proved in higher dimensions that a quasi-light mapping
f € W, R) of finite distortion K € LP(), p > n— 1, is open and
discrete. Here the quasi-lightness means that that the components of
the preimage of each y € R" are compact. Manfredi and Villamor [20]
then showed that the quasi-lightness assumption can be disposed of.
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The most recent result in this direction is due to Hencl and Maly [7].
They showed that, for a quasi-light mapping f € VVl})C"(Q, R™) of finite
distortion, the integrability assumption K € L" () is sufficient for
discreteness and openness. The general case remains open.

It is then natural to inquire if the integrability of K could be further
relaxed. To this end, let us first recall a construction by Ball [1]. He
gives an example of a non-constant, Lipschitz continuous quasi-light
mapping of finite distortion K, defined in a domain €2, so that f maps a
line segment to a point and with K € L?(Q) for all p < n—1. Moreover,
the preimage of every other point consists of at most a single point.
Regarding the distortion function K, one can in fact check that

(1.1) K

Sloge 1) S L@

 dt
whenever / 0] < 00. Iwaniec and Martin [9] have conjectured that
1

each non-constant mapping f € I/VliC"(Q,]R”) of finite distortion that
< dt
satisfies (1.1) for some (sufficiently regular ®) with / 0 = 00
1
is in fact both open and discrete; in fact their conjecture is slightly
stronger because it involves a different distortion function. However,
this far there have been no results under assumptions weaker than
K € L"1(Q), even for quasi-light mappings. We give the first step
towards to this conjecture by establishing the following sharp result.

Suppose that we are given a function ® : [1,00) — (0, 00) such that

(¢) @ is continuous and non-decreasing,

(u)/f%zoo,

(¢7i) the function t —

(1.2)

tnfl

d(log(e + 1))
(iv) for every ¢; > 0 there is ¢; > 0 such that ®(cit) < c®(t).

is increasing ,

Notice that these conditions are satisfied for example for ®,(¢) = 1,
Dy (t) =t, D3(t) = tlog(e + ) and so on.

Theorem 1.1. Let 2 C R™ be a connected open set. Suppose that
f e WhMQ,R*) is a quasi-light mapping of finite distortion K that

satisfies (1.1) with a function ® that satisfies (1.2). Then f is open
and discrete.

Before discussing the proof of Theorem 1.1, let us briefly comment on
the regularity assumptions on f. First of all, there exists a quasi-light
mapping f of finite distortion K that fails to be discrete and open,
satisfies f € WIP(Q,R") for all p < n and satisfies K € L?(Q) for all

p < co. Thus the regularity assumption f € W™ (Q,R*) cannot be

loc
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substantially relaxed. Such mappings have been constructed in [12],
[14]. We prove a stronger version of Theorem 1.1 in Section 5 that
comes with an optimal regularity assumption. Secondly, we have taken
continuity as a standing assumption for mappings of finite distortion.
Under the regularity assumptions referred to above, continuity follows
from the other assumptions, as was shown in [4], [8], [14].

All the proofs of discreteness and openness for n > 3 that we are
aware of rely on the following idea. One first proves that the mapping in
question is sense-preserving. After that one verifies that the preimage
of each y € R" is totally disconnected. The claim then follows by
invoking the Titus-Young theorem [24]. We follow this procedure. The
fact that f be sense-preserving in the setting of Theorem 1.1 is already
due to Reshetnyak and the more general case can be essentially found
n [12], [14]. Thus we are reduced to showing that the preimage of
each y € R” is totally disconnected. This will be guaranteed by our
following theorem.

Theorem 1.2. Let Q2 C R" be a connected open set and suppose that
f e VV;’;(Q,R”), n—1< s < n,is a mapping of finite distortion
K. Furthermore, assume that K satisfies (1.1) with a function ® that
satisfies (1.2) and that the multiplicity of f is essentially bounded on a

neigborhood of 0. Then either f =0 or H'(f1(0)) = 0.

The essential boundedness of the multiplicity means that there is
an integer k so that the cardinality of f~!(y) is at most k for almost
all y in the given neigborhood of 0. The fact that we can bound the
multiplicity under our assumptions is based on certain results in [12],
[13] and [7].

We prove Theorem 1.2 by first establishing a sharp generalization
of an oscillation estimate given in [7]. We believe that this oscillation
estimate, given in Section 3, is of its own interest. Indeed, the original
version has already found applications [18]. Our estimate is, in a sense,
a substitute for the usual bounds on capacity in terms of Hausdorff
measures. The usual bounds are not subtle enough for our purposes.
Theorem 1.2 is then obtained by combining the oscillation estimate
with a delicate integrability result on |f|~".

Theorem 1.2 is very sharp. The integrability assumption on K can-
not be relaxed because of the example due to Ball, mentioned above.
Moreover, we cannot take s = n — 1 at least when n = 2, as is seen

x
by considering the mapping defined by f(z) = for
_ log(e/(Jz| = 1))
x € B(0,2)\ B(0,1) and by f(x) =0 for x € B(0,1). Indeed, f is of
K

finite distortion K with (gl + K)) € L'(B(0,2)) for, say, ®(t) = t,
and the multiplicity of f is essentially bounded by one in any neigh-
borhood of 0.
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The paper is organized as follows. In Section 2 we recall some def-
initions and preliminary results. Section 3 is devoted to the proofs of
oscillation estimates. In Section 4, we prove Theorem 1.2. Finally, in
Section 5, we discuss discreteness and openness and give the proof of
Theorem 1.1.

2. PRELIMINARIES

2.1. Quasicontinuous representatives. In anticipation of future ap-
plications of our oscillation estimates, we will formulate them without
the continuity assumption. This will be done in terms of quasicontin-
uous representatives. Let us point out that each continuous Sobolev
mapping is quasicontinuous. In this paper, the precise definition of
such a representive of a Sobolev mapping is not needed, because we
will only employ the following fact [7, Proposition 1]. See [19] for more
on quasicontinuity.

Proposition 2.1. Let 1 < p < p < n. Let u € W"(Q) be 1,p-
quasicontinuous. Then for H" P-a.e. point z € 2 we have

lim Supr_ﬁ][ lu —u(z)| de < oo,
B(z,r)

r—0

whereﬁzl—%.

2.2. Topological properties. A mapping f : 2 — R” is said to be
discrete if the preimage of each point of R" is locally finite in €2, and
light if the preimage of each point of R" is totally disconnected. We
say that f : Q — R” is quasi-light if for each y € R" the components of
the set f~1(y) are compact. We call a continuous mapping f : Q — R
sense-preserving if deg(f,Q,yo) > 0 for all domains ' CC Q and all
yo € f(2)\ f(0), where deg(f, €, yo) is the topological degree of f
at yo with respect to €. For the definition of the topological degree
see e.g. [3].

2.3. Area formula. We denote by |E| the Lebesgue measure of a
set £ C R". We will use the well-known area formula. Let f €
WL (Q; R™). The multiplicity function N(f,Q,y) of f is defined as the
number of preimages of y under f in 2. Let n be a nonnegative Borel
measurable function on R”. Without any additional assumption we
have

(2.1) / n(f (@) | ;@) dx < / n(y) N(f, Q) dy.

n

This follows from the area formula for Lipschitz mappings, from the
a.e. approximate differentiability of f [2, Theorem 3.1.4], and a gen-
eral property of a.e. approximately differentiable functions [2, Theorem
3.1.8], namely that that 2 can be exhausted up to a set of measure zero
by sets the restriction to which of f is Lipschitz continuous.
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2.4. Fine properties of Hausdorff measure. In the proof of the
oscillation estimate we need the following set functions:

Mo B inf{ Zaa(diam E)%: aq >0, diam E, < 6,

[0
XESZaaxEQ}, § > 0.
[0

By [2, 2.10.24],
(2.2) lim \{(E) = HY(E)

0—0

for any set £ C R*, where H? is the usual Hausdorff measure.

3. DIVERGENCE CRITERIUM

If we assume, for p < n, that a non-negative function v € W1hP(Q)
vanishes sufficiently fast on a set of positive (n — p)-dimensional Haus-
dorff measure (it suffices to assume a certain power-like decay of in-
tegral means of u over B(z,r) as r — 0), then we can find pairwise
disjoint sets E; such that |E;| > 0 and

(3.1) sup u? < C’/ |VulP dz
E; E;

3

(see [7, Theorem 3 and Theorem 4] for the exact statement, and also
[17]). By a small modification of the proofs of those results one can
obtain infg, u > C'supg, u, and, therefore

p
[Vl dx = oo.
o uP

We generalize this fact in the next lemma by obtaining a sharp diver-
gence statement (3.4).

Lemma 3.1. Let 1 <p<mn, p>0, € (0,1) andy > 0. Let Q CR"
be an connected open set and u € W™P(Q). Suppose that u > 0 a.e.
and let

3.2 Z=32¢€Q:limsupr? udr <ye.
(3.2) gl
B(z,r)

r—0

Suppose that H" P(Z) > p. Suppose further that a function @ :

[1,00) — (0,00) satisfies

(1) for every ¢; > 0 there is co > 0 such that for everyl € N
(I)(Cl(l + 1)) Z CQ(I)(Cll),

(3.3) .
(22)/1 w = 00
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Then, for each 0 < ¢ < e™°,

[Vul?
3.4 dz = oo.
(3.4) /0<u<6 uPlog 1/u ®(loglog1/u) e

Proof. Our argument is an improvement on [7, Theorem 3]. We will
omit the parts of the reasoning there that need not be altered. Set

(3.5) T =2/,

For j,m € Z we denote
Zm:{zEZ: B(z,27™) C Q, 2mlﬁ][ udr < 2y
B(z,2—™")

for all m' = m, m+1, .. .},

Wi = {z =V ‘{u > T_j}ﬂB(Z,Q_m)‘ > %|B(z,2_m)|},

7 =Z,NnWi.
As in [7] we can find £ € N and a compact set Z* C Zj, such that

log(4
(3.6) 08M) _ 4 and HUP(ZY) >
log T

In view of (2.2) we can also suppose that

n—p (o log(1/0)
(37) )\2_,f)+1 (Z ) > and W <k
(this can only increase the value of k and therefore (3.6) remains valid).
From now on this & € N is fixed. Since Z* is compact and Z* C Uj Wi,
where W) € W2 C ... are open sets, we infer that there is i > 2k such

that
(3.8) 7z C Wi

We denote
b= U Zf;l \ Z7]n+1‘
m>k

With each 2z € P/ we associate a ball B, = B(z,2™) where m is such

that 2 € A7, m > k. By the Besicovitch covering theorem we find a
countable system Bj, C {B, : z € ZI='\ Z? ., m > k} such that
(3.9) Xpi < Z X, <N.

BeB;,

Using the definition of the sets Z/ we can deduce with some work that

NS . o
Ny ba(Z) < - > ) (diamB)"?

—, ,
a<js3e BeB]
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for any a € N, @ > i. In fact this was proved in [7] (two lines down from
formula (18) there) only for a =i but it is easy to see that everything
works well also for @ > i. From (3.7) we obtain

(3.10) m g% > ) (diamB)"?

a<j<3a BEB{,
Fix j € {a+1,...,3a} and set

N XS |
(=1 ,

= Bn{u<ynfu>r"¢}.

J
BeB)

Note that the sets E; are clearly pairwise disjoint. Let B = B(z,r) €
Bi and v = max{T_lf, min{u,é}}. Since z € P,g, there exists m > k
such that z € Zf;l\Zf;l 41- Therefore we can use the Poincaré inequality
in a standard way (see [7] for details) to deduce that

v < C’r””/ |VoulPdx = Crp”/ |Vul|P dz
B

BﬂEj

where C' = C(n, p, 8). Since, for every z € E;, we have u(z) ~ € ~ 777
and a < j < 3a this implies

P
(3.11) ¢ < Tp_”/ |Vl dx.
a BnE, uPlogl/u

We multiply both sides of (3.11) by r""?/u ~ (diam B)""?/u and
sum over B € B} and then sum over j € {a+1...3a}. Then, with the

aid of (3.10), we arrive at
(3.12)

_1 n 1 —1 |vu|l7
C<Cu Z 3" (diam B)" ™ < C'p Z/ uf”logl/u

] =a+1 BEB] Jj=a+1

with C" = C'(n,p, 5, 1) (the constant C' involves also the constant N
from the Besicovitch covering theorem). It follows from the estimate
u <79t on Ej, i >k and (3.7) that

{0<u<d}s |J En

m=1+1
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Therefore, the estimate 777 < |u| < 777! on Ej, (3.3) (4), (3.12) and
(3.3) (it) imply

/ [Vul? dr >
sencs 7108 1/u B(loglog 1) ©* 7

|Vul?

> d
- mz;rl/E uPlog1/u ®(loglog1/u) v

oo 3L |v |p

u

> / dx

1223 %:11 uPlog1/u ®(loglog1/u)

o] 3i+1g |v |p

u

>
- zz; @ (log( 3l+lzlog Z / uP log 1/u

=3li4+1

o0

c
Z;@(O(Hrl)) =

O

Theorem 3.2. Assume that 1 < p < p < n. Let Q C R" be a

connected open set and let u € WP(Q) be p-quasicontinuous. Suppose
that w > 0 a.e. and H"P({u = 0}) > 0. Suppose further that a
function ® satisfies (1.2) (i) and (ii). Then, for each 0 < § < €€,

P
(3.13) / ~|V—u| dr = oo
o<u<s uP P(log1/u)

Proof. By Proposition 2.1 there exists v € (0, 00) such that H""?(Z,) >
0, where

Zyz{ZEQ:limsupr_’B][ |f|dx<fy}.
B(z,r)

r—0

Recall that =1 — %.

Define ~
) t
a(r) = 2P
expt

From (1.2) (i) for ® we obtain (3.3) (i), and clearly
/°° dt /°° expt dt /OO ds
= _— = —_— = X0
L (1) 1 P(expt) e D(s)

Now Lemma 3.1 yields

[VulP |VulP
o0 = d,ZU = T — dl‘
0<u<s U log1/u ®(loglog1/u) ocucs u? D(log1/u)

O

The following elementary example shows that our assumption (1.2)
(ii) is essential in Theorem 3.2.
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—1 1\n
Example 3.3. Let n,p € N, 2 = (—, —) and suppose that 1 <
ep’ ep
p <n. Set u(x) = /a} +... 4+ 22. Clearly
-1 1

H™({u=0}) = f{n—p({o}p X (-—— -—-)”7p) > 0.

ep’ ep
/°° ds
1 ®(s)

/ﬂ — np/ dux <
o uP ®(log1/u) (~1/ep,1/epye [P P(log1/|z]) —

1/e 00
< c/ o c/ LI
o tP(logl/t) 1 P(s)

4. HAUSDORFF MEASURE OF f~'(0)

Suppose that

Then

We need the following elementary inequalities that can be viewed as
variants of Young’s inequality.

Lemma 4.1. Let ¥ : [1,00) — [1,00) be a differentiable concave func-
tion and set 1(t) := V'(t). Suppose that the function

t —t" "y (log(e + 1))

15 increasing. Then

(4.1)

" 11 (log(e + 1/a)) - " (log(e + 1/a))
a0 (log(e + 1/a)) = bam 7T (log(e + 1/a))

for every a >0, b > 0 and ¢ > 0.

+ """ (log(e + b/c)).

Proof. 1If the first term on the right-hand side of (4.1) is greater or
equal to the left-hand side then the inequality is obvious. Otherwise
c

h> .
a¥ 1 (log(e + 1/a))

Since the function t"~'¢(log(e + t)) is increasing, ¢ is non-increasing
and ¥ > 1, this implies

" '1p(log(e + b/c)) >

n—1

. 1
= 10 (logle + 1/a)) w(log(e ! 0¥ (log(e + 1/a)) )
> T logle T 1/0) o (log(e + 1/a)).
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Lemma 4.2. Suppose that ® : [1,00) — (0,00) satisfies (1.2) for
n =2. Then

20 (1 + b
(4.2) o< COogleta/) | .
b ®(log(e +b/c))
for everya >0, b >0 and ¢ > 0.
Proof. 1If the first term on the right-hand side of (4.2) is greater or
equal to the left-hand side then the inequality is obvious. Otherwise
(4.3) b > a ®(log(e + a/c)).

From (1.2) (i) and (iv) it is easy to see that ® increases at most like
a power function. Therefore ®(log(e + t)) < C + Ct for every ¢ > 0.
With the help of (1.2) (iv) this implies

(4.4) o (log (e + 1 (log(e + t)))) < C9(log(e +t)).
From (1.2) (7ii), (4.3) and (4.4) we have
b - a ®(log(e + a/c)) > Ca.

®(log(e +b/c)) ~ (I)(log(e + a/c®(log(e + a/C))))
O

Proof of Theorem 1.2. Suppose that f is not identically 0 and that
H'(f71(0)) > 0. We know that there is 0 < & < e * such that the

multiplicity of f is bounded almost everywhere on B(0,d) by constant
M > 0.

Set
(4.5) \If(t)—1+/t ds and z/;(lt)—\lf’(lt)—L fort >1
' 1 ®(s) (1) T
From (1.2) (i) we know that lim; ., ¥ ) oo and therefore also
w /°° ds
= l logU(t) = li —.
A B(s)U(s)

Hence the function ®(t) = (D(t)\lf(t) satisfies assumptions (1.2) (i) and
(i7). We wish to apply Theorem 3.2 to |f| for p = n — 1. In order
to do this we still need to check that |f~'(0)| = 0. When n = 2 this
follows from Lemma 4.3 below and for n > 3 from formula (2.3) in [15];
notice that this result can be applied because (1.1) and (1.2) imply that
KY®=Y ¢ LI (). We thus obtain from Theorem 3.2, for p = n — 1
and u = |f], that

/ |DfFI""w (log(e + 1/IfD) _
0<|f|<é |f|n_1\1’(10g(€ + 1/|f|))

Denote Qq = QN {|Df(z)] # 0} N{0 < |f] < é}. It is not difficult
to verify from (4.5) and (1.2) that ¥ satisfies all the assumptions of

(4.6)
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Lemma 4.1. We use inequality (4.1) for a(x) = |f(x)|, b(z) = K(x)
and ¢(z) = |Df(z)| to obtain the estimate

|Df|"' (log(e + 1/|f]))
(4.7) /Q 7 (og(e + /7))

|Df|™) (log(e + 1/|f])) S
o Klflml’*l(log<e+1/|f|>>+/QOK ¢ (log(e+ K/|DJI)) -

Since 1 is non-increasing, part (iv) of (1.2) and our integrability as-
sumptions give us

| K ogte + K1) <

KIS/ =0 S K[ Do/ 0D

< (1) /Q IDfI* + /Q K" ' (logle + K57))

§C/Q|Df|s+C/QK"_1@Z)(log(e+K)) <C.

Using the distortion inequality, (2.1) and lim,_,,, U(s) = oo we con-
clude that
[Df | (log(e + 1/11))
o K| f" 07 (log(e + 1/1£])) ~
o [ aloste 11/
~ Jag |f|mE7=T (log(e + 1/|f1))

v (log(e + 1/[yl))
(49) = /Bw,a) ly == (log(e + 1/1y)))
" 4p(log(e + 1/1))
o tUw-T (log(e + 1/t))
< C(\Ifﬁ (log(e +1/6)) — Jim U a1 (log(e + 1/t))>
<C.
Combining (4.7), (4.8) and (4.9) we arrive at
/ [Df|" "4 (log(e + 1/I 1))
0<|f|<d |f|n_1qj(10g(6 + 1/|f|))
[ DA le e )

Jag 1w (log(e + 1/1£]) T
This clearly contradicts (4.6). O

We close this section by verifying the following result that was em-
ployed in the proof above.
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Lemma 4.3. Suppose that n = 2 and that f is as in Theorem 1.2.
Then |f~1(0)] = 0.

Proof. By Lemma 5.1 in [11] we may find a (radial) function u €
W, "(B(0,1)) so that lim,_,o u(y) = oo and

/ VuPa (log(e + [Vul)) < oc.
B(0,1)

Therefore we can find a decreasing sequence of numbers R \, 0 and
sequence of functions ug, € Wy (B(0, Ry)) so that uy = 1 on B(0, Ry1)
and

(4.10) lim [Vug[*® (log(e + |Vug])) = 0.
k—o0 B(0,Ry,)

Since f is quasi-light, we may assume that Q is bounded, f~1(0) is
compact and there exists 6 > 0 such that f~1(B(0,8)) cC Q (cf. [25,
Theorem 3.1]).

For k € N we write

Bk = B(O,Rk),Ak = fﬁl(Bk \ Bk+1) and Ak = Ak N {|Df| 7£ 0}

Fix k£ € N large and denote v = uy o f. If Ry < 0, then the function v
has zero boundary values and thus we may use the Sobolev inequality

for v. Since ug(0) = 1 on By we obtain from the Sobolev inequality
and (4.2) for a = |Vv|, b= K and ¢ = |Df| that

(4.11) ol [lwefi<e [ [wo= [ vil<

Ay,

S/A |VKU| @(log(6+|vv|/|Df|))+C/Ak Q)(log(6+KK/|Df|))'

Analogously to (4.8) we obtain

I, st =By <
4, ®(log(e + K/|Df])) ~

K
<C DfI*+C / )
A, D] i, ®(log(e + K))
The right-hand side of (4.12) tends to zero when k£ — oo because the
sets Ay are clearly pairwise disjoint. For k large enough, the multiplic-
ity of f is essentially bounded by M on Bj. Therefore we can use the
distortion inequality, (2.1) and (4.10) to obtain

[ EEatoste-+ wui/ipm) <

(4.12)

(4.13) < . (V) o f127;@ (log(e + [(Vug) © f1))

<M | |Vu*®(log(e + [Vug|)) — 0.
By, k— 00
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From (4.11), (4.12) and (4.13) we obtain |f~'(0)| = 0. O

5. OPENNESS AND DISCRETENESS

In this section we prove discreteness and openness of a mapping
under a weaker integrability condition on Df than Df € L™. We use
an Orlicz-type condition that was introduced to this setting in [16], [8],
and [14].

Theorem 5.1. Let Q2 C R" be a connected open set and suppose that
n—1<p<mn. Let f € VVI})’(‘?(Q;R”) be a continuous, sense-preserving
mapping that has essentially bounded multiplicity. Suppose that f is a
mapping of finite distortion K so that K satisfies (1.1) with a function
O that satisfies (1.2). Then f is either constant or both discrete and

open.

Proof. Any sense-preserving, light and continuous mapping is both dis-
crete and open, see [24] or [23, Lemma 5.6]. Hence it remains to show

that f is light. However, by Theorem 1.2, H'(f!(y)) = 0 for each
y € R", which easily implies lightness. 0

Now let us state the main result of our paper. Theorem 1.1 follows
from Theorem 5.2 by choosing W¥(t) = t".

Theorem 5.2. Let 2 C R” be a connected open set. Let W be a non-
negative, strictly increasing and continuously differentiable function on
[0, 00) satisfying the conditions

< W(t) A 40
/1 T dt = o0, htrgg)lf 10 > s

with s > n — 1. Suppose that f is a quasi-light mapping of finite
distortion K that satisfies (1.1) with a function ® that satisfies (1.2),
and suppose further that W(Df) € Ll (Q). Then f is discrete and open.

loc

Proof. Using results from [9] (or [5],[16]) and [12] we may obtain analo-
gously to [7, Theorem 5 and 7] that f is sense-preserving, and that each
point zq € Q is contained in a subdomain Q" C € such that N(f,Q",-)
is essentially bounded. Thus we may use Theorem 5.1 to show that f
is open and discrete on ©”. Since these properties are local, the proof
is complete. 0

Let us close the paper by commenting on the sharpness of our as-
sumptions. As discussed in the introduction, our assumption on K is
optimal. Moreover, an example constructed in [14] gives us, given ¥

with 0
(¢
/1 T dt < oo,

a non-discrete, non-open, quasi-light mapping of finite distortion K so
that K € LP(Q2) for all p, in particular for p = n — 1, and so that
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U(Df)isin L{ (). Thus the integrability assumption on |Df]| is also
optimal.
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