ON THE CONICAL DENSITY PROPERTIES OF BOREL MEASURES

VILLE SUOMALA

Abstract. We compare conical density properties and spherical density properties for general Borel measures on R^n . As consequence, we obtain results for packing and Hausdorff measures P_h and H_h provided that the gauge function h satisfies certain conditions.

One consequence of our general results is the following: Let m; n 2 N, 0 ¡ s ¡ m ˇ n, 0 ¡ ȷ ¡ 1, and suppose that V is an m-dimensional linear subspace of R^n . Let ¯ be either the s-dimensional Hausdorff measure or the s-dimensional packing measure restricted to a set A with ¯ (A) ¡ 1. Then for ¯-almost every x 2 R^n , there is ` 2 V “ S^{n�1} such that

lim inf_{r#0} r^{�s}¯ (B (x; r) “ H (x; `; ȷ)) = 0;

where H (x; `; ȷ) = fy 2 R^n : (y � x) � ` ¿ ȷjy � xjg.

1. Introduction

In this note we study the following question: Suppose that ¯ is a measure on R^n and h: ]0; r_0[ ! ]0; 1[ is a function such that for a typical point x the measures ¯ (B (x; r_i)) of some small balls B (x; r_i) behave roughly like h (r_i). What can be said about measures in cones?

Let us begin with some notation. Let ¯ be a measure on R^n , A æ R^n , and h: ]0; r_0[ ! ]0; 1[. The upper and lower ¯-densities of the set A at x with respect to h are defined by

D_h (¯; A; x) = lim inf_{r#0} ¯ (B (x; r) “ A) =h (r) ;

D_h (¯; A; x) = lim sup_{r#0} ¯ (B (x; r) “ A) =h (r) ;

Date: October 28, 2003.

2000 Mathematics Subject Classiøcation. Primary 28A75, secondary 28A78. Key words and phrases. Conical density, Hausdorff measure, Packing measure. The research was supported by the Finnish ministry of education, project 60044, the Academy of Finland, project 53292, and by the foundation Vilho, Yrjö ja Kalle Väisälän rahasto. 1

where B (x; r) is the closed ball B (x; r) = fy 2 R^n : jy � xj ˇ rg. Open balls will be denoted by U (x; r) and spheres by S (x; r) = B (x; r)nU (x; r). When A = R^n , we abbreviate D_h (¯; R^n ; x) = D_h (¯; x) and similarly with upper densities. Often h (r) = r^s for some 0 ˇ s ˇ n. In this case we use the notation D_s (¯; A; x) for D_h (¯; A; x) and so on. For example

D_s (¯; x) = lim inf_{r#0} ¯ (B (x; r)) =r^s:

Suppose that m; n 2 N are such that m ˇ n. The collection of mdimensional linear subspaces of R^n is denoted by G (n; m). A natural metric on G (n; m) is given by

d (V; W ) = kP_V � P_W k V; W 2 G (n; m) ;

where P_V is the orthogonal projection onto the subspace V and k�k is the usual operator norm for linear mappings. We also use the notation proj_i for the projections onto the coordinate axis. We will make use of the following equality, see [16, pp. 17-20]:

(1.1) d (V; W ) = supfd (x; W ) : x 2 V “ S^{n�1}g;

where S^{n�1} = S (0; 1) and on the right hand side d (y; A) stands for the distance between the vector y and the set A. Let fl_{n;m} be the unique Radon probability measure on G (n; m) which is invariant with respect to the orthogonal group O (n), see [14, Chapter 3]. Recall that Borel regular and locally finite measures are called Radon measures.

Let x 2 R^n , V 2 G (n; m), ` 2 S^{n�1}, L_` = ft` : t ¿ 0g, and 0 ˇ ȷ ˇ 1. We define

X (x; V; ȷ) = fy 2 R^n : d (y � x; V ) ¡ ȷjy � xjg; X^+ (x; `; ȷ) = fy 2 R^n : d (y � x; L_`) ¡ ȷjy � xjg; H (x; `; ȷ) = fy 2 R^n : (y � x) � ` ¿ ȷjy � xjg;

H (x; `) = H (x; `; 0) = fy 2 R^n : (y � x) � ` ¿ 0g:

One easily verifies the following equality

H (x; `; ȷ) = X^+ ` x; `; ı 1 � ȷ^2

ȷ_{1=2}´ : The H notation is often used for cones that are almost half-spaces, whereas X^+ stands usually for a very narrow cone.

Let h: ]0; r_0[ ! ]0; 1[ with lim_{r#} h (r) = 0. Let H_h be the generalized Hausdorff measure which is constructed using the gauge function h, see [14, 4.9]. If A æ R^n has finite H_h measure, then for H_h-almost every x 2 A

(1.2) D_h (H_h; A; x) ˇ lim sup_{r#0} h (2r) =h (r) :

The corresponding result for the spherical density of the generalized packing measure P_h is

(1.3) D_h (P_h; A; x) ˇ lim sup_{r#0} h (2r) =h (r) ;

which is true for P_h-almost every x 2 A provided that P_h (A) ¡ 1. Inequalities (1.2) and (1.3) can be proved with a similar argument as in the familiar case h (r) = r^s, see [14, theorems 6.2, 6.10]. The definition of P_h can be found for example in [3, definition 2.2].

We will now explain some conical density results that are known for Hausdorff measures. We begin with the following theorem on lower densities. If ¯ is a measure, the notation ¯ A stands for the restriction measure, that is ¯ A (B) = ¯ (A “ B).

Theorem 1.1. Assume that 0 ¡ s ¡ n and let H^s denote the sdimensional Hausdorœ measure. Let A æ R^n and H^s (A) ¡ 1. (1) If ȷ ¿ 0, then for H^s-almost all x 2 A, there exists ` = ` (x) 2 S^{n�1} such that D_s (H^s A; H (x; `; ȷ) ; x) = 0.

(2) If 0 ¡ s ¡ 1 and ` 2 S^{n�1}, then D_s (H^s A; H (x; `) ; x) = 0 for H^s-almost all x 2 A.

(3) If n � 1 ¡ s ¡ n, then (1) holds also with the value ȷ = 0.

Marstrand [9, pp. 293–297] proved Theorem 1.1 in R^2 and his method can be generalized to higher dimensions, see also [4, pp. 56–61]. Besicovitch [1, Theorem 2] had earlier proved (2) in R. He has also shown [2, Theorem 13] that if A æ R^2 is purely 1-unrectifiable and ` 2 S^1, then D_1 (H^1 A; H (x; `) ; x) = 0 for H^1-almost all x 2 A. Gillis [6] had earlier proved this for cones H (x; `; ȷ), when ȷ ¿ 0. Mattila [11] has studied h-densities of singular measures in R and obtained as a corollary a result somewhat similar to (2) [11, Corollary 9].

Theorem 1.1 (1) does not hold for all ` 2 S^{n�1}, see for example 2.5. Recently Lorent [8] showed that one can choose directions ` in (1) to lie on a fixed (n � 1)-dimensional linear subspace of R^n provided that 0 ¡ s ¡ n � 1 or that A is purely (n � 1)-unrectifiable. In Section 2 we shall proceed in this direction by showing that for all m 2 N, m ˇ n, the following is true: If A is H^s measurable with H^s (A) ¡ 1 and either A is purely m-unrectifiable or 0 ¡ s ¡ m, then the directions ` in (1) can be chosen to lie on a fixed m-dimensional linear subspace. We will also prove the corresponding result for the s-dimensional packing measure P^s when 0 ¡ s ¡ m. Moreover, our results can be applied to many other measures with the property D_h (¯; x) ¡ 1 for ¯-almost all x 2 R^n , see Theorems 2.1 and 2.2. One could also modify Marstrands methods from [9] to prove claims (1) and (2) of Theorem 1.1 for packing measures P^s.

Concerning upper conical densities for Hausdorff measures the fundamental theorem is as follows:

Theorem 1.2. Suppose that m 2 N, m ¡ s ¡ n, 0 ¡ ȷ ˇ 1, and A æ R^n with H^s (A) ¡ 1.

(1) If V 2 G (n; n � m), then D_s (H^s A; X (x; V; ȷ) ; x) ¿ c = c (n; m; ȷ) ¿ 0

for H^s-almost all x 2 A.

(2) If above m = n � 1 and ` 2 S^{n�1}, then D_s ı H^s A; X^+ (x; `; ȷ) ; x ȷ ¿ c = c (n; s; ȷ) ¿ 0 for H^s-almost all x 2 A.

The preceding theorem is also due to Marstrand [9, Theorem IX] in R^2 . Salli [16] generalized Marstrands result to R^n and proved also a corresponding result for cones generated by open sets G æ G (n; m) or S æ S^{n�1}. Mattila [12, Theorem 3.3] went even further by proving a very general upper density theorem for Hausdorff measures. Besicovitch [1, Theorem 2] has shown that if 0 ¡ s ¡ 1 and A æ R is H^s measurable with H^s (A) ¡ 1, then D_s (H^s A; ]x; 1[ ; x) = D_s (H^s A; ]�1; x[ ; x) = 1 for H^s-almost all x 2 A.

There are also upper conical density results for purely m-unrectifiable sets. Besicovitch showed in [2] that if A æ R^2 is purely 1-unrectifiable, then the upper 1-density of the set in opposite angles is strictly positive H^1-almost everywhere in the set A. Federer [5, Theorem 3.3.17] gave a generalization of this result. See also [14, Corollary 15.16].

In Section 3 we shall discuss how Theorem 1.2 can be generalized for packing measures, or more generally, for measures ¯ such that D_h (¯; x) is finite ¯-almost everywhere, with a suitable function h.

The above mentioned conical density theorems have been used in various different ways. Let us briefly explain some of them. Marstrand ([9] and [10]) used Theorem 1.1 to prove the fairly deep fact that for non-integral values of s there are no Radon measures ¯ so that the positive and finite density, lim_{r#0} ¯ (B (x; r)) =r^s, would exist in a set of positive ¯ measure. Mattila [12] used his upper density result to find an upper bound for the dimension of strongly porous sets. Theorem 1.1 (1) and Lorent’s [8] generalization of it can also be used to give some light on the problem of characterizing removable sets for harmonic functions, see [15] and [8]. Note also that Theorem 1.1 (1) is equivalent to the following statement: Denote ¯ = H^s A, where H^s (A) ¡ 1. Then for ¯-almost every x, there is a tangent measure of ¯ at x which is supported on one side of some (n � 1)-plane V 2 G (n; n � 1). This property is sometimes very useful, see for example [14].

2. Lower densities

The main results of this section are stated in the following two theorems.

Theorem 2.1. Let m; n 2 N with m ˇ n. Assume that h: ]0; r_0[ ! ]0; 1[ fulølls the following three conditions:

lim_{r#0} h (r) = 0;

(h1)

lim_{r#0} h (r) =r^m = 1;

(h2)

h (r_1) + h (r_2) ˘ h ı (r^m_1 + r^m_2 )^{1=m} ȷ ; when r^m_1 + r^m_2 ˇ r^m_0 :

(h3) Suppose that V 2 G (n; m), ȷ ¿ 0 and ¯ is a Borel measure on R^n with D_h (¯; x) ¡ 1 for ¯-almost all x 2 R^n . Then for ¯-almost all x 2 R^n , there is ` = ` (x) 2 V “ S^{n�1} such that D_h (¯; H (x; `; ȷ) ; x) = 0.

Theorem 2.2. Assume that h: ]0; r_0[ ! ]0; 1[ fulølls the assumptions (h1)˘(h3) of Theorem 2.1 with m = 1. If ` 2 S^{n�1} and ¯ is a Borel measure on R^n with D_h (¯; x) ¡ 1 for ¯-almost all x 2 R^n , then D_h (¯; H (x; `) ; x) = 0 for ¯-almost all x 2 R^n .

Before the proofs, let us make some remarks concerning Theorems 2.1 and 2.2

If 0 ¡ s ¡ m, h (r) = r^s, and ¯ = H^s A, where A is a subset of R^n with H^s (A) ¡ 1, then the assumptions of Theorem 2.1 are clearly satisfied, recall (1.2). If in addition s ¡ 1, then the assumptions of Theorem 2.2 are valid. Above one can also replace Hausdorff measures by packing measures. So we have:

Corollary 2.3. Let ¯ be either the s-dimensional Hausdorœ measure or the s-dimensional packing measure and let A æ R^n with ¯ (A) ¡ 1. (1) If ȷ ¿ 0, 0 ¡ s ¡ m, and V 2 G (n; m), then for ¯-almost all x 2 A, there is ` = ` (x) 2 V “ S^{n�1} such that D_s (¯ A; H (x; `; ȷ) ; x) = 0.

(2) If 0 ¡ s ¡ 1 and ` 2 S^{n�1}, then D_s (¯ A; H (x; `) ; x) = 0 for ¯- almost all x 2 A.

There are also many other functions than r^s to which Theorems 2.1 and 2.2 can be applied. For example h (r) = r^s log (r^{�1}) fulfills (h1)–(h3) when 0 ¡ s ˇ m. Using density bounds (1.2) and (1.3), we see that the statements of Corollary 2.3 remain true if we let ¯ to be H_h or P_h provided that h fulfills (h1)–(h3) (with m = 1 in (2)).

If in Theorem 2.1 or 2.2 also D_h (¯; x) ¿ 0 for ¯-almost every x, then the densities D_h (¯; H (x; `; ȷ) ; x) can be replaced by D_¯ (H (x; `; ȷ) ; x), where

D_¯ (H (x; `; ȷ) ; x) = lim inf_{r#0} ¯ (H (x; `; ȷ) “ B (x; r)) =¯ (B (x; r))

is the conical density with respect to ¯.

It remains open, if assertion (3) of Theorem 1.1 is valid for packing measures. However, if we know that the assumptions of Theorem 2.1 hold, D_h (¯; x) ¡ 1 for ¯-almost every x 2 R^n , and

(2.1) lim_{ff#0} lim sup_{r#0} ff^{1�n}h (ff r) =h (r) = 0;

then one can prove, with the help of Theorem 2.1 and a generalization of [9, Lemma 29], that for ¯-almost every x 2 R^n , there is ` 2 S^{n�1} so that D_h (¯; H (x; `) ; x) = 0. The condition (2.1) is valid for example if n � 1 ¡ s ¡ n and h (r) = r^s log (r^{�1}).

Suppose that h is differentiable and satisfies (h1). If the derivative h^0 is non-increasing and lim_{r#0} h^0 (r) = 1, then (h2) and (h3) are valid with m = 1.

Condition (h3) may be weakened a little bit. It suffices to assume that there is a constant c ¿ 0 such that

(2.2) X i h (r_i) ˘ c h 0 @ X i r^m_i

!_{1=m}1

A ; when X i r^m_i ˇ r^m_0 :

This is immediate due to the following lemma.

Lemma 2.4. If h: ]0; r_0[ ! ]0; 1[ fulølls inequality (2.2), then there is a function eh that satisøes (h3) and inequalities c h ˇ eh ˇ h.

Proof. Define eh (r) = inff P i h (r_i) : P i r^m_i = r^mg. Now the desired properties clearly hold for eh. � Assumptions (h1) and (h2) for the function h in Theorems 2.1 and 2.2 are well justified but it is natural to ask whether assumption (h3), or (2.2), is really needed. In example 2.13 we shall construct a Radon measure¯ and a function h which show that assumptions (h1) and (h2) alone are not enough to guarantee the assertions of Theorems 2.1 and 2.2. Of course, this does not exclude the possibility that assumption (h3) could be weakened and as P. Mattila pointed out to me, it is an interesting question whether it can be replaced by a doubling condition on h, see Theorem 3.1.

Theorem 2.1 is in a sense sharp for Hausdorff measures. This is shown by the following simple example.

Example 2.5. The assertion of Theorem 2.1 is not valid for measures H^s A, H^s (A) ¡ 1, when s ˘ m: Consider a standard Cantor set C æ R^{n�m} such that 0 ¡ H^{s�m} (C) ¡ 1. Let A = U (0; 1) “ R^m � C æ R^n , ¯ = H^s A, and 0 ˇ ȷ ¡ 1. Then D_s (¯; H (x; `; ȷ) ; x) ¿ 0 for all x 2 A, ` 2 V “ S^{n�1}, where V = fx 2 R^n : proj_{m+1} x = : : : = proj_n x = 0g 2 G (n; m).

We shall next present some basic lemmas. The following Vitali type covering theorem will be used a few times. It follows from [5, Corollary 2.8.15].

Lemma 2.6. Suppose that ¯ is a locally ønite Borel measure on R^n , A æ R^n , and B is a collection of closed balls such that for all x 2 A we have

inffr : B (x; r) 2 Bg = 0:

Then there are disjoint balls B_i 2 B so that ¯ (A n S i B_i) = 0.

Lemma 2.7. Assume that ¯ is a Borel measure on R^n , A æ R^n is a Borel set, and h: ]0; r_0[ ! ]0; 1[. If for ¯-almost every x 2 A, there is r ¿ 0 such that ¯ (B (x; r)) ¡ 1, then for ¯-almost all x 2 A (1) D_h (¯; A; x) = D_h (¯; x), (2) D_h (¯; A; x) = D_h (¯; x).

Proof. We prove (1). Claim (2) can be established similarly. Because ¯-almost all of A is contained in a countable union of open balls, each of finite ¯ measure, we can assume that ¯ is finite.

Clearly D_h (¯; A; x) ˇ D_h (¯; x) for all x 2 A. Lemma 2.6 yields that lim_{r#0} ¯ (B (x; r) “ A) =¯ (B (x; r)) = 1 for ¯-almost every x 2 A. Take such a point x and fix radii r_i # 0 such that ¯ (B (x; r_i) “ A) =h (r_i) �! D_h (¯; A; x) as i ! 1. Now

¯ (B (x; r_i)) h (r_i) = ¯ (B (x; r_i) “ A)

h (r_i)

¯ (B (x; r_i)) ¯ (B (x; r_i) “ A)

�! D_h (¯; A; x)

as i ! 1 and thus D_h (¯; A; x) ˘ D_h (¯; x). � Proof of Theorem 2.2. We may assume that ` = e_1. Let ff; fi 2 ]0; 1[ and define (2.3) A = fx 2 R^n : ¯ (B (x; r) “ H (x; `)) ˘ ff h (r) for 0 ¡ r ¡ fig: We will begin by showing that A is a Borel set. Let us state this as a lemma for later use.

Lemma 2.8. A is a Borel set.

Proof of Lemma 2.8. Using assumptions (h1) and (h3), it is easily seen that if 0 ¡ r ¡ r_0 and q_i ” r as i ! 1, then lim inf i!1 h (q_i) ˘ h (r) :

Using this one obtains A = “ 0¡q¡fi q2Q fx 2 R^n : ¯ (U (x; q) “ H (x; `)) ˘ ff h (q)g :

Fix q ¿ 0. It remains to show that the mapping f : x 7! ¯ (U (x; q) “ H (x; `)) is lower semicontinuous. Given x 2 R^n and ” ¿ 0, we can choose ffi ¿ 0 such that ¯ (fy 2 U (x; q) “ H (x; `) : d (y; @ (U (x; q) “ H (x; `))) ¿ ffig) ¿ f (x) � ”: If jy � xj ¡ ffi, then clearly f (y) ¿ f (x) � ” and the lemma follows. � We continue to prove Theorem 2.2. Suppose that F æ A is closed. It suffices to show that ¯ (F ) = 0. Assume on the contrary that ¯ (F ) ¿ 0. By

Lemma 2.7 (1), we find x 2 F such that D_h (¯; F; x) = D_h (¯; x) = c ¡ 1. Let ” ¡ ff 4^{�1} (2c + 1)^{�1}. Fix 0 ¡ r ¡ r_0 such that ¯ (B (x; 2r)) ¡ 1 and

(1 � ”) c h (r) ¡ ¯ (B (x; r) “ F ) ˇ ¯ (B (x; r)) ¡ (1 + ”) c h (r) ;

whence

(2.4) ¯ (B (x; r) n F ) ¡ 2 c ” h (r) :

Let fl ¿ 0. According to assumption (h2), there is ȷ ¿ 0 such that r ¡ fl h (r), whenever 0 ¡ r ¡ ȷ. We can now apply Lemma 2.6 to the collection fB (y; æ) : y 2 F “ B (x; r) ; æ ¡ minfr; fi; ȷgg to find disjoint balls B_1; : : : ; B_N from this collection such that

(2.5)¯

B (x; r) “ F n N[ i=1 B_i ! ¡ ” h (r) :

We may assume that x 2 S i B_i. Reducing fl enough, we are led to the estimate NX i=1 r_i ¡ fl NX i=1 h (r_i) ˇ fl ff^{�1} NX i=1 ¯ (B_i “ H (x_i; `)) ˇ fl ff^{�1}¯ (B (x; 2r))

¡ r=8:

(2.6)

We now choose points x_i 2 B_i “ F for i = 1; : : : ; N such that

proj_1 (x_i) = supfproj_1 (y) : y 2 B_i “ F g:

Next we select recursively points y_1; y_2; : : : ; y_l 2 fx_ig and corresponding radii ffi_1; ffi_2; : : : ; ffi_l. Let U_i denote the open ball that has double radius but same centre as B_i. We take y_1 2 fx_ig^N_{i=1} which maximizes proj_1 (x_i), and define ffi_1 = maxf0; r � jx � y_1jg. If points y_1; : : : ; y_k and radii ffi_1; : : : ; ffi_k have been selected, then we let 0 ¡ a_k ˇ jx � y_kj � ffi_k to be the greatest radius such that S (x; a_k) “

S_N

i=1 U_i = ; (If such an a_k does not exist, then we finish our selection). We now choose y_{k+1} 2 fx_ig “ B (x; a_k) which maximizes proj_1 (x_i) and define ffi_{k+1} = a_k � jx � y_{k+1}j. When this selection terminates, we have defined points y_1; : : : ; y_l and radii ffi_1; : : : ; ffi_l for some l ˇ N. As a result of the above construction, and with the help of (2.6), we get rˇ NX i=1 4r_i + lX i=1 2ffi_i ˇ r=2 + 2 lX i=1 ffi_i:

For technical reasons, we make numbers ffi_i small enough to satisfy (2.7) lX i=1 ffi_i = r=4:

It also follows from the construction that for all i = 1; : : : ; l (2.8) B (y_i; ffi_i) “ H (y_i; `) “ F “ N[ j=i B_j = ;:

We are now ready to estimate the measure of B (x; r) n F . Using the fact that the half balls B (y_i; ffi_i) “ H (y_i; `) æ B (x; r) are disjoint, (2.8), (2.3), (2.5), (2.7), (h3), and the definition of ”, we deduce

¯ (B (x; r) n F ) ˘ lX i=1 ¯ (B (y_i; ffi_i) “ H (y_i; `)) �¯

B (x; r) “ F n N[ i=1 B_i !

¿ ff lX i=1 h (ffi_i) � ” h (r) ˘ ff h (r=4) � ” h (r) ˘ (ff=4 � ”) h (r) ¿ 2 c ” h (r) :

This contradicts with (2.4). � Several lemmas are needed for the proof of Theorem 2.1. Before them, let us define one more conical object. If V 2 G (n; m), x 2 R^n , ff ¿ 0, and r ¿ 0, then

Y_V (x; ff; r) = fy 2 R^n : jP_V ? (y � x)j ˇ ff (r � jP_V (y � x)j)g It follows readily from the above definition that if y 2 Y_V (x; ff; r), then (2.9) Y_V (x + P_V ? (y � x) ; ff; jP_V (y � x)j) æ Y_V (x; ff; r) ; and if y 2 fxg + V with jy � xj ˇ r, then (2.10) Y_V (y; ff; r � jy � xj) æ Y_V (x; ff; r) :

Lemma 2.9. Let ȷ 2 ]0; 1[, V 2 G (n; m), x 2 R^n , y 2 fxg + S (0; r) “ V , and ` = (x � y) =jx � yj, then B ı y; ȷ^2r ȷ “ H (y; `; ȷ) æ Y_V ` x; ȷ^{�1} ı 1 � ȷ^2

ȷ_{1=2} ; r ´ : Proof. In this proof we denote proj_i (x) by x_i. We may assume without loss of generality that r = 1, y = 0, x = e_1 = (1; 0; : : : ; 0), and also that

V = fx : x_{m+1} = : : : = x_n = 0g. Let z 2 H (y; `; ȷ), then z � ` = z_1 ¿ ȷjzj, and it follows that z^2_1 ȷ^{�2} (1 � ȷ^2) ¿^n P i=2 z^2_i . Using this, we deduce

(2.11) jP_V ? (z � x)j = 0 @ nX i=m+1

z^2_i 1 A 1=2 ¡ z^2_i ȷ^{�2} ı 1 � ȷ^2 ȷ � mX i=2 z^2_i

!_{1=2} : We also have

(2.12) r � jP_V (z � x)j = 1 �

(1 � z_1)^2 + mX i=2 z^2_i

!_{1=2} : If jzj ˇ ȷ^2, then a straightforward calculation shows that (2.13)

z^2_i

1 � ȷ^2 ȷ^2 � mX i=2 z^2_i

!_{1=2} ˇ (1 � ȷ^2)^{1=2} ȷ 0 @1 �

(1 � z_1)^2 + mX i=2 z^2_i

!_{1=2}1 A : The lemma follows from (2.11)–(2.13). � Lemma 2.10. Suppose that V 2 G (n; m), F æ R^n is a closed set with x 2 F , and H^m (P_V (F “ Y_V (x; ff; r))) = 0. Then there is a disjoint collection fY_i = Y_V (x_i; ff; r_i)g_i such that P i r^m_i ˘ 10^{�m}r^m, and for all i we have Y_i æ Y_V (x; ff; r), and further F “ fz 2 Y_i : jz � x_ij ¡ r_ig = ;;

(2.14) F “ fz 2 Y_i : jz � x_ij = r_ig 6= ;:

(2.15)

Proof. We assume that x 2 V . We will prove that if y 2 V “ B (x; r=2) n P_V (F “ Y_V (x; ff; r)), then there is a cone Y_V (z; ff; ffi) æ Y_V (x; ff; r) which satisfies conditions (2.14) and (2.15) such that y 2 P_V (Y_V (z; ff; ffi)). The assertion follows then from this by applying the 5r-covering theorem [14, Theorem 2.1] to the projections P (Y_V (z; ff; ffi)).

Fix y 2 V “ B (x; r=2) n P_V (F “ Y_V (x; ff; r)). Then there exists a radius 0 ¡ ffi ¡ jy � xj such that F “ int Y (y; ff; ffi) = ; but F “ @Y_V (y; ff; ffi) 6= ;. Take z 2 F “ @Y_V (y; ff; ffi) such that

jP_V (z � y)j = minfjP_V (z � y)j : z 2 F “ @Y_V (y; ff; ffi)g: Let Y = Y_V (y + P_V ? (z � y) ; ff; jP_V (z � y)j) :

Now y 2 P_V (Y ) and by (2.9), (2.10), we get Y æ Y_V (y; ff; ffi) æ Y_V (x; ff; r) :

Because z 2 F “ fw 2 Y : jw � (y + P_V ? (z � y))j = r_ig, and int Y æ int Y_V (y; ff; ffi), we conclude that (2.14) and (2.15) are valid for Y . This completes the proof. � The next lemma follows directly from Lemmas 2.9 and 2.10.

Lemma 2.11. Let V 2 G (n; m), ȷ 2 ]0; 1[, and suppose that F æ R^n is a closed set such that x 2 F and H^m ` P_V ` F “ Y_V ` x; ȷ^{�1} ı 1 � ȷ^2

ȷ_{1=2} ; r ´´´ = 0:

Then there are disjoint cones

B (x_i; r_i) “ H (x_i; `_i; ȷ) æ Y_V ` x; ȷ^{�1} ı 1 � ȷ^2

ȷ_{1=2} ; r ´ n F such that x_i 2 F , `_i 2 V “ S^{n�1} for all i and P i r^m_i ˘ 10^{�m}ȷ^{2m}r^m.

Proof of Theorem 2.1. We can assume, as in Lemma 2.7, that ¯ is finite. We shall first prove that for all numbers ff; ȷ 2 ]0; 1[, and 0 ¡ fi ¡ r_0, the set A = fx : ¯ (B (x; r) “ H (x; `; ȷ)) ˘ ff h (r) when 0 ¡ r ¡ fi and ` 2 V “ S^{n�1}g is of ¯ measure zero and then show how this implies our theorem.

By modifying the proof of Lemma 2.8, it is rather easy to see that A is a Borel set. Hence it is sufficient to show that if F æ A is closed, then ¯ (F ) = 0. Assume on the contrary that ¯ (F ) ¿ 0. Using Lemma 2.7 (1), we find x 2 F such that D_h (¯; F; x) = D_h (¯; x) = c ¡ 1. For technical reasons, we assume that 10^{�m}ȷ^{3m} = 2^{�k=m} for some k 2 N. By iteration of assumption (h3), we obtain a constant c^0 ¿ 0 that depends only on ȷ and m (one can take c^0 = 2^{�k}) such that (2.16) h ı 10^{�m}ȷ^{3m}r ȷ ˘ c^0 h (r) whenever r ¡ r_0. Let 0 ¡ ” ¡ ff c^0= (2c). Fix 0 ¡ r ¡ fi such that c (1 � ”) h (r) ¡ ¯ (B (x; r) “ F ) ˇ ¯ (B (x; r)) ¡ c (1 + ”) h (r) then also (2.17) ¯ (B (x; r) n F ) ¡ 2” c h (r) :

Our next step is to prove that (2.18) H^m (B (x; r) “ F ) = 0:

Let fl ¿ 0. Using (h2), and the 5r-covering theorem [14, Theorem 2.1], it is possible to select a collection of disjoint balls,

fB_i = B (x_i; r_i)g_i ; x_i 2 B (x; r) “ F; r^m_i ¡ 5^{�m} minf1; fl h (r_i)g; such that F æ S i B (x_i; 5r_i). We obtain X i (5r_i)^m ¡ fl X i h (r_i) ¡ ff^{�1}fl X i ¯ (B_i) ¡ ff^{�1}fl ¯ (B (x; r + 1)) :

Since the right hand side of the above inequality tends to zero as fl # 0, this yields (2.18).

Since a projection can not increase Hausdorff measure, we observe that (2.19) H^m (P_V (B (x; r) “ F )) = 0: Using the inclusion Y_V ` x; ȷ^{�1} ı 1 � ȷ^2

ȷ_{1=2}

; ȷr ´ æ B (x; r) combined with Lemma 2.11, we find disjoint cones B (x_i; r_i)“H (x_i; `_i; ȷ) æ B (x; r) n F such that x_i 2 F , `_i 2 V for all i, and X i r^m_i = 10^{�m}ȷ^{3m}r^m:

Using the above fact, the definition of A, (h3), (2.16), and our choice of ”, we get ¯ (B (x; r) n F )˘ 1X i=1 ¯ (B (x_i; r_i) “ H (x_i; `_i; ȷ)) ˘ ff 1X i=1 h (r_i) ˘ ff h ı 10^{�m}ȷ^{3m}r ȷ

˘ ff c^0 h (r) ¿ 2” c h (r) :

This contradicts with (2.17) and thus ¯ (A) = 0.

Fix ȷ ¿ 0 and ff_i ¿ 0 such that ff_i # 0 as i ! 1. We can now find, for ¯-almost every x 2 R^n , directions `_i 2 V “ S^{n�1}, and numbers r_i ¿ 0 such that r_i # 0 as i ! 1, and (2.20) ¯ (B (x; r_i) “ H (x; `_i; ȷ=2)) ¡ ff_i h (r_i) for all i.

Suppose that (2.20) holds for x. By going to a subsequence, we may assume that `_i ! ` 2 V “ S^{n�1} as i ! 1 and that H (x; `; ȷ) æ H (x; `_i; ȷ=2) for all i. Inequality (2.20) yields

¯ (B (x; r_i) “ H (x; `; ȷ)) =h (r_i) ¡ ff_i �! 0 ;

as i ! 1. This completes the proof. � The last theorem of this section deals with purely m-unrectifiable sets.

As mentioned before, it has been proved by Gillis [6] when n = 2 and by Lorent [8] when m = n � 1. We recall that a set A æ R^n is purely m-unrectifiable if H^m (A “ E) = 0 whenever E is a Lipschitz image of R^m .

Theorem 2.12. Let m; n 2 N such that m ¡ n and suppose that A æ R^n is purely m-unrectiøable with H^m (A) ¡ 1. If ȷ ¿ 0 and V 2 G (n; m), then for H^m-almost all x 2 F , there is ` 2 V “ S^{n�1} such that D_m (H^m A; H (x; `; ȷ) ; x) = 0.

If m = 1 and ` 2 S^{n�1}, then D_1 (H^1 A; H (x; `; ȷ) ; x) = 0 for ¯- almost all x 2 R^n .

Proof. The proof is based on our proof of Theorem 2.1 together with the Besicovitch-Federer projection theorem, see for example [14, Theorem 18.1], which says that

(2.21) H^m (P_V (A)) = 0

for fl_{n;m}-almost all V 2 G (n; m).

By the Borel regularity of H^m, we can assume that A is a Borel set. Then the assumptions of Theorem 2.1 are valid for H^m A and h (r) = r^m, except for (h2). But assumption (h2) in Theorem 2.1 was only used to obtain (2.19) and if V 2 G (n; m) is such that (2.21) holds, then also (2.19) holds and the proof of Theorem 2.1 gives the assertion for V .

Now fix arbitrary V 2 G (n; m). According to the above facts, we can find, for ¯-almost every x 2 R^n , m-planes V_i 2 G (n; m), directions `_i 2 V_i “ S^{n�1}, and radii r_i ¿ 0 such that

H^m (B (x; r_i) “ H (x; `_i; ȷ=2) “ A) =r^s_i �! 0;

r_i # 0, and V_i ! V in G (n; m) as i ! 1. Using (1.1), we can find a subsequence of (`_i)_i, which we denote by the same symbols, such that `_i ! ` 2 V “ S^{n�1} and H (x; `; ȷ) æ H (x; `_i; ȷ=2) for all i. The first assertion of the theorem follows.

The second statement can be verified by slightly modifying the argument. We omit the details, see also the discussion below. � As noted in the introduction, Besicovitch [2, Theorem 13] proved that when m = 1 and n = 2, then one can take ȷ = 0 in Theorem 2.12. His method can be modified to prove that this is true for all n 2 N. It remains unsolved, if this is true for m ¿ 1.

We shall finish this section by the example that was mentioned earlier in this section. We perform a modification of a construction that has turned out to be useful in many connections related to fractal sets and measures, see for example [13, Example 4.4] or [7, Example 3.1].

Example 2.13. There exists a nondecreasing function h: ]0; 1[ ! ]0; 1[ which fulfills conditions (h1) and (h2) of Theorem 2.1 and a Radon measure ¯ on R^n such that for all ` 2 S^{n�1}, 0 ¡ ȷ ¡ 1, and for ¯-almost every x 2 R^n ,

D_h (¯; x) ¡ 1;

(2.22) D_h (¯; H (x; `; ȷ) ; x) ¿ c;

(2.23)

where c ¿ 0 is a constant depending on ȷ.

Construction. We assume that n = 1. A similar construction works also in higher dimensions.

Define numbers q_k and l_k for k = 2; 3; 4; : : : by setting q_k = 1 � 1=k^2 and l_k = k^6. It is a simple matter to check that 1Y k=2 q_k ¿ 0;

(2.24)

1 � q_k = kl^{�1=2}_k :

(2.25)

We also define numbers r_k and R_k for k 2 N by setting R_1 = 1, r_k = R_k=l_{k+1}, and R_{k+1} = r_k=l_{k+1} = R_k=l^2_{k+1}. By these definitions

(2.26) l_2 � � � l_k R^{1=2}_k = 1:

Let I_{1;1} = [0; 1] and Q_{1;1} = [1=2 � r_1=2; 1=2 + r_1=2]. Divide Q_{1;1} into l_2 closed subintervals of equal length and denote them by I_{2;1}; : : : ; I_{2; l2} . For every k = 1; : : : ; l_2, let Q_{2;k} be the closed interval with same centre as I_{2;k} and with length r_2. Proceed the construction by dividing each Q_{2;k} into l_3 closed subintervals with equal length and so on. For every k = 2; 3; 4; : : :, we get l_2 � � � l_k closed intervals I_{k;i} and Q_{k;i} with lengths R_k and r_k, respectively.

We now define h and ¯. For k 2 N let

h (r) = 8 ¡ : r^{1=2}_k if r_k ˇ r ¡ R_k; r^{1=2} if R_{k+1} ˇ r ˇ r_k:

The measure ¯ is defined on the set A = 1“ k=2 l_2�l_k[

i=1 Q_{k;i}

by repeated subdivision, that is ¯ (A “ Q_{k;i}) = (l_2 � � � l_k)^{�1}. This measure clearly extends to a Radon probability measure on R.

Clearly lim_{r#0} h (r) = 0 and further

lim inf_{r#0} h (r) =r = lim_{k!1} r^{1=2}_k =R_k = lim_{k!1} (l_{k+1}R_k)^{�1=2}

= lim_{k!1} l_2 � � � l_k=l^{1=2}_{k+1} = lim_{k!1} (k!)^6 = (k + 1)^3 = 1:

Thus h satisfies (h1) and (h2). By (2.26) and the definition of ¯, we deduce that if x 2 A, then

lim inf_{r#0}

¯ (B (x; r)) h (r)

ˇ lim sup k!1 ¯ (B (x; R_k))

h (R_k) ˇ 3 (l_2 � � � l_k)^{�1} R^{1=2}_k

= 3 ¡ 1

and so also (2.22) is valid.

It remains to verify (2.23). For every l 2 N we define a set B_l æ A as follows: When selecting subintervals I_{k+1;j} inside interval Q_{k;i}, for k ˘ l, we leave p(1 � q_{k+1}) l_{k+1}=2q intervals I_{k+1;j} outside B_l from the left-hand side and also from the right-hand side. Here paq denotes the integer part of a. Formally (with a suitable enumeration of the intervals Q_{k;i}),

B_l = 1“ k=l+1 i_k[

i=1 Q_{k;i};

where i_k = l_2 � � � l_{k�1} (l_k � 2pl_k (1 � q_k) =2q) ˘ l_2 � � � l_k q_k. It follows from (2.24), that ¯ (B_l) ! 1 = ¯ (R) as l ! 1.

Fix x 2 B_l and assume that ` = 1. The case ` = �1 can be handled similarly. Let R_{k+1} ˇ r ¡ R_k for some k ˘ l. Now x belongs to one of the intervals Q_{k;i} which we denote by [ff; fi]. Let d = fi � x. Recall that then d ¡ r_k. If d ˇ r ¡ R_k, then [(ff + fi) =2; fi] n B_l æ [x; x + r] and we compute using (2.25), (2.26), and definitions

¯ ([x; x + r]) =h (r) ˘ ¯ ([(ff + fi) =2; fi] n B_l) r^{�1=2}_k

= ¯ (Q_{k;i} n B_l) 2^{�1}r^{�1=2}_k

= (l_2 � � � l_k)^{�1} pl_{k+1} (1 � q_{k+1}) =2q l^{�1}_{k+1}r^{�1=2}_k

˘ (l_2 � � � l_k)^{�1} ı 2^{�1} (k + 1) l^{1=2}_{k+1} � 1 ȷ l^{�1}_{k+1}r^{�1=2}_k

˘ 2^{�1}k (l_2 � � � l_k)^{�1} R^{�1=2}_k = k=2:

If R_{k+1} ˇ r ¡ d, we observe using (2.26), that

¯ ([x; x + r]) h (r) ¿ 1 2 r R_{k+1}

¯ (I_{k+1;i}) h (r) = 1 2 r^{1=2} R^{1=2}_{k+1} ˘ 1 2 : We conclude that D_h (¯; H (x; 1) ; x) ˘ 1=2 ¿ 0 for all x 2 B_l. �

3. Upper densities

Theorem 1.2, and also the upper density results of Salli [16, Theorems 3.1, 3.7 and 3.8] and Mattila [12, Theorem 3.3], are readily generalized for Radon measures ¯ that satisfy 0 ¡ D_s (¯; x) ¡ 1 for ¯-almost every x 2 R^n . This arises from the fact that these measures behave in small scales very much like Hausdorff measures, see [14, Theorem 6.9]. Of course, one has to replace the constants c (n; m; ȷ) and c (n; s; ȷ) in Theorem 1.2 by D_s (¯; x) c (n; m; ȷ) and D_s (¯; x) c (n; s; ȷ), respectively.

Our goal in this section is to give a generalization of Theorem 1.2 that applies for Borel measures which satisfy ¯-almost everywhere the condition D_h (¯; x) ¡ 1, provided that the function h fulfills some natural conditions. Our proof is a modification of a proof that was given by Salli [16, Theorem 3.1]. Notice that we may well have D_h (¯; x) = 1 for ¯-almost every x 2 R^n .

Theorem 3.1. Let h: ]0; r_0[ ! ]0; 1[ be a nondecreasing function which satisøes, for some 0 ¡ c_1 ¡ 1, the doubling condition

(d) h (2r) ¡ c_1h (r) :

Assume also that for some m 2 N and for all r ¡ r_0, 0 ¡ t ¡ 1, h (tr) ˇ t^mh (r) ;

(h4) lim_{t#0} t^{�m}h (tr) = 0:

(h5)

If ¯ is a Borel measure on R^n such that D_h (¯; x) ¡ 1 for ¯-almost all x 2 R^n , V 2 G (n; n � m), and 0 ¡ ȷ ˇ 1, then D_h (¯; X (x; V; ȷ) ; x) ˘ cD_h (¯; x) for ¯-almost all x 2 R^n . Above the constant c ¿ 0 depends only on m; n; ȷ, and c_1.

If m ¡ s ¡ n, then h (r) = r^s clearly satisfies conditions (d), (h4), and (h5). So the statement of Theorem 3.1 holds for ¯ = P^s A, when m ¡ s ¡ n, h (r) = r^s, and A æ R^n has finite P^s measure. Theorem 3.1 can also be applied for measures H_h and P_h provided that h fulfills the required assumptions, recall (1.2) and (1.3). One can take for example h (r) = r^s log (r^{�1}), where m ¡ s ¡ n, or h (r) = r^m (log (r^{�1}))^{�1}.

Proof of Theorem 3.1. It follows from doubling condition (d) that there is a constant c_2 ¡ 1 such that

(3.1) h ` 2 ı n � m + ȷ^2=16

ȷ_{1=2} r ´ ¡ c_2h (r) ;

when r ¿ 0 is small enough. We can assume that this is true for all 0 ¡ r ¡ r_0. Define c by

(3.2) c = 2^{�1}c^{�1}_2 ı 4m^{1=2}ȷ^{�1} + 1

ȷ_{�m} : Recall that then c ˘ c^0 (n; m; c_1) ȷ^m.

We may assume that V = fx : proj_1 x = : : : = proj_m x = 0g. Fix M 2 ]0; 1[ and define B = fx 2 R^n : D_h (¯; x) ¿ M and D_h (¯; x) ¡ 1g:

It is sufficient to show that D_h (¯; X (x; V; ȷ) ; x) ˘ c M for ¯-almost all x 2 B. We will show that for any ff ¿ 0, the set

F = fx 2 B : ¯ (B (x; r) “ X (x; V; ȷ)) ˇ c M h (r) when 0 ¡ r ¡ ffg is of ¯ measure zero. Assume on the contrary that ¯ (F ) ¿ 0. One can use quite standard methods, see Lemma 2.8, to show that F is a Borel set, and hence we can assume it to be closed.

Fix k 2 N such that

(3.3) 4 m^{1=2}=k ¡ ȷ ˇ 4m^{1=2}= (k � 1) :

According to Lemma 2.7 (2), there is x_0 2 F such that D_h (¯; F; x_0) ¿ M. We may assume that x_0 = 0. We can now fix r_1 ¿ 0 such that

¯ ([�r_1; r_1]^n “ F ) ¿ M h (r_1) :

We will next select recursively cubes R_j æ R^{n�m} and Q_j æ R^m . Let R_0 = [�r_1; r_1]^{n�m} and Q_0 æ [�r_1; r_1]^m such that ‘ (Q_0) = 2r_1k^{�1} (‘=side length) and ¯ (R_0 � Q_0 “ F ) ¿ k^{�m}M h (r_1). Suppose that cubes R_j and Q_j have been selected. Denote by S one of the minimal cubes S æ R_j such that P_V (R_j � Q_j “ F ) æ S. If

(3.4) ‘ (S) ¿ ‘ (R_j ) =2;

then we finish our selection. Otherwise we select R_{j+1} æ R_j such that S æ R_{j+1} and ‘ (R_{j+1}) = ‘ (R_j ) =2. We also choose Q_{j+1} æ Q_j such that ‘ (Q_{j+1}) = ‘ (Q_j ) =2 and ¯ (R_{j+1} � Q_{j+1} “ F ) ˘ 2^{�m}¯ (R_j � Q_j “ F ).

If j is an index such that R_j and Q_j are selected, then

(3.5) ¯ (R_j � Q_j “ F ) ¿ 2^{�jm}M k^{�m} h (r_1) and d (R_j � Q_j ) = 2^{�j} d (R_0 � Q_0) = 2^{�j+1}r_1 ı n + m ı k^{�2} � 1

ȷȷ_{1=2} ¡ ı n � m + ȷ^2=16

ȷ_{1=2}

2^{�j+1}r_1:

(3.6)

The next step is to show that for some index j_0 our selection comes to an end. If this is not the case, then we let fx_1g =

T_1

j=1 R_j � Q_j “ F and denote d_j = d (R_j � Q_j ). Let d_{j+1} ˇ r ¡ d_j . Using (3.5) and (3.6), we get

¯ (B (x_1; r)) =h (r) ˘ ¯ (R_{j+1} � Q_{j+1} “ F ) =h (d_j )

¿ Mk^{�m}2^{�jm}h (r_1) =h `ı n � m + ȷ^2=16

ȷ_{1=2}

2^{�j+1}r_1 ´

It follows from (h5), that the right hand side of the above inequality tends to infinity as j ! 1. This yields D_h (¯; x_1) = 1, which is impossible since x 2 B.

Let j_0 be an index such that (3.4) holds. We abbreviate R = R_{j0} , Q = Q_{j0} and d = d_{j0} . Pick y; z 2 R � Q “ F such that proj_i (y � z) ¿ ‘ (R) =2 for some i 2 f1; : : : ; n � mg. We will show that

(3.7) R � Q æ X (y; V; ȷ) [ X (z; V; ȷ) :

Let x 2 R � Q. If proj_i (x) ˘ proj_i (y + z) =2, then

jx � zj ˘ proj_i (x � z) ˘ proj_i (y � z) =2 ¿ ‘ (R) =4 = 2^{�j0�1}r_1: Using this and (3.3), we deduce

d (x � z; V ) = P_V ? (x � z) ˇ d (Q) = 2 r_1 k^{�1}m^{1=2}2^{�j0} ¡ ȷjx � zj: Hence x 2 X (z; V; ȷ). If proj_i (x) ¡ proj_i (y + z) =2, then by symmetry x 2 X (y; V; ȷ). Now (3.7) holds and we know that with x = y or x = z we have (3.8) ¯ (X (x; V; ȷ)) ˘ ¯ (R � Q) =2: Finally we compute, using (3.2)–(3.8), and (h4),

¯ (X (x; V; ȷ) “ B (x; d)) =h (d) ˘ 2^{�1}¯ (R_{j0} � Q_{j0} “ F ) =h (d) ¿ M k^{�m}2^{�j0m�1}h (r_1) =h `ı n � m + ȷ^2=16

ȷ_{1=2}

2^{�j0+1}r_1 ´

˘ k^{�m}2^{�1}c^{�1}_2 M ˘ c M :

This contradicts with the definition of F . � When m = n � 1 it is natural to ask whether one can replace the cones X (x; V; ȷ) in the above theorem by their one half. The next theorem shows that the answer is positive, at least with a little bit stronger assumptions on h. For example the functions h (r) = r^s log (r^{�1}), where n � 1 ¡ s ¡ n, satisfy assumption (h6) of the following theorem.

Theorem 3.2. Assume that h: ]0; r_0[ ! ]0; 1[ is a nondecreasing function satisfying doubling condition (d). Suppose also that for some s ¿ n � 1 and for all r ¡ r_0, 0 ¡ t ¡ 1, (h6) h (t r) ˇ t^sh (r) :

If ¯ is a Borel measure on R^n such that D_h (¯; x) ¡ 1 for ¯-almost all x 2 R^n , 0 ¡ ȷ ˇ 1, and ` 2 S^{n�1}, then D_h ı ¯; X^+ (x; `; ȷ) ; x ȷ ˘ cD_h (¯; x) for ¯-almost all x 2 R^n , where the constant c ¿ 0 depends only on n; s, and c_1.

Proof. Define c_2 as in the previous proof and set

c = c^{�1}_2 ı 1 � 2^{�(s�n+1)=2} ȷ ı 4 (n � 1) ȷ^{�1} + 1

ȷ_{1�n} : Then c ˘ c^0 (n; c_1) (s � n + 1) ȷ^{n�1}. We may assume that ` = e_1. Fix M 2 ]0; 1[ and define sets B and F , numbers k and r_1, and point x_0 2 R^n in a corresponding manner as in the previous proof. Assume again, to simplify notation, that x_0 = 0.

We begin to choose intervals I_j æ R and cubes Q_j æ R^{n�1} by setting I_0 = [�r_1; r_1] and selecting Q_0 æ [�r_1; r_1]^{n�1} such that ‘ (Q_0) = 2r_1k^{�1} and ¯ ((I_0 � Q_0) “ F ) ¿ k^{1�n}M h (r_1). Assume that I_j and Q_j have been selected. Let a_j = inf proj_1 (I_j � Q_j “ F ) and b_j = sup proj_1 (I_j � Q_j “ F ) . If the conditions

b_j � a_j ¿

‘ (I_j ) 2 ; (3.9)

¯ ([(a_j + b_j ) =2; b_j ] � Q_j “ F ) ¿ ı 1 � 2^{� 12 (s�n+1)} ȷ ¯ (I_j � Q_j “ F )

(3.10)

hold, then we finish our selection. If (3.9) is not valid, then we choose I_{j+1} æ I_j such that [a_j ; b_j ] æ I_{j+1} and ‘ (I_{j+1}) = ‘ (I_j ) =2. We also take Q_{j+1} æ Q_j such that ‘ (Q_{j+1}) = ‘ (Q_j ) =2 and

¯ (I_{j+1} � Q_{j+1} “ F ) ˘ 2^{1�n}¯ (I_j � Q_j “ F ) :

If (3.9) holds but (3.10) does not, then we select I_{j+1} æ I_j such that ‘ (I_{j+1}) = ‘ (I_j) =2, and

¯ (I_{j+1} � Q_j “ F ) ˘ 2^{� 12 (s�n+1)}¯ (I_j � Q_j “ F ) ;

and further Q_{j+1} æ Q_j such that ‘ (Q_{j+1}) = ‘ (Q_j ) =2 and

¯ (I_{j+1} � Q_{j+1} “ F ) ˘ 2^{1�n}2^{� 12 (s�n+1)}¯ (I_j � Q_j “ F ) :

For every I_j and Q_j

¯ (I_j � Q_j “ F ) ¿ 2^{j(�n�s+1)=2}M k^{1�n} h (r_1) ;

d (I_j � Q_j ) = 2^{�j}d (I_0 � Q_0) ¡ ı 1 + ȷ^2=16

ȷ_{1=2}

2^{�j+1}r_1:

Similar reasoning as in the proof of Theorem 3.1 combined with assumption (h6) yields that our process of selecting intervals I_j and cubes Q_j must terminate. Thus, for some index j_0, sets I_{j0} and Q_{j0} satisfy (3.9) and (3.10). Abbreviate a = a_{j0} , b = b_{j0} and so on. Let y 2 I � Q “ F be such that proj_1 y = a, then

[(a + b) =2; b] � Q æ X^+ (y; `; ȷ) “ B (y; d) :

We obtain, as in the proof of Theorem 3.1, that ¯ ı X^+ (y; `; ȷ) “ B (y; d) ȷ =h (d) ˘ c M:

This leads to a contradiction. � Let ff; fi ¿ 0. It is clear from the proofs that assumption (h6) in Theorem 3.2 can be weakened to h (tr) ˇ fft^sh (r). Also, in Theorems 3.1–3.2 it suffices to assume that (h4) and (h6) hold for 0 ¡ t ¡ fi. However, under these slightly weaker assumptions, constant c will depend also on ff and fi.

On the real line the question of upper densities is easier. We state the following theorem without a proof. A somewhat similar calculation as that of [11, Theorem 7] applies.

Theorem 3.3. If ¯ is a locally ønite Borel measure on R, then for any h: ]0; 1[ ! ]0; 1[,

D_h (¯; [x; 1[ ; x) = D_h (¯; ]�1; x] ; x) ˘ D_h (¯; x) =2

for ¯-almost every x 2 R.

The local finiteness of ¯ in the above result can be replaced for example by assuming that ¯ (fxg) = 0 for every x 2 R, and D_h (¯; x) ¡ 1 for ¯-almost all x 2 R.

If ¯ is a measure on R^n , A æ R^n , and x 2 R^n , we define

D_¯ (A; x) = lim sup_{r#0} ¯ (B (x; r) “ A) =¯ (B (x; r)) :

If 0 ¡ D_h (¯; x) ¡ 1 for ¯-almost every x 2 R^n in Theorems 3.1–3.3, then they can be used to obtain positive lower bounds for the densities D_¯ (X (x; V; ȷ) ; x) and D_¯ (X^+ (x; `; ȷ) ; x).

Acknowledgements. I am very grateful to Professor Pertti Mattila for all of the advisement he has given me. I would also like to thank Mika Leikas and Juho Niemelä for useful discussions and Professor Pekka Koskela for pointing out several linguistic errors in the manuscript.

References

[1] A.S. Besicovitch. On linear sets of points of fractional dimension. Math. Annalen, 101:161–193, 1929.

[2] A.S. Besicovitch. On the fundamental geometrical properties of linearly measurable plane sets of points II. Math. Annalen, 115:296–329, 1938.

[3] Colleen Cutler. The density theorem and Hausdorff inequality for packing measure in general metric spaces. Illinois J. Math., 39(4):676–694, 1995.

[4] K.J. Falconer. The geometry of fractal sets. Cambridge University Press, Cambridge, 1985.

[5] Herbert Federer. Geometric measure theory. Springer-Verlag, Berlin, 1969. [6] J. Gillis. A theorem on irregular linearly measurable plane sets of points. J. London Math. Soc., 10:234–240, 1935.

[7] Maarit Järvenpää. On the upper Minkowski dimension, the packing dimension, and orthogonal projections. Ann. Acad. Sci. Fenn. Ser. AI Dissertationes, 99, 1994.

[8] Andrew Lorent. A generalised conical density theorem for unrectifiable sets. Ann.

Acad. Sci. Fenn. Math., 28(2):415–431, 2003.

[9] J.M. Marstrand. Some fundamental geometrical properties of plane sets of fractional dimensions. Proc. London Math. Soc., 4(3):257–301, 1954.

[10] J.M. Marstrand. The (Œ; s) regular subsets of n-space. Trans. Amer. Math. Soc., 113:369–392, 1964.

[11] Pertti Mattila. Densities of measures on the real line. Ann. Acad. Sci. Fenn. Ser.

A. I Math., 4(1):53–61, 1979.

[12] Pertti Mattila. Distribution of sets and measures along planes. J. London Math.

Soc., 38(2):125–132, 1988.

[13] Pertti Mattila. Orthogonal projections, Riesz capacities, and Minkowski content. Indiana Univ. Math. J., 39(1):185–198, 1990.

[14] Pertti Mattila. Geometry of sets and measures in Euclidean spaces: Fractals and rectiøability. Cambridge University Press, Cambridge, 1999.

[15] Pertti Mattila and P.V. Paramonov. On geometric properties of Lip_1-capasity. Paciøc J. Math., 171(2):469–491, 1995.

[16] Arto Salli. Upper density properties of Hausdorff measures on fractals. Ann. Acad.

Sci. Fenn. Ser. AI Dissertationes, 55, 1985. E-mail address: visuomal@maths.jyu.fi

Department of Mathematics and Statistics, P.O. Box 35 (Mad), FIN-40014 University of Jyväskylä, Finland