Weighted BMO and discrete time hedging within the Black-Scholes model

Stefan Geiss Department of Mathematics and Statistics

University of Jyväskylä P.O. Box 35 (MAD) FIN-40351 Jyväskylä Finland geiss@maths.jyu.fi

January 17, 2003

Abstract The paper combines two, at first glance rather different, objects:

spaces of adapted stochastic processes of weighted bounded mean oscillation (weighted BMO) and approximations of certain stochastic integrals (driven by the geometric Brownian motion) by integrals over piece-wise constant integrands. The consideration of the approximation error with respect to weighted BMO implies L_p and uniform distributional estimates for the error by a John-Nirenberg type theorem. The general results about weighted BMO are given in the first part of the paper and applied to our approximation problem in the second one.

1 Introduction

The approximation of stochastic integrals by integrals over piece-wise constant integrands has for example in stochastic finance a natural interpretation: the pay-off of a continuously re-balanced portfolio is replaced by the pay-off of a portfolio, re-balanced at finitely many trading dates only. The approximation error between the stochastic integral, we were starting from, and its approximation can be interpreted as risk.

Usually, the approximation error is measured with respect to L_2, which has the following drawbacks: the resulting distributional tail-estimates are rather weak. Secondly, if one fixes the number of discretization points in the time-net and looks for the optimal discretization in order to minimize the L_2-error, then there are in general very different asymptotically optimal time nets and it may not be clear what net one should use.

The present paper approaches both problems. In order to replace the L_2-criteria by a stronger one, one would use the L_p-spaces with 2 < p < ∞ in a first instance. However, in our situation it turns out that we can use much stronger spaces, spaces of weighted bounded mean oscillation (weighted BMO), while getting the same upper error bounds as in the case we would measure the error with respect to L_2. The used BMO-spaces have two advantages: estimates with respect to these spaces imply generally all L_p-estimates and secondly, by a weighted John-Nirenberg type theorem we obtain significantly better tail-estimates than we would get from L_2-estimates (see Section 3.4). Moreover, for a large class of situations we show in Section 3.3 that the asymptotically optimal time nets with respect to our weighted BMO-spaces are unique in some sense.

The paper is divided into two rather different parts. Section 2 deals with the weighted BMO-spaces in a more general context. In Section 3 we apply these results to our approximation problems of stochastic integrals.

2 Weighted BMO-spaces

Let (Ω, F, IP) be a complete probability space and F = (F_t)_{t∈[0,T ]} be a rightcontinuous filtration with F_T ⊆ F such that F_0 contains all F-null sets. By CL(F ) we denote the set of all F -adapted processes A = (A_t)_{t∈[0,T ]} such that almost all paths are right-continuous and have finite left-hand side limits. The symbol CL^+(F ) stands for the subclass of these processes such that A_t(ω) > 0 on [0, T ] × Ω, whereas CL_0(F ) is standing for the A ∈ CL(F ) with A_0 ≡ 0. Given a stopping time σ : Ω → [0, T ] and A ∈ CL_0(F ) we let A_{σ−} := lim_{n→∞} χ_{Ω0} A(_{σ− 1n} )+ , where Ω_0 is a set of measure one on which A is right continuous and has finite left-hand side limits. For a stochastic process X = (X_t)_{t∈[0,T ]} we let, as usual, X^∗_t := sup_{u∈[0,t]} |X_u|. Given B ∈ F, the normalized restriction of IP to B is defined by IP_B (·) := IP(B ∩ ·)/IP(B) if IP(B) > 0 and IP_B ≡ 0 if IP(B) = 0. Finally, given A, B ≥ 0 and c > 0, the expression A ∼_c B stands for A/c ≤ B ≤ cA. The BMO-spaces, we use, are defined as follows:

Definition 2.1 Assume that θ ∈ (0, 1), p ∈ (0, ∞), A ∈ CL_0(F ), and Φ ∈ CL^+(F ). Letting S be the set of all stopping times σ : Ω → [0, T ], we define

‖A‖_{BMO}Φ_{p (IP)} := sup_{σ∈S} ‖ ‖ ‖ ‖IE [ |A_T − A_{σ−}|^p Φ^pσ | | F_σ ]‖ ‖ ‖ 1 p L_∞ ,

‖A‖_{BMO}Φ,∗_{p (IP)} := sup_{σ∈S} ‖ ‖ ‖IE [ sup_{u∈[σ,T ]} |A_u − A_{σ−}|^p Φ^pσ | F_σ ]‖ ‖ ‖ 1 p L_∞ ,

‖A‖_{BMO}Φ_{0,θ (IP)} := inf { c > 0 : ‖ ‖ ‖IP [ |A_T − A_{σ−}| Φ_σ > c | F_σ ]‖ ‖ ‖_{L∞}≤ θ, σ ∈ S } ,

and ‖A‖_{BMO}Φ,∗_{0,θ (IP)} := inf { c > 0 : ‖ ‖ ‖ ‖IP [ sup_{u∈[σ,T ]} |A_u − A_{σ−}| Φ_σ > c | | F_σ ]‖ ‖ ‖_{L∞} ≤ θ, σ ∈ S } , with inf ∅ := ∞.

The quantities ‖·‖_{BMO}Φ_p and ‖·‖_{BMO}Φ,∗_p model a classical approach to weighted BMO in the probabilistic setting connected to the Garsia-Neveu lemma and related results of Garsia, Stroock, and many others (see for example [6], [14], [4], [1], and Remark 2.7 below). The approach to exploit ‖ · ‖_{BMO}Φ_{0,θ} and ‖·‖_{BMO}Φ,∗_{0,θ} has at least two sources: firstly, Strömberg [16] measured the meanoscillation of complex-valued functions defined on IR^n in a distributional way by the sharp function M^♯_{0,s}f. Secondly, in the non-weighted probabilistic setting, which means here Φ_t ≡ 1, the distributional approach can be found in Emery [5] and in [8]. We also need

Definition 2.2 (i) Let Q be a probability measure on [Ω, F] with Q ∼ IP and L(ω) = (dQ/dIP)(ω) > 0 for all ω ∈ Ω. Given v ∈ (1, ∞) and c > 0, we let Q ∈ RH_v(IP, c) provided that L ∈ L_v(Ω, F, IP) and v √ IE ( L^v | | F_σ) ≤ c IE (L | | F_σ) a.s.

for all stopping times σ : Ω → [0, T ].

(ii) Given q, d ∈ (0, ∞) and Φ ∈ CL^+(F ) with Φ_0 ∈ L_q(Ω, F, IP), we let Φ ∈ SM_q(IP, d) provided that for all stopping times σ : Ω → [0, T ] one has that IE ( sup u∈[σ,T ] Φ^q_u | F_σ ) ≤ d^q Φ^q_σ a.s.

The class of weights RH_v, satisfying a reverse Hölder inequality, is going back to Izumisawa and Kazamaki [12] in the probabilistic setting. To shorten the notation we agree that writing RH_v(IP, c) or SM_q(IP, d) means automatically that v ∈ (1, ∞), q ∈ (0, ∞), and c, d > 0. Our results about the spaces introduced in Definition 2.1 follow immediately from Theorem 2.3 below. This theorem transfers Emery [5] (Proposition 2) and [8] (Theorem 4.6) to the weighted case and Strömberg [16] (Lemma 3.4) from the classical setting of functions defined on IR^n to the setting of stochastic processes.

Theorem 2.3 Let A ∈ CL_0(F) and θ ∈ ( 0,^1_2 ) . Assume that Ψ = (Ψ_t)_{t∈[0,T ]} is a process of F-measurable random variables Ψ_t : Ω → [0, ∞) such that almost all trajectories have finite left-hand side limits, are right-continuous, and are non-increasing. Assume furthermore that there is a δ > 0 such that IP ( |A_T − A_{σ−}| > ν | |F_σ) ≤ θ + δIP (Ψ_σ > ν | |F_σ) a.s. (1)

for all ν > 0 and stopping times σ : Ω → [0, T ]. Then there are constants α, a > 0, depending on θ and δ only, such that IP ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ + μν | | |Fσ ) ≤

≤ e^{1−μ}IP ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ | | |Fσ ) + αIP ( Ψ_σ > ν a | | |Fσ ) a.s.

for all λ, μ, ν > 0 and stopping times σ : Ω → [0, T ]. Consequently, for all p ∈ (0, ∞) and B ∈ F_σ of positive measure one has that ‖ ‖ ‖ ‖ sup u∈[σ,T ] |A_u − A_{σ−}| ‖ ‖ ‖ ‖_{Lp(IPB )} ≤ c_p ‖Ψ_σ‖_{Lp(IPB )} where the right-hand side or both sides may be infinite, c_p > 0 depends on (p, α, a) only, and sup_{1≤p<∞}^{cp}_p < ∞.

Proof. We fix a stopping time σ and B ∈ F_σ of positive measure. For λ > 0 we let σ_λ := inf { t ∈ [σ, T ] | | |A_t − A_{σ−}| > λ} ∧ T, with the convention that inf ∅ := ∞. For λ, ν > 0 we obtain

IP_B ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ + ν )

≤ IP_B ( | |A_{σλ+ν} − A_{σ−} | | ≥ λ + ν, sup u∈[σ,T ] |A_u − A_{σ−}| > λ )

≤ IP_B ( | |A_{σλ+ν} − A_{σ−} | | ≥ |A_{σλ−} − A_{σ−}| + ν, sup u∈[σ,T ] |A_u − A_{σ−}| > λ )

≤ IP_B ( | |A_{σλ+ν} − A_T | | + |A_T − A_{σλ−}| ≥ ν, sup u∈[σ,T ] |A_u − A_{σ−}| > λ )

= IP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} ( | |A_{σλ+ν} − A_T | + |A_T − A_{σλ−}| ≥ ν )

IP_B ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ )

≤ [ IP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} ( | |A_{σλ+ν} − A_T | | > ν 2 ) + +IP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} ( |A_T − A_{σλ−}| ≥ ν 2 )]

IP_B ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ )

≤ [ IP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} ( lim inf n→∞,n=1,2,... | | |AT − A((_{σλ+ν +} 1_n )_{∧T} )_− | | | > ν 2 )

+θ + δIP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} ( Ψ_σ > ν 3 )]

IP_B ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ )

≤ [ lim inf_n IP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} (| |AT − A((_{σλ+ν +} 1_n )_{∧T} )_− | | > ν 2 ) + +θ + δIP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} ( Ψ_σ > ν 3 ) ]

IP_B ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ )

≤ [ 2θ + 2δIP_{B∩}{_{supu∈[σ,T ]|Au−Aσ−|>λ}} ( Ψ_σ > ν 3 )]

IP_B ( sup u∈[σ,T ] |A_u − A_{σ−}| > λ ) . Setting g := sup_{u∈[σ,T ]} |A_u − A_{σ−}|, s := 2θ ∈ (0, 1), and W (C, ν) := 2δIP_{B∩C} ( Ψ_σ > ν 3 ) for C ∈ F, we have shown that

IP_B (g > λ + ν) ≤ [ s + W (g > λ, ν) ] IP_B (g > λ) for λ, ν > 0.

By induction over N = 1, 2, ..., where we use

W (C_1, ν)IP_B (C_1) ≤ W (C_2, ν)IP_B (C_2) whenever C_1 ⊆ C_2, one easily sees that

IP_B (g > λ + Nν) ≤ [ s^N + W (g > λ, ν) (_N ∑ k=1 s^{k−1} )] IP_B (g > λ) ≤ [ s^N + 1 1 − s W (g > λ, ν) ] IP_B (g > λ)

≤ s^N IP_B (g > λ) + 1 1 − s W (Ω, ν). The rest follows by a computation for α :=^{2δ}_{1−2θ} and a := 3 ( 1 ∨ (_1

log^1_{2θ} )) . The consequently-part follows from [3] (Lemma 7.1). □

Remark 2.4 Looking at the proof of Theorem 2.3 one quickly checks that one can replace the assumption in Formula (1) by IP ( sup u∈[σ,T ] |A_u − A_{σ−}| > ν | |Fσ ) ≤ η + δIP ( Ψ_σ > ν | |Fσ ) a.s.

for η ∈ (0, 1). To what extend the range of θ in Formula (1) can be enlarged is not investigated here. The range θ ∈ (0, 1/2) is sufficient for our purpose.

Now we show that we can change the underlying measure in a moderate way. One should note: while changing the measure we keep the whole process. This is different from the usual setting (see for example [13] (Chapters 3.1 and 3.3)).

Corollary 2.5 For p, q ∈ (0, ∞), Q ∈ RH_v(IP, c), and Φ ∈ SM_q(Q, d), there is a constant C = C(p, q, v, c, d) > 0 such that

‖·‖_{BMO}Φ,∗_{q (Q)} ≤ C ‖·‖_{BMO}Φ_{p (IP)} .

Proof. Assume that ‖A‖_{BMO}Φ_{p (IP)} ≤ 1. For λ > 0 and B ∈ F_σ of positive measure we get IP_B ( |A_T − A_{σ−}| Φ_σ > λ ) ≤ 1 λ^p . Letting 1 < u < ∞ with 1 =^1_u +^1_v we can use the arguments from [2] (in particular the lemma on p. 298) to conclude that Q_B ( |A_T − A_{σ−}| Φ_σ > λ ) ≤ c^u √ 1 λ^p for B ∈ F_σ and λ > 0.

Choosing λ_0 > 0 such that θ := c^u

√_1

λ^p_0 ∈ ( 0,^1_2 ) we get that

‖·‖_{BMO}Φ_{0,θ (Q)} ≤ λ_0 ‖·‖_{BMO}Φ_{p (IP)} .

Hence ‖A‖_{BMO}Φ_{0,θ (Q)} ≤ λ_0 and the definition of ‖ · ‖_{BMO}Φ_{0,θ} implies that

Q ( |A_T − A_{σ−}| > ν | |Fσ ) ≤ θ + Q ( λ_0 sup_{u∈[σ,T ]} Φ_u > ν | |Fσ ) a.s.

for ν > 0. So we can finish by Theorem 2.3 and Φ ∈ SM_q(Q, d). □

Corollary 2.6 Let θ ∈ ( 0,^1_2 ) , η ∈ (0, 1), p ∈ (0, ∞), and Φ ∈ SM_p(IP, d).

(i) There is a constant c = c(θ, η, p, d) > 0 such that

‖·‖_{BMO}Φ_{0,θ (IP)} ∼_c ‖·‖_{BMO}Φ,∗_{0,η (IP)} ∼_c ‖·‖_{BMO}Φ_{p (IP)} ∼_c ‖·‖_{BMO}Φ,∗_{p (IP)} . (2)

(ii) Moreover, the finiteness of the quantities in Formula (2) for a given A ∈ CL_0(F) is equivalent to:

(a) There are constants δ, d > 0 such that IP ( |A_T − A_{σ−}| > ν | |Fσ ) ≤ θ + δIP ( sup u∈[σ,T ] Φ_u > ν d | |Fσ ) a.s.

for all ν > 0 and stopping times σ : Ω → [0, T ]. (b) There are constants α, a > 0 such that, a.s., IP ( sup u∈[σ,T ] |A_u − A_{σ−}| > μν | |F_σ ) ≤ e^{1−μ} +αIP ( sup u∈[σ,T ] Φ_u > ν a | |F_σ )

for all μ, ν > 0 and all stopping times σ : Ω → [0, T ].

Proof. During the proof we drop the dependence on IP in the notation of the BMO-spaces. (i) One easily has that

θ^{1p} ‖·‖_{BMO}Φ_{0,θ} ≤ ‖·‖_{BMO}Φ_p ≤ ‖·‖_{BMO}Φ,∗_p and η^{1p} ‖·‖_{BMO}Φ_{0,η} ≤ ‖·‖_{BMO}Φ,∗_p . On the other hand, as in the proof of Corollary 2.5, Theorem 2.3 implies that ‖·‖_{BMO}Φ,∗_p ≤ c_{(2.3)} d ‖·‖_{BMO}Φ_{0,θ} with c_{(2.3)} = c_{(2.3)}(p, θ) > 0. By Remark 2.4 one also gets that ‖·‖_{BMO}Φ,∗_p ≤ c^′_{(2.3)} d ‖·‖_{BMO}Φ,∗_{0,η} with some c^′_{(2.3)} = c^′_{(2.3)}(p, η) > 0.

(ii) The implication (a) ⇒ (b) follows from Theorem 2.3. Knowing (b) we can again use Theorem 2.3 and Φ ∈ SM_p(IP, d) to get that ‖A‖_{BMO}Φ,∗_p < ∞. Finally, ‖A‖_{BMO}Φ_{0,θ} ≤ d with d > 0 implies (a) with δ = 1. □ Part (ii) of the Corollary above can be viewed as a John-Nirenberg-type theorem for the introduced BMO-spaces.

Remark 2.7 (i) Assume that there is a constant c > 0 such that

‖ · ‖_{BMO}Φ′_p ≤ c ‖ · ‖_{BMO}Φ_p and Φ ∈ SM_p(IP, d).

Then Φ_t ≤ c d Φ^′_t a.s. for all t ∈ [0, T ].

Because of the continuity properties of Φ and Φ^′ we have to check t ∈ (0, T ] only. Define A = (A_u)_{u∈[0,T ]} by A_u := 0 if u ∈ [0, t) and A_u := Φ_t if u ∈ [t, T ]. Then ‖A‖_{BMO}Φ_p ≤ d so that ‖A‖_{BMO}Φ′_p ≤ cd. But this gives Φ_t ≤ cdΦ^′_t a.s.

(ii) A preliminary version of Corollary 2.6 in the discrete time setting was announced in the seminar notes [9]. Instead of using Theorem 2.3 as fundamental tool, [9] refers to a more abstract version of Theorem 2.3 presented without proof in the seminar notes [7]. Hence Corollary 2.6 (and henceforth its version in [9]) are proved here for the first time.

(iii) In [9] there is also indicated an example for the discrete time setting showing that Φ ∈ SM_p(IP, ·) cannot be replaced by Φ ∈ SM_q(IP, ·) for 0 < q < p in Corollary 2.6.

(iv) Finally, the reader is referred to [9] for comments about relations of Theorem 2.3 to classical results of Garsia and Stroock: letting θ ∈ ( 0,^1_2 ) , p ∈ (1, ∞), Φ_T ∈ L_p(Ω, F, IP), Φ_t := IE ( Φ_T | | F_t), the inequality

‖·‖_{BMO}Ψ,∗_p ≤ c ‖·‖_{BMO}Φ_{0,θ} with Ψ_t := IE ( Φ^p_T | F_t ) 1_p , which can be deduced from Theorem 2.3 and Doob’s inequality, can be considered as continuous time refinement of [6] (Lemma III.5.1) (see [4] (par. 107 and 108, Chapter VI)).

3 Approximation error for discretizations of certain stochastic integrals

3.1 Setting and motivation

We consider a Black-Scholes option pricing model with time-horizon T > 0 after discounting under the martingale measure. This means, we take S = (S_t)_{t∈[0,T ]} with

S_t := exp ( σW_t − σ^2 2 t ) , σ > 0, as price-process, where W = (W_t)_{t∈[0,T ]} is a standard Brownian motion defined on a complete probability space (Ω, F, IP) with W_0 ≡ 0. As filtration (F_t)_{t∈[0,T ]} the augmentation of the natural filtration of W is used. For simplicity, we also let F = F_T . By rescaling of time we may set σ = 1 in the following. Assume an European contingent claim with pay-off f(S_T ), where f : (0, ∞) → IR is a Borel-function with IEf(S_T )^2 < ∞. To obtain the stochastic integral representation of f(S_T ) we find an ε > 0 (see for example [11]) such that

F (t, y) := IEf(yS_{T −t}) gives F ∈ C^∞((−ε, T ) × (0, ∞)) (3) and ∂F ∂t (t, y) + y^2 2 ∂^2F ∂y^2 (t, y) = 0. (4)

Itô’s formula implies that

F (t, S_t) = IEf(S_T ) + ∫ (0,t] ∂F ∂y (u, S_u)dS_u for t ∈ [0, T ) a.s.

Because of lim_{t↑T} ‖F (t, S_t) − f(S_T )‖_{L2} = 0, and with^{∂F}_{∂y} (T, y) := 0 for y > 0, we end up with the desired representation

f(S_T ) = IEf(S_T ) + ∫ (0,T ] ∂F ∂y (u, S_u)dS_u a.s.

To formulate the approximation problem, we are interested in, we introduce the error-processes C(τ) and C(τ, v).

Definition 3.1 (i) Letting N ≥ 1 we define

T := { (t_i)^n_{i=0} | | 0 = t_0 < · · · < t_n = T } and T_N := {(t_i)^n_{i=0} | | n ≤ N} . (ii) For τ = (t_i)^n_{i=0} ∈ T we let ‖τ‖_∞ := sup_i |t_i − t_{i−1}| and

P(τ) := { v = (v_i)^{n−1}_{i=0} | v_i : Ω → IR F_{ti} -measurable, IE |v_iS_{ti} |^2 < ∞ } . (iii) Given τ ∈ T and v ∈ P(τ), we define C(τ, v) = (C_t(τ, v))_{t∈[0,T ]} by

C_t(τ, v) := IE (f(S_T )|F_t) − IEf(S_T ) − n∑ i=1 v_{ti−1} ( S_{ti∧t} − S_{ti−1∧t} ) , where all paths of C(τ, v) are assumed to be continuous, C_0(·, ·) ≡ 0, and C(τ) := C(τ, v^0) with v^0 := ( ∂F ∂y (t_i, S_{ti} ) )_{n−1} i=0 .

In the definition above we used that IE(S_t^{∂F}_{∂y} (t, S_t))^2 < ∞ for t ∈ [0, T ) (see for example [11]). The definition of C(τ) can be rephrased to be

C_t(τ) = ∫_t 0 ∂F ∂y (u, S_u)dS_u − n∑ i=1 ∂F ∂y (t_{i−1}, S_{ti−1} ) ( S_{ti∧t} − S_{ti−1∧t} )

which is the error-process of a simple approximation of a stochastic integral. There are two results we would like to start from. The first one is due to Zhang and can be formulated in our setting as follows:

Theorem 3.2 ([17]) Let K : [0, ∞) → IR be a Borel-function and assume that sup_{x≥0}(1 + |x|)^{−m}|K(x)| < ∞ for some m ≥ 1. If for

f(y) := ∫_y 0 K(x)dx for y ≥ 0 does not exist a b ∈ IR with f(S_T ) = bS_T and if τ_n := (in/T )^n_{i=0}, then there is a c = c(K, T ) > 0 such that 1 c √ n ≤ inf_{v∈P(v)} ‖C_T (τ_n, v)‖_{L2} ≤ ‖C_T (τ_n)‖_{L2} ≤ c √ n for n = 1, 2, ...

The second result, we want to mention, is

Theorem 3.3 ([11]) There is a constant c = c(T ) > 0 such that for all Borel-functions f : (0, ∞) → IR with IEf(S_T )^2 < ∞ one has 1 c a(f; τ) ≤ inf_{v∈P(v)} ‖C_T (τ, v)‖_{L2} ≤ ‖C_T (τ)‖_{L2} ≤ c a(f; τ) where τ = (t_i)^n_{i=0} ∈ T and

a(f; τ)^2 := n∑ i=1 ∫_{ti} t_{i−1} (t_i − u)IE | | |S^2_u ∂F^2 ∂y^2 (u, S_u) | | |^2 du.

For example, applying Theorem 3.3 to f(y) := (y − K_0)^+, K_0 > 0, gives 1 c a(f; τ) ≤ (_n ∑ i=1 ∫_{ti} t_{i−1} t_i − u √ T − u du ) 1_2 ≤ c a(f; τ), (5) where c = c(T, K_0) > 0 (see [11]). Formula (5) shows that there are time nets, quite different from the equidistant one, realizing the optimal rate 1/ √ n in Theorem 3.2. For instance, exploiting [11] (proof of Theorem 6.2) one could use τ^ε_n := ( T − T ( n − i n )_ε)_n i=0 for 2 3 < ε < 1. (6) From the above, two problems naturally arises: firstly, is it possible to replace in Theorem 3.2 the L_2-norm by a stronger quantity? This is of particular interest if one wants to control uniformly the distribution of C_T (τ). Up to now, Theorem 3.2 only implies that IP ( |C_T (τ_n)| > λ √ n ) ≤ (c_{(3.2)} λ )_2 , λ > 0, (7) which is far from being optimal in general, as we shall see later. Secondly, it is not clear which of the time-nets, giving the order 1/ √ n in Formula (5), is the best one in a certain sense. Both problems are connected to each other and will be approached now.

3.2 The basic technical estimate

We provide the main technical upper estimate for the expected quadratic error in Theorem 3.4 below, which is used later on. For the rest of the paper it is assumed that K : [0, ∞) → IR is integrable over compact intervals,

f(y) := ∫_y 0 K(x)dx, and Ψ(y) := yK(y) for y ≥ 0. (8)

Theorem 3.4 Assume that IE | | | ∫_{ST} 0 |K(x)|dx | | | 2 + IEΨ(S_T )^2 < ∞. (9)

Given τ = (t_i)^n_{i=0} ∈ T and a ∈ [t_{i−1}, t_i), one has IE ( |C_T (τ) − C_a(τ)|^2 | | F_a) ≤ c^2 ‖τ‖_∞ [ IE ( Ψ(S_T )^2 | F_a ) + ( S_a/S_{ti−1} )_2 ( IE ( Ψ(S_T ) | F_{ti−1} ))_2 ] a.s.

where c > 0 depends on T only.

Let us turn to the proof. Through the whole sub-section we assume that the conditions in Formulas (8) and (9) are satisfied.

Lemma 3.5 Let 0 ≤ a < b ≤ T and let F ∈ C^{∞,∞}([0, T ) × (0, ∞)) be given as in Formula (3). Then, for v_a ∈ IR and (a, y_0) = (0, 1) or (a, y_0) ∈ (0, T ) × (0, ∞), IE ∫_b a ( ∂F ∂y (t, y_0S_{t−a}) − v_a )_2

(y_0S_{t−a})^2dt ∼_{C(b−a)} IE ∫_b a (( ∂F ∂y (a, y_0) − v_a )_2

y^2_0 +

(b − u) ( (y_0S_{u−a})^2

∂^2F ∂y^2 (u, y_0S_{u−a}) )_2) du, where C : (0, ∞) → [1, ∞) is an absolute function which is increasing and satisfies lim_{δ↓0} C(δ) = 1.

Proof. We define ~f(y) := f(y_0y) for y > 0 and ~T := T − a. Applying [11] (Corollary 3.3) to ~f, ~T , and the time interval [~a,~b] = [0, b − a] gives our assumption. □

In the following we use the Gaussian measure

dγ(x) := (2π)^{−1/2} exp ( −x^2/2 ) dx and, for t ≥ 0 and x ∈ IR, the function S_t(x) := e^{√tx− t2} .

Lemma 3.6 For u ∈ [0, T ) and y = S_u(x), x ∈ IR, one has

(i) y^{∂F}_{∂y} (u, y) = ∫ IR Ψ ( S_T (√_u T x + √_{T −u} T η )) dγ(η), (ii) y^{2 ∂2F}_{∂y2} (u, y) = ∫ IR Ψ ( S_T (√_u T x + √_{T −u} T η )) [_{η√} T −u − 1 ] dγ(η).

Proof. For u^∗ := T − u ∈ (0, T ] we have (see for example [11] (Lemma A.2)) y ∂F ∂y (u, y) = IEf(yS_u∗ ) W_u∗ u^∗ , y^2

∂^2F ∂y^2 (u, y) = IEf(yS_u∗ ) ( W^2_u∗ u^{∗2} − W_u∗ u^∗ − 1 u^∗ ) . We restrict ourself now to assertion (ii), the first one can be verified in the same way. We get

y^2

∂^2F ∂y^2 (u, y) = IEf(yS_u∗ ) ( W^2_u∗ u^{∗2} − W_u∗ u^∗ − 1 u^∗ )

= IE ∫_∞ 0 χ_{[η,∞)}(yS_u∗ )K(η)dη ( W^2_u∗ u^{∗2} − W_u∗ u^∗ − 1 u^∗ )

= ∫_∞ 0 K(η)IE [ χ_{[η,∞)}(yS_u∗ ) ( W^2_u∗ u^{∗2} − W_u∗ u^∗ − 1 u^∗ )] dη

= − ∫ (0,∞) K(η)N^′ ( log(y/η) − u^∗/2 √ u^∗ ) ( 1 + log(y/η) − u^∗/2 u^∗ ) dη √ u^∗ = − ∫ (0,∞) K(η)N^′ (√ ux − log η − T/2 √ u^∗ ) ( 1 + √ ux − log η − T/2 u^∗ ) dη √ u^∗ . Letting η^′ := −^{√ux−log η−T /2√}_{u∗} , assertion (ii) follows. □

Given σ > 0, we use the operator

A_σ : L_2(IR, γ) → L_2 ((0, 1) × IR, λ × γ) ,

where λ is the Lebesgue measure, given by (A_σψ)(v, x) := ∫ IR ψ (√ vx + √ 1 − vη ) [ η √ 1 − v − √ σ ] dγ(η). The operator is related to the Ornstein-Uhlenbeck semi-group and satisfies

Lemma 3.7 ‖A_σψ‖_{L2((0,1)×IR,λ×γ)} ≤ (1 + √ σ) ‖ψ‖_{L2(IR,γ)}.

Proof. Let (h_m)^∞_{m=0} be the orthonormal basis of Hermite polynomials in

L_2(IR, γ). It is easy to check that

(A_σh_m)(u, x) = u^{m−12} √ m h_{m−1}(x) − √ σu^{m2} h_m(x)

for m = 1, 2, ... and (A_σh_0)(u, x) = − √ σh_0(x) so that the claim follows. □

Lemma 3.8 Let 0 ≤ a ≤ u < T , v :=^{u−a}_{T −a} , y = S_{u−a}(x), x ∈ IR, and

y_0 > 0, where y_0 = 1 in case of a = 0. Then

(y_0y)^2

∂^2F ∂y^2 (u, y_0y) = (A_{T −a}ψ)(v, x) √ T − a with ψ(x) := Ψ(y_0S_{T −a}(x)).

Proof. We let ~f(y) := f(y_0y) and ~T := T − a. The corresponding functions ~K and ~Ψ compute as ~K(x) = y_0K(y_0x) and ~Ψ(x) = Ψ(y_0x). Moreover, ~F (v, y) = F (a + v, y_0y) for (v, y) ∈ [0, ~T ) × (0, ∞), so that

y^2_0

∂^2F ∂y^2 (a + v, y_0y) = ∂^2 ~F ∂y^2 (v, y). Applying Lemma 3.6 gives, for u ∈ [a, T ) and y > 0,

(y_0y)^2

∂^2F ∂y^2 (u, y_0y) = y^2 ∂^2 ~F ∂y^2 (u − a, y)

= ∫ IR ~Ψ S_{~T} √ u − a ~T x + √ ~T − (u − a) ~T η

η √ ~T − (u − a) − 1 dγ(η)

= 1 √ T − a ∫ IR Ψ ( y_0S_{T −a} (√ u − a T − a x + √ T − u T − a η ))

[ η √ (T − u)/(T − a) − √ T − a ] dγ(η) = 1 √ T − a ∫ IR ψ (√ vx + √ 1 − vη ) [ η √ 1 − v − √ T − a ] dγ(η). □ Proof of Theorem 3.4. We recall that t_{i−1} ≤ a < t_i for some 1 ≤ i ≤ n.

Let s_{i−1} := a and s_k := t_k for i ≤ k ≤ n. We obtain, a.s.,

|C_T (τ) − C_a(τ)| = | | | | ∫ (a,T ] ( φ(u, S_u) − n∑ k=1 χ_{(tk−1,tk]}(u) ∂F ∂y ( t_{k−1}, S_{tk−1} ) ) dS_u | | | |

≤ | | | | ∫ (a,t_i] ( ∂F ∂y (a, S_a) − ∂F ∂y ( t_{i−1}, S_{ti−1} ) ) dS_u | | | | + | | | | ∫ (a,t_i] ( ∂F ∂y (u, S_u) − ∂F ∂y (a, S_a) ) dS_u

+ n∑ k=i+1 ∫ (t_{k−1},t_k] ( ∂F ∂y (u, S_u) − ∂F ∂y ( t_{k−1}, S_{tk−1} ) ) dS_u | | | | ≤ | | | ∂F ∂y (a, S_a) − ∂F ∂y ( t_{i−1}, S_{ti−1} ) | | | |S^ti − S^a| + | | | | n∑ k=i ∫ (s_{k−1},s_k] ( ∂F ∂y (u, S_u) − ∂F ∂y ( s_{k−1}, S_{sk−1} ) ) dS_u | | | | . Hence by Lemma 3.5, a.s., IE ( |C_T (τ) − C_a(τ)|^2 | | F_a) ≤ 2IE (| | | ∂F ∂y (a, S_a) − ∂F ∂y ( t_{i−1}, S_{ti−1} ) | | | 2 |(S_{ti} − S_a)|^2 | F_a )

+2C_{(3.5)}(T )IE (_n ∑ k=1 ∫_{sk} s_{k−1} (s_k − u) [ S^2_u

∂^2F ∂y^2 (u, S_u) ]_2 du | F_a )

≤ 2 [ IE | |S_{ti−a} − 1 | |^2 ] S^2_a [ ∂F ∂y (a, S_a) − ∂F ∂y ( t_{i−1}, S_{ti−1} )]^2

+2C_{(3.5)}(T ) ‖τ‖_∞ IE (∫_T a [ ( S_aS_{u−a} )_2 ∂^2F ∂y^2 (u, S_aS_{u−a}) ]_2 du ) . With respect to the first term we get, a.s., 2 [ IE | |S_{ti−a} − 1 | |^2 ] S^2_a [ ∂F ∂y (a, S_a) − ∂F ∂y ( t_{i−1}, S_{ti−1} )]^2

≤ 4e^T ‖τ‖_∞ [[ S_a ∂F ∂y (a, S_a) ]_2

+ (S_a/S_{ti−1} )^2 [ S_{ti−1} ∂F ∂y ( t_{i−1}, S_{ti−1} ) ]_2]

= 4e^T ‖τ‖_∞ [ IE ( Ψ(S_T ) | | F_a)^2 + (S_a/S_{ti−1} )^2IE (Ψ(S_T ) | | F_{ti−1} )^2 ] where we have used Lemma 3.6 (i). Let us turn to the second term and fix y_0 = S_a(ω). We have that IE ∫_T a [ (y_0S_{u−a})^2

∂^2F ∂y^2 (u, y_0S_{u−a}) ]_2 du = ∫ IR ∫_T a [ (y_0S_{u−a}(x))^2

∂^2F ∂y^2 (u, y_0S_{u−a}(x)) ]_2 dudγ(x) = ∫ IR ∫_T a [ 1 √ T − a ( A_{T −a}Ψ(y_0S_{T −a}(·)) ) ( u − a T − a , x )]_2 dudγ(x) = ∫ IR ∫_1 0 [( A_{T −a}Ψ(y_0S_{T −a}(·)) ) (v, x) ]_2 dvdγ(x) ≤ ‖A_{T −a}‖^2 ‖Ψ(y_0S_{T −a}(·))‖^2_{L2(γ)} ≤ (1 + √ T )^2 ‖Ψ(y_0S_{T −a}(·))‖^2_{L2(γ)}

where we have used Lemmas 3.8 and 3.7. Hence IE ∫_T a [ (S_aS_{u−a})^2

∂^2F ∂y^2 (u, S_aS_{u−a}) ]_2 du ≤ (1 + √ T )^2IEΨ(S_aS_{T −a})^2. □ 3.3 The case K(S_T ) ∈ L_∞

Our aim is to consider the approximation error with respect to the weighted BMO-spaces BMO^Φ_p . One problem consists in the variety of parameters p ∈ (0, ∞) and processes Φ one can take. With respect to p we take p = 2, which comes naturally from the techniques we use (and may look then what other p lead to equivalent spaces according to the results of Section 2). With respect to the processes Φ our policy is as follows: given f(S_T ), we are searching for Φ such that, on the one hand-side,

inf_{τ ∈Tn} ‖C(τ)‖_{BMO}Φ_2 ∼ 1 √ n , which is the optimal rate in case we would measure ‖C_T (τ)‖_{L2} (see [11]), and that on the other hand-side the tail distributions of Φ, for example

IP ( sup_{t∈[0,T ]} Φ_t > λ ) , are small. Considering the example f(y) := (K_0 − y)^+, K_0 > 0, and taking τ = (0, T ) ∈ T gives that

C_T (τ) = f(S_T ) − IEf(S_T ) − ∂F ∂y (0, 1)(S_T − 1)

with^{∂F}_{∂y} (0, 1) ≠ 0, so that C_T (τ) cannot behave better than S_T in a certain distributional sense. This leads us to our first case Φ = S.

Given Q ∈ RH_v(IP, c), it is easy to check that for all q ∈ (0, ∞) there is some d > 0 such that S ∈ SM_q(IP, d) ∩ SM_q(Q, d). Given p ∈ (0, ∞), Corollary 2.5 implies

‖ · ‖_{BMO}S_{p (Q)} ∼_C ‖ · ‖_{BMO}S_{2 (IP)} (10)

for all measures Q ∼ IP satisfying Q ∈ RH_v(IP, c) and IP ∈ RH_v(Q, c) for some v ∈ (1, ∞) and c > 0, where C = C(p, v, c) > 0.

The following result should be compared with the equivalence proved for the L_2-error in Theorem 3.3.

Theorem 3.9 Let sup_{x≥0} |K(x)| < ∞ and assume that there is no b ∈ IR such that f(S_T ) = bS_T . Then there is a constant c = c(K, T ) > 0 such that for all τ ∈ T : 1 c √ ‖τ‖_∞ ≤ inf_{v∈P(τ )} ‖C (τ, v)‖_{BMO}S_{2 (IP)} ≤ ‖C (τ)‖_{BMO}S_{2 (IP)} ≤ c √ ‖τ‖_∞.

It turns out that the asymptotically optimal time nets are unique: one has to take the equidistant nets in order to minimize inf_{τ ∈Tn} √ ‖τ‖_∞. In particular this holds for the pay-off function of the European Call Option f(y) = (y − K_0)^+ with K_0 > 0 and is in contrast to the situation in which we would measure ‖C_T (τ)‖_{L2} (see Formulas (5) and (6)). Moreover, this example shows nicely that ‖C_T (τ)‖_{L2(IP)} and ‖C (τ)‖_{BMO}S_{2 (IP)} behave differently, however taking the infimum over τ ∈ T_n yields to the same rate 1/ √ n, since

inf_{v∈P(τ )} ‖C_T (τ, v)‖_{L2(IP)} ∼ ‖C_T (τ)‖_{L2(IP)} ∼ (_n ∑ i=1 ∫_{ti} t_{i−1} t_i − u √ T − u du ) 1_2 according to Formula (5), but

inf_{v∈P(τ )} ‖C (τ, v)‖_{BMO}S_{2 (IP)} ∼ ‖C (τ)‖_{BMO}S_{2 (IP)} ∼ √ max i=1,...,n |t_i − t_{i−1}|. Finally, as remarked by Formula (10), with respect to the BMO-estimates we are allowed to change the measure in a moderate way.

Remark 3.10 Originally, the paper was only considering the pay-off of the European Call Option f(y) = (y − K_0)^+, K_0 > 0, which can be proved in a much more direct way. As an application of the paper in this earlier form, [10] was showing that: given one knows the estimate for the European Call Option, one can deduce estimates when K is non-negative, bounded, and monotone. However, this argument cannot be applied to Theorem 3.9 in the meanwhile general form, since K is not assumed to be monotone.

Proof of Theorem 3.9. (a) To get the upper estimate for ‖C (τ)‖_{BMO}S_{2 (IP)}, we remark that Theorem 3.4 implies that IE ( |C_T (τ) − C_a(τ)|^2 | | F_a) ≤ c^2_{(3.4)} ‖τ‖_∞ sup x≥0 |K(x)|^2(1 + IES^2_T )S^2_a a.s.

and that we can replace in this inequality a by a stopping time σ : Ω → [0, T ].

(b) To get the lower bound for ‖C (τ, v)‖_{BMO}S_{2 (IP)}, we fix i_0 ∈ {1, ..., n} and let a ∈ (t_{i0−1}, t_{i0} ). For B ∈ F_a of positive measure we obtain, by Lemma 3.5, ∫ B |C_T (τ, v) − C_a(τ, v)|^2 dIP_B ≥ ∫ B ∫_{ti0} a ( ∂F ∂y (u, S_u) − v_{ti0−1} )_2 S^2_ududIP_B = ∫ B IE ∫_{ti0} a ( ∂F ∂y (u, S_{u−a}S_a) − v_{ti0 −1} )_2 ( S_{u−a}S_a )_2 dudIP_B ≥ 1 c_{(3.5)}(T ) ∫ B (t_{i0} − a) ( ∂F ∂y (a, S_a) − v_{ti0 −1} )_2

S^2_a dIP_B.

Hence

‖C (τ, v)‖^2_{BMO}S_{2 (IP)} ≥ 1 c_{(3.5)}(T )

(t_{i0} − a) ( ∂F ∂y (a, S_a) − v_{ti0 −1} )_2 a.s.

and ‖C (τ, v)‖_{BMO}S_{2 (IP)} ≥ 1 2 √ c_{(3.5)}(T ) √ t_{i0} − a sup_{y1,y2>0} | | | | ∂F ∂y (a, y_1) − ∂F ∂y (a, y_2) | | | | . (11) In order to prove our lower estimate, it is sufficient to prove that

inf_{t∈(0,T )} sup_{y1,y2>0} | | | ∂F ∂y (t, y_1) − ∂F ∂y (t, y_2) | | | ≥ ε^0 > 0, (12)

because this would imply that

‖C (τ, v)‖_{BMO}S_{2 (IP)} ≥ ε_0 2 √ c_{(3.5)}(T ) √ ‖τ‖_∞. To check Formula (12) let us fix t ∈ (0, T ). By Lemma 3.6 we get sup y_1,y_2>0 | | | ∂F ∂y (t, y_1) − ∂F ∂y (t, y_2) | | | = sup_{y1,y2>0} ( ∂F ∂y (t, y_1) − ∂F ∂y (t, y_2) )

= sup_{y1,y2>0} IES_{T −t} (K(y_1S_{T −t}) − K(y_2S_{T −t}))

= IE S_t sup_{y1,y2>0} IES_{T −t} ( K(y_1S_tS_{T −t}) − K(y_2S_tS_{T −t}) ) ≥ sup_{y1,y2>0} IE S_tIES_{T −t} ( K(y_1S_tS_{T −t}) − K(y_2S_tS_{T −t}) ) = sup_{y1,y2>0} IES_T (K(y_1S_T ) − K(y_2S_T )) .

So it remains to verify that sup y_1,y_2>0

IES_T (K(y_1S_T ) − K(y_2S_T )) > 0. (13)

Assuming the contrary implies

IEΨ(yS_T ) = yIES_T K(yS_T ) = ay (14)

for some a ∈ IR. Let h(x) := Ψ ( e^{√T x− T}2 ) = ∑_∞ m=0 α_mh_m(x) in L_2(γ) so that, for x ∈ IR,

ae^{√T x} = IEΨ ( e^{√T x}S_T )

= IEh (x + W_1) = ∫ IR h(ξ)e^{− (x−ξ)22} dξ √ 2π = ∫ IR h(ξ)e^{xξ− x22} e^{− ξ22} dξ √ 2π = ∫ IR h(ξ) (_∞ ∑ m=0 x^m √ m! h_m(ξ) ) e^{− ξ22} dξ √ 2π = ∞∑ m=0 α_m x^m √ m! .

Hence α_m = a^{T m2√}_{m!} and h(x) = a ∞∑ m=0 T^m2 √ m! h_m(x) = ae^{√T x− T2} in L_2(γ). This implies that Ψ(y) = ay a.s. on (0, ∞) and that K is a.s. constant which is a contradiction to our assumption. Hence Formula (14) cannot be true and we get Formula (13). □

The next theorem shows that the boundedness of K is necessary.

Theorem 3.11 Assume that Formula (9) is satisfied and assume that there is some c > 0 such that

inf_{v∈P(τ )} ‖C(τ, v)‖_{BMO}S_{2 (IP)} ≤ c √ ‖τ‖_∞ for all τ ∈ T . Then ‖K(S_T )‖_{L∞(IP)} < ∞.

Proof. Assuming that a ∈ (t_{i0−1}, t_{i0} ), i_0 ∈ {1, ..., n} we get from Formula (11) and our assumption that c √ ‖τ‖_∞ ≥ inf_{v∈P(τ )} ‖C (τ, v)‖_{BMO}S_{2 (IP)} ≥ 1 2 √ c_{(3.5)}(T ) √ t_{i0} − a sup_{y1,y2>0} | | |∂F ∂y (a, y_1) − ∂F ∂y (a, y_2) | | | .

By arranging the time nets in an appropriate way and by Lemma 3.6 we may conclude c ≥ 1 2 √ c_{(3.5)}(T ) sup y_1,y_2>0 | | | ∂F ∂y (a, y_1) − ∂F ∂y (a, y_2) | | | and sup a∈(0,T ) sup_{y>0} |IES_{T −a}K(yS_{T −a})| = sup_{a∈(0,T )} sup_{y>0} | | |∂F ∂y (a, y) | | | ≤ 4c √ c_{(3.5)}(T ).

With d := 4c √ c_{(3.5)}(T ) this gives sup a∈(0,T ) |IEΨ(yS_{T −a})| ≤ d y for all y > 0. Letting G(a, y) := IEΨ(yS_{T −a}) for a ∈ [0, T ) and y > 0 we get an L_2-martingale (G(a, S_a))_{a∈[0,T )} with

lim_{a↑T} G(a, S_a) = Ψ(S_T ) a.s.

and in L_2 so that |Ψ(y)| ≤ dy a.s. because of |G(a, y)| ≤ dy on (0, T )×(0, ∞). Hence |K(y)| ≤ d for almost all y ≥ 0. □

3.4 The case K(S_T ) ∈ L_q

In this section we show that we can extend to error estimates from Theorem 3.2 from L_2 to L_p in Theorem 3.12 and that we can improve Formula (7) by Theorem 3.14. We shall only work under the measure IP. Letting E ∈ { L_p, BMO^Φ_2 } we define

a^{sim}_n (f(S_T ) | | E) := inf_{τ ∈Tn} ‖C_T (τ)‖_E ,

a^{opt}_n (f(S_T ) | E) := inf_{τ ∈Tn} inf_{v∈P(τ )} ‖C_T (τ, v)‖_E

with the convention ‖(X_t)_{t∈[0,T ]}‖_{Lp} := ‖X_T ‖_{Lp} .

Theorem 3.12 Let 2 ≤ p < r < q < ∞, IE [| | | ∫_{ST} 0 |K(x)|dx | | | 2 + |K(S_T )|^q ] < ∞, and Φ_a := S_a sup_{u≤a} [ IE ( |K(S_T )|^r | | F_u)]^1r for a ∈ [0, T ].

Assume that there is no b ∈ IR such that f(S_T ) = b S_T and assume that E ∈ { L_p, BMO^Φ_2 } . Then one has that 1 c √ n ≤ a^{opt}_n (f(S_T ) | | E) ≤ a^{sim}_n (f(S_T ) | | E) ≤ c√ n for n = 1, 2, ..., where c > 0 depends at most on (K, T, p, r, q). In order to

obtain the asymptotic optimal approximation rate 1/ √ n, equidistant nets can

be used.

Proof. For Ψ(y) = yK(y) Hölder’s inequality gives IE ( Ψ(S_T )^2 | | F_a) + (S_a/S_{ti−1} )^2 (IE (Ψ(S_T ) | | F_{ti−1} ))^2 ≤ c^2_1Φ^2_a a.s.,

where c_1 = c_1(T, r) > 0, so that by Theorem 3.4 we get IE ( |C_T (τ) − C_a(τ)|^2 | | F_a) ≤ c^2_{(3.4)} ‖τ‖_∞ c^2_1Φ^2_a.

Again we can replace in this inequality a by a stopping time σ : Ω → [0, T ]

and deduce that

a^{sim}_n (f(S_T ) | | BMO^Φ_2 ) ≤ c_{(3.4)}c_1 √ T √ n . On the other hand, since there are no a, b ∈ IR such that f(S_T ) = a+b S_T a.s.

[11] (Theorem 4.6, Lemma A.3) implies that u → IE |S^2_u(∂^2F/∂y^2)(u, S_u)|^2 is

a continuous function on [0, T ) which is not identically zero, so that Theorem

3.3 gives that 1 c_2 √ n ≤ a^{opt}_n (f(S_T ) | | L_2) for some c_2 = c_2(f, T ) > 0 (in [11] it was assumed that f(y) ≥ 0 which is irrelevant in this respect). To conclude the proof we have to check that

‖A_T ‖_{Lp} ≤ c_3 ‖A‖_{BMO}Φ_2

for A ∈ CL_0(F ) with c_3 = c_3(K, T, p, r, q) > 0 following from ‖Φ^∗_T ‖_{Lp} < ∞ and Theorem 2.3. □

Remark 3.13 Letting 2 < q < ∞, T = 1, and

f(y) := { e^{12q} (^{log y+ 12} )^2 : y ≥ e^{− 1}2

1 : y < e^{− 1}2

yields to K(S_1) ∈ L_q, f(S_1) ∈ L_2, but f(S_1) ∉ L_q. The latter implies for instance that a^{opt}_1 (f(S_1) | | L_q) = ∞. Hence in Theorem 3.12 one cannot take p = q. Theorem 3.14 Let α ≥ 0 and c > 0. Assume that |K(x)| ≤ c[1 + |x|^α] for x ≥ 0. Then

lim sup λ→∞,λ≥e log [ sup_τ IP ( C^∗_T (τ) > ‖τ‖^{12}_∞ λ )] [log λ]^2 ≤ − 1 2T (α + 1)^2 . For all α ≥ 0 there are K such that one has equality.

Proof. Let Φ be defined as in Theorem 3.12. We get that

Φ^∗_a ≤ c_1(S^∗_a )^{α+1} a.s.

for a ∈ [0, T ] and some c_1 = c_1(T, r, c, α) > 0. Theorem 3.4 gives that IE ( |C_T (τ) − C_σ(τ)|^2 | | F_σ) ≤ c^2_{(3.4)} ‖τ‖_∞ c^2(S^∗_a )^{2(α+1)} a.s.

for all stopping times σ : Ω → [0, T ] and some c_2 = c_2(T, r, c, α) > 0. Using Theorem 2.3 with Ψ_a := sup_{u∈[a,T ]} (S^∗_u)^{α+1} implies that IP ( C^∗_T (τ) > ‖τ‖^{12}_∞ μν ) ≤ e^{1−μ} + βIP ( Ψ_0 > ν b )

= e^{1−μ} + βIP ( (S^∗_T )^{α+1} > ν b )

for all μ, ν > 0 with some β, b > 0 depending at most on (T, r, c, α). Finally, given ε ∈ (0, 1) we find λ_0, γ > 0 depending at most on (β, b, T, α) such that inf λ=μν,μ>0,ν>0 { e^{1−μ} + βIP ( (S^∗_T )^{α+1} > ν b )} ≤ γIP ( (S^∗_T )^{α+1} > λ^{1−ε} )

for λ ≥ λ_0 so that IP ( C^∗_T (τ) > ‖τ‖^{12}_∞ λ ) ≤ γIP ( (S^∗_T )^{α+1} > λ^{1−ε} ) for λ ≥ λ_0 and the upper estimate follows by a standard computation. The examples for equality are given by f(y) = (K_0 − y)^+ with K_0 > 0 for α = 0 and f(y) = y^{α+1} for α > 0. □

Remark 3.15 There are limit theorems for the error process C_T (τ) of a different nature: in [15] one considers limits of type lim_{n→∞} √ nC_T (τ_n) for τ_n := (iT/n)^n_{i=0} in distribution. Our problem is different: We are going to improve Theorem 3.2 form L_2 to L_p and even to stronger spaces as shown in Theorem 3.14. So, in a sense, we are working with uniform distributions holding for any time-net, and not with limit distributions.

References

[1] N.L. Bassily and J. Mogyoródi. On the K_Φ-spaces with general Young function ϕ. Ann. Univ. Sci. Budap. Rolando Eötvös, Sect. Math., 27:205–214, 1984.

[2] A. Bonami and D. Lepingle. Fonction maximale et variation quadratique des martingales en présence d’un poids. In Séminaire de Probabilités XIII, Univ. de Strasbourg, volume 721 of Lect. Notes Math., pages 294– 306. Springer, 1977/78.

[3] D.L. Burkholder. Distribution function inequalities for martingales. Annals of Prob., 1:19–42, 1973.

[4] C. Dellacherie and P.-A. Meyer. Probabilities and Potential B. Mathematics Studies 72. North-Holland, 1982.

[5] M. Emery. Une définition faible de BMO. Ann. I.H.P., 21(1):59–71, 1985.

[6] A.M. Garsia. Martingale Inequalities. Seminar Notes on Recent Progress. Benjamin, Reading, 1973.

[7] S. Geiss. Espaces BMO^ϕ_{0,s} et extrapolation. Séminaire d’Initiation à l’Analyse. Univ. Paris 6, 120, 1996/97.

[8] S. Geiss. BMO_ψ-spaces and applications to extrapolation theory. Studia Math., 122:235–274, 1997.

[9] S. Geiss. On BMO-spaces of adapted sequences. Séminaire d’Initiation à l’Analyse. Univ. Paris 6, 121, 1997/1999.

[10] S. Geiss. On the approximation of stochastic integrals and weighted BMO. In R. Buckdahn, H. J. Engelbert, and M. Yor, editors, Stochastic Processes and Related Topics, volume 10. Taylor & Francis Books, 2002.

[11] S. Geiss. Quantitative approximation of certain stochastic integrals.

Stochastics and Stochastics Reports, 73:241–270, 2002.

[12] M. Izumisawa and N. Kazamaki. Weighted norm inequalities for martingales. Tôhoku Math. Journal, 29:115–124, 1977.

[13] N. Kazamaki. Continuous Exponential Martingales and BMO, volume 1579 of Lecture Notes in Mathematics. Springer, 1997.

[14] J. Neveu. Martingales a temps discret. Masson CIE, 1972.

[15] H. Rootzen. Limit distributions for the error in approximations of stochastic integrals. Ann. Prob., 8:241–251, 1980.

[16] J.-O. Strömberg. Bounded mean oscillation with Orlicz norms and duality of Hardy spaces. Indiana Univ. Math. J., 28(3):511–544, 1979.

[17] R. Zhang. Couverture approchée des options Européennes. PhD thesis, Ecole Nationale des Ponts et Chaussées, Paris, 1998.