EXACT PACKING DIMENSION IN RANDOM RECURSIVE
CONSTRUCTIONS.

ARTEMI BERLINKOV

ABSTRACT. We explore the exact packing dimension of certain random recursive construc-
tions. In case of polynomial decay at 0 of the distribution function of random variable X,
associated with the construction, we prove that it does not exist, and in case of exponential
decay it is t*|log|logt||?, where « is the fractal dimension of the limit set and 1/ is the
rate of exponential decay.

1. INTRODUCTION

Let n € N, n > 2 A= {1,2,...,n}, A* = |J A7 is the set of all finite sequences of
=0
numbers 1,...,n, and AN is the set of all infinite sequences of such numbers. The result
of concatenation of two finite sequences o and 7 from A* is denoted by o % 7. For a finite
sequence o its length will be denoted by |o|. For &k € IN and o € A* such that |o| > k, o is
a sequence consisting of first £k numbers in ¢. There is a natural partial order on the n-ary
tree A* : o < 7 if and only if the sequence 7 starts with o.
The random recursive construction was first defined by Mauldin and Williams in [15] with
n being not necessarily finite. Suppose that J is a compact subset of IR¢ such that J =
Cl(Int(J)), without loss of generality its diameter is 1. A random recursive construction is a
probability space (€2, 3, P) and a collection of random subsets of R? {J,(w)|w € Q,0 € A*}
such that
(i) Jy = J as.,
(ii) The maps w — J,(w) are measurable with respect to 3,
(iii) The sets J,, if not empty, are geometrically similar to .J,
(iv) Jyi is a proper subset of J, for all o € A* and i € A provided J, # 0,
(v) The construction satisfies the random open set condition: if o and T are two sequences
of the same length, then Int(.J,) N Int(J;) = (), and finally
(vi) There is a collection of random i.i.d. vectors T, = (Tpur,. .., Toun) : Q@ — [0,1]",
o € A* such that diam(J,.;) = diam(J,)T,.; provided J, # 0.

The object of study is the random limit set, or fractal, K(w) = (| U J(w).
k=1 gcAF
Note that this setting does not account for placement of the sets J,,; within J,. Thus these

constructions include as a special case the random self-similar sets defined independently by
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Graf in [6] and by Mauldin and Williams in [15]. Random self-similar sets can be obtained
by choosing the similarity mappings according to some probability distribution and thus
may be regarded as random iterated functions systems.

If p = E[ETZO] < 1 (by convention, 0° = 0), then K(w) is almost surely an empty
=1

set or a point, and we exclude that case from further consideration. Mauldin and Williams
in [15] have found the Hausdorff dimension, «, of the limit set K (w), provided K (w) # 0,
a = inf{ﬁ|E[Z Tﬂ < 1} a.s. In case n < 0o, a is the solution of equation E[Z Tf‘} =1.
i=1 i=1

Berlinkov and Mauldin in [3] proved that the packing, upper and lower Minkowski (box-
counting) dimensions of the limit set almost surely equal the Hausdorff dimension. For the
classic definitions of Hausdorff and packing measures and dimensions, as well as definitions of
upper and lower Minkowski dimensions, the reader is referred to the book of Mattila ([14]).

Graf et al. in [7] have found under certain conditions the exact Hausdorff dimension of the
limit set, that is a gauge function ¢(¢) (a non-decreasing function such that ¢(0+) = 0), so
that the ¢-Hausdorff measure of K (w) is positive and finite almost surely given K (w) # ().

In [3] Berlinkov and Mauldin have found an upper bound on exact packing dimension.

In this paper we prove that this upper bound is the best under the random strong open set

condition and certain other conditions. Let K,(w) = |J s (w) C Jo(w) N K (w).
1

neAlN i=
Nl|o|=0

Definition. The construction satisfies the random strong open set condition if there exist
po,bo > 0 and so € IN such that for every o € A*, there is a set R, in the o-algebra
generated by the maps w — Tyr(w) with 0 < |7| < 5o, P(Ry|K, # 0) > po, such that for
every w € R, N {K, # 0} there exists v € K, with dist(z,0Jy) > pols-

This condition for random recursive constructions was introduced in [3]. Though it did
not mention that the event of obtaining a point of the limit set far enough from the boundary
of a cell must be determined by the first few generations of reduction ratios, this was silently
assumed in the proof of theorem 5. The connection between random open set condition and
another version of random strong open set condition for random self-similar sets was studied
by Patzschke in [17].

Before proceeding with the proofs, let us introduce more notation. For ¢ € A*, let

|o| I

ly(w) = diam(J,(w)) = zl:Il T,,, and consider the sequence { eZA:k zHll (f‘*”}, k € IN. It has
been proved in [6], [7], [15], that this sequence forms an LP-bounded martingale for all p > 1,
and if we denote the limit of this sequence by X,, or X in case o = (), then all X,’s will
have the same distribution with expectation 1, finite moments of all orders and moreover,
for o and 7 € A* such that ¢ £ 7 and 7 £ 0, X, and X, are independent. In [15] it has
been proved that X (w) = 0 if and only if K(w) = 0 for a.e. w.

We call I' € A* an antichain if for all 7,0 € I' ¢ £ 7 and 7 £ 0. An antichain I is
maximal, if for all n € AN there exists a unique k¥ € IN such that 7|, € I'. By equation
(1.9) in [7], with probability 1, for every maximal antichain I' and every ¢ € A*, X, =

7|
> T Xowr = 3 Xoueln /15

Teli=1 Tel
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Graf et al. in [7] have demonstrated that with each construction one can associate 3 mea-
sures, denoted v, (the construction measure), p,, and @ as follows. First, v, is determined
by setting for a compact set K C IR?

vy(K) = lim Z I&(w

k—o0
ogEAF
JoNK#)

Second, fi,,, a measure on AN is determined from each set A(c) = {n € AN | 0 <}, a

clopen subset of AN, by
pw(A(0)) = I3 (w) X, (w)

and i, is extended to a Borel measure on D. Finally, () is a measure on the product space
AN x Q. If for a Borel set B, we let B, = {n € AN | (n,w) € B}, then

QB) = / b (B P ().

Expectations with respect to measures P and () are connected in the following way: if ' is a
map from (2 into the countable set of all maximal antichains in A* such that for each maximal
antichain T, I'71(T) is in the o-algebra generated by {J,|c < Y} and Y : AN x Q — R is
a random variable such that Y (n,w) = Y (n',w) provided n|rw) = 1'|rw), then

EqlY]=E {Z 1°X,Y (o, ~)] .
o€l
In particular, if A C A x 2 and there exists k£ € IN such that 14(n, w) = 14(n, w) whenever
Nl = 1|k, then

Q(A) = Eg[14] = [21X1A }
lo|=k

For k € IN and (n, w) € AN x Q denote Xy (n, w) = X, (w), Ti(n, w) = Ty, (w), l(n, w) =
Ly, (w). Thus for all p > 0 and k € ]N, EQ[X,’;] = E[XP*!] < 0o. We denote Ry, = {(n,w) €
AN X Qlw € Ry, } = ‘U Afo) x

The exact Hausdorff dimension was determined in [7] by considering the behaviour of
the distribution function of the random variable X at infinity. As it turns out, the exact
packing dimension is determined by the behaviour of the same distribution function at 0.
Berlinkov and Mauldin in [3] proved (under certain conditions) that if P(0 < X < a) < Cyd”,

€ (0,1), then for the gauge function ¢(t) = t%g(t), [+ gﬁt(s) ds < oo implies P?(K) =0
a.s., where P¥ denotes the packing measure with respect to the gauge function ¢. Later
in the text we refer to this situation as the case of polynomial decay (with parameter [3).
Assuming that some C;,Cy > 0, C1a”? < P(0 < X < a) < CyadP for all a € (0,1), we
prove in theorem 2 the conjecture about the lower bound, namely, if for the gauge function
o(t) = t(t), [o+ gﬁ+—;(s)ds = 00, then P?(K) = oo a.s. provided K # (. Thus, the exact
packing dimension does not exist in this case.

If to = lim —2"YPlogP(0 < X < 2) = sup{t > O]E[etXl/ﬁ} < oo} > 0 for some

z—0

B € IR, it has been proved in [3], that for ¢(t) = t*|log|logt||?, P¥(K) < oo a.s. We call
this situation the case of exponential decay (with parameter /). In this case f < 0, and

the ”add-on function”, g(t) = |log|logt||®. Assuming that for some C;,Cy > 0, Cia'/? <
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—log P(0 < X < a) < Cya'/? for all a € (0,1), we prove in theorem 2 that P¢(K) > 0 a.s.
provided K # (). This fixes a mistake in [13], theorem 4, pointed at in [3], theorem 7, as
discussed later in example 4.

2. RESuLTS

In many previous papers (see, e.g. [5],[11], [21]) concerning the exact packing dimension
of stochastic processes, the authors proved its non-existence only for the gauge functions of
the type p(t) = t*g(t) where g(t) is monotone, right-continuous and satisfies the doubling
condition, Eg(%)/g(t} < 00. At the same time whether the packing measure with gauge

function ¢(t) was infinite or zero was determined first by looking at an integral, and then

deciding from that whether the series Y g(27%) converges or diverges. We show in lemma 1
i=1

that no restrictions on the add-on term are necessary in order to take that decision, and thus

for the proof to hold with arbitrary g(t).

Lemma 1. If o(t) = t*g(t) is a gauge function, § > 0, then [ @ds = 400 if and only
o+

if for every N > 1 and 0 < p <1, 3 ¢ (pNF) = +o0.
k=1

Proof: Fix 0 < p < 1, N > 1. Let z = %, and ¢'(r) = ¢"*(pN~%). Then

i @ds = +o0 if and only if [ ¢'(z)dx = +oc.
o+

Using that ¢(t) is non-decreasing, we obtain

g (k+y) = ¢" (pNT"NTY) < g7 (pNTF) /N7 0D — g/ (k) N D

for all 0 <y <1, and if [ ¢'(z)dx = oo, then

Zg'(k‘) > N—oB+) Zsup{g'(xﬂk <z<k+1}=o0.
k=1 k=1

In the opposite direction, suppose that for some 0 < p < 1, N > 1, > ¢'(k) = 0o. Since
k=1
©(t) is non-decreasing, for every 0 <y < 1 and k£ € IN, we have

g (k+1—y) = g(pNFINY) > NveBg(pN 1) = N7vel g/ () 4 1),

and therefore
o

/ g (x)de > int{g'(@)|k <z <k+1} > NN g (k+1) =00, O

The following two lemmas interpret the conditions given to us with respect to probability
measure P, in terms of probability measure (), which is the main tool we work with. In
exponential case denote to = lim —2~/%log P(0 < X < ) < oo.

z—0
Lemma 2. In case of exponential decay with parameter 3, for all t > tq and all k € IN,
EQ[etX;/ﬁ] = E[XeX] = 0. Forall0 < p <1, N >1and C > t;°, 3 Q(X; <
k=1
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_  k )
Cg(pN=F)) = oo. Moreover, lim 5. Q(X; < Cg(pN~%)) — Dlogk = oo for any D > 0

k—oo [log k]

and C' > (3ty)~".

Proof: Take C' > t;”, then C~Y% =t > ty. Let z = (t — t5)/2, ¢ = (|8]/ez)’. Tt is easy to
see that for all z > 0, ze**""” > ¢. Hence, zel®"” = ge#@'/"elto+2)e!/? > celto+2)2?  Therefore

1= 5[ 5 B, 0| B ) e,
lo|=k

Let h(x) = Q(etxlw > ), by [14], theorem 1.15, [ h(x)dz = oco. Since h(zx) is non-decreasing,
0

we obtain that for all 0 < p < 1 and N > 1, > h(|logp| + klogN) = > Q(X; <
k=1 k=1

Cg(pN")) = oc.
Take C' > (3ty) P and let h(x) = Q(ec_l/ﬁxl/ﬁ/?’ > zlog N + |logp|). By the argument

above, [ h(z)dr = co. By lemma 3.2 in [7],
0

Uk
lim h(z)z*dx — Dlogk = oo.

k—o0
3/ llog k]

The result now follows by easy computation. 0
Part of the next lemma can be also found in [12] or [21].

Lemma 3. In case of polynomial decay with parameter 3, there exists K1 > 0 such that for
all k € N, Q(Xy, < a) = E[X1{x<q| > K1a’*! for all a € (0,1). In case of exponential

decay with parameter [ there exists K1 > 0 such that Q(X < a) > e~ Kial/? for all a € (0,1).

Proof: Let z € (0,1), then

QX £ @) = B| ¥ 15Xl o] = B[XLixca] 2
lo|=k

> E[X1{gcx<ay] = az(P(0< X <a)— P(0< X <az)).

In case of polynomial decay, take z = ((C}/C2)?~* +1)/2. Then Q(X} < a) > az(Cia® —
CoaP2P) = aP12(C) — Cp2P71).

In case of exponential decay choose 0 < z < min{1/2, (3C/2C,)"}. Then Q(X < a) >
aze=C1a"7(1 — @ P(C1=CozP)) > [0y qe=C1atP for some K3 > 0 for all a € (0,1). Thus there
exists K7 > 0 such that Q(X < a) > e 519" for all a € (0,1). O

Theorem 1. Fiz c > Eg[|logTi|] and let N = €°. There are My, My > 0 such that My N** <
Elcard{og|N~*1 < [, < N7*}] < MyN* for all k € IN. In particular, lim > Q(N~*! <

k—o0 j=1

lj < Nik) > 0.



6 ARTEMI BERLINKOV

Proof: Fix & € IN. The upper bound was proved in [3], lemma 2. To make the lower
estimate we also begin as in that lemma:

N*Eleard{o|[N " <l, <N F} = NN Blly-r1q,en-1] =

J=1|o|=j

=N*YF [ > l;“ng;al{N-k_1<zg<N—k}} > D Bo[lyv-r1cyen-] =

=1 tlol=i 7=

=Y QN <l; < N7*) = Egleard{j € IN: ke < [logl;| < (k + 1)c}] =

J=1

= ZQ(card{j € IN: ke <|logl;| < (k+1)c} >m) >
m=1
>1—Q(card{j € IN: ke < |logl;| < (k+ 1)c} =0).
Let 7 = sup{j: |logl;| < kc} + 1. It is easy to see that Eg[r] < oo. Now using Markov’s
inequality and Wald’s identity, we obtain
Q(card{j € IN: ke < |logl;| < (k+1)c} =0) = Q(|logl;| > (k+ 1)c) <
< Q(|logl;| — [logl-—1| > ¢) < Eq[logl;| — |logl-—1[]/c =
_ Bolr|Eqlllog T1]) - Eqlr — 1)Eqlllog 1] _

C

EolllogTh|]/c < 1. O

Proposition 1. The series Z QI Xyrsy < Co(lkp)) diverges for all C > 0 in polynomial
case, and for all C > p~%e aEQ“ 10ng”t in exponential case.

Proof: In exponential case we can find N > ePellleeTill guch that C' > Nap’atgﬁ. Condi-
tioning on the value of [, we obtain

D QU Xksy < Cpllip)) >

k=1

>3 QU Xpasy < Cpllip)IN77H < [y S NT)QINT T < Iy < NTF) >

k=1 j=1

QN Xy < Co(N T p)QIN T < I < NT) =

Mg
WK

>

bl
Il
—

<

QX1 < CN~*g(N T p)QIN I < 1), < N ) =

.t¢18 i

7j=1

M 2P

QX <CNp*g(N7'p)Y QIN7' <, <N7) >
k=1

1

.
Il

> M, S Q(Xy < CN~*g(N7"p)) = oc,

j=1
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where M; is taken from theorem 1, and the latter sum diverges in case of polynomial decay
by lemmas 1 and 3, and in case of exponential decay by lemma 2 and by the choice of C. [

Lemma 4. For all k € IN and m > k + so, X,, is independent of Ry.
Proof: Let B C IR be a Borel set.
Q({X,, € BYNRy) = [sz Lix,enyls,,

lo|=

] =

= 2 BlXdixen] E[l15

ol
lo|l=m
= E[X]-{XGB}]E|: Z ngg].Rnk:| = Q(Xk S B)Q(Rk) O
|o]=m

Suppose further that the following assumption holds. For random self-similar sets in-
stead of reduction ratios in the assumption we use corresponding similarity maps and their
Lipschitz constants.

Assumption 1. There exist py > 0, p > 0 and a collection of sets R, measurable with respect
to the o-algebra generated by the random vectors (Tri, ..., Trin), 0 < T, |T| < |o| + so,
such that R, N {K, # 0} # 0, for every w € Ry, N {K, # 0} there exists x € K, with

dist(z,8J,) > pl,, and [ > H ol AP = po.

Ro |T]|=s0 1=

Proposition 2. Random self-similar sets satisfy assumption 1 under random strong open
set condition.

Proof: Denote by S, = (Sos1y Sos2s -+ 3 Sosn), 0 € A* a sequence of i.i.d. random vectors of
similarity maps, such that for j = 1,2,...,n, Sp.;(J,) = Jouj provided J, # 0. Let S, : Q —
[0, 1]+ bhe a random vector COHSlstlng of all vectors S, with o < 7, |7| < |o|+ s, listed in
lexicographical order of 7. The random strong open set condition for random self-similar sets
says that there exists B C [0,1]" " such that P(Sy € B|K # §) > 0 and for every w €
SQ_I(B) N{K # 0} there exists x € K(w) such that dist(z,dJ) > po. Denote the Lipschitz
constant of a similarity map S by |S|, let R, = S;'(B), and po = [ 3 |S-|*dP > 0.
S, 1(B) ITI=s0
Since the random vectors S, have the same distribution, we have

£l T Ilsearin] = [ X [isearar

|T|=s0 j=1 371(B) [7|=s0 j=1
80
S [Tislar—n
~i(B) |7|=s0 j=1
Let By = {(n,w) e AV xQw e Ry, } = U Alo) xR, C Ry. Fix p so that assumption 1
lo|=k
holds, fix an arbitrary C' > 0 in case of polynomial decay and C' > (3ty) P p~@e*Felllos il ip

case of exponential decay.
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Lemma 5. For every o € A*, E[Xgle] = po. For every k € IN, Q(Rg) = po.
Proof:

S0 I S0
E[X,1g,] = E[ > TI78 Xor 1, :/ > TI7e.4P = po.

frl=s0 =1 | A Irl=so i=1

Finally, Q(Ry) = E{ D lgxalRa] :POE{ > lg| = po. u
lo|=k lo|l=k

Lemma 6. For j <k, l; is independent of Ry.
Proof: Suppose B C IR, then

Q{l; € BINRy) = E[ Z Z?Xa]-R,,l{la‘jeB} =
lo|=k

=Y BlleXoly, em] E[Xolr,] = pQ(; € B). O

lo|=k
For k € IN, let By = {lxXk+s, < Co(lkp)} N Ry. Since Ry, is independent of I, and X,

we have Q(By) = poQIf Xi+s, < Co(lgp)), and Y Q(By) = oo by proposition 1. We would
k=1

like to prove that By occurs i.o. almost surely. To do that in polynomial case, we use Borel-
Cantelli lemma generalised by Ortega and Wschebor in [16]. The exponential case requires
another version of Borel-Cantelli lemma by Talagrand ([20]). For the latest results and a
thorough review of what has been done in this direction the reader is referred to an article
of Petrov ([19]).

Extended Borel-Cantelli lemmas. .
1. Let { B}, be a sequence of events in a probability space such that > Q(By) = 0o, and
k=1

p> (Q(BiB;) — Q(B)Q(B)))
lim Si<ish 5
k—o0 (Zf:1 Q(Bz))

<0

<0, (1)

then Q(MBk) =1
2. Let {By}2, be a sequence of events in a probability space. If there exist positive constants
M, €, and positive integers ko, J such that for ko < j < J,

S P(B;NB,) < P(Bj)(M +(1+e) Y P(BZ-)> 2)
i=j+1 i=j+1
and ;
> P(B) = (1+2M)]e, (3)
then -
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Let 4 be a positive number. For k <m and v € IN, let N, = {(n,w) € AN x Qcard{r €
AN Anlm}t: e < 7,1 > "7 Fly), and X; > 0} = v}. For o € A™, let Ni, = {w|card{r €
Am\{o}: ol = 1,0; > Csmfklahc and X, > 0} = v}.

Lemma 7. Q(NY ) = Q(Ng,,_1)-

Proof:
Q(ng,m) = E[ Z Z?XalN,g’U} = E[ Z lglN;;’U:| =
lo|=m lo|=m
m—k
SPILIELIID O | EEEEN
lo|=k [7|=m—k i=1
=Y ElE)E| ¥ | = X B[EIQM ) = QW ). O
lo|=k |T|=m—k lo|=k

Now consider a function v: IN — IN and denote Ny, = {(n,w) € AN x Qlcard{r €
A"\ {nlm}: nle < 7,0l > 6™ 7F,, and X, > 0} < v(m — k)}, and for o € A™, let Ny, =
{wlcard{r € A™\ {o}: o|, < 7,1; > 0™ Fl,, and X, > 0} <v(m —k)}.

Lemma 8. If there exists § > 0 such that P(T; > 0|T; #0) = 1 for all i and v(m) < pg* for
some py < , then there exists M' > 0 such that Y Q(Nom) < M’

m=1

Q(Noyw) = E [ZleNO}:

lo|=

= E{ Z I51ix, >0y 11, >5m) Z H 1, >6m x>0} H 1{zT<5m}} =

lo|=m ACA™\{oc} T€EA TEA™\A
card(A)<v(m)

= E[ Z ly Z H g, >6mylix, >0} H 1{zT<am}] <

lo|=m o€ ACA™ TEA TEA™\ A
card(A)<v(m)+1

Proof:

< D jP(K;&@,VTeA, I, > ™, and V7 € A™\ A, zT:o)g

ACA™
card(A)=j

< (v(m) +1)P(1 < card{T € A™|l, >0} <v(m)+1and K #0) =
= (v(m)+ 1)P(K # 0)P(1 < card{r € A™|l, > 0} <v(m)+ 1|K #0) <
(v(m) + )E[(card{T e A", >0} — ,um)Q] v(m) +1
) : < vm).
(um —v(m) — 1) H
as we know from [1]. The result follows. O
Later we will choose 1o < p and put v(m) = uf'. To start the proof that conditions of
extended Borel-Cantelli lemmas hold in our case, we represent Q(Bx N B,,) = Q(Br, N B, N
Nitso,m) + Q(Bi N By, N Nitsy.m). Suppose that the second assumption holds. Note that it
implies Q(l, = 6%) = 1.

.
Il
—
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Assumption 2. There exists § > 0 such that P(T; = §|T; # 0) = 1 for all .
Lemma 9. Q(Bk N Bm N NkJrso,m) < Q(Bm)Q(NkJrso,m)'
Proof: Fix b > 0, then
QU{Xm+so <0} Ry N Nigsgm) = E[ > BXolix,<nln,, 1%} =

lo|=m+so

= Qi £ X Al ]| $ n Il -

|lo|=m ITl=

= Q(Xm+80 < b>p0E[ Z laX 1Nk+g a] -

|lo|=m

= Q({Xm+80 < b} N Rm)Q(Nk—&-SO,m)- O

Remark. If the function g is monotone, lemma 9 can be proven in the form Q(By N B, N
Nivsom) < Q(Br)Q(Nissy,m) without assumption 2, and that is enough for the purposes of
the extended Borel-Cantelli lemma.

For natural numbers k+sy < m, let Yy, = Xprso — X |1 T} For a code o of length
j:k+80+1

H TC“| Then it is easy to see that Y, , and X,
j=k+so+1
with ol,,, < 7 < 0 are P-independent, which results in @-independence of Y} ,,, and X,.

Lemma 10. Q(Bk N Bm M Nk—i—so,m) = pOQ(Bm)Q({Yk,m S C,Oag(lkp)} N Nk+so,m>-
Proof: Fix a,b > 0, then
Q({Yk,m S a} N Rk N {Xm—i-so S b} N Rm N Nk+so,m) =
_ E[ > 10 Xo 1y, y<ap Lixo<ny1r,, 1R, 1Nk+so,gm} —

|o|=m+so

at least m, let Vi, = X, = Xol,n

|k+50

- Q({Xm+80 S b} m Rm)E|: Z ngU]'{Yk,GSa}lRa\k 1Nk+5070"| =

lo|l=m

- Q({Xm+80 < b} N Rm)x

m—k—sg
x Yy E[l?lRak}E{ > Xowr Ly por<a 1w orr I1 U*ﬂ}:

|o|=k+so0 |T|l=m—k—s0 =1

— pOQ({Xm+SO S b} m Rm)E|: Z nggl{Yk7G§a}1Nk+so,o:| =

lo|=m
- pOQ({Xm—i—so S b} N Rm)Q({Yk,m S CL} N Nk—&-so,m)‘ U

Lemma 11. In case of polynomial decay for every ¢ € (0,1) there exists M. € (0,1) so
that Q(X < a(l1+ M,)) < (1 +¢e)Q(X < a) for all a € (0,1/2). In case of exponential
decay there exists W > 0 such that for every e € (0,1), if we let M., =W~ e*Kl“l/ﬁ, then
QX <a(l+ M.,) <(1+e)Q(X <a) foralla € (0,1/2).
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a

Proof: By lemma 3, Q(X < a) = [tP(X € dt). From [1] we know that P-density of X,
0
wp(t), is continuous on (0, 1].

In polynomial case by theorem 1 in [4], C1t°~! < wp(t) < CotP~t for all t € (0,1).
Suppose that M € (0,1), then there exists y, € [a,a(l + M)] such that Q(X < a(l +
M)) - Q(X < a) = aMy,wp(y,) < MCy(2a)?*1. Thus by lemma 3 it is enough to choose
M, < min{€2_ﬂ_1Kl/Cg, 1}

In exponential case we know from [1] that wp(t) is uniformly continuous. Thus the Q-
density of X, wq(t), is bounded on [0, 1]. Denoting W = sup{wg(¢)|t € [0, 1]} < oo, we can
estimate

QX <a(l+M,.) - Q(X < a) <aM.,W <ee ™" <cQ(X <a). O

Proposition 3. In case of polynomial decay, for an appropriate choice of pg for any e €
(0,1) there exists a finite set A. C IN such that the inequality Q({Yem < a} N Nigtsgm) <
(1 +e)Q(Xx < a) holds for all a € (0,1/2) and all m > k, where m — k & A.. In case of
exzponential decay for any ¢ € (0,1), Q(Yim < a) < (1 +¢)Q(Xx < a) for all m — k >

|log a|+|log(M, /3 4¢/3)|+|log E[X?]| }
a|log §| ’

max{ s,

Proof: We will consider only m > k + sq, thus 1,...,sy € A.. Take an € > 0. In case of
polynomial decay we choose M = M,/3 by lemma 11. In case of exponential decay we let

2
[tog al+|log(Me/3)|+]10g EIX?]| rPpon
a|log ¢

M = M, 3, using the same lemma. Suppose that m — &k >

QU{Yem < a}pn Nirsom) < Q(Yem < a) =
= QY < a,6"mMX, <aM) 4+ Q(Yim < a,6°™ X, >aM) <
<Q(Xk <a(l+ M)+ Q(Vim < a)Q(6*™PX,, > aM) <
< (1+¢/3)Q(Xk < a) + Q(Yim < a) Eg[X]6°"" ™M faM <
< (1+¢/3)Q(Xx < a) + Q(Yim < a)e/3.
Thus Q(Vim < a) < Q(Xix < a)(1+¢/3)/(1 —e/3) < (14¢)Q(X) < a).

To perform the estimate when m — k < |log al
allog é|

in polynomial case, assume that m — k is

large enough so that v(m—k) = 2% > max{4,4/3}. Let {X/};ew be a sequence of i.i.d.r.v.
distributed as X. Let j = m — k — s9 and note that

Q({Yk,m < a} N Nk+507m) = E|i Z Z:XU]'{YO»USCL}]'NO,U} S

|lo|=37

< E[ Z 10151
o] =3

v(m—k)
< P<O < ) X< a/5a<m—k>) < P(0 < X < a/6om=R)yvim=k), (4)
=1

H 1{X’>0}}

{stm—ra” E X’<a

Now take r > 43 + 4, and assume that uy has been chosen to satisfy the inequality MMTH <

o < ji. Suppose that m — k < 2L1ﬁ§g|5| — “Ogé&;)g)f‘m'. From inequality (4) we see that

Q({Yim < a} N Nigsyum) < P(0 < X < a5 R)m=h) <
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< Cbaﬂ'u(mfk)5fozﬁ(mfk)v(mfk) < KlaﬁJrl < Q(X < (I).

Now denote by ® the distribution function of standard normal random variable and by ¢
the P-variance of X. Again by inequality (4) we obtain

P({Ykm <ajn Niyso, m) <
v(m—k) v(m—Fk)
< P(O < > X< a/5a<m—k>) ( Z X! < 1)
i=1
omk)
:P< 1221 X] —v(m—k) 3 1—v(m—k))
syv/v(m —k) T ooJulm—k) )

Since X has finite moment of order r, we can apply a theorem about non-uniform estimate
of speed of convergence in central limit theorem (see, e.g. [18]). Using that v(m — k) > 2,
we continue

< q)( m k/2/2§) +CM (m—k)r/2 < C —(m k)r/2 (5)

for some constants C3, Cy > O that depend only on dlstrlbutlon of X and r and all m — &
large enough. Since log o > @ log pu by the choice of g and log u = «|logd|, we see that
the last term in inequality (5) does not exceed Kja’*! and thus Q(X < a), if m — k >
2(8+1)|log a| 2|log C4—log K1 | | log al 2|log C4—log K1 |
rloguog + 13 Og s> i s + = lﬁg Mog Ll The result follows. 0

Remark. Boundedness of the Q density of X in a neighbourhood of 0 is sufficient for the
proofs of lemma 11 and proposition 3.

Lemma 12. Under assumption 2 Q(lim By) = 1.

Proof: In case of polynomial decay without loss of generality we may assume that limg, g =
0. Thus there exists ky € IN such that in any case Cp®g(lxp) < 1/2 for all k > ky. Take
e > 0. N
Suppose that we are in case of polynomial decay. Since Y Q(B;) = oo, it suffices to prove
i=1
inequality (1) when summation starts with ky. Denote by s; the cardinality of set A/, from
proposition 3. By lemmas 9, 7 and 8,

El,k == Z Q(BZ ﬂ BJ ﬁ N/L'+So’j) S

ko<i<j<k
i+50<J
j—so—1
< Z QBy) D QNitan, <M’Z@
j=ko+so+1 i=ko Jj=ko

By proposition 3 and lemma 10,
Yok = Z (Q(Bi N B;j N Nitg;) — Q(B)Q(B;)) <

ko<i<j<k
jfigAs/Q

<o 3 amem) < (Y aem)

ko<i<j<k J=ko
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Obviously, X5, = > Q(B;,NDBj) <s; Z Q(B;). Thus

ko<i<j<k j=ko
J—i€A, /s
B;B;) — Q(B;)Q(B;
Lz (emB) -oB)Q ))<21,k+22,k+23,k
(S, QB))° T (Xh,, QB

<e/24 (sy+ M) <ZQ ) <e

i=ko

for all sufficiently large k& by proposition 1, and thus condition (1) of the first extended
Borel-Cantelli lemma is satisfied.

Now suppose that we are in case of exponential decay, ko > |logp|. By proposition 3
and lemma 10, there exist constants Dy = Dy (g, p,C') > 5o and Dy = Dy(e, p,C) such that
for all j,7 > ko, j —i > Dy + Dylogi implies that Q(B; N B;) < (1 + ¢)Q(B;)Q(B;). By
lemma 2 and observation after lemma 6, for any k; > ek there exists k& > e*t such that

k
> Q(B;) —*22logk > (2+ 2D)/e. Since for every [logh] < j <k
i=[log k]

ZQB N B) < Q(B )<D1+D210gk+ +e) ZQ )

i=j+1 i=j+1

we see that conditions (2) and (3) of the second extended Borel-Cantelli lemma are satisfied,

00 k
thus Q( U BZ-) > Q( U B,-) > 1/(1 + 2¢). The result follows. O

1=k i=[log k]
Lemma 13. Assume that Q(lim B,) = 1, then there exists a sequence of natural numbers
{J(E)}s2,, J(k) >k + sq, such that if we define for k € N and w € Q

Ag(w) ={o € Aj(k)| forall j =k + s, ..., J(k)

Xol, > p*Cy(ply),_.,) orw & Ry, or Ky, =0},

‘j—so

then there exists a sequence of natural numbers {k;}2, such that

lim Y 19X, =0 as.

O'EAk,L-

Proof: For j € N, let R; = {(n,w) € AN x Q|K,,(w) # 0}. We see that

o) B[ 5 et -

lo|=j

- E{ Z ngal{la>0}1{Xg>0}] = E[ Z lf,‘XU} =1

lo|=j |lo|=j
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It is enough to show that lim E{ > lf;Xg} = 0. Indeed,

k—oo ocEAL
E[ > zgxg] = E{ > z;*XU1{U€Ak}} <
o€A |o|=J (k)
J(k)
|: Z l X H 1{XJ‘ >pan(plU‘ )or ng"‘jst or KJ]_SO@}:| =
|o|=J (k) J=k+s0
J(k)
= E |: H ]-{X >pan(le\ 5o ) or (nw)gR;—s, or (1, w)QRJ S0}:|
j=k+so
J(k)—so _ J(k)— J(k)—so
:Q( N Bij)=1— < U BHR):l—Q( Bj).
j=k j=Fk
N J(k)—s0
Therefore it suffices to choose J(k) so that Q( U B; ) >1—1/k. O

Theorem 2. Suppose Q(lim By) = 1 and that the construction satisfies assumption 1, then
1. If Cia® < P(0 < X <a) < CyadP foralla € (0,1) and p(t) = t%g(t) is an arbitrary gauge
function, then f 26 g5 — 400 implies P(P?(K(w)) = 4oo|K(w) #0) = 1.

2. If Cya'/? < logP(O < X < a) < Cyad'’? for all a € (0,1), then for p(t) = tg(t) =
t*| log | logt||?, P(P¢(K(w)) > 0|K(w) #0) = 1.

Proof: Suppose that the conclusion of the theorem is false for the ¢-packing premeasure,
which we denote by Pg. Then in case 1 we can find M > 0 such that p = P(P(K(w)) <
M|K(w) # @) > 0, and in the second case we let p = P(PJ(K(w)) = 0|K(w) # @) > 0.

Since es{sKme = 0, there exists ¢ > 0 such that P(X > ¢|K # () > 1 — p/4. In case 1

choose C' < ¢/(2Mn*), and in case 2 choose C' > (3ty) PevPalllosTill j=e  Fix w such that
the following three conditions hold:

Vo € AN khj& lop, (w) =0,

for every maximal antichain I' C A", ¢ < X (w Z I&(w < 00,
cel
and lim Z lo( =0,
e oeAy,

where k; and Ay, are from lemma 13.
Take an arbitrary v > 0. Then there exists kg € IN such that for all o € AN and all j > k
lo|,(w) <. Next we choose 7 € IN such that k; > ko, > I$(w)Xs(w) <e/2. Let

O'EAki

A={oe AN forall j =k +sq,...,J(ki)

Xa|j > paOg(lab-,sop) orw g R or Ka|j750 = Q)} (6)

U‘j*So



EXACT PACKING DIMENSION IN RANDOM RECURSIVE CONSTRUCTIONS. 15

For 0 € AN\ A, let k(o) = min{j|k; + sy < j < J(k;) and condition in line (6) fails}. Set
Iy = {0lke): 0 € AN\ A}, Ty = {olj4: 0 € A} Then I't UT, is a maximal antichain.
For o € I';, there exists z, € K, such that dist(z,,0J, ) > l0||a|—sop' Thus we can
produce a packing of K by B(z,, l0||a|—sop)> o € I'y. Since for each 0g = 04—, there can be
no more that n® elements in I'; extending code oy, we obtain with probability greater than
1 —p/4 for every v > 0:

PEL K (w) =070y " ol p) =100 > 15 g, p) =

oel’y oely

>n~0C Y 10X, > nSOCl(ZlijU -> lf;XU> —

oel'r oel oc€l’s

M in case 1
=n 0CTH X - )Y 19X, ) >
" ( Z 7 ) {n_SOC_ls/Q > () in case 2

o€’y
This is a contradiction. Now using Baire’s category theorem we can spread the result
obtained for p-packing premeasure onto p-packing measure. 0
Remark. The proofs of theorem 2 and theorem 6 in [3] go through for random recursive
constructions in any complete separable metric space. Proposition 1 and theorem 2 suggest
that the result remains valid without assumption 2.

|\0‘|—so Mo’\—so

3. EXAMPLES.
Example 1. Mandelbrot percolation.

Suppose the square is divided into n? equal subsquares and each survives with probability
p. Inside each square that survives the procedure repeats. The fractal dimension in this
case is a = 2 + (logp/logn). The exact Hausdorff gauge function is t*(|log|logt||)*~(®/?
as determined in [7], example 6.2. By theorem 1 from the article of Dubuc ([4]), we are in
case of polynomial decay with parameter 3, where /3 is the solution of equation p;u® = 1,
pr=P3i:T; #0) =n?p(1 —p)” ' and p = n?p is the expected number of offspring. In

this case g = —1 — %. Without loss of generality n > 3. The random strong open

set condition is satisfied with sqg = 1 because with positive probability all offspring touching
the boundary of the parent ”die out.” According to [3], example 1, for the gauge function

o(t) :Bto‘g(t) such that [, g(s)sﬁﬂds < 00, P?(K) = 0 a.s. By theorem 2 and lemma 12,
1
Jor 9™ 45 = oo implies P(P?(K) = 00| K # 0) = 1, i.e. the exact packing dimension does

S
not exist.

Example 2. Modified Mandelbrot percolation.

Fix n € IN (without loss of generality n > 3) and a probability measure v on the power
set of {1,...,n?}. Let Jy, ..., J2 be a labelling of the partition of [0, 1] x [0, 1] into congruent
subsquares. If the square .J, has been constructed, then choose A C {1,...,n?} according to
v and let J,.;,i € A be the subsquares of J, obtained by scaling J; into .J, via the natural
map.

This construction clearly satisfies the random strong open set condition with sy = 1, if
we can get with positive probability an offspring that does not touch the boundary of the
parent. If all offspring touch the boundary but there is positive probability of them touching
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different sides of the square, then the random strong open set condition is satisfied with
sg = 2. Finally, if all offspring touch only one side of the square almost surely, then the limit
set can be realised as a random self-similar set on the line with J = [0, 1] that satisfies our
condition.

If 1, the essential infimum of the number of offspring, is at least 2, then according to Biggins
and Bingham([2], proposition 7) we are in the case of exponential decay with parameter
B = 1—logu/logp, and according to example 4 in [3], for the gauge function ¢(t) =
t%|log | log t||?, we have P?(K) < oo a.s. By theorem 2 and lemma 12, P(P?(K) > 0| K #
() =1 and thus ¢ is the exact packing dimension.

If 4 = 1, the picture is the same as in example 1, i.e. there is no exact packing dimension.

Example 3. Self-avoiding stochastic process on the Sierpinski gasket.

This process was introduced in [10], and its almost sure exact Hausdorff dimension was
found in [9]. Here we give an alternative definition, which allows to apply already known
theorems about random recursive constructions to find its dimensions.

Let J be an equilateral triangle of diameter 1 with one vertex O at the origin and another
vertex B at a point with coordinates (1,0). By A we denote the third vertex of this triangle.
Ji, Ja, J3 are those three equilateral triangles of diameter 1/2 out of 4 partitioning J that have
as one of their vertices O, A or B correspondingly. Then the process is iterated, and we obtain

a (non-random) self-similar set which is called the Sierpinski Gasket, G= (| U Jo.
n=10e{1,2,3}"
Fix 1 >p>0. Let f,(z):[0,1] — U J, be a collection of random maps such that
ce{1,2,3}n
for all o € {1,2,3}", J, N f,(]0,1]) coincides with a side of triangle J, or is empty in the
following way:

(i) For n =0, fo(0) = O, fo(1) = A, and the map f is linear.

(ii) Suppose that the random function f,, has been defined. For a fixed o € {1, 2,3}", let
[ae,b6] = ;71 (TN f([0,1])). Let m € {1,2,3} be such that Jyum, NJyN fr([0,1]) = 0,
k € {1,2,3} such that f(a,) € Jyux and [ such that f(b,) € Jyu. Define f,.1 so
that foi1(as) = fulas), fui1(bs) = fu(bs,). With probability p, we let f,11((ar +
bs)/2) = Jour N Jyu, and with probability 1 — p, fr11((ae +bs)/3) = Jysk N Jpum and
frr1(2(as +05)/3) = Jysm N Jpu. Then the map f,1; is extended by linearity. Inside
all J,’s, the process of refining of f,, to f,.1 is independent.

Finally we define a random map f : [0,1] — G by setting f(x) = lim f,(x). It is easy

to see that the map f is well defined, continuous, one-to-one and f([0, 1]) is a random arc
that coincides with the limit set of the random recursive construction obtained by redefining
the triangles J, so that for each o, if only two triangles out of J,.1, Jox2, Jo43 intersect
fio|+1([0,1]) along an edge, these two triangles are denoted by Jy.1 and J,., and Jy.g = 0.
For each ¢ in this random recursive construction, the random vector of reduction ratios is
(1/2,1/2,0) with probability p, and (1/2,1/2,1/2) with probability 1 — p. Note that this is
not a random self-similar set.

By theorem 1 in [3] the Hausdorff, packing and Minkowski dimensions of f([0,1]), o =
log,(3 — p) almost surely. Assumption 1 is satisfied with sg = 2, R, = {Tpu3 # 0, Touzs = 0},
assumption 2 is satisfied with 6 = 1/2. By [2], proposition 7, we are in case of exponential
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decay with parameter § = 1 — log,(3 — p). Thus by lemma 12, theorem 2 and theorem 6
from [3], for the gauge function o(t) = t*|log |logt||?, P(0 < P?(f[0,1]) < o) = 1.

Example 4. Boundary of a Galton-Watson tree.

Let N,, 0 € A* be a sequence of iid.r.v., N, € INU {0}, E[Nylog Ny] < oo. The
Galton-Watson tree T' corresponding to this sequence is a subset of A* such that ) € T and
oc€T < oxiecTforalll <i<N,. The boundary, T, of the random tree is the set of
all infinite paths through the tree. The tree metric on 0T is defined by setting for o, 7 € 97T,
dr(o,7) = " when ¢ # 7 and dr(o,7) = 0 if 0 = 7, where ¢ € (0,1) and o A 7 denotes
the largest common subsequence of ¢ and 7.

Assumption 1 is satisfied with so = 0 and R, = €). Note that because of sq = 0 the proof of
theorem 2 still holds in case of polynomial decay with parameter 3 if the number of offspring
is unbounded and X has finite moment of order r > 43 + 4. The proof of theorem 6 in [3]
holds for unbounded number of offspring under assumption 2.

If the probability of N, = 1 is positive, we are in the case of polynomial decay, and there
exists no exact packing dimension. In case the number of offspring has geometric distribution,
P(Ny = k) = p(1 — p)* for k € IN, by a result of Hawkes in [§] P(0 < X <z)=1—¢?
for > 0. The rate of polynomial decay 5 = 1, and we obtain the result of Xiao from [21]
because X has moments of all orders.

If N, > 2 almost surely, then we are in the case of exponential decay with parameter
B = 1—log u/log . Thus, by theorem 2 and lemma 12 the exact packing dimension function
is given by ¢(t) = t%|log|logt||®. This proves the conjecture of Liu in [13] who has studied
the exact packing dimension of 9T in case of exponential decay and made a mistake in the
proof of the lower bound as it was pointed out in [3], theorem 7.

Acknowledgements. The author is grateful to S. Geiss, P. Hitczenko, E. Jarvenpéda and
M. Jarvenpaa for helpful discussions.
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