ON COMPACTNESS OF THE DIFFERENCE OF COMPOSITION OPERATORS

PEKKA NIEMINEN AND EERO SAKSMAN

Abstract. We give a negative answer to a conjecture of J. E. Shapiro concerning compactness of the difference of two composition operators acting on the Hardy space H^2. This is done by providing an example of composition operators C_{ϕ1} and C_{ϕ2} such that their difference is non-compact on H^2, but the singular parts of the Aleksandrov measures of the inducing maps ϕ1 and ϕ2 agree at each point α ∈ ∂D . Here D stands for the unit disc of the complex plane and ϕ1, ϕ2 : D → D are holomorphic.

1. Introduction

Let D be the unit disc of the complex plane and ϕ : D → D a holomorphic map. The classical Littlewood subordination principle guarantees that the equation C_ϕf = f ∘ϕ always defines a bounded linear operator C_ϕ on the Hardy spaces H^p for 0 < p < ∞. During the past few decades a considerable amount of research has been done with the goal of explaining the operator-theoretic properties of C_ϕ in terms of the function-theoretic properties of the inducing map ϕ.

The compactness of C_ϕ was first described by J. H. Shapiro [S]. He considered the Nevanlinna counting function for ϕ, which is defined as N_ϕ(w) = ∑ ϕ(z)=w log(1/|z|), and obtained the general expression

‖C_ϕ‖^2_e = lim sup |w|→1− N_ϕ(w) log(1/|w|) for the essential norm (i.e. the distance, in the operator norm, from the space of compact operators) of C_ϕ acting on H^2. In particular, C_ϕ is compact on H^2 if and only if N_ϕ(w) = o(log(1/|w|)) as |w| → 1−. It was previously known (see [ST]) that if C_ϕ is compact on H^p for some p, then it is compact on H^p for all p.

Another solution to the compactness problem can be given by means of the positive measures τ_α that are defined on the unit circle ∂D by the Poisson representation

(1) Re α + ϕ(z) α − ϕ(z) = ∫ ∂D P (z, ζ) dτ_α(ζ) for each α ∈ ∂D . These measures are often called the Aleksandrov measures of ϕ because A. B. Aleksandrov [A] used them to analyse the boundary values of inner functions. In [CM] Cima and Matheson showed that the essential norm of C_ϕ on H^2 can also be expressed as ‖C_ϕ‖^2_e = sup_{α∈∂D} ‖σ_α‖, Date: November 26, 2002.

2000 Mathematics Subject Classification. Primary 47B33; Secondary 30D55, 47B07. Key words and phrases. composition operator, Aleksandrov measure, compactness, difference. The first author and (in part) the second author were supported by the Academy of Finland, project # 49077. 1

where σ_α is the singular part of τ_α. In particular, it follows that C_ϕ is compact on the Hardy spaces H^p if and only if all the measures τ_α are absolutely continuous. An implicit form of this last statement was already obtained by Sarason [Sa] and Shapiro and Sundberg [SS1], who considered C_ϕ as an operator acting on the spaces M and L^1 of complex Borel measures and integrable functions on ∂D and showed that the compactness and weak compactness of C_ϕ on these spaces are equivalent to compactness on H^p.

The natural problem of characterizing the compactness of the difference of two composition operators has also been studied. This question first arose in the works of MacCluer [M] and Shapiro and Sundberg [SS2], which deal with connectivity properties of the set of composition operators. It was later studied by J. E. Shapiro [Sh] in terms of the Aleksandrov measures of the inducing maps. To be specific, let ϕ_1, ϕ_2 : D → D be two holomorphic maps and let σ^i_α stand for the singular part of the Aleksandrov measure of ϕ_i at point α ∈ ∂D . Shapiro proved that a necessary condition for the difference C_{ϕ1} − C_{ϕ2} to be compact on H^2 is that

(2) σ^1_α = σ^2_α for all α ∈ ∂D ,

and he conjectured [Sh, Conjecture 5.4] that this condition is also sufficient.

The main result of this note is a negative answer to Shapiro’s conjecture.

Theorem 1. There exist two holomorphic maps ϕ_1, ϕ_2 : D → D such that their Aleksandrov measures satisfy (2), but the difference C_{ϕ1} −C_{ϕ2} is non-compact on H^p for all p ∈ [1, ∞).

It may be of interest to note that our proof shows that the maps ϕ_1 and ϕ_2 can actually be chosen univalent. In addition, it turns out that the corresponding composition operators have equally interesting properties on the non-reflexive spaces H^1, L^1 and M.

Theorem 2. Let ϕ_1, ϕ_2 be the maps provided by the proof of Theorem 1 so that they satisfy condition (2). Then the operator C_{ϕ1} − C_{ϕ2} is not weakly compact on any of the spaces H^1, L^1 and M.

2. Proof of Theorems 1 and 2

We will make use of the following well-known estimate for the norm of a function f ∈ H^2:

‖f‖^2_H2 − |f(0)|^2 ∼ ∫ D |f^′(z)|^2(1 − |z|) dA(z), where A denotes the planar Lebesgue measure, normalized so that the area of the unit disc is 1. The abbreviation a ∼ b entails the existence of positive constants C_1 and C_2 so that always C_1a ≤ b ≤ C_2a. In fact, a precise identity rather than just an equivalent expression for the H^2 norm can be obtained by replacing the weight 1−|z| by 2 log(1/|z|). The resulting identity is known as the Littlewood-Paley identity.

If ϕ : D → D is a univalent map, we may perform a change of variables in the above integral to get

(3) ‖C_ϕf‖^2_H2 − |f(ϕ(0))|^2 ∼ ∫ ϕ(D ) |f^′(w)|^2(1 − |ϕ^{−1}(w)|) dA(w). The following simple estimate will be instrumental to our work.

Lemma 1. Let ϕ : D → D be univalent with ϕ(0) = 0, and assume that B is an open disc of radius^3_4 contained in ϕ(D ). Then, for all f ∈ H^2, ‖C_ϕf‖^2_H2 ≥ c ∫ B |f^′(w)|^2 dist(w, ∂B) dA(w), where c > 0 is a constant independent of ϕ, B and f.

Proof. Let ψ be a conformal map taking D onto B with ψ(0) = 0. Applying the Schwarz lemma to the map ϕ^{−1} ∘ ψ one sees that |ϕ^{−1}(w)| ≤ |ψ^{−1}(w)| for w ∈ B. Moreover, since ψ is a Möbius transformation and dist(0, ∂B) ≥^1_4 , it is not difficult to show that 1 − |ψ^{−1}(w)| ≥ c^′ dist(w, ∂B) where c^′ > 0 is an absolute constant. Thus 1 − |ϕ^{−1}(w)| ≥ c^′ dist(w, ∂B) for w ∈ B, and the lemma follows from (3). □

We will next define the maps ϕ_1, ϕ_2 we need for the proof of Theorems 1 and 2. Let us first introduce for s ∈ [0,^1_4 ) and θ ∈ (−^π_2 ,^π_2 ) the notation

A(θ, s) = B((^1_4 − s)e^{iθ},^3_4 ),

so that A(θ, s) is an open disc contained in D with radius^3_4 . Its distance to ∂D equals s, the nearest point on ∂D being e^{iθ}. We also let

Ω_1 = A(0, 0) ∪ ∞⋃ k=2 A(^1_k ,^1_{k9} ), and Ω_2 = A(0, 0) ∪ ∞⋃ k=2 A(−^1_k ,^1_{k9} ).

It is now easy to check that Ω_1 and Ω_2 are simply connected Jordan domains (in fact, they are starlike with respect to all points near origin as unions of domains having the same property) and touch the unit circle only at the point 1. Moreover, they are obtained from each other by reflection with respect to the real axis. Finally we let ϕ_i be the conformal map taking D onto Ω_i and satisfying ϕ_i(0) = 0 and ϕ_i(1) = 1 for i = 1, 2. Here and elsewhere we consider ϕ_i as extended to a homeomorphism from D onto Ω_i.

We start the analysis of the maps ϕ_1 and ϕ_2 by determining the singular parts of the corresponding Aleksandrov measures.

Lemma 2. Let σ^i_α stand for the singular part of the Aleksandrov measure of ϕ_i at the boundary point α ∈ ∂D for i = 1, 2. Then σ^1_α = σ^2_α = 0 for all α ≠ 1 and σ^1 = σ^2_1 = γδ_1 with γ > 0. In particular, σ^1_α = σ^2_α for all α ∈ ∂D .

Proof. Observe first that σ^i_α = 0 for all α ≠ 1 because Ω_i ∩ ∂D = {1} and hence for these values of α the function (1) is bounded on D . Moreover, σ^i_1 must be a multiple of δ_1 since in the case α = 1 the function (1) is continuous on D \ {1}. At this stage the symmetry of ϕ_1 and ϕ_2 (observe that ϕ_1(z) = ϕ_2(z)) guarantees that σ^1 = σ^2_1. That σ^1 ≠ 0 can now be deduced from the fact that the composition operator C_{ϕ1} is non-compact (which is a consequence of the next lemma). □

In the following we will work with the normalized reproducing kernel functions f_a ∈ H^2, defined for a ∈ D by

f_a(z) = √ 1 − |a|^2 1 − az .

An easy computation with power series shows that ‖f_a‖_H2 = 1. The importance of the functions f_a to the compactness problem stems from the fact that f_a → 0 weakly in H^2 as |a| → 1−.

Lemma 3. Let ϵ_k =^1_{k9} and a_k = (1−ϵ_k)e^{i/k} for k = 2, 3, . . .. Then ‖C_{ϕ1} f_{ak} ‖_H2 ≥ c_1 for all k and some constant c_1 > 0, whereas lim_{k→∞}‖C_{ϕ2} f_{ak} ‖_H2 = 0.

Proof. We first apply Lemma 1 to estimate

‖C_{ϕ1} f_{ak} ‖^2_H2 ≥ c ∫ A(1/k,ϵ_k) |f^′_{ak} (w)|^2 dist(w, ∂A(^1_k , ϵ_k)) dA(w) = c ∫ A(0,ϵ_k) |f^′_{rk} (w)|^2 dist(w, ∂A(0, ϵ_k )) dA(w), where r_k = |a_k| = 1 − ϵ_k. Write G_k = B(1 − 3ϵ_k, ϵ_k) ⊂ A(0, ϵ_k). Easy estimates show that |1 − r_kw| ≤ 5ϵ_k and dist(w, ∂A(0, ϵ_k )) ≥ ϵ_k for w ∈ G_k. Consequently, for w ∈ G_k, |f^′_{rk} (w)|^2 = r^2_k(1 − r^2_k) |1 − r_kw|^4 ≥ r^2_k(1 − r^2_k)

(5ϵ_k)^4 ≥ c^′ ϵ^3_k , where c^′ > 0 is a constant. Thus, by restricting the integration above over the set G_k only, we obtain ‖C_{ϕ1} f_{ak} ‖^2_H2 ≥ c c^′ ϵ^3_k ϵ_kA(G_k) = cc^′. We next deduce from (3) the estimate

‖C_{ϕ2} f_{ak} ‖^2_H2 ≤ |f_{ak} (0)|^2 + c ∫ Ω_2 |f^′_{ak} (w)|^2 dA(w). Clearly |f_{ak} (0)|^2 = 1 − |a_k|^2 → 0 as k → ∞. To estimate the above integral, we first observe that by the definition of the domain Ω_2 one obtains

dist(1/a_k, ∂Ω_2) ≥ dist(e^{i/k}, ∂A(0, 0)) = |e^{i/k} −^1_4 | −^3_4 ≥ 1 16k^2 . Hence, if w ∈ Ω_2, we see that

|f^′_{ak} (w)|^2 = 1 − |a_k|^2 |a_k|^2|1/a_k − w|^4 ≤ 2ϵ_k (^1_2 )^2(1/16k^2)^4

= 2^{19}k^8ϵ_k = 2^{19}/k,

and it follows that ∫ Ω_2 |f ′ a_k | 2 dA → 0 as k → ∞. This completes the proof. □

Proof of Theorem 1. Let ϕ_1, ϕ_2 and f_{ak} be as in the above lemma. By Lemma 2 the singular parts of the Aleksandrov measures of ϕ_1 and ϕ_2 coincide at each point of ∂D . We first show that C_{ϕ1} − C_{ϕ2} is non-compact on H^2. For that end, observe that the sequence (f_{ak} ) tends to zero weakly in H^2 since |a_k| → 1 as k → ∞. Hence it is enough to verify that the sequence (C_{ϕ1} f_{ak} − C_{ϕ2} f_{ak} ) is not null in norm. This is however an immediate consequence of Lemma 3. This yields the claim for p = 2.

In order to treat the other values of p we use interpolation. Note that we may assume p > 1 since the case p = 1 is contained in Theorem 2. Assume first that p ∈ (1, 2) and put T = C_{ϕ1} − C_{ϕ2} . Also assume, to reach a contradiction, that T : H^p → H^p is compact. Recall that for q ∈ (1, ∞) the Riesz projection, defined in terms of Fourier coefficients as Rf(z) = ∑_∞ n=0 f̂(n)zn, yields a bounded linear projection R : L^q → H^q, where L^q = L^q(∂D ). Let us consider the map ~T = T R, and observe that T : H^q → H^q is compact if and only if ~T : L^q → L^q is. In the present situation ~T : L^p → L^p is compact and ~T : L^{p′} → L^{p′} is bounded when p^′ = p/(p − 1) is the dual exponent. As p < 2 < p^′, we obtain by interpolation (see e.g. [BS, Theorem 2.9, Chapter 3]) that ~T : L^2 → L^2 is compact, which contradicts the first part of the proof and hence shows that T : H^p → H^p is non-compact. The case p ∈ (2, ∞) is analogous.

Proof of Theorem 2. Since H^1 can be regarded as a subspace of L^1 and M, it is enough to show that C_{ϕ1} − C_{ϕ2} is not weakly compact as an operator on H^1. For this purpose we consider the functions g_k = f^2_{ak} where a_k are as in Lemma 3. Then ‖g_k‖_H1 = 1 for all k, and since ‖C_{ϕ2} g_k‖_H1 = ‖C_{ϕ2} f_{ak} ‖^2_{H2} → 0 as k → ∞, it is enough to show that the set {C_{ϕ1} g_k} is not relatively weakly compact in H^1. By the classical Dunford-Pettis theorem (see e.g. [W, III.C.12]) this amounts to showing that this set is not uniformly integrable on ∂D .

For k ≥ 2 define B_k = B(1/a_k, 1/k^4). A simple computation shows that the discs B_k are disjoint, and for w /∈ B_k we also have the estimate |g_k(w)| = 1 − |a_k|^2 |a_k|^2|1/a_k − w|^2 ≤ 2/k^9 (^1_2 )^2(1/k^4)^2 = 8 k . Now let S_k = {ζ ∈ ∂D : ϕ_1(ζ) ∈ B_k} and denote by m the normalized Lebesgue measure on ∂D . The preceding estimate yields that ∫ S_k |C_{ϕ1} g_k| dm = ‖C_{ϕ1} f_{ak} ‖^2_H2 − ∫ ∂D \S_k |C_{ϕ1} g_k| dm ≥ c^2_1 − 8/k, where c_1 > 0 is the constant obtained in Lemma 3. Since the sets S_k are disjoint, it follows that {C_{ϕ1} g_k} is not uniformly integrable, and the proof is complete.

References

[A] A. B. Aleksandrov, The multiplicity of boundary values of inner functions (Russian), Izv.

Akad. Nauk Armyan. SSR Ser. Mat. 22 (1987), 490–503.

[BS] C. Bennet and R. Sharpley, Interpolation of Operators, Pure and Appl. Math. vol. 129, Academic Press, Boston, MA, 1988.

[CM] J. A. Cima and A. L. Matheson, Essential norms of composition operators and Aleksandrov measures, Pacific J. Math. 179 (1997), 59–63.

[M] B. D. MacCluer, Components in the space of composition operators, Integral Equations Operator Theory 12 (1989), 725–738.

[Sa] D. Sarason, Composition operators as integral operators, Analysis and Partial Differential Equations, Marcel Dekker, New York, 1990.

[Sh] J. E. Shapiro, Aleksandrov measures used in essential norm inequalities for composition operators, J. Operator Theory 40 (1998), 133–146.

[S] J. H. Shapiro, The essential norm of a composition operator, Ann. Math. 125 (1987), 375–404. [SS1] J. H. Shapiro and C. Sundberg, Compact composition operators on L^1, Proc. Amer. Math.

Soc. 108 (1990), 443–449.

[SS2] J. H. Shapiro and C. Sundberg, Isolation amongst the composition operators, Pacific J. Math.

145 (1990), 117–152.

[ST] J. H. Shapiro and P. D. Taylor, Compact, nuclear, and Hilbert-Schmidt composition operators on H^2, Indiana Univ. Math. J. 23 (1973), 471–496.

[W] P. Wojtaszczyk, Banach Spaces for Analysts, Cambridge Univ. Press, Cambridge, 1991.

Department of Mathematics, University of Helsinki, P.O. Box 4 (Yliopistonkatu 5), FIN-00014 University of Helsinki, Finland

E-mail address: pekka.j.nieminen@helsinki.fi

University of Jyväskylä, Department of Mathematics and Statistics, P.O. Box 35 (MaD), FIN-40014 University of Jyväskylä, Finland

E-mail address: saksman@maths.jyu.fi