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ABSTRACT. Let m and n be integers with 0 < m < n. We relate the absolutely
continuous and singular parts of a measure p on R™ to certain properties of plane
sections of p. This leads us to prove, among other things, that the lower local
dimension of (n — m)-plane sections of p is typically constant provided that the
Hausdorff dimension of p is greater than m. The analogous result holds for the
upper local dimension if p has finite t-energy for some ¢ > m. We also give a
sufficient condition for stability of packing dimensions of section of sets.

1. INTRODUCTION

The geometry of different concepts of a dimension has been an object of intensive
study for several years. The emphasis is given to questions like the constancy of
dimensions of projections, plane sections, general intersections etc. For projections
geometrical results of this type are well-known for both Hausdorff dimension and
many other dimensions introduced in the literature quite recently (for Hausdorff
dimension see [HT], [Ka], [Mar|, [Matl], for packing and box counting dimensions
see [FH1]|, [FH2], [FM], [H], [J], for ¢-dimensions see [FO], [HK1], [JJ], [SY], for av-
erage dimension see [Z], for infinite dimensional setting see [HK2], and for Hausdorff
and Fourier dimension in a very general setting see [PS]). In particular, whilst the
lower local dimension, dim,,. (), of a finite Radon measure p at a point z € R”
(see (2.1)) is typically preserved under projections, the behaviour of the upper local
dimension, dimye. p() (see (2.2)), is less regular than that. More precisely, letting
(Py ).« be the image of p under the orthogonal projection Py : R* — V onto an
(n —m)-plane V| we have for almost all (n — m)-planes V

(1.1) dim, o (Pv)«p(Py (2)) = min{dim, . p(z), n —m}
(1.2) ﬁloc(PV)*N(PV(m)) = Eu(m)

for p-almost all z € R™. In (1.2) the quantity €, (x), defined in terms of a convolu-

tion of p with a certain kernel, may be strictly less than min{dim,. p(x),n — m}
for all z € R™. (For (1.1) see [FH1], [FO], [HK1], and [Z], and for (1.2) see [FO].)
Note that (1.1) and (1.2) obey the general rule of dimension results of projections:
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in all the above mentioned cases dimension is either preserved in the sense of (1.1)
or it may decrease but it is a constant as in (1.2).

The slice p1y, of a measure p by the translate V, of an (n — m)-plane V' going
through € R™ may be regarded as a natural measure on V,, (for the definition see
(2.9)). Continuing the work by Falconer and Mattila [FM], Jarvenpaa and Mattila
proved in [JM] that assuming dimg g > m (dimy is the Hausdorff dimension), we
have for almost all (n — m)-planes V'

(1.3) H™-ess inf{dimp iy, | @ € V with py o(R") > 0} = dimg p — m.

Here #H? is the s-dimensional Hausdorff measure and V= is the orthogonal comple-
ment of V. Furthermore, provided that the (m + d)-energy of y is finite for some
d > 0, equality (1.3) extends to packing dimension, dim,, that is, for almost all
(n —m)-planes V

(1.4) H™-ess inf{dim, py, | a € V* with py.(R") > 0} = p- esslénfau(x) —-m
TeR™

where d,,(z) is as in (2.5).
For both Hausdorff and packing dimensions of sections of sets we have the fol-
lowing natural upper bounds: For all A C R” and for any (n — m)-plane V/

dimg(ANV,) < max{dimg A — m, 0}
(1.6) dimp(ANV,) < max{dim, A —m, 0}

for H™-almost all @ € VL. However, the differences between these dimensions
become crucial as far as the validity of the opposite inequalities is concerned. It is
well-known that if m < s < n and A C R" is a Borel set with 0 < H*(A) < oo,
then for almost all (n — m)-planes V

(1.7) H™({a € V' | dimp(ANV,) = dimg A — m}) > 0.

This was first proved by Marstrand [Mar| in the plane and later generalized by
Mattila [Matl] to higher dimensions. In general constancy results of this type
are not valid for packing dimension. In [FJM] Falconer, Jarvenpas, and Mattila
constructed a compact set F' C R™ such that for positively many (n — m)-planes
V we have dim,(F NV,) = 0 for H™-almost all @ € V+, and on the other hand
H™-ess sup,cy 1 dimp (F NV,) = n —m for positively many (n — m)-planes V. For
further generalizations see [Cs| and for related results on sliced measures see [FJ]
and [L].

In this paper we consider the decomposition of a measure p into absolutely
continuous and singular parts and relate these parts to certain properties of sliced
measures. This leads, among other things, to the following analogues of (1.1) and
(1.2) for sections of measures extending an earlier result by Falconer and O’Neil
[FOJ: For almost all (n — m)-planes V and for p-almost all x € R”

(1.8) dimy,; py,e () = dimy,, p(z) —m
(1.9) dimyoe pve(z) = du(z) —m
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(see Theorem 2.11). Equality (1.8) holds under the assumption dimg g > m, and
in (1.9) it is assumed that g has finite (m + d)-energy for some d > 0.

In section 3 we analyze the structure of sets A C R"™ for which the quantity
H™-ess sup, ey 1 dimp (A NV,) is typically constant. It follows from the construc-
tions in [FJM] and [Cs] that some kind of uniformity must be imposed on A for
stability results of this type (see the discussion at the end of Section 3). This leads
us to define (n — m)-thick sets (Definition 3.1) and to prove that for such sets A

(1.10) H™-ess ‘S/lip dim, (AN V,) = sup{p- esse]%up du(z) | pe M. (A)}
a€ reR™?

for almost all (n — m)-planes V' (Theorem 3.10). Here M, (A) is as in (3.8). When
proving (1.10), our main tools are the results on upper packing dimensions in [JM],
the effect of the absolutely continuous and singular parts of a measure on the
existence of sliced measures, dimensional properties of certain measures defined in
terms of Riesz representation theorem (Lemma 3.4), and measurability properties
obtained using Jankov-von Neuman theorem.

Finally, in Section 4 we use the methods developed in this paper to indicate
another difference between Hausdorff and packing dimensions of sliced measures by
considering an analogue of a projection result by Martsrand in [Mar].

2. LOCAL DIMENSIONS AND SLICED MEASURES

Throughout this paper m and n will be integers with 0 < m < n. For any
s > 0 we denote the s-dimensional Hausdorff and packing measures by H*® and P?,
respectively. We denote the lower and upper local dimensions of a finite Radon
measure g on R” at a point z € R® by dim,. u(z) and dimy,. p(z), that is,

log pu(B(, 7))

(2.1) dimy,, () = lim inf log
and
S 1 B
(2.2) dimjge p(x) = lim sup log p(B(x, 7))
r—0 logr

where B(x,r) is the closed ball of radius r and with centre at z. The following
characterization of the lower local dimension follows easily from the definition (2.1)

(2.3) dimy, ji(z) = sup{s > 0 | / = — |~ du(y) < oo}

Replacing in (2.1) and (2.2) the convolution of p and the characteristic function
of the ball B(0,r) by that of the function

sty = { T =T
r\r) =
0 7if|«T|>T,
we define
lOgT'm - x_y—md’uy
(2.4) d,(«) = liminf (™" Jpa,m lo — 97" dn(y))

r—0 log r
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and

_ 10g(r™ [peer |2 = yI™™du(y))
2.5 d =i il :
(2.5) u(@) im sup g T
Clearly
(2'6) dp,('T) < di—mloc /1’(37) and au@) < Eloc N('T)

for all z € R™. Note that definition (2.5) gives
(2.7) d,(z) = sup{s > 0| lim infr_s/ |z — y|"™du(y) = 0} +m.
r—0 B(.T,T‘)

(If A =0, we define sup A = —c0.) Moreover, for p-almost all x € R"

(2.8) d,(2) = iy, ju(2) > m
provided that [ |z —y|™™ du(y) < oo for p-almost all z € R™ [FO, (4.12)].

The quantities d,, and d,, were used in [FM] and [FO] for the purpose of studying
dimensional properties of sliced measures. To define slices of measures by affine
planes, we introduce the following setting. We equip the Grassmann manifold
Gnn—m Of (n — m)-dimensional linear subspaces of R” with the Haar measure
Yn,n—m- Given V € Gy, 5,_pm,, we use the notation VL for the orthogonal complement
of V, and Py : R® — V for the orthogonal projection onto V. Furthermore, let
Vo ={v+a|v eV} be the affine (n — m)-plane which is parallel to V' and goes
through a € V+, and let

Vo (0) = {y e R* | dist(y, V,) < &}

be the closed §-neighbourhood of V,,. The restriction of a measure g on R™ to a set
E C R” is denoted by pu|g, that is,

ple(A) = u(ENA)

for all A C R".

For V € Gy, n—m, the slices of a finite Radon measure p on R™® by affine n — m-
planes V, are defined as the weak limits of the normalized restriction measures
(26) "™ |y, 5y as 0 goes to zero. It turns out that for any V € Gy pn_y and for
H™-almost all @ € VL there exists a Radon measure pv,q on V, such that

(2.9) /(pdm/,a = lim(25)_m/ pdp < oo
0—0 Va((;)

for all continuous functions ¢ : R™ — [0,00) with compact support. The measure
Wv,q is the slice of u by the plane V,. Note that the limit on the right hand side
of (2.9) is finite. For the process of defining measures py,, and proving their basic
properties, see [Mat3, Chapter 10].
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The following disintegration formula gives an important relation between the
original measure and its slices [Mat2, Lemma 3.4]: For any Borel function f :
R" — [0,00) with [ fdp < oo we have

(2.10) / [ o) < [ gan

Furthermore, the opposite inequality holds in (2.10) provided that the projected
measure (PvL) p, defined for all A C V* as

(Pyo).p(A) = (P31 (A)),
is absolutely continuous with respect to H™. In this case we use the notation
(Pyo)sp < H™.
In order to introduce measures py, on affine (n — m)-planes V, parallel to
V € Gy n—m and going through z € R® we simply set

WV = HV,a
for any = € Py, ! ({a}) whenever a € VL is such that py,, is defined.
In [FO] Falconer and O’Neil proved the following relations between local dimen-
sions of sliced measures and the quantities d, and d,, (see (2.8)).

2.1. Theorem (Falconer, O’Neil). Let p be a Radon measure on R™ with
compact support such that [ |z —y|™™du(y) < oo for p-almost all x € R™. Then
for Ynn—m-almost all V € Gy, ,—y, and for p-almost all x € R™

dimy o, pv,e (%) 2 dimy,e p(x) —m =d, (x) —m  and
Cli—Inloc by, (J;) > ap (J;) —m.
Proof. See [FO, Proposition 4.1]. O

2.2. Remarks. (a) The assumption of the previous theorem rules out only the
case where
p({z € R [ dimy, p(z) = m}) > 0.

In fact, by (2.3) the assumption of Theorem 2.1 is satisfied provided that
di—mloc /1’(37) > m

for p-almost all x € R™. If x € R™ such that dim, . pu(z) < m, it follows easily from
(2.3), (2.4), and (2.5) that d,(z) = d,(z) = —oc0, and therefore the lower bounds
in Theorem 2.1 are trivial for all such points x.

(b) Under the condition that dimy, , u(z) < m for some x € R the sliced measure
Ly, 15 not defined for any V € Gy, p—m. In fact, given such x € R", we find a
sequence (r;) tending to zero such that lim;_ oo r; ™ u(B(x,r;)) = oco. Choosing
a continuous function ¢ : R* — [0,00) having compact support and satisfying
o(y) > 1 for all y € B(x,r1) we have

/(pd/ffV,:v = hm(26)_m/ pdp > lim (21"1) m,u(B(.T,Tl)) =00
6—0 V. (8)

11— 00

for all'V € Gy, y,—m. This implies that the measure py 5 is not defined (see (2.9)).

The main purpose of this paper is to achieve a better understanding of the
irregular behaviour of the packing dimensions of sections of sets described in [C],
[FIM], and [FJ]. The first step into this direction is to prove that Theorem 2.1
holds without the assumption that [ |z — y|~™du(y) < oo for p-almost all z € R™.
The following remarks and Proposition 2.5 are needed for this purpose.
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2.3. Remarks. (a) Let i be a finite Radon measure on R and let B C R™ be a
Borel set. Using [Mat3, Corollary 2.14] we have

Cli—Inloc /1’|B(x) = di—rnloc M(’T) and di—rnloc /1’|B(’T) = Cli—Inloc M(’T)
and B B
dN|B('T) = du(l') and dM|B($) = du(m)

for p-almost all z € B.
(b) Note that

= limin wBlz, 7)) -
Q(p” v, $) =1 r—>0f V(B($?T))

for p-almost all x € R™ of p and v are mutually singular finite Radon measures on
R™. In this case we use the notation p L v. In fact, assuming that the Borel set

E={zeR" | D(p,v,x) < oo}

has positive p-measure and considering the Radon measure p = u|g, the density
point theorem [Mat3, Corollary 2.14] gives

D(p,v,z) = D(p,v, )

for p-almost all x € R™. From this we get the contradiction p < v by [Mat3,
Theorem 2.12].

(c) Let p be a finite Radon measure on R™ and let A C R™ be a Borel set. It is
shown in [JM, Lemma 3.2] that if V € Gy, n—m such that (Py 1) < H™, then

tv,ala = (1la)va

for H™-almost all a € V.

2.4. Lemma. LetV € Gy p—m. Assume that p is a finite Radon measure on R™.
Then there are finite Radon measures p,;{ng and pY,, on R™ such that

(]‘) (PVJ‘)* M;{ng J— %m7
(2)  (Pyi)s tinps < H™, and
(3) M(B) = M;{ng(B) + /’l’;/bS(B)

for all Borel sets B C R”.

Proof. For V € Gy, 5,—m, we consider the following decomposition of y [Mat3, The-
orem 2.17]: Let m! and m? be Radon measures on V. such that m! L H™,
m? < H™, and

(Py1)p(E) = m* (E) +m*(E)

for all Borel sets E C VL. Taking a Borel set A C VL such that m*(VL\ A) =
0 = m?(A), define compactly supported Radon measures

Voo Vo
Frsing = M|p;1l (A) and pap = M|P;1l (VL\4)
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2

The claim follows, since (Py 1), p,;{ng =m! and (Py1).pl, =m? O

Using Lemma 2.4, we are able to relate absolute continuity and singularity of

the projected measures to the existence of sliced measures.
Let p be a finite Radon measure on R™. For V € Gy, y,—p, set

E(p,V)={x € R" | pyy is defined}.

Then
E(u,V) =P, ({a € V| py, is defined})

is a Borel set (see [Mat2, proof of Lemma 3.3]). Recall that [Mat3, Chapter 10]
(2.11) H™({a € V| v, is not defined}) = 0.

2.5. Proposition. Let p be a finite Radon measure on R". For all V € Gy, p—m
we have

(1) (Pyi)upp LH™ <= pyq =0 for H™-almost all a € V*+
(2) Pyi)ep LH™ = pw(E(p,V)) =0
3) (Pyi)ep <H™ <= pR"\ E(p,V)) =0.

Proof. (1) Assuming that (Py 1), L H™ and letting E C V1 be a Borel set with
H™(E) =0 and (Py1).u(VE\ E) =0, the disintegration inequality (2.10) gives

0= /VJ-\E /ffV,a(P‘_/i (VJ‘ \E)) d%m(a) = /VJ_ MV,a(Va) dem(a)7

as required for the claim.

To prove that the opposite implication holds in (1), we consider the decompo-
sition p = u;{ng+u;/bs given by Lemma 2.4. Then (/L;/bs)V,a = 0 for H™-almost
all a € V+, and therefore, the disintegration formula (2.10) gives Y, = 0. This
completes the proof of (1).

(2) Assume first that (Py-1).p L H™. Now Remark 2.3 (b) gives

Q((PVL)*NH H™, CL) =00
for (Py 1 ).p-almost all @ € V. This in turn gives u(E(u, V)) = 0 since

D((Py+)ops, H™, Py (2) = lim inf(20) " (Vo () (6)) < 00

if py 5 is defined (see (2.9)). (Recall that H™(B(,7)) = (2r)™.)

On the other hand, if u(E(u,V)) =0, then (Py1).pu(Pyo(E(k,V))) = 0. Now
the claim follows since H™ (VL \ Py (E(p, V))) =0 by (2.11).

(3) Supposing that u(R™ \ E(u,V)) = 0 we have D((Py1)wp, H™,a) < oo for
(P 1)spu-almost @ € V4. This implies the absolute continuity by [Mat3, Theorem
2.12]. The opposite implication is clear from (2.11). O



8 E. and M. Jarvenpaa, and M. Llorente

2.6. Corollary. Assume that p is a finite Radon measure on R*. For V €

Grnon—m, let = u;{ng + :“sz be the decomposition given by Lemma 2.4. Then

P(E (1, V) = tiahs(R™) = p3ps (B (1aps: V)

and
PR\ E(1, V) = 13 (R") = png (R \ E (1350, V))-

Proof. Since (Py 1)y pdin, L H™, Remark 2.3 (b) implies that
D((Py+)sp, H™, Py o (x)) = 00

for p,;{ng—almost all z € R”, and therefore p,;{ng(E(p,, V)) = 0. Moreover, from
(2.11) we get Y (R™ \ E(u, V)) = 0. With Proposition 2.5 one has

W(E (1, V) = s (B (11, V) = p13s(R?) = 11345 (B (fi3: V)

as claimed. The second equality follows similarly. [

2.7. Remarks. (a) Let pp be a Radon measure on R™ with compact support. By
(2.3) the local lower dimension condition dimy,. p(xz) > m implies the local energy
condition [ |z —y|~™du(y) < co. If the latter is true for p-almost all x € R™, then

(Pyo)ap <H™

for Yn.n—m-almost all V. € Gy, p—pm. This follows directly from [Mat3, Theorem
9.7] by decomposing p into a countable sum of measures with finite m-energy. (The
details of the proof are similar to those in [FM, proof of Lemma 4.1].)

(b) By Proposition 2.5 u(R™ \ E(u,V)) = 0 provided that (Py 1) pu < H™. This
condition is guaranteed for vy, p_m-almost all V € Gy, 5,_y, by the assumption on
Theorem 2.1 (see remark (a)).

Now we are ready to generalize Theorem 2.1.

2.8. Theorem. Let p be a finite Radon measure on R™. Then for vy, n—m-almost
all Ve Gynem

Cli—Inloc /j’V,SU(’T) > Cli—Inloc /1’('77) -—m 2 Qu(’r) —m and

ﬁloc Uv,z («T) > ap («T) -—m

for p-almost all x € E(w, V). Furthermore, d,(z) = —oo for p-almost all x €
R\ E(u, V).

Proof. We will prove the second inequality. The first one may be treated similarly
(see also (2.6)).

Since clearly py,.(B(%,7)) = (1| B(w,2))v,e(B(z,7)) for all V € Gy e, © € R,
and r < 1, we may assume that g has a compact support. Introducing the Borel
set

B={zecR"| / & — g™ dpu(y) < oo},
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Theorem 2.1 implies that for v, ,,_p-almost all V' € Gy, ,,—p, and for p-almost all
r € B we have

(2.12) dimioc (1l B)vie () = dyj, (#) —m > du(z) —m.
Moreover, from Remark 2.7 (a) we get
(2.13) (Pys)sp|p < H™
for vy, p—m-almost all V- € G, y,_m,.
For fixed V' € Gy, p—m for which (2.12) and the absolute continuity condition

(2.13) are satisfied, we consider the decomposition of p = N’;gng—i_l//;/bs given by
Lemma 2.4. Note that by (2.13)

(2.14) ine(B) = 0.

Since by Proposition 2.5 (1) (,u;{ng)‘/’a = 0 for H™-almost all a € V1, Remark 2.3
(c) allows us to conclude that

(,U|B)V,a = (IU’ZbS |B)V,a = (/j’;{ng)V,G|B + (/j’;,/bs)v;a

= (N’;/ivng + NZbS)Vaa

(2.15) b

B = UV,a|B

for H™-almost all a € V+. This together with (2.12) and (2.13) combine to give
dimiee pv,e|B(z) > dy(x) —m

for p-almost all z € B. Note that by Remark 2.3 (a) we have for H™-almost all
a € V* that

(2.16) Cli—Inloc /ffV,a|B(~T) = di—rnlOC /j’Vya('T)

for py 4-almost all z € B. Deducing from (2.10), Lemma 2.4 (2), and (2.15) that

(2.17) u(F) = [ wvalF) 1m0
for all Borel sets F' C B and using (2.16), we get
Cli—Inloc Wv,z (J;) > ap (J;) —m

for p-almost all x € B. (When applying (2.17) we use the facts that the functions
T — au(x), z — dimpe. pvq(x), and © — dimye.. tv,z|B(z) are Borel measurable.
The proofs of these facts reduce to similar arguments as in [Mat2, Lemma 4.2].)
To complete the proof, the final observation is to combine (2.14) and Corollary 2.6
with the fact d,(z) = —oco for allz e R* \ B. [
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2.9. Remarks. (a) Theorem 2.8 is genuinely an almost all result, that is, the
lower bounds in Theorem 2.8 are not necessarily valid for all subspaces and all
points as illustrated by the following construction: Let p = g(x,y) - L%|o where
Q =1[0,1] x [0,1] C R? and

; for x < y'/?
, fory1/2<$<yl/3
V2 forz > y'/3.

g(w,y) =

ol © =

Then it is not difficult to see that u(R?) = 1, d,(0) = d,(0) = dimy,, p(0) =
dimyee p(0) = 2, and dimy,, pi1,,0(0) = dimuoe pr,0(0) = & for L= {(2,0) |z € R} €
Ga1.

(b) Theorem 2.8 is the local counterpart of [JM, Theorem 3.3].

(¢) It is possible that p(E(p, V) > 0 although the assumption [ |x—y|~™ du(y) <
oo in Theorem 2.1 is not valid. To see this let = H|; where I is the unit interval
embedded in R?.

To verify the validity of the opposite inequalities in Theorem 2.8, we must make
further assumptions about the measure p. In Theorem 2.11 we will prove that for
the lower local dimension the equality holds in Theorem 2.8 for measures having
Hausdorff dimension strictly larger than m and for the upper one provided that
the measure has finite m + d-energy for some d > 0. The s-energy Is(u) of a finite
Radon measure on R" is defined by

I(w) = / & — g~ dpu(z) duly).

Note that both of the above assumptions are stronger than the local energy condi-
tion in Theorem 2.1 (see (2.3)), and therefore Theorem 2.1 gives the lower bounds
in Theorem 2.11.

Our approach is based on the results in [JM] concerning upper Hausdorff and
packing dimensions. For a finite (non-zero) Radon measure g on R™ we define the
upper Hausdorff and packing dimensions as follows (see [F2, Proposition 10.3))

dimf; p = inf{dimpyg A | A is a Borel set with u(R" \ A) =0}
= p-ess sup dim,, . pu(z) and
zER"
dimg p = inf{dim, A | A is a Borel set with u(R" \ A) = 0}
= p-ess sup dimyge p().
zER"
If 4 =0 we define dimj; p = dimj 4 = 0. Recall that the (lower) Hausdorff and
packing dimensions, denoted by dimy and dimy,, are defined by replacing Borel sets
with full measure by Borel sets with positive measure (and p-ess sup by p-ess inf)
in the above definitions.

Now we are ready to state the result from [JM] that is our starting point. Note
that

(2.18) Ii(p) < oo = dimpgp > t.

This follows immediately from (2.3).
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2.10. Theorem (Jarvenp&ai, Mattila). Let u be a Radon measure on R™ with
compact support. Then for vn p—m-almost all V € Gy, ,—p, we have

(1) H™-ess sup dimy py,, = dimfy o — m provided that dimg p > m and
acV<L
(2) H™-ess supdim] py,, = i-ess sup d,(z) — m provided that I 4(p) < 00
acV+ zeR™
for some d > 0.

Proof. See [JM, Theorem 4.2 and Theorem 6.4].

Based on an application of the above result we will prove that corresponding
assumptions lead to equalities in Theorem 2.8.

2.11. Theorem. Let p be a finite Radon measure on R™. Then for p-almost all
z € R" and vy, p—m-almost all V € Gy, p—m we have

(1) dimy,, pv,e(z) = dimy,. p(z) —m =d,(x) — m provided that dimpg p > m and
(2) dimyee pvz(z) = d,(z) — m provided that I, a(p) < oo for some d > 0.

Proof. Asin the proof of Theorem 2.8 we may assume that p has a compact support.
The lower bounds for local dimensions of sliced measures follow from Theorem 2.1.

To prove that the opposite inequalities hold, we use the notation dimj,, d,, and
dim* for both the triplet dimy,, d,,, and dimy, and for the triplet dimyec, Hu, and
dimg.

Noting that under the assumption dimy g > m (or I,4q(p) < 0o) the measure
Py, is defined for p X vy, p—m-almost all (z,V) € R* x G,, p—m (see Remark 2.7
(a) and Proposition 2.5 (3)), assume to the contrary that there are real numbers

t1 > t9 such that
0 <X Ynmm({(z,V) €R" X Gppem | dimuee prv,z(x) > t1 >t > d,(x) — m}).

Recalling that (z,V) — dimjee pv,z(z) and = — d,(x) are Borel functions (see
[Mat2, Lemma 4.2]), Fubini’s theorem implies the existence of a Borel set

BcC{zeR"|d,(z) —m <t}
with x(B) > 0 such that for all x € B we have 7y, ,—m (Gz) > 0 for the Borel set
G, = {V € Gn,n—m | dimyje. lflV,gc(.T) > tl}.

Hence
inf inf dimjge py () > > —m.
;23 Vléle dimyee pvz(x) > t1 > to > 216111; dy(z) —m
For the compactly supported Radon measure v = u|p we have dimgv > m if
dimg g > m (and I, 44(v) < 00 if I 44(p) < 00), and furthermore (Py 1), < H™
for vp n—m-almost all V' € G,, ,_m, by [Mat3, Theorem 9.7] and [FM, Lemma 4.1].
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The disintegration formula (2.10), Remark 2.3 (a), and Fubini’s theorem imply the
existence of P C Gy, p—m With vy, n_m (P) > 0 such that for all V € P

H™-ess sup dim™ vy o = H™-ess sup vy, q- ess sup dimyee Vv,q ()
acV+ acV+ €V,

> 11 >ty > v-esssupd,(xz) —m
rzER™

giving a contradiction with Theorem 2.10. Note that by (2.3) and (2.8)

v-ess supd, (x) = dimj v
zeR”?

under the assumption dimgv > m. [

2.12. Remarks. (a) It is not sufficient to assume that dimyg p > m in Theorem
2.11 (1). Indeed, let F C R? be a compact set such that 0 < H'(F) < oo and
H'(PLo(F)) =0 forall L € Ga1. (For the existence of F', see [F1, Theorem 6.15].)
Taking p = H'|F, we have dimg p = 1, and furthermore, p(E(p, L)) = 0 for all
L € Gy, since (Ppy)p and H are always mutually singular, see Proposition 2.5.

b) Theorem 2.11 (1) is valid under a weaker assumption [ |z —y|~™du(y) < oo
for p-almost all x € R™. Indeed, from the proof of [JM, Lemma 4.1] (which gives
the upper bound in Theorem 2.10 (1)) one sees that the only assumption needed is
the absolute continuity (Py ). < H™ (see also (2.8) and Remark 2.7 (a)). It
follows immediately from (2.4) that this condition is also necessary for the second
equality in Theorem 2.11 (1). However, the first equality may be valid even though
the local energy condition fails (see Remark 2.9 (c)).

(¢) We do not know whether one can replace the condition I, q4(p) < oo by
I, (n) < o0 in Theorem 2.11 (2).

3. STABILITY RESULTS FOR PACKING DIMENSIONS OF SECTIONS OF SETS

In this section we consider packing dimensional properties of sections A NV,
where ACR", V € Gy, p—m, and a € VL. Tt follows directly from [Mat3, Corollary
9.4] that we may restrict our attention to sets A with dimyg A > m. In fact, if A
is a Borel set with dimg A < m then for v, y_m-almost all V' € G, ,,_,, we have
dimg Py 1 (A) = dimg A implying that ANV, = 0 for H™-almost all a € V+.

Our aim is to achieve a better understanding about the structure of sets for
which the essential supremum of packing dimensions of plane sections is almost
surely a constant which is independent of the plane. As noted in the Introduction
the examples in [Cs] and [FJM] show that this is not true for all sets A C R™ with
dimg(A) > m. However, the properties of the Hausdorff dimension imply that
stability results of this kind are valid for a natural subset of the class

SR") ={ACR" |dim, A = dimg A > m}.

Indeed, if A € S(R™) is a Borel set such that 0 < H%(A) < oo for d = dim, A =
dimgy A, it is a straightforward consequence of (1.7) and (1.6) that for vy, r,—,-almost
allV e Gy pnem

(3.1) H™-ess supdimp(ANV,) =d—m.
a€V+
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In Theorem 3.10 we will verify (3.1) for a wider class of sets. Toward this
generalization, define for all A C R”

M(A) = {p | p is a Radon measure on R" such that spt u is compact,
spt i C A, and 0 < p(R™) < oo}.

Here spt p is the support of p. It is well known that for any analytic set A # ()
there is u € M(A) such that both dimy, 4 and dimj p and both dimpy p and dimgy p
are arbitrarily close to dim, A and dimg A, respectively, that is, [Cu, Theorem 1.5]

(3.2) dim, A = sup{dim;, p1 | p € M(A)} = sup{dimjp | p € M(A)}
and
(3.3) dimyg A = sup{dimg p | p € M(A)} = sup{dimp p | p € M(A)}.

To be precise, in [Cu, Theorem 1.5] it is proved that (3.2) and (3.3) hold when
the requirement spt u C A is replaced by the condition p(R™ \ A) = 0. However,
[Cu, Theorem 1.5] leads immediately to (3.2) and (3.3). In the case of packing
dimension it follows directly from [Cu, Lemma 2.5 and Lemma 3.4]) and for the
Hausdorff dimension it is a straightforward consequence of [Cu, Lemma 2.5] and
Frostman’s lemma [Mat3, Theorem 8.8].

Generalizing (3.1) leads to the concept of thickness. For all A C R™ and € > 0,
let

M. (4) = {p € M(A) | L(pn) < oo}.
3.1. Definition. Let V € Gy ande > 0. A set A C R" is (V,¢)-thick if
H™-ess supdimy (A NV,) = H™-ess sup sup{dimyp | p € M (ANV,)}
acV+ acVL

ForV € Gy n_m, the set A is V-thick if it is (V,e)-thick for some € > 0. Finally,
A is (n —m)-thick if it is V-thick for vp n—m-almost all V € Gy, y_m .

3.2. Remarks. (a) By (3.2)

’Hm—ezse‘b;lip dimp,(ANV,) > Hm—eise‘sflip sup{dimp p | p € Mc(ANV,)}
for all analytic sets AC R, V € Gy, y—m, and € > 0.

(b) The condition I.(p) < oo in Definition 3.1 guarantees that the packing di-
mensions of plane sections of thick sets can be typically estimated by upper packing
dimensions of measures having positive Hausdorff dimensions.

(¢) If A is (V,€)-thick, then M.(ANV,) # () for positively many a € VL. (Recall
that sup E = —oo if E =1).)

(d) Let A C R™ be a Borel set such that dimg A > m and let 0 < ¢ < dimyg A—m.
Then for vp n—m-almost all V € Gy, n_m,

M(ANVe) #0

for positively many a € V+.

To see this, let p € M(A) such that I, c(p) < oo [Mat3, Theorem 8.9]. Com-
bining Remark 2.7 (a), Proposition 2.5, and [Mat3, Theorem 10.7] gives that for
Yn,n—m-almost all V € Gy, p_m we have

Bv,a € ME(A N Va)

for positively many a € V*.
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3.3. Examples. (a) If A € S(R") is a Borel set such that 0 < H(A) < oo for
d =dimyg A > m (see Corollary 3.9), then A is (n — m)-thick.

In fact, given such A and 0 < ¢ < d —m, [Mat3, Theorem 8.9] implies the
existence of v € M(A) with I,,+(v) < 00. From Remark 3.2 (d) and [JM, Theorem
3.3] for Y p—m-almost all V € Gy, y,—pm we have vy, € M (ANV,) and

dim; vy, > dimg vy, > dimgrv —m > ¢
for positively many a € V*. Thus

e <H™-esssup sup{dim;pu | p € M (ANV,)}
acV+

for Yn n—m-almost all V- € Gy, y,—m. The (n —m)-thickness of A follows by (3.1)
and Remark 3.2 (a).

(b) The Hausdorff and packing dimensions of thick sets do not necessarily co-
incide, and therefore the class of thick sets is strictly larger than S(R™). The
verification of this statement is based on [FM, Example 5.2 and Theorem 4.5].

Let m < s <t <n and let F' be the support of the Radon probability measure p
constructed in [FM, Example 5.2]. Then F' is compact, dimyg F' = s, dim, F' = ¢,
and for vy, p—m-almost all V € G, r,_p,

(n —m)t(s —m)

(3.4) dim, (FNV,) < C

ns —mt

for all a € VL [FM, Example 5.2].
For the purpose of showing that F is (n —m)-thick, by (3.4) and Remark 3.2 (a)
it suffices to prove that for some e > 0

(3.5) C< Hm—esse‘sflip sup{dimp; p | p € Mc(FNVa)}

Jor Ynn—m-almost all V € Gy, y,_p,.
Since dimg p > m, [FM, Theorem 4.5], Remark 2.7 (a), and the disintegration
formula (2.10) imply that for v n—m-almost all V € Gy, n—m

(3.6) dimg pv,, > C and pv,a(R") >0

for positively many a € V+. Furthermore, letting 0 < § < s —m and using the fact
that there is a constant ¢ such that p(B(x,r)) < cr® for allx € F and 0 < r <1
(see [FM, Example 5.2]), it follows easily that Is_s(p) < oo. By [Mat3, Theorem
10.7] this in turn gives that for vp n—m-almost all V € Gy, n_m,

Is—&—m(,uV,a) < o0

for H™-almost all a € VL. Combining this with (3.6) gives (3.5) fore = s—§ —m.

Next we prove two technical lemmas. As the first consequence of them we state
in Corollary 3.9 a relation between thickness and dimension.

We use the notation Cg (R?) for the space of continuous and non-negative func-
tions on R™ having compact support.
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3.4. Lemma. ForV € G, _m let K C VL be a bounded H™-measurable set such
that H™(K) > 0. Let A C R™ be compact. Assume that there is € > 0 such that
for all a € K there is a probability measure v, € M (ANV,) such that the function
a— [ ¢dv, is H™-measurable for all p € C(R™). Fora € V+\ K, set v, = 0.
Then the Radon measure p defined for all ¢ € CJ(R™) as

(3.7) /(ﬁdp,://qbduad?{m(a).

has the following properties:

(1)  For H™-almost all a € V- we have py q(B) = v4(B)
for all Borel sets B C R"

(2) (Pyo)ep <H™

(3) dimgu>m+e.

Before the proof we state two remarks:

3.5. Remarks. (a) The existence of the Radon measure p in (3.7) follows from
Riesz representation theorem [Mat3, Theorem 1.16].

(b) By the monotone convergence theorem the equation (3.7) is valid for all non-
negative lower semicontinuous functions g.

Proof of Lemma 3.4. Given V € G, ,_m and ¢ € Cg (R™) we obtain from Remark
3.5 (b) and [Mat3, Corollay 2.14]

lim (26)™™ /Va((;) o(z)dp(x) = %im(%)_m /{bevLHa—mga}/(p(x) dvy(x) dH™(b)

—0 —0

— [ o(o) dna(a)

for H™-almost all @ € V+. Note that the separability of Cg (R™) implies that
the exceptional set of points a may be chosen to be independent on the choice
of ¢ € Cf (R™). This gives (1) by (2.9) and Riesz representation theorem [Mat3,
Theorem 1.16].

The second claim follows from [Mat3, Theorem 2.12] since by Remark 3.5 (b)

6—0

D((Py 2 )ups, H™, ) < lim inf(26)~™ / Uy (R dH™ (b) < 1
eV {la—vi<s)

for all a € V+.
According to the proof of [JM, Lemma 3.1]

H™- ess‘;rif{dimH e | pve(RY) >0} < dimpgp—m
ac

provided (Py 1 ),pu < H™. Combining this with (2.18), (1), and (2), gives (3). O

We continue by introducing the notation needed in Lemma 3.7 which is an im-
portant tool in both Corollary 3.9 and Theorem 3.10.

For any complete separable metric space Y, let K£(Y') be the space of all non-
empty compact subsets of Y equipped with the Hausdorff metric. Denote by P(Y)
the space of all Borel probability measures on Y with a metric comparable to the
weak*-topology. Then both K£(Y') and P(Y) are complete separable metric spaces.
Note that the definition of packing dimension extends naturally to Y.
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3.6. Remark. Let u; € P(Y) and K; € K(Y) such that (pu;, K;) — (1, K) €
P(Y) x K(Y). Then for all ¢ > 0 we have K; C K(¢) for all large i, and there-
fore from the Portmanteau theorem [Ke, Theorem 17.20] limsup,_ . pi(K;)) <

lim sup;_, o, i (K (€)) < (K (e)) giving

lim sup p1;(K;) < p(K).

1—00 -
Here K () is the closed e-neighbourhood of K in'Y.

3.7. Lemma. Let X and Y be complete separable metric spaces. Assume that
A C X xY is compact. Then for all real numbers t and € > 0 the set

B={(z,p) € X xP(Y) | dim} p > t,spt p C Az, and I. (1) < oo}

is analytic. Here A, ={y €Y | (x,y) € A} for allx € X.

Proof. Approximating the kernel (y1,y2) — d(y1,y2) ¢ by an increasing sequence
of continuous bounded functions on Y x Y, the monotone convergence theorem
implies that the set {y € P(Y) | I(u) > ¢} is open for all ¢ > 0. Therefore

E={(z,u, K) e X xP(Y)x K(Y) | I.(p) < o0}

is a Borel set.

The set N = {(u, K) € P(Y)xK(Y) | p(K) > 0} is Borel since the set {(u, K) €
P(Y)x K(Y) | p(K) > ¢} is closed for all ¢ > 0 by Remark 3.6. For all € P(Y),
c¢> 0 and r > 0 define

L(p,e,r) ={y €Y | w(B(y,r)) <r}

and L
L(p,c) ={y € Y | dimyoc p(y) > c}.

Let {r; | i € N} be an enumeration of the rational numbers in the open unit interval
(0,1). By Remark 3.6 the set

Deir={(mK)ePY)xKY)|Kc |J Lpc—1,m)}
=k
<+

is open for all ¢ > 0 and positive integers ¢ and k. Noting that in the definition
(2.2) r may be restricted to positive rationals, this gives that

D.={(, K) e P(Y)xKXY)| K C L(p,¢)} = ﬂ ﬂ Dei i

is a Borel set. Since by [Ke, Theorem 17.11] dim} 4 > ¢ if and only if for all § > 0
there is a compact set K such that u(K) > 0 and K C L(u,c — ¢§), we obtain the
analyticity of the set

(€ PY) [ dimi > o = (Y mi(Dos N,
7=1
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Here 7y is the projection from P(Y) x I(Y') onto P(Y'). Hence
D= {(z,p, K) € X x P(Y) x K(Y) | dimp; o > £}

is analytic.

By [Ke, Theorem 14.12] the set {(z,K) € X x K(Y) | K = A,} is a Borel set
as the graph of the Borel measurable function z — A, [Ku, p. 58], implying the
Borel measurability of

J={(z,p, K) e X xP(Y)xK(Y) | K =A4,}.
Finally, using Remark 3.6, one easily verifies that
T={(z,u, K) e X xP(Y)x K(Y) |sptuC K}
is closed. This completes the proof since
B=mi(ENDNJNT)

where m13: X X P(Y) x K(Y) = X x P(Y) is the projection. I

3.8. Remark. Proof of Lemma 3.7 shows that the mapping p — dimg p is mea-
surable with respect to the o-algebra generated by analytic sets, denoted by B(A).

According to the next corollary, thick sets have large dimension.

3.9. Corollary. LetV € Gy pn—m ande > 0. If A C R" is a compact set such that
M (ANVL) # O for positively many a € VL, then dimg A > m +¢. In particular,
dimyg A > m + € for compact (V,e)-thick sets A C R".

Proof. We may assume that A C [0,1]™. The analyticity of the set
B = {(a,v) €[0,1]™ x P([0,1]"~™) | I.(v) < oo and sptv C A,}

follows from Lemma 3.7, and from the assumption one obtains H™ (w1 (B)) > 0.
According to Jankov-von Neuman theorem [Ke, Theorem 18.1] there exists a B(.A)-
measurable mapping f : w1 (B) — P([0,1]"~™) whose graph is a subset of B. In
this way we find a analytic set K C V+ with positive H™-measure such that
for all @ € K there is v, € M (ANYV,) such that the function a — [ dy, is
B(A)-measurable for all ¢ € C; (R*). (For the relation between Radon and Borel
measures in this context, see [Mat3, Corollary 1.11] and [Ke, Theorem 17.10].)
Setting v, = 0 for a ¢ K and defining the Radon measure x on A by the formula

/soduz//sodvad%m(a)

for all ¢ € Cf (R™), the first claim follows from Lemma 3.4 (3). The second claim
is an immediate consequence of Remark 3.2 (¢). O

Now we are ready to prove the main theorem of this section. For all A C R", let

(3.8) M. (A) ={p e M(A) | dimg pp > m}.
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3.10. Theorem. Let A C R™ be a compact (n — m)-thick set. Then for vy p—m-
almost all V € Gy, p—m

(3.9) H™ -ess ‘S/lip dimp(ANV,) = Sup{,u—esseﬂs&up du(z) | p € M (A)} —m.
ac relk™

3.11. Remarks. (a) It follows directly from (2.6) and (3.2) that

sup{p-ess supd,(z) | p € M,(A)} < dim, A
zeR”™

for all A C R™.
(b) For all analytic A C R™ with dimpg A > m we have by (3.3), Remark 2.7 (a),
and (2.8) that

sup{u-ess supd,,(z) | p € M, (A)} > dimpy A.
TER™

In particular, by Corollary 3.9 the constant on the right hand side of (3.9) is positive
for analytic (n — m)-thick sets.
(c) If A C R™ is analytic such that d = dimyg A = dimp, A > m, then

sup{p-esssupd,(z) | p € M,(A)} =d
zeR™

by (a) and (b) (see (3.1)).

Proof of Theorem 3.10. We may assume that A C [0,1]™. We will first verify that
the following series of inequalities

H™-ess supsup{dim,v | v € M(ANV,)}

acV+
(3.10) > sup{H"™-ess sup dimy py,q | p € M(A)}
a€cV+
(3.11) > sup{ - ess sup dimyoc py . (7) | 1 € M(A)}
TER™
(3.12) > sup{p-ess supd, (z) | p € M.(A)} —m
zeR™

is valid for vy, p,—m-almost all V' € G, ,,—p, implying by (3.2) that

H™-ess sup dim, (A NV,) > sup{p-esssupd,(z) | p € M.(A)} —m.
a€V+ TER™

To see that (3.10) holds, note that for any u € M(A) the slice py,, is defined
for H™-almost all ¢ € V+ and pv,e € M(ANV,) if py, # 0.
For (3.11), let V € Gy, p—m, s > 0, and p € M(A) such that p(E) > 0 for the
Borel set
E = {z € R" | dimjoc pv () > s}.

(The Borel measurability of the function z +— dim. pv,z(x) can be verified by
means of the methods introduced in [Mat2, Lemma 4.2].)
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Letting the measures u;{ng and £, be as in Lemma 2.4, we obtain p,;{ng (E)=0
since u;{ng(@ € R" | py,, is defined}) = 0 by Corollary 2.6, and therefore

0 < praps(E) = /(u;’bs)v,a({ﬂ? € R* | dimioc (1) via () > 5}) dH™ (a)
by (2.10) and Proposition 2.5 (a). Hence

H™- ess sup dim}";(p,;/bs)v,a > s

acV+

giving (3.11) since puY,, € M(A).
Finally, let B
L =sup{p-esssupd,(z) | p € M.(A)} —m.

zeR”?
Taking a sequence p* € M, (A) such that p'-ess sup,cpn d,i(¥) —m — Las i — oo
and using Theorem 2.1 (see Remarks 2.7), we find for all ¢ a set P; C Gy, j,—pm, With
Yn.n—m (P;) = 0 such that

pi'-ess sup d,i () — m < p'-ess sup dimioe (1) v,z (1)
TER™ TER™

for all V € Gy, y—m \ P;. Defining

r=|Jnr,
i=1
and taking V' € Gy, n—pm, \ P, we have

sup{ - ess sup dimyoc fiv,2 () | o € M(A)} > p'-ess sup i (x) —m
zER" TER™
for all i. Letting ¢ tend to infinity (3.12) follows.

When proving the remaining inequality in (3.9), we need the following result from
[JM]: Let p be a Radon measure on R" with compact support and V' € G, n—m
such that (Py.),.pu < H™. Assume that there is € > 0 such that I.(uy,4) < oo for
H™-almost all € VL. Then
(3.13) H™-ess sup dimy py,q < pi-ess sup d, (z) — m.

acV+ TzeR™
The verification of this statement may be read from the proof of [JM, Theorem
6.4].

For the purpose of completing the proof of (3.9), let V € G}, s, and € > 0 be
such that the equality in Definition 3.1 is valid. Taking
(3.14) s < H™-ess supsup{dimyv | v € M (ANV,)}

acV+
and proceeding by means of Jankov-von Neuman theorem [Ke, Theorem 18.1] as in
Corollary 3.9, we find a bounded analytic set K C V1 with H™(K) > 0 such that
for all a € K there is a probability measure v, € M.(ANV,) with dimj v, > s such
that the function a — v, is B(A)-measurable. Defining the Radon measure p as in
Lemma 3.4, we have (Py1).u < H™, and py,, = v, for H™-almost all a € V-,
and therefore (3.13) gives

s < p-ess supd,(z) — m.
zeR™

This completes the proof since p € M, (A) by Lemma 3.4. O
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3.12. Remarks. (a) Theorem 3.10 is clearly valid for o-compact sets. The com-
pactness of A is needed only for measurability arguments in the proof of Lemma 3.7
when using the Borel measurability of the mapping © — A,.

(b) One may read from the proof of Theorem 3.10 that the statement (3.9) is
valid under the following weaker condition than thickness: For all V € Gp pn_m,
let uy = H™-ess sup, ey 1 dimy, (AN V,). Suppose that vy, p—m-almost every V €
Grn n—m salisfies the property stated as follws: For allt < uy there are e > 0 and a
H™-measurable set By C V- with H™(By;) > 0 such that for all b € By there exists
a measure f1y € Mc(ANVy) with dimy p > t such that the function b — [ @ duy is

H™-measurable for all ¢ € C5 (R™). Here ¢ may tend to zero ast goes to uy. Note
that in Definition 3.1 € depends only on V.

(¢) The supremum in Theorem 3.10 can be taken over M(A) by the last statement
in Theorem 2.8.

(d) In [FJ, Theorem 10] it is proved that for all compact sets A C R™ and
Ve G(n,n—m)

H™-ess supdim,(ANV,) = dim;/ A
a€cV+

where dim;’ 15 a generalized direction dependent packing dimension introduced in
[FJ]. By Theorem 3.10 dimXA 18 almost surely a constant provided that A is a
compact (n — m)-thick set.

(e) Combining (1.5) and (1.7) on obtains
(3.15) dimg(ANV,)=s—m

for H® X vy pem-almost all (x,V) € AX Gppem if m < s <nand A CR" such
that H*(A) < oo. It appears that a slight modification of Example 3.3 (b) gives a
compact (n —m)-thick set A C R™ with 0 < P*(A) < oo for s = dimp, A > m such
that dim,(ANVy) is not constant for P* X vy, n_m-almost all (z,V) € AX Gy pnm .
This means that the analogue to (3.15) is not valid for the packing dimension even
in the case where A is thick.

To see this, fir m < t; < ty < s < n. Let pu; and py be compactly sup-
ported Radon probability measures constructed as in [FM, Example 5.2] such that
dimp, Iy = dim, Fy = s, dimyg Fy = t1, and dimyg F> =ty for Iy = spt uy C By and
Fs = spt us C By where By and By are disjoint closed balls. Using standard meth-
ods and the scaling properties in [FM, Example 5.2 (a) and (b)], one easily checks
that for i = 1,2 we have 0 < P*(F;) < oo and D(u;, P®|p,,x) < oo for all x € F;
giving p; < P*|p, by [Mat3, Theorem 2.12 (3)]. Combining this with [FM, Exam-
ple 5.2 (c)] and [FM, Theorem 4.5] gives that for i = 1,2 and for vy n—m-almost
adlV € Gpp—m

dimp(Fi N Vm) =c;

for P?-positively many v € F;. Here c1 # co are constants. Taking A = F; U F,
completes the construction. Note that A is (n — m)-thick as the union of (n — m)-
thick sets (see Example 3.3 (b)).

As illustrated by the examples in [FJM] and [Cs], Theorem 3.10 is not valid
for all compact sets. Taking into consideration that in both [FJM] and [Cs] the
constructions have Hausdorff dimension equal to m, it is natural to ask whether
dimg A > m is a sufficient condition for the statement in Theorem 3.10. (Recall that
by Corollary 3.9 any compact (n — m)-thick set has Hausdorff dimension strictly
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greater than m.) The answer is negative as seen by the following example: Let
E C R be a compact set such that for positively many V € G, p,—n, we have
EnNnV, =0 for H™-almost all a € V+, and for positively many V € Grp—m We
have dim,(E NV,) = n — m for positively many a € V+. (For the construction
of E, see [FJM, Theorem 4.1].) Taking A = EUF, where F' is a Cantor set with
m < dimg F = dim, F' < n, gives dimg A > m. However, for positively many
V € Gpn_m we have dim,(ANV,) = dimg F — m for positively many a € V=,
and for positively many V € G,, ,,_p, we have dim,(E NV,) =n —m for positively
many a € V=,

Based on the above examples one might try to argue that it is sufficient to assume
some kind of local dimension condition for the stability result (3.9). However, this
is not possible at least in the following sense: We say that A C R™ satisfies the
local dimension condition if for all x € R™ and r > 0 with dim,(A N B(z,r)) > m
we have dimyg(A N B(x,r)) > m. The local dimension condition does not imply
stability result akin to (3.9). This is seen by putting a scaled copy of a Cantor set C'
with m < dimyg C' < n inside each construction parallelepiped of the set E in [FJM,
Theorem 4.1] such that it is disjoint from the next generation parallelepipeds of F.
Note that taking a suitable scaled copy of the set in [FM, Example 5.2] instead of
the Cantor set C' in the above example, shows that the condition

dimy, (A N B(w,7)) = sup{dimy p1 | 4 € Mpye(AN B(w,7))}
for all z € R™ and r > 0 with dim,(A N B(x,r)) > m does not imply the (n —m)-
thickness of A.

Our final remark is concerned with a global energy condition on a set A according
to which for some ¢ > 0

(3.16) Inye(p) < 00

provided that u € M(A) with dimj u > m. Clearly any set satisfying (3.16) is
(n — m)-thick but, for example, the unit ball supports a Radon measure p with
dimp, g = n and I;(p) = oo for all s > 0.

Intuitively, all the above remarks seem to suggest that the instable behaviour
of packing dimensions of sections of sets described in [FJM] and [Cs] is due to the
fact that there are parts of the sets with packing dimension strictly greater than m
and Hausdorff dimension equal to m. It is an interesting open problem to find out
whether there exists a characterization of stable sets without using any information
on sections.

4. EXCEPTIONAL SETS OF PLANES FOR SUBSETS OF A GIVEN SET

In this section we indicate another difference between Hausdorff and packing
dimensional properties of sections of sets.

In [Mar| Marstrand proved that for projections the exceptional set of planes can
be chosen to be independent of subsets of a given set when considering Hausdorff
dimension. More precisely, let A C R? be a Borel set with 0 < H*(A4) < oo for
some 1 < s < 2. Then there exists D C G,; with 75 1(G21 \ D) = 0 such that for
any Borel set B C A with H*(B) > 0 we have

H'(PL(B)) >0
for all L € D [Mar, Lemma 13]. This clearly extends to higher dimensions.

According to the the following proposition the analogue of the above result holds
for sections.
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4.1. Proposition. Let A C R™ be a Borel set such that 0 < H*(A) < oo for
m < s <n. There exists D C Gy p—m With Ypn—m(Gnn-m \ D) =0 such that for
all Borel sets B C A with H*(B) > 0

dimg(BNV,) =s—m

for all V€ D and for H*®-almost all x € B.

Proof. We may assume that A is bounded. Applying [FM, Lemma 4.1} and [JM,
Theorem 3.8] to the compactly supported Radon measure p = H*|4, we find D C
Gnn—m With Yp n—m(Gnn—m \ D) = 0 such that for all V € D

(4.1) (Pyo)sp < H™ and
(4.2) H™-ess inf{dimpy piyq | @ € VE with py . (R*) > 0} = 5 —m.

Consider a Borel set B C A with #*(B) > 0. Let V € D. From (4.1), (4.2), and
Remark 2.3 (c)

H™-ess inf dimy(p|g)v,e > s —m
acEy

where
Ey = {CL € VJ_ | (/1/|B)V,a(Rn) > 0}

is a Borel set (see the proof of [Mat2, Lemma 3.4] where it is verified that a —
[ gdvv,, is a Borel function for all non-negative lower semicontinuous functions g

on R" with [ gdv < co). By Remark 2.3 (c) this gives H™(Fy) = 0 for
Fy = {a € By | du’nH(B N Va) < S},

implying the existence of a Borel set Cy with Fyy C Cy C Ey and H™(Cy) = 0
[Mat3, Corollary 4.5]. Having proved

(4.3) u(B\ PyL(By \ Fy)) =0

we have dimg(BNV,) > s —m for p-almost all x € B since dimg(BNV,) > s—m
for all x € BN P;i(EV \ Fy). For (4.3) note that by (4.1), the disintegration
formula (2.10), and Remark 2.3 (c)

pBOPLLVENE) = [ ()PP (VE\ By) ™ @) =0,
VLI\Ey

Similarly p(P},} (Cv)) = 0. Therefore the inclusion B\ P} (Ev \ Fy) C BN

P (Cy U (V1 \ Ev)) gives (4.3). Finally, using once again (4.1) completes the

proof by (1.5). O

4.2. Remark. The construction of Remark 3.12 (e) shows that the analogue to
Proposition 4.1 is not valid for the packing dimension even in the case where A and
B are thick.
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