A note on the isoperimetric inequality

Jani Onninen^∗

Abstract We show that the sharp integral form on the isoperimetric inequality holds for those orientation preserving mappings f ∈ W n 2 n +1

loc (Ω ,R^n ) whose Jacobians obey the rule of integration by parts.

1 Intro duction

The familiar geometric form of the isoperimetric inequality reads as

n^{n− 1}ω_{n− 1}|U|^{n− 1} ≤ |∂U|^n , (1)

where |U| stands for the volume of a domain U ⊂ R^n and |∂U| is its (n − 1)-dimensional surface area. Now, if f : B_r → U is a diffeomorphism of a ball B_r = B(x_0,r) ⊂ R^n onto U, then |U| = � �_{Br} J (x, f ) dx � �, while

|∂U| ≤ � ∂B_r |D

♯f (x)|dx. Here D^♯f (x) stands for the cofactor matrix of the differential matrix Df (x). In this way, we obtain what is known as the integral form of the isoperimetric inequality, namely � � � B_r

J (x, f ) dx � �≤ I(n) � � ∂B_r

|D^♯f (x)|dx

� n_{n − 1} (2) with I(n) = (n^{n − 1} √ ω_{n− 1})^{− 1}. Above, we used the operator norm ofthe cofactor matrix, defined by |D^♯f (x)| = sup{|D^♯f (x)h| : |h| = 1}.

∗The author was supported in part by the Academy of Finland, project 39788, also supported by the foundations Magnus Ehrnro othin Säätiö and Vilho, Yrjö ja Kalle Väisälän Rahasto. This research was done when the author was visiting at the University of Michigan. He wishes to thank the departmen t for the hospitalit y.

02000 Mathematics Subject Classification: 26D10

Reshetnyak proved in [14] the sharp Hölder-continuity for a mapping of bounded distortion by extending certain ideas of Morrey’s [10]. This required him to prove the isoperimetric inequality (2) for mapping in the Sobolev class W^{1,n} [15] (also see [2, Theorem 4.5.9 (31)]) that has been later explored for example in non-linear elasticity [11], [12]. One can check using a standard approximation argument that it suffices to prove the isoperimetric inequality (2) for all smooth mappings. The sharp constant I(n) in inequality (2) plays a very crucial role in Reshetnyak’s argument (also see [6, Chapter 7.7]). The Sobolev regularit y W^{1,n} cannot be substan tially relaxed. Indeed, the mapping f (x) = x |x| log � e |x| � (3) belongs to ∩_{p<n} W^{1,p}(B(0,1),R^n ) but (2) fails for all 0 < r < 1.

For example in non-linear elasticity (see [1], [16] and [12]) it is natural to assume that the Jacobians of the mappings in consideration are positive a.e., because a deformation of an elastic body should be orientation preserving. Recently, a generalization of mappings of bounded distortion, the theory of mappings of finite distortion, has emerged, partially motivated by non-linear elasticity. We refer the interested reader to the monograph [6] by Iwaniec and Martin. This theory assumes that f ∈ W^{1,1}_{loc} (Ω ,R^n ), J (x, f ) ≥ 0 a.e.,

|Df |^n ∈ L^P_{loc}(Ω) (4)

where

the function t → P (t^{nn +1} ) is increasing for large values of t, (5) �_∞ 1 P (t) t^2 dt = ∞ (6)

and P is an Orlicz-function (see [6, Chapter 4.12]). One can improve example (3) and find, for each given function P for which the integral (6) converges, a radial stretc hing f so that (4) holds and (2) fails ([9]). We proved in [5] that, under the above assumptions, the isoperimetric inequality holds, with some constant, depending only on the dimension n. In this paper, we will give a simple limiting argument to show that, under the above assumptions, the isoperimetric inequality (2) holds with the sharp constant I(n). Actually this is a simple case of our more general theorem.

Let f ∈ W^{1, n} 2 n +1

loc (Ω ,R^n ). We say that the Jacobian J (·,f ) of f obeys the rule of integration by parts if the equation � Ω φ (x)J (x, f ) dx = − � Ω f_i(x)J (x, f_1,...,f_{i− 1},φ, f_{i+1} ,...,f_n ) dx (7)

is valid for every test function φ ∈ C^∞_0 (Ω) and each index i = 1,...,n. Under the assumption f ∈ W^{1, n} 2 n +1

loc (Ω ,R^n ), different choices of indices i yield the same value of the integral, see [3]. It is importan t to note that the right hand side is well defined for mappings lying in the Sobolev space W^{1, n} 2 n +1

loc (Ω ,R^n ) and so equation (7) implies, when the Jacobian does not change the sign, that J (·,f ) ∈ L^1_{loc}(Ω) . (8) As an example, the Jacobian of a mapping of finite distortion, see (4)-(6), obeys the rule of integration by parts ([4], [9], [3] and [6, Theorem 7.2.1]; also see the fundamental paper [7] by Iwaniec and Sbordone).

Theorem 1.1 Suppose that the Jacobian of f ∈ W^{1, n} 2 n +1

loc (Ω ,R^n ) is nonnegative a.e. and the mapping f obeys the rule (7) of integration by parts. Then f satisfies the isoperimetric inequality (2) for every x_0 ∈ Ω and almost every radius r ∈ (0,dist(x_0,∂Ω)) .

The question of the sharp constant is motivated by the study of sharp modulus of continuity properties for mappings of finite distortion, see the forthcoming papers [8] and [13].

2 Pro of of Theorem 1.1

Let B_R = B(x_0,R) ⊂ Ω be a ball such that B_R ⊂ Ω. We approximate f in W^{1, n 2n +1} (B_R ,R^n ) by mappings f^i ∈ C^∞ (B_R ,R^n ). Since the functions |D^♯f^i| converge to |D^♯f | in L^1(B_R ) (observe that the cofactor matrix is made up from (n − 1)-subdeterminan ts of the differential matrix and^{n2}_{n+1} ≥ n − 1), we find by Fubini’s theorem that |D^♯f^i| converges to |D^♯f | in L^1(∂B_r ) for almost every radius r ∈ (0,R). Fix r ∈ (0,R) so that the functions |D^♯f^i| converge to |D^♯f | in L^1(∂B_r ). Pick 0 < ϵ<^r_2. We take a convolution approximation u^ϵ_t to the characteristic function χ_{Br − ϵ} of the ball B_{r− ϵ} by using the standard mollifiers Φ_t (see [6, Formula (4.6)]) where t is chosen to be so small that u^ϵ_t ∈ C^∞_0 (B_r ). Then 0 ≤ u^ϵ_t ≤ 1 and so � B_r

u^ϵ_t (x)J (x, f^i) dx ≤ � B_r

J (x, f^i) dx ≤ I(n) � � ∂B_r

|D^♯f^i(x)|dx

� n_{n − 1} . (9)

Applying Stokes’ theorem for the smooth mapping f_i we find that � B_r

u^ϵ_t (x)J (x, f^i) dx = − � B_r

f^i_1(x)J (x, u^ϵ_t ,f^i_2,...,f^i_n ) dx. (10)

The telescoping decomposition of the Jacobian (cf. [6, Section 8]) leads the equation � B_r

f_1(x)J (x, u^ϵ_t ,f_2,...,f_n ) dx − � B_r

f^i_1(x)J (x, u^ϵ_t ,f^i_2,...,f^i_n ) dx = � B_r

(f_1(x) − f^i_1(x))J (x, u^ϵ_t ,f_2,...,f_n ) dx + n� k=2 � B_r

f_1(x)J (x, u^ϵ_t ,f^i_2,...,f^i_{k− 1},f_k − f^i_k,f_{k+1} ,...,f_n ) dx. (11)

Combining Hadamard’s inequality with Hölder’s inequality we find that � � � B_r

f_1(x)J (x, u^ϵ_t ,f_2,...,f_n ) dx − � B_r

f^i_1(x)J (x, u^ϵ_t ,f^i_2,...,f^i_n ) dx � �

≤ � B_r

|f_1 − f^i_1||∇ u^ϵ_t ||Df |^{n− 1} + n� k=2 � B_r

|f_1||∇ u^ϵ_t ||Df^i|^{k− 2}|Df − Df^i||Df |^{n− k}

≤ |∇ u^ϵ_t |_L∞_{(Br )} � � B_r

|f_1 − f^i_1|^{n2}

� 1_{n 2} � �

B_r

|Df |^{n 2n +1}

� n^2− 1_{n 2}

+C(n)|∇ u^ϵ_t |_L∞_{(Br )} � � B_r

|f_1|^{n2}

� 1_{n 2} � �

B_r

(|Df^i| + |Df |)^{n 2n +1}

� n^2− n − 2_{n 2} � � B_r

|Df − Df^i|^{n 2n +1}

� n +1_{n 2} . (12)

By the Sobolev-Poincarè inequality we see that the right hand side ofinequality (12) tends to zero as i goes to infinity. Combining this with inequality (9) and equation (10) we find that − � B_r

f_1(x)J (x, u^ϵ_t ,f_2,...,f_n ) dx ≤ I(n) � � ∂B_r

|D^♯f (x)|dx

� n_{n − 1} . (13)

Applying the assumptions u^ϵ_t ∈ C^∞_0 (B_r ) and (7) we conclude that � B_r

u^ϵ_t (x)J (x, f ) dx ≤ I(n) � � ∂B_r

|D^♯f (x)|dx

� n_{n − 1} . (14)

Since u^ϵ_t (x)J (x, f ) ≤ χ_{Br} (x)J (x, f ) and J (·,f ) ∈ L^1_{loc}(Ω) by (8), we can use the Dominated convergence theorem. Letting first t → 0 and then ϵ → 0, the claim follows.

Ackno wledgemen ts

The author wishes to express his thanks to Professor Pekka Koskela for several useful suggestions and for reading the manuscript.

References

[1] Ball, J. (1978). Convexity conditions and existence theorems in nonlinear elasticity. Arch. Rational Mech. Anal. 63, 337-403

[2] Federer, H. (1969). Geometric measure theory. Die Grundlehren der mathematisc hen Wissenschaften.

[3] Giannetti, F. Iwaniec, T. Onninen, J. and Verde, A. L^1-Estimates of Jacobians by subdeterminan ts. Journal of Geometric Analysis, to appear.

[4] Greco, L. (1998). Sharp integrabilit y of nonnegativ e Jacobians. Rend.

Mat. Appl. (7) 18, no. 3, 585–600.

[5] Iwaniec, T., Koskela, P. and Onninen, J. Mappings of finite distortion:

Compactness. Ann. Acad. Sci. Fenn. Math., to appear.

[6] Iwaniec, T. and Martin, G. J. (2001). Geometric function theory and non-linear analysis. Oxford Mathematical Monographs.

[7] Iwaniec, T. and Sbordone, C. (1992). On the integrabilit y of the Jacobian under minimal hypotheses. Arch. Rational Mech. Anal. 119, no. 2, 129– 143.

[8] Koskela, P. and Onninen, J. Mappings of finite distortion: The sharp modulus of continuity. Preprin t 249, Departmen t of Mathematics and Statistics, University of Jyväskylä, 2002.

[9] Koskela, P. and Zhong, X. Minimal assumptions for the integrabilit y of the Jacobian. Preprin t.

[10] Morrey, C. B. (1938). On the solutions of quasilinear elliptic partial differential equation, Trans. Amer. Math. Soc., 43, 126-166.

[11] Müller, S. (1990). Higher integrabilit y of determinan ts and weak convergence in L^1. J. Reine Angew. Math. 412 , 20–34.

[12] Müller, S. Qi, T. and Yan, B.S. (1994). On a new class of elastic deformations not allowing for cavitation. Ann. Ins. H. Poincaré Anal. Non Linéaire 11, no. 2, 217–243.

[13] Onninen, J. Mappings of finite distortion: Minors of the differential matrix. Preprin t.

[14] Reshetnyak, Yu. G. (1966). Bounds on moduli of continuity for certain mappings. (Russian). Sibirsk. Mat. Z. 7, 1106–1114.

[15] Reshetnyak, Yu. G. (1966). Certain geometric properties of functions and mappings with generalized derivatives. (Russian) Sibirsk. Mat. Z̆. 7 886–919.

[16] Šverak, V. (1988). Regularit y properties of deformations with finite energy. Arch. Rational Mech. Anal. 100, no. 2, 105–127.

University of Jyväskylä Departmen t of Mathematics and Statistics P.O. Box 35, Fin-40351 Jyväskylä Finland E-mail: jaonnine@maths.jyu.fi