THE COMPLEX KAKEYA MAXIMAL FUNCTION
THEMIS MITSIS

ABSTRACT. We investigate the mapping properties of the complex
version of the Kakeya maximal operator.

Let CP" be the complex projective n-space equipped with the natural
measure. The complex line l,(a) in C* with direction b € CP"' and
passing through the point a is defined by

lh(a)={2z€C":z=a+wb, weC},

where b is identified with any of its representatives. By abuse of lan-
guage, we define the J-tube Tg"s(a) of length 7, direction b € CP"*
and center at the point a € C" to be the §-neighborhood of the set

B(a,r/2) N iy(a).

If r = 1 we will use the notation 79 (a). The center point a will be
supressed when the context is clear.
If fe L, (C 0<§ < 1, then the complex Kakeya maximal

loc

function f; : CP"! — R is defined by
. 1
f5(b) = sup —s—— |f]-

aeCn |Tés(a)| T} (a)

The purpose of this paper is to prove nontrivial LP — L? estimates for
this operator.

1. EXAMPLES AND CONJECTURE

If f = XB(os), then |||, ~ 6**/? and for each b € CP"', f5(b) ~ 2.
Therefore the best bound one could hope for is

1f5llg < 822 £ (1.1)
For f = X3() we have || f[|, ~ §2=D/P and || f]|, = 62~V/4. So if
the above estimate holds then
DL il S PO 7, S 52020

Therefore we need ¢ < (n—1)p’, where p' is the exponent conjugate to
.
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If f= xB(0,a), then || f]|, ~ 1 and || f5]l; ~ 1. So in order for estimate
(1.1) to hold we need 1 < §2(=/P) which implies p < n.
These examples would reasonably lead to the following.

Conjecture. For every € > 0 there exists a constant C. > 0 so that

. 1 2(n/p—1)+e
is<c(5) I,

for felP(C"),1<p<n,qg<(n—1)p.

Despite the rather misleading terminology, this problem seems to be
related to the problem of estimating the 2-plane transform restricted
to a 2(n — 1)-dimensional subset of the (real) Grassmannian G(2n, 2).
However, because of the geometry of the situation the combinatorial
approach is applicable, and we use some of the techniques in [1] and
2] to prove the following.

Theorem 1.1. If f € LP(C?) then

1 2(2/p—-1) 1 /v
1505 (5) (owg) 19l

for1<p<2andq<yp.

Theorem 1.2. For all € > 0 there exists Cc > 0 so that if f € LP(C"),

n > 3, then
1 2(n/p—1)+e
i< (5) 171,

where p = (n+2)/2 and g = (n — 1)p'.

Throughout this paper, the capital letter C, subscripted or otherwise,
will denote various constants, not necessarily the same at each of their
occurrences. We finally note the following geometric fact which will be
used repeatedly. If we define a distance § on CP"! by

0(b1,bs) = (1 = |(by, ba)|*)"/?

where (-, ) is the usual Hermitian inner product, then for any a;,ay €
C™, by, by € CP"! we have

)
0(by,by)

diam (T} (a1) N T3, (az)) <

and
2n
R
™~ 0(by,by)? + 62
2

|Tl§1 (al) N Tli ((IQ)



2. THE CASE n = 2

In this section we use an orthogonality argument to prove Theorem
1.1. By interpolation with the trivial L! — L° bound, it is enough to
prove the following.

Proposition 2.1. There exists a constant C' > 0 such that

1\ /2
5l <c (los3) 111

for all f € L*(C").

Proof. Let {b;}}, be a maximal §-separated subset of CP'. Note that
if 0(b,V') < § then for any a € C?, T{(a) is contained in a fixed dilate
Tp(a) == TS (a) of Tg( ). Therefore there exist {a;}}L, C C* and
{c; 3, C R with [[{¢;}]Z, ]2 = 1 so that

1/2
[f5ll2 < (zj: /B(bj’é)(fg(b)fdb)
9\ 1/2
<3 (Z (/g 0l )

J

/ (Z X35 (0 IS0 >|)

J

2
1
< 5If12 /(;%Xfﬁgj(aj)(y)> dy

1/2
1 o
= = ll (Z serl Ty (a3) N Téi(“k”)

gk

5 1/2
<|f CiCh————o—— .
|| ||2 <le; J k@(bj,bk)2+(52>

Note that for any fixed ;7 we have

1
)

1/2

52 db 1
D AT S / I T

The estimate now follows by Schur’s test. U

3. THE HIGHER DIMENSIONAL CASE: PRELIMINARIES

In this section we prove two lemmas that will be needed for the main

argument. For the rest of the paper we assume that n > 3.
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Lemma 3.1. Let E C C" and {b;}}L, be a [-separated subset of
CP"'. Suppose that for each j there is a tube T,fj’a with o < (8 such
that

|ENT;7 N (Bla,Ca/B))Y| = AT,
for all a € C™. Then
|E| > )\O_Q(n—l)Ml/Z

where the implicit constant depends on n and r only.

Proof. Fix N > 0 and consider two cases.

DVaeE Hj:aeTy"}<N.
() Jae £ {j:a€T,’} > N.
In case (I) we have

1 T, M 2(n—1)
ZNZ|EQTI)J_’ZF)\O .

J

yE|2‘UEmT,jf
J

In case (II) let B be a maximal C;3-separated subset of {b; : a € T; ”}.
Then for all b;, b, € B with j # k we have

T, NT,° C B(a,Co/p)
provided that C'; has been chosen large enough. Therefore
Bz | J EnG 0 (Bla,Co/3)f
j:bjeB

= Y |ENT" 0 (Bla,Ca/B))

j:bjEB
> NAg?=,
Consequently
|E| > AoV min{ M/N, N} ~ \g?"= 172,
0

The next lemma is the direct higher dimensional analogue of the
two-dimensional result.

Lemma 3.2. Let E C C" and {b;}}L, be a d-separated subset of CP" 1,
Suppose that I1 C C" is a complex plane and that for each j there is a
tube ng C 119, where 11¢° is the Cd-neighborhood of 11, such that

ENT)| = ATy |.
Then
1 —1
|ENTI?| > A2 M%) (log —) :

)
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Proof. Note that since the tubes are contained in the C'9-neighborhood
of a plane, we have

{k: 0 < 0(by,b;) <20} < (0/6)?

for any 7 and o > 0. Therefore

MY < S BN T = [ >y

cs
j ENIT

2|,

S'EQHCJ 1/2

1/2
— |[FNTI9%|1/2 Z|Tb mek>

k jtk

< |EﬂHC(5 1/2 62(71—1)

1/2
< |IENTY W( M) 3N 1 ﬂTfk|)
2

log(C/6)

1/2
+Z Z 3 —|{j: 52l<9(bk,b)<52l+l}|)

Ccé1/2 2(n—1)
sipnnee (e + 3 Y S0
k =0

5 |E N HCJ’1/2M1/2<10g(1/6))1/25n71.

4. THE MAIN ARGUMENT

In this section we prove the main lemma to the proof of the higher
dimensional result.

Lemma 4.1. Suppose E C C", v s a large positive number and 0 <
6 <1/2. Let {b;}}%, be 6-separated subset of CP"™" so that for each j
there is a tube Tlfj satisfying

173 0 E| 2 M|
and
T3 1 B0 Bla, Co(log(1/8)™)]| < (C log(1/6)) AT} |
for all a € C". Then there exist positive constants k, and C,, such that

|E| > C;IA\26"2(log(1/68)) ™" (M §>(n=Dyn/ =)
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In the rest of this section we assume that we are working with a
family of tubes satisfying the conditions above. We consider two cases
of intersecting tubes. For any given N, we say that Tlfj has property

(LM) if
A
{zeTy NE:|[{k:ze Ty} <N} > §|T§j|
and we say that T,fj has property (HM)_ if for some 6 < ¢ < 1 we have

{z € Tli- NE:|{k:z€T) and o < 0(by,b;) < 20}
> (Clog(1/))'N}| = (Clog(1/8))'A|Ty |,
where C' is an appropriate constant. The following lemma shows that

for any NV, a large number of tubes must all have one property or the
other.

Lemma 4.2. FEither at least M/2 tubes Tfj have property (LM), or
at least (C'log(1/8)) ™' M tubes T,fj have property (HM), for some o €
(9, 1].

Proof. Suppose less than M /2 tubes have property (LM). Then there
are at least M /2 tubes Tb‘sj so that

A
{zeTy NE:|{k:z€Ty}[ >N} > §|T,ij.

For each point z in the above set, there are at least N tubes Tfk with
z € TP . Therefore, there is a number n(z) between 1 and C'log(1/4) so
that there are more than (C'log(1/d)) "' N tubes T} containing z and
satisfying 02") < 6(b;,by,) < 62"=)+1. Thus for each tube Tfj there is
an n(j) such that

{zeTy NE:[{k:zeT) and 629 < 0(by,b;) < 62"}
> (C'log(1/6)) 7' N} > (Clog(1/8)) ATy |-
Since this is true for more than M/2 tubes, there are at least
(Clog(1/8))™*M tubes Tfj that share a common n(j) = ny. There-
fore each of those tubes satisfies
{zeTy NE:[{k:zeTy and 62" < 0(bg,b;) < 62"}
> (Clog(1/6))"'N}| > (C'log(1/8)) ' AT} |
which proves the lemma with o = §2™0. O

The case when many of the tubes have property (LM) is easily han-
dled.
Lemma 4.3. If at least M /2 tubes have property (LM), then
M
N
6

|E| > A—52),



Proof. Let B = {Ty : T}, has property (LM)} and put
Sy ={reTynE:|{k:z€T)}| <N}

Then by the definition of property (LM)

A

s s
Therefore
B> | s|=> 1 P APy ZM g2
= bj| = N bl ~ N .
j:ng eB j:ng eB
U
In the case of high multiplicity intersections we put f‘j = TbEOO,IOOJ

and carry out a certain geometric cunstruction that passes a number of
complex planes II through the axes of all tubes with property (HM), .
Then the optimal estimate for tubes lying in a neighborhood II¢° of a
plane II is applied to each of these planes. It is shown that most of the
intersection of £ with the 1995 lies in a small number of them giving
a lower bound for |T; b, E|. Depending on whether o is large or small

we then estimate |E| by \fb‘j N E| if o is large, or by using Lemma 3.1
if o is small.

Lemma 4.4. Fix j and assume that Tfj has property (HM)_ . Then

Ty 0 E N (B(a, Co(log(1/6)) ™))"
> \362 =2 (Jog(1/6)) 2D =352 N
for any a € C".
Proof. Fix a point a € C" and put
E'= E\ B(a,Cy(log(1/06))™").

Let [; be the complex line with direction b; passing through the center
of Tfj . Define

Z={z€ C":dist(z,{;) > o(log(1/5)) ™"}

and

F = {Tfk : Tfj N Tlfk # 0 and o < 0(by, b;) < 20}.
If § < o(log(1/6))™ then for all T} € F we have
1) c Ty and diam(7}) N 2°) < (log(1/4)) 7",

and so, the set T} NE'N 2L is contained in a ball B(a/, Cy(log(1/6))™"),
for some a’ € C", provided that Cy has been chosen sufficiently large.
Therefore

T NENZ| =T} NE|—|T} nE'nZY
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> (13 A B| - |TF 1 E 0 Bla, Callog(1/8)) )|
_ ]T,fk NEN B(d',Cy(log(1/8))™")]
> (1—2(Cy1log(1/6)) AT, |
A
> §|Tzi|

for 'y large enough.

Now let {a;} be a maximal §/o-separated subset of {b € CP"* :
(b,b;) = 0} and consider the complex planes II; spanned by b; and «;.
These planes have the following properties which can be verified by
elementary geometric arguments.

(i) Every T € F is contained in I for some i.
(ii) If z € Z then |{i : z € IF?}| < (log(1/6))*"=2)

Therefore if we let
Fi={Ty € F:T) CI’},
then Lemma 3.2 and property (i) imply
Ty N E'N 20T 2 A6%0 1 (log(1/6)) ™| F|.
Summing over ¢ and using property (ii) we get

FI <D RIS A0 D 0g(1/6) Y 1Ty N E'N ZNTE°)

< A2 2 D log(1/0)) 22| T 0 B, (4.1)

If & > o(log(1/0))7", then one proves (4.1) as before, using Lemma
3.2, but now one makes the crude estimate |{a;}| < (¢/6)%"2 for the
overlap of the sets {II¢°}. We omit the details.

To estimate |F| from below, let

A ={z GT,fj NE:|{k:z GTfk and o < 0(by, b;) < 20}|
2 (log(1/6))"'N}.
Then

Flz Y Il

1«T<S €F

52n / Z XT(S

Jk:r"s EF

_5%/ > xrp

JkT5 €F

6271



2

> 7_(log(1/5)) 2N X (4.2)

with the last inequality true by property (HM)_. Combining (4.1) and
(4.2) we obtain the desired estimate. O

We are now in a position to prove an estimate for the case of a large
number of tubes having high multiplicity intersections.

Lemma 4.5. If for some o € [,1] at least (C'log(1/8)) "M tubes Tb‘sj
have property (HM) _, then

|E| 2 A36%0=D N (log(1/8)) ¥ (M2 D)1/ =D,
for some a,, > 0.

Proof. In what follows, a1, v, 2, v, 3 are positive constants whose exact
values are irrelevant. If o > (log(1/8))~*(M§*m=1)1/20=1) then by
Lemma 4.4 we have

|E| > ’fb(; NE|> )\352("_2)(10g(1/5))‘2("_2)”_302]\f
> A28 N (log(1/6)) ot (M &2/ (n=1)

If 0 < (log(1/0))™¥(M&*n=D)1/C0=1) then Lemma 4.4 implies that
there are at least (C'log(1/8)) ™! M tubes Ty, with d-separated directions
b; satisfying
|75, N E 0 (B(a, C(log(1/8)) ™))"
2 N (6/0)*" ) (log(1/8)) 22U N|T .

Choose a maximal 3-separated subset of these b;’s with 3 = Co(log(1/6))".
This set has cardinality

M 2 (10g(1/8)) 2 -1(§/0)2- 0 0.
Applying Lemma 3.1 with 8 = Co(log(1/9))”, A replaced with
N (822 (log(1/8)) 2025 N
and M replaced with M we get
Mg ) s

o2(n—1)

B1 2 29522 g 1/6)) N
The above expression is a decreasing function of o. Therefore

] 2 X050 N (log(1/)) 3 (M5*0=D) Yo,
Letting o, = max{a,, 1, @, 3}, we complete the proof. O

From here it is a relatively simple matter to prove the main lemma.
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Proof of Lemma 4.1. Note that by Lemma 4.2, Lemma 4.3 and Lemma
4.5, for any N, either

M
E| 2 A2 g2
Bl 2 A% ,
or
|E| 2 X622 N (log(1/8)) @ (M=) (=D,

Equating the right-hand sides of the above inequalities and solving for
N we obtain

|E| > C;'A26"2(log(1/8)) " (M g2/ (2n=1),

5. COMPLETION OF THE PROOF
First, we reformulate Lemma 4.1 as follows.

Lemma 5.1. Suppose E C C*, A C CP"', v is a large positive
number, 0 < 6 < 1/2, and for each b € A a tube TY is given so that

Ty NE| > AT}
and
TP 1 E 0 Bla, Cyllog(1/8)) )| < (Cilog(1/8)) AT

for all a € C™. Then there exist positive constants k, and C, so that

| a/p
|A| < C)(log(1/0))"™ <_)\252(np)>
where p = (n+2)/2 and ¢ = (n —1)/p’.

To prove Theorem 1.2, it is enough to prove the following restricted
weak-type estimate at the endpoint.

Estimate W(0). If E C C" and Ay = {b € CP"" : (xp)i(b) > A},
then for all e > 0 there exists C. > 0 so that

. || a/p
|A\| < Cd <W
where p = (n+2)/2 and g = (n—1)/p'.

Fix € > 0. We prove W(J) by downward induction on §. Note that
W (6) is trivial for § > dy for any given dy, so long as C. is large enough.
Fix v so that ve > ¢ and choose dy < 1/2 so that 0 < dy implies

(log(1/0))™"" < Cy!
where Cj is a constant to be determined later. Choose C. so that W(J)
holds if 6 > 9y and so that if § < §y then

1
C,(log(1/0))™ < 5065_5.
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We will show that if W(8) holds for § = d(log(1/6))”, § < &, then
W(0) holds. We consider two sets and estimate them separately. Let

A} = {be CP"': 3T¢ with |T) N E| > A|T{| and
|T? N E N B(a, Cy(log(1/6)) )| < (Cylog(1/6)) '\ T}| Va € C"}
and
A2 ={bc CP"!: 3T and a € C" so that
Ty N E N B(a, Co(log(1/6)) ™) = (Crlog(1/6)) AT} [}

Then A, C AJUA3. Since the set A} satisfies the hypotheses of Lemma
5.1, we have

. |E| a/p 1 . |E| a/p
431 < Cullog(1/0) (i ) = 560 (s )

To estimate |A3], note that if b € A3, then T N B(a, Co(log(1/9))™") is
contained in a tube T}, of dimensions, roughly, (log(1/0))™"x (log(1/d))~" X
0 X -+-x d. Therefore

T, N Bl Z (log(1/6)) ATy | 2 (log(1/8))* ' A|Ty.

Now let E = (Clog(1/6))"E (the dilate of E), and g = xz. Then
TZNE| _ [TnE|
T
for C5 large enough. So, by the inductive hypothesis,

95(b) = > Cy ' (log(1/0)) A

A2 < O ( B >/
- (Cy ' A(log(1/5))2v—1)ps2(n—p)
Since |E| = (C'log(1/8))2™|E| we get

1 - |E| q/p
2 €
4512 500 (s )

provided that ('3 has been chosen large enough. Therefore

. | q/p
A < 441+ 143 < € (s

proving the estimate.

11



REFERENCES

[1] J. BOURGAIN. Besicovitch type maximal operators and applications to Fourier
analysis. Geom. Funct. Anal. (2) 1 (1991), 147-187.

[2] T. WOLFF. An improved bound for Kakeya type maximal functions. Rev. Mat.
Iberoamericana (3) 11 (1995), 651-674.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF JYVASKYLA,
P.O. Box 35, FIN-40351 JYVASKYLA, FINLAND
E-mail address: mitsis@maths. jyu.fi

12



