PATHWISE CONNECTIVITY OF A CONFORMAL BOUNDARY

PEKKA KOSKELA AND TIMO TOSSAVAINEN

ABSTRACT. We show that, in dimensions n > 3, the metric boundary of a conformal
deformation of the unit ball is pathwise connected, and even of bounded turning, provided
the conformal scaling factor satisfies a Harnack inequality and the volume growth of the
deformed space is at most euclidean.

Following [1] we consider conformal deformations of the unit ball of R”, n > 2, of
the following type. Let p : B™ — (0,00) be a continuous function satisfying for some
constants A > 1 and B > 0,

1
HI(A) 1/A< % <A whenever z,y € B, = B(z, 5(1 — |z])) for any z € B",
Y
and
VG(B) pp(Bp(z,r)) < Br™ for all z € B", and r > 0.

Here p,(E) = [, p"dm, and B,(z,r) is a ball center centered at x with radius r with

respect to the metric d,, defined for z,y € B" by the formula

dy(x,y) :inf/pds,
Ty

where the infimum is taken over all curves in B with endpoints x and y. We will call a
function p satisfying both HI(A) and VG(B) for some constants A and B a conformal
density. Notice that HI(A) requires that the density p satisfies a Harnack inequality
and VG(B) that the volume growth is at most euclidean. The p-boundary of the unit
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ball, 0,B", is defined as (B",d,) \ (B",d,). Here we take the abstract closure of the
metric space (B",d,). The metric d, then extends in a natural way to this boundary.
Thanks to [1], 9,B" can be identified with the set of those points ¢ € 9B"™ for which the
integral of p along the ray [0, ) is finite. It was shown in [1] that many of the properties
of quasiconformal images of balls are shared by the metric space (B",d,), and the size

of 0,B™ in the metric d, was further examined in [2].

The study of the connectivity properties of 9,B" was initiated in [7]. In particular, it
was shown that, in dimensions n > 3, for all ¢, 9 € 9,B" outside a small exceptional set,
there exists a path, i.e. a continuous mapping, v : ([0,1],|.|) — (9,B",d,) that connects
¢ and ¢. In fact, v can be taken to be Holder continuous. It remained however open if
(0,B™,d,) is pathwise connected when n > 3; it is easy to give examples in dimension

two where this fails.

In this note, we show that (0,B",d,) is indeed pathwise connected for n > 3 by

establishing the following theorem.

Theorem A. Let n > 3, and assume that p is a conformal density on B"™. Then
(0,B",d,) is pathwise connected. Moreover, any pair s,9 of points in 0,B" can be
joined by a path v in 0,B™ with diam,(vy) < C(A, B)d,(s,?).

Here diam,(7) refers to the diameter of the image of v in the p-metric. It is then
natural to inquire if we could replace the diameter by length in Theorem A. This turns
out not to be the case, as is easily seen by taking, for example, p(t) = (1 — t)~1/2.
Then there are no non-trivial rectifiable paths on d,B". See [1] for the fact that this p
satisfies our assumptions; examples of this type can even be realized as quasiconformal
mappings [3]. Thus our metric space is, in the lingo of quasiconformal mappings, of
bounded turning but not quasiconvex. When p arises from a quasiconformal mapping,
the bounded turning condition translates to a property of the boundary of image domain
in the internal metric. The results by Gehring [4] show that the complement of the image
domain is bounded turning in the euclidean metric, but our conclusion appears to be

new even in this setting.



It would be interesting to know if, in dimensions n > 4, one has even stronger
connectivity properties, say, if the boundary is then simply connected. Furthermore, it
is not clear to us to what extent the underlying metric space (B™,|.|) can be replaced
with a more general space; for an extension of a large part of [1] to a more general

setting see [5].

1. Preliminaries

We denote by C(a, 3, ...) a positive constant whose value can be chosen in a way that
is dependent only on quantities «, (3, ... and nothing else. By writing [z,y) we mean the
set {ty+ (1 —t)z: 0<t<1}. Giveng € 9,B", A € (0,1), and r € (0, 1] we set

Cone(s, A, r) = U{B(tg, AM1=1):1—r<t<1}

We need the following version of a density estimate originally proven in [7]. In the
original version, the radius of the euclidean ball is r, and instead of %, the constant in
the definition of § is 5. However, by HI(A) and Lemma 1.3 in [7], the argument in the
proof of Theorem 3.1 in [7] applies with these modifications. The version stated below
can also be obtained by combining 2.1 and Lemma 3.2 in [1] with Proposition 4.3 in [6]

and using an auxiliary Mobius transformation.

We formulate the estimate in terms of the Hausdorff content HY® (of a set E) by

which we mean the number

HP(E)=inf{> ry: EC | Blaw )}
k=1 k=1

Lemma 1.1. Lets € 9,B" and 0 < r < 1. Set § = diam,(Cone(s, 2,7)). Then there
exists a constant C = C(B,n) > 0 such that

HE((Bls, ) N 0B")\B, (s, 7)) <

for > 26.



We will also repeatedly use the Gehring-Hayman theorem from [1].

Theorem 1.2. (Gehring-Hayman Theorem) If v is hyperbolic geodesic in B™, then

/pds < Cd,(z,y),
v
where C = C(A, B,n).

2. Pathwise connectivity of the boundary

In the thesis [7, Theorem 3.1], the following result was established.

Theorem 2.1. Let 0 < a < 1 and n > 3. There is a set E C IB"™ such that
HP(E) = 0 with the following property. For every pair of points ¢,w € 0,B"\E, there
exists a euclidean path v C 0,B"\E that connects ¢ and w, and and so that the identity

mapping id : (7, |.|) — (v,d,) is Holder continuous with exponent a/n along .

Examples show that one cannot take E = (). In order to prove Theorem A, we must

thus give up Holder continuity.

We split the proof into lemmas. To simplify our notation, from now on, the balls
we are dealing with in both metrics are supposed to be contained as sets in OB", if not

stated otherwise. Recall here that 0,B" can be identified as a subset of OB".

Lemma 2.2. Let ¢ € 9,B" and 0 < r < 1. Then there exists a constant C' =
C(A,B,n) >0 and j > 1 so that

r

3
H*(B(s, = E; —

where

E; ={we€d,B"NB,(s,Cr): p(tw) < (1 —t)"F/" forallt € [1 —1/4,1)}

and 7 = diam,(Cone(s, 2,7)).

N



Proof. Tt follows from Lemma 1.1 that there is a constant C' = C'(B,n) > 0 such that

r

(B, ;r)\Bp(c,Cf)) <o

Thus it is enough to show that we have an appropriate growth estimate for p(tw) on

sufficiently many radii.

Define

D; ={w e B,(s,Cr): p(tw) > (1 — )=~ for some ¢t € [1 — 1,, 1}
J

It suffices to show that there exists jo € N such that

00 3 r
H]_ (B(C, 57’) ﬁDJO) < %

For that purpose, fix j and consider points w € B(g, %T) N D; such that
1 1 1
(2.3) p(tyw) > (1 —t,)» for some ¢, € [1 — =, 1).
J
From HI(A) it follows that there exists a constant C' = C(A,n) such that

/ p"dm, > Cp(t,w)™ (1 —1t,)"
B

tww

>C(1—t,)"7 (1 —t,)" =C(1 —t,).

Write also

1
F = 504
U Cone(p, 5 1)
9€B(s,57)NB,(s,CF)

Then F' is open and, by the Gehring-Hayman theorem, there is a finite [ such that
length,[0, ¢) < for every ¢. Thus by HI(A) (cf. Lemma 1.3 in [7]), diam,(F) < oo.
Moreover, from VG(B) it follows that

F

Define u(x) = p(z)" for x € F and u(z) = 0 elsewhere. Then u € L!(R").
5)



For each w € B(s, 3r) N D;, pick a closed ball B,, = B(w, 3(1 — t,)) C R™ so that
the inequality in (2.3) holds. By the Besicovitch covering theorem, there is a constant
C" = C’'(n), and a cover of B(s, 3r) N D; by countably many of these balls, call them
B;, which cover also the Whitney balls B; = B(twiwi, %(1 —tw,)), such that

3
H(B(s, =) N D;) <Z (1—t,,))

(3/2) n
> T;/Blp dmy,

(3/2)¢" /
<t udm,,
c iBi

= C”/ w dm,,.
iBs

Since u € L'(R™) and t,,, € [1 — %, 1), the last integral above can be made, by enlarging

j, as small as we wish. [

Given a 2-sphere S C IB", ¢ € O0B™, and r > 0 we write
St,r)={wedB"NS: |s—w|l=r}

Our next lemma shows that the sets £; from Lemma 2.3 contain suitable circles and

circular arcs.

Lemma 2.4. Let ¢ € 0,B", 0 <r < 1. Suppose that S C OB™ is a 2-sphere with ¢ € S.

Then there is § > 1, a radius v2r < 1’ < %r, and a spherical arc J C S that joins

S'(s, %) to S'(s, 2r) so that JU S (s,r") C E;.

Proof. By Lemma 2.2,
r

100°

when j is sufficiently large. Let P be the projection from SN (B(s,3r) \ B(s,%)) to

HE(B(s, 57)\ B) <

S1(g,r). Then P is Lipschitz continuous with constant 2. Thus

HE=(P(S 0 (Bls, or) \ B(s, 1)) \ By)) < 2H®(B(s, o) \ E))

Because H(S'(s,r)) > r/v/2, we conclude that there is a circular arc J C SN Ej,

$,7)
contained in B(s, 3r) \ B(s, %), which joins S'(s, %) to S*(s, 3r). The existence of a
6



desired radius v2r < 1’ < %r follows by similar reasoning as above. Observe that
S N (B(s, %7’) \ B(s,v/2r)) can be projected into J using a Lipschitz mapping with

constant 1. Moreover, H{°(J N (B(s, 3r) \ B(s,V2r))) > (3/2 —V2)r/4. O

Lemma 2.5. Let E; be as above, and let v : ([0,1],].|) — (Ej,|.|) be continuous. Then
ido~y: ([0,1],.]) = (Ej,d,) is continuous and

4
diam, () + d,(7,s) < 3Cdiam,(Cone(s, 3,7’)),

where C is the constant in Lemma 2.2.

Proof. Let 0 < e < 1/j and tg € [0,1]. Write ¢ = v(tp). Choose 6 > 0 so small that for
every t € [0,1] with |t — to| < 4,

[y(t) = (to)| < e
Write ¢ = v(tg) and ¢ = 7(t).

Now, since ¢, ¢ € E; and € < 1/7,

1

length,[(1 — €)p, ) p(t

€

(2.6)
(1—t)n'dt = ne'/™.

-
1
<)
By (2.6) and HI(A) (cf. Lemma 1.3 in [7]), there is a constant C' = C(A) > 0 such that
. 1 1/n
diam, (Cone(¢, 3’ €)) < Cne’/™.
This estimate also holds for ¢. Since the cones at ¢ and ¢ intersect, ¢ and ¢ can be
joined in B" with a path whose p-length is at most 2Cne'/™. In other words,
dy(p, ) < 2Cne/™.
The continuity of id o v follows. The last assertion of the lemma follows from the

definition of F; and the triangle inequality. [J
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Proof of Theorem A. Given ¢,v € 0,B", pick a 2-sphere S C OB" so that ¢,9 € S. Let
r = |¢—1|/2. Using Lemma 2.4 and Lemma 2.5 we find circles S¢ ; and Sy 1 centered at ¢
and at 9 of radii v/2r < Tgl < %r and V/2r < T119 < %r and corresponding circular arcs ng,
J} so that all these sets are the images of p-paths and contained in B,(s,71)UB,(9,71),
where

r1 = C' max{diam,(Cone(s, %77‘)), diam,(Cone(¥, g, )},

in which C is the constant of Lemma 2.2. By elementary geometry, (S¢1UJ!) N (Sy,1 U
Jé) # (). Therefore, Sc1 U Sy1 U ng U Jé is connected.

We continue by repeating the use of Lemma 2.4 and Lemma 2.5 for 5. We obtain

analogous sets S 2, Sy2, J2, J3, contained in B,(s,72) U B,(¥,r2), where

4 r

) 57 5))}

4
ro = C'max{diam,(Cone(s, = g)), diam,(Cone(¥

The union of these new sets together with the sets from the first step is again connected.
Continue in this manner inductively. The desired p-path 7 is now obtained by gluing
together suitable pieces of the arcs and circles; notice that diam,(Cone(w, 3,27"r))
tends to zero when ¢ — oo and w € 9,R".

To see that diam,(y) < C(A, B)d,(s,?), notice first that the image of 7 is contained
in B,(s,r1) U B,(¥,71), and

4 4
Cone(s, = r) N Cone(V, = r) # 0.
On the other hand, it follows from HI(A) and the Gehring-Hayman theorem that
r1 < Cdy(s,?), where C = C(A, B,n) (cf. Lemma 1.7 in [7]). The claim follows. O
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