(n,2)-SETS HAVE FULL HAUSDORFF DIMENSION
THEMIS MITSIS

ABSTRACT. We prove that a set containing translates of every 2-
plane must have full Hausdorff dimension.

1. INTRODUCTION

This is a continuation of [4] where a partial result on the problem
under investigation was obtained. Since that paper is unpublished
work, we will reproduce certain parts of it for the sake of completeness.

An (n,2)-set in R” is a subset £ C R™ containing a translate of every
2-dimensional plane.

The natural question that arises is whether E must have positive
Lebesgue measure. This turns out to be true in low dimensions. Mar-
strand [3] proved that (3,2)-sets have positive measure. Bourgain [1]
showed the same for (4, 2)-sets and made a connection with the Kakeya
conjecture. In higher dimensions the question is open. However, it
has been known for some time that if n > 4 then dimg(E) > (2n +
2)/3, where dimy denotes Hausdorff dimension. This follows from the
estimates for the 2-plane transform due to Christ [2]. Recent work by
the author [4] has led to the mild improvement dimg (FE) > (2n+ 3)/3.
In the present paper we modify the argument in [4], which in turn is
based on geometric-combinatorial ideas inspired by Wolff [6], to obtain
full dimension. Namely we prove the following.

Theorem 1.1. Suppose n > 4 and let E C R"™ be an (n,2)-set. Then

2. TERMINOLOGY AND NOTATION

Sn=1 C R™ is the (n — 1)-dimensional unit sphere.

B(a,r) is the closed ball of radius r centered at the point a.

For X C R", X* denotes its orthogonal complement.

If e € S"! a € R" then L.(a) = {a+ te : t € R} is the line in the
e-direction passing through the point a.

Ifee S" 1t aeR B>0then TP(a) = {z € R" : dist(z, Lc(a)) <
(3} is the infinite tube with axis L.(a) and cross-section radius [3.
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LF denotes k-dimensional Lebesgue measure and L° counting mea-
sure. When the context is clear we will use the notation |- | for all these
measures.

Let G,, be the Grassmannian manifold of all 2-dimensional linear sub-
spaces of R" equipped with the unique probability measure v, » which
is invariant under the action of the orthogonal group. The elements of
G, will be refered to as direction planes.

If P, P, €G,, then their distance is defined by

d(Pla Pz) = Hprojpl - prOjPQH

where projp : R" — P is the orthogonal projection onto P.
A set of points or direction planes is called p-separated if the distance
between any two of its elements is at least p.

IfPeG, 1<1<4, 6§>0then P¥isa rectangle of dimensions

[ x1x¢§x---x6,that is, the image of [0,] x [0,] x [0,6] x --- x [0, ]
e

under a rotation and a translation, such that its faces with dimensions
[ x [ are parallel to P. Such a set will be refered to as a J-plate or
simply as a plate. When [ = 1 the superscript [ will be supressed.

If Pll’éﬂPQZ’(s # () and d( Py, Py) = 0 we will say that the plates intersect
at angle 6.

The letter C' will denote various constants whose values may change
from line to line. Similarly, C, will denote constants depending on €. If
we need to keep track of the value of a constant through a calculation
we will use subscripted letters C,Cs, ... or the notation C. = < y
means ¢ < Cz and  ~ y means (z Sy & y < x).

Finally, note that
Yno({P € Gy : d(P,Py) < 0}) =~ 6*" 2 for all By € G, 6 < 1.
So if A C G, and B is a maximal d-separated subset of A then
Tna(A) S [B|6*"2.

Further, if A C G, is d-separated and B is a maximal 7n-separated
subset of A with 7 > 0 then

Bl 2 [Al(/m)*".

3. AUXILIARY LEMMAS

The following technical lemma allows us to control the intersection

of two plates.
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Lemma 3.1. Let P P)" be two plates such that d(Py, Py) < 1/2.
Then there exists a tube TP (a) with 8 = Cn/d(Py, Py) such that

P Py c T (a).

In particular
l,n l,n 77n71
|P1 mPQ | ri d(Pl,P2>'

Proof. Choose a,b € PN PY" so that |a — b| = diam(P" N Pe™) and
let r = |a—b|, 0 = d(P, P), e = (a—0b)/|la—>bl. If r < Cin/0 then
B(a,2r) C T?(a), so we may assume that r > Cyn/6. We can also
assume that P, is the zyzo-plane, a = 0, b = (by,0,b), b € R"2. Since
0 < 1/2, by simple linear algebra, we can write P, = {(s,t, su + tv) :
s,t € R}, where u,v € R" 2 |ul,|v] < 1. Now, if x = (x;) € S*~! then
projp, (z) = (S0, to, St + tv), where

_ (@t (w2)(1 A+ ) — (22 + (v, 2)) (W D)
>2

S )
0 L+ [a? + [o]? + [aP[o? — (@@

o (@t (v,2) (4 @) — (@1 + {u, 7)) @7)
’ 1+ [@? + [ + [aP[o]? - (@7)2

u=(0,0,u), v=(0,0,0).
Therefore

0 = ‘81|1p |projp, (r) — projp,(z)| < [ + [v].
z|=1

Since b € P N PY" there exists (s, t, s + t0) € P such that
br — sl S, [t S, [su+t0 -0 S, Bl S
Then
|s| > [o] = [o] = by = s| = r = Cn > (1 - CCT)r 2 r
for 'y sufficiently large. Hence

|5+ 17 — b + |tB] + [b] _ 7
5] ~or

ul <
Consequently
o = 0| + [a| — [a| > C*0 - Cn/r > (Ct —CC;HI >0

for ' large enough.
Now let y = (y;) € Pi’" N PQZ’”. Then there exist z; = (s1,t1, 51U +

t10) € P1, 20 = (82,t2,0) € Py such that [y — z1] S0, |y — 2o S
Therefore

|s17 + 0] S, |s1| < |zl < |z —yl+ Wyl Sn+r S
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It follows that

|17 + 10| + |13 _ n+r(n/r)

4l <
It = 7] ]

<
~0

Hence
dist(y, z; —axis) < |y — (51,0,0)| < |y — 21| + |t1] + [s17 + 17|
S n+n/0+n<n/o.

We conclude that
dist(y, L.(0)) < |y —y1by b < dist(y, 1 — axis) + |y1||b1] (0]
S n/0+n<n/o

proving the first assertion of the lemma. To prove the second assertion,
note that
n—1
P A PY < PP AT ()] < -k
| 1 2 | ‘ 1 ( >| d(Pl,Pg)
O
The proof of Theorem 1.1 will be, essentially, a reduction to the 3-
dimensional case via the Radon transform. We give the definitions.
For a function f : R® — R satisfying the appropriate integrability
conditions, the Radon transform

Rf:5?xR—-R
is defined by

Rfe.t)= [ faia)
(e,x)y=t
It is proved in Oberlin and Stein [5] that for any measurable set E C R?
one has the following estimate.
1RxElls00 S X232

where
1/3

[Rxelly o = | [ (510 Re(e, )0

and do is surface measure.
We can discretize this result as follows.

Lemma 3.2. Suppose E is a set in R*, X\ < 1 and let {P:}}L, be a
0-separated set in Gz such that for each k there is plate P,i’cg satisfying

|Ph%° N E| > A|PYY°.
Then

|E| > N2,
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Proof. For each e € S% let P, be the plane with normal e passing
through the origin. Then there is a §-separated set {e;}2L, on S? such
that P, = P,,. Note that since 1 <[ < 4, for each e € B(eg,§/2) N S?
we have
AS < [P 0 B| < /LQ((Pe 1) N E)de ()
Ie

where I, is an interval on Pt with L£1(I.) < §. Therefore there exists
z. € I, such that

NS LA(P+2)NE).
Hence

A S sup Rxx(e, t).
t
We conclude that

WEM S S [ wRae(e )l
k' Bley,8/2)ns? '
< [uRiste.t)dote)
S2 '
= |Rxsln S sl = 1B
]

This, in turn, gives rise to the following higher dimensional analogue.

Lemma 3.3. Suppose E is a set in R", X < 1, II C R" is a 3-plane
and { P}, is a §-separated set in G, such that for each k there exists
a plate PY satisfying
PP c T and |PPNE| > \P)|
where T1€% = {z € R™ : dist(z,II) < C8} is the Cd-neighborhood of 1.
Then
’E N H6'5| Z )\3M1/26n72.

Proof. Whithout loss of generality we may asssume that ITis the z17ox3-
plane. Since P} C TI¢° there is a direction plane Q; C II such that

d( Py, Qr) < 9. Therefore we can find a plate Qi’cl& with P} C Qz,cl(s‘
It follows that

QY N ENTY| > A2,

Let B be a maximal Cyd-separated subset of {F,}M | and put B’ =
{Qk : P, € B}. Then for Q;,Qr € B', j # k, we have

for Cy sufficiently large.



Now for each @), € B’ let

Ly = {x € B(0,Co) NI+ L3QY NEN(I1+2)) < 2_5} ,
3

Hy, = {xeB(o,éa)mHl:Lf’)( Y NEN T+ 2) > g}
3

Note that

LHQEOTNEN T+ 2)) $ 6, for all € B(0,C8) NTI*.
Hence

A< @ BN

_ / L3QPC N B (T + 2))dL" " (x)

B(0,C8)NITL

_ /;;3( 208 ( |y (IT + 2))dL"™ ()

Ly

+ /;;3( 206 4 7 (y (I + ))dL™ 3 (x)
Hy,
O
< 00"+ COL P (Hy).
Cs
Therefore, L"3(Hy) 2 \6" 3 for Cj sufficiently large.
Next, let M’ = |B’| and define

L:{xeB(O,éé)mHL:]{k:erk}\<)‘g},
4

~ M/
H:{xEB(O,C@)ﬂHL:|{k:x€Hk}|Z)\C }
4

Then
ATEM S Z/XHk:/ZXHk +/ZXHk
k ok L

< M'L"(H)+ ﬂU‘*i’)(L)

< M'L"3(H) +

Therefore L"3(H) > \6" 3 for C, sufficiently large.

Note that for each x € H there are at least AM'/Cy plates in 11 + x,
that is, plates in a copy of R3, with J-separated direction planes and
such that the 3-dimensional measure of their intersection with £N (114
) is at least C~'\d. Hence, by Lemma 3.2

L3 EN I +a)) 2 N2AM)2.
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We conclude that

|ENTI%| > /L3(E N (I + 2))dL™ 3 (z)
H
Z )\57173)\3/2()\]\4/)1/25
~ A3M2en2,

4. THE MAIN ARGUMENT
Theorem 1.1 will be a consequence of the following.

Proposition 4.1. Suppose E is a set in R", A < 1 and {P;}}, is a
d-separated set in G, with diam({P;}}1,) < 1/2, such that for each j
there is plate Pf satisfying
1) 1)
P AE|> AP
Then
|E| > 0—155/\(n+2)/2M1/25n—2

Proof. The idea of the proof is to find a single plate with high multi-
plicity and then apply repeatedly Lemma 3.3 to the plates intersecting
it. To this end fix a number p and let

Ao
GL:{PJFS:\{xePfﬂE:\{k:xepg}\gu}lzid 2},

A
e = {Pj:|{x€P]§ﬂE: {k:2e P} > u}| > 55"_2}.
Then
s1M
(B e ue
We consider two cases.

CASE 1. (Low multiplicity) €} = 0.
CASE 1II. (High multiplicity) €} # 0.

In case I, for each 1 < j < M let
Ai={azeP'NE:{k:zec P} <u}.

Then
M M
1 1M
/ / n—2
R
7j=1 j=1
Therefore

M

1
> \0" 2.
"= 3]
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So letting
1M
=\ 1
Ho 4B (1)
we see that we cannot have case I for pg. Consequently, there is a plate
Pl .= Pj‘z such that

A
H{z e PPNE:|{k:x€ P} > u}| > 55"_2.

Note that for each x € P° N E with [{k : z € P}}| > po we have
log(C/8) ' '
{k:xeP}y= [J {k:xeP and 2" <d(P,P) <62}
i=1
Therefore, by the pigeonhole principle, there is an integer i(x) with
1 <i(x) <log(C/é) such that
{k: 2 € P} and 6271 < d(Py, P) < 62@}| > (log(C/8)) ™ uo.
And so,
{zeP NE:|{k:xe P} > u}
log(C/$) ' '
= |J {zePnE:|{k:2 € P and 627" <d(P, P) < 62'}|
i=1
> (log(C/8))™ po}-
Applying the pigeonhole principle again, we see that there exists a
number p := 62°~! and a set A C P’ N E of measure

A 2 (log(C/d)) =" Aé" > (2)
such that for every x € A
{k: 2 € B and p < d(Py, P) < 2p}| > (log(C/9)) 'pio- (3)

Heuristically, (2) and (3) tell us that a large number of plates intersect
P° at approximately the same angle. We are going to estimate this
number using the bound for the measure of their pairwise intersections.
To do this, define

D={P):P NP’ #0and p < d(Py, P) < 2p}.

Then, by Lemma 3.1, we have
p
Dz Y 1F P

k:PPeD

_ P
5= X

.ps
k:PpeD

P
> 5t [ Y

k:PJeD
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> L[ 4](10g(C/8) ™ g

2 (108(C/3)) 8 . ()

Where the last inequality follows from (1) and (2) and the one before
last from (3).

We are now in a position to carry out a geometric construction, in
the spirit of [6], which will allow us to use Lemma 3.3.

Let {e;}; be a maximal §/p-separated set of points on the (n — 3)-
dimensional unit sphere S"~' N P+ and let

where c is the center of P? and IT} is the 3-plane spanned by e; and P.

Then for each P} € D there exists an i such that P} C H?‘s, where H§5

is the C'd-neighborhood of II;. To see this, let y € P, we PPNP°.
Then there exists z € P, with 2] <1, |y —w — 2| $ 6. Write

2221+22€P@PL,

c—w=uw +wy € PO P
Then |zo| < p, |we| S 6. Choose e; so that |25 — |22]e;| < 9. Hence
y=((y —w—2)+ (22 — |22]e;) —wa) + (21 — w1 + |22]e;) + ¢ € H?‘;.
Therefore, if we let

m:{ﬁeﬁzﬁcnﬁ}
then

@:Ua.

Now let v = A(log(1/6))~! and consider two cases.

CASE L § < +p.
CASE IL. § > ~p.

In case I let
X ={z e R":dist(x,c+ P) < yp}.
Then for each P € D
PNnXcPNX.

Hence, by Lemma 3.1, P? N X is contained in a tube of cross-section
radius Cvy. Therefore

PPN (ENXY)| =|P NE|—|PPNENYX]|

> [Py NE| - P NX]|
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> A"2 — C\(log(1/8)) 16"

> 571—2

DO | >

for ¢ sufficiently small.

Now, if dist(z, c + P) > 7p then z belongs to at most Cy~™=3) sets
I1$°. To see this suppose ¢ = 0, x € 11¢° and write z = u+w € P PL.
Then |w| > vp, [w—(w, e;)e;| < 6. Therefore, either |[w—|wle;| < 6, or
|w + |wle;| < 0. We conclude that the set of all possible e; is contained
in

B(w/|w],C/(vp)) U B(—w/|w|,Cd/(vp))

and therefore has cardinality at most Cy~ ("3,

Bl > || JEnXE N0

Consequently

>N (BN XS nId|

> 7%—3/\35n—2 Z |‘Dz|1/2

where the last inequality follows from Lemma 3.3 applied to the set
ENXC, the families of plates {D;}; and the 3-planes {II,};.

In case II, since |{IL;};] < (p/d)" 3, we have
Bl = | JE N1
> 6/ > 1ENT|
=2 B
> ,_)/n—3)\3Z6n—2 Z |D,[1/?
with the last inequality true by Lemmal 3.3 applied to the set E, the

families of plates {D;}; and the 3-planes {II;};.
We conclude that in either case

|E| 27" 36" Dy, (5)

To estimate the sum above, note that H?5, being the 5(5—neighborh00d
of a copy of R3, can contain at most C(p/d)? plates whose direction
planes are d-separated and at distance approximately p from P. There-

fore
p
D] < Z 1Dil S SZ D2 (6)
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Combining (4), (5) and (6) we obtain

’E‘ > 021526>\n+2%52(n72)
|E]
where the logarithmic factors have been absorbed into C16%. Conse-
quently
|E| > C;léé)\(n+2)/2M1/25n72
proving the proposition. O

5. PROOF OF THEOREM 1.1

Let F be an (n,2)-set. Using measure theory, we can find a compact
set £ C F and aset A C G, of positive measure so that diam(A) < 1/2
and for every P € A there is a square Sp of unit area such that Sp is
parallel to P and

L2(SpNE)>1/2.
Fix a covering {B(x;,r;)} of E and let
Li={i:27"<nr < 2_(k_1)}, Ve = I,

Ek =FEnN U B(xi,ri), Ek = U B(ZL’Z,QTJ

1€l 1€y,

Then, by the pigeonhole principle, one can find a £ and a set B C A
of measure at least C~'k~2 so that

L2(SpN Ey) 2 k™2, forall P € B.
Let {P;}}L, be a maximal 2~"-separated set in B. Then
M > |29%k(n=2)
and for each P; there is a plate Pka such that
P2 N E| 2 kPR
So, by Proposition 4.1
|Ey| > O ko2 ke
where & = n + 3. On the other hand
\Ey| < w27k,
Therefore
v, > O ekn=e),
Consequently
er‘QE > 27 kn=20 > C’;lk’_oﬂke > 66_1.

We conclude that dimg (F) = n.
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