MAPPINGS of FINITE DISTORTION:
Compactness
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Abstract

We study mappings f : Q — R™ whose distortion functions K;(z, f),
I =1,2,...,n — 1 are in general unbounded but subexponentially in-
tegrable. The main result is the weak compactness principle. It
asserts that a family of mappings with prescribed volume integral
Jo J (@, f)dz, and with given subexponential norm HmHEpr of a
distortion function, is closed under weak convergence. The novelty
of this result is two fold. Firstly, it requires integral bounds on the
distortions C;(z, f) which are weaker than those for the usual outer
distortion. Secondly, the category of subexponential bounds is optimal
to fully describe the compactness principle for mappings of unbounded

distortion, even when outer distortion is used.

1 Introduction

We shall consider here an interesting class of Sobolev mappings f € I/Vlicl (Q,R™),

f =" f": Q — R" with unbounded distortion. It is convenient to

begin with the usual two postulates defining such mappings

i) The Jacobian determinant J(x, f) = det D f(x) is locally integrable
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ii) There exists a measurable function Ko(x) > 1, finite almost every-

where, such that

IDf ()" < Ko(x) J(x, ) a.e. (1)

We call such a mapping f a mapping of finite distortion. Above we used
the operator norm of the differential matrix. There are several distortion
functions that are each of considerable interest in geometric function theory
[8]. The principal feature of those distortions is, roughly speaking, that they
provide some control on the lower order minors of the differential matrix in
terms of the determinant. Let A'f(z) denote the (1) x (7)- matrix of all
[ X l-minors of Df(z), 1 =1,2,...,n — 1. Inequality (1) yields

A F@I" < K@) [T 0] ae. (2)

where 1 < K(z) < [Ko(x)]l. On the other hand, notice that i) and (2)
with some [ > 2 and K;(x) > 1, finite a.e., do not guarantee that f be a
mapping of finite distortion; consider e.g. f(z1,...,2,) = (21,0, ...,0). The
smallest £C; > 1 for which (2) holds will be denoted by K;(z, f) and called
the [-th distortion function. Of particular interest is the inner distortion
Ki(x, f) = Kn_i(x, f). In this case we denote by DFf(x) the n X n-matrix
of cofactors of Df. Thus (2) reads as

|D!f(x)|»T < "V K(z, f) J(z, f). (3)

In order to work effectively with such mappings we must impose certain
integrability conditions on the distortion functions. This will equip us, via
Postulate i), with a sufficient degree of integrability of the lower order subde-
terminants. Here we shall combine these facts with most recent advances in
the theory of Jacobians [3], [9], [14] and [4] to obtain basic regularity results
such as higher integrability and the weak compactness principle of bounded

families of such mappings. To illustrate this, let us assume that the function
VKi(x) lies in the Orlicz space Exp(2), that is:

/ VR < oo (4)
Q



for some A > 0. The same then holds for "+/K;(z) in place of \/I;(z).
Applying Hélder’s inequality to (3) yields

D £ (@) 77 log ™" (e + [ DFf(2)]) do < o0 (5)
”

on compact subsets ' C 2. Furthermore this implies, via recent results
in [3, Theorem 12.1], that the Jacobian determinant actually belongs to
L loglog L(€Y') on compact subsets 2" C €. Precisely, we have

/, J(z, f) loglog [e + J(z, f)] dz < . (6)

Repeated application of Theorem 12.1 in [3| leads to further improvements on
the integrability of the Jacobian. This seemingly insignificant improvement
turns out to be critical in the study of compactness principles. Is there any
better motivation? As a matter of fact, we gain more from Theorem 1.3 in
[3] than higher integrability. Namely, the Jacobian determinants obey the
rule of integration by parts, and this is vital in order to conclude with weak
monotonicity properties of mappings of finite distortion [7]. The exponential
integrability of \l/m , as described in (4), is not the weakest possible in

the sense that it essentially suffices only to assume that
!
/ eA( Vi) dr < 0o (7)
Q

where

/100 A(? a _ @

t

In that case, we say that \/K; lies in the subexponential Orlicz class ExpA(S2).
We wish to warn the reader that conditions (7) and (8) do not require v/,
even to be integrable and thus additional technical assumptions on A have
to be posed. To fill up this gap we assume that

lim ¢t A'(t) = oo. 9)

t—00

Another minor technical condition on A will be needed in the proofs of

Theorem 1.1 and Theorem 1.2 below, namely we will assume that

the function t — eAVD s conves fort>1. (10)



Theorem 1.1 Let n > 2. Fizl € {1,...,n— 1} and p € [n — 1,n) so that
p=mn—11n the case l € {1,....n—2} and p >n —1 in the case l =n — 1.
Assume that an Orlicz function A satisfies (8), (9) and (10), and A, B > 0.
Let F be the family of mappings f : Q — R™ in the Sobolev class I/Vﬁ)f(Q, R™)
such that

/QJ(;U, fldz < A, (11)

and
NT@P < K@) [ D) ae. (12)

with
/Qe““(l 5®) 4z < B. (13)

Then F is closed under weak convergence in WP (Q, R").

For mappings of finite distortion we can improve on Theorem 1.1, see Section

8 for further results.

Theorem 1.2 Let n > 2. Fiz |l € {1,...n — 1}. Assume that an Orlicz
function A satisfies (8), (9) and (10), and A, B > 0. Let F be the family of
mappings f: Q2 — R of finite distortion for which

/J(x,f) dr < A (14)
0
and
/ eA(l i) dr < B, (15)
0

for somel =1,2,....n—1. Then for each 1 < p < n we have

Z) ||Df||zp(ﬂ) S Cp(nv ‘Av B) fQ J(l‘, f) dx
and

ii) F is closed under weak convergence in WP (Q,R*).



As practical examples, Theorem 1.1 and Theorem 1.2 allow for

At At
log(e +t)” log(e +t)loglog(e® +1t)"

A=\t

for any string of iterated logarithms and every A > [ — 1. Regarding the

sharpness, we will show, in particular, that

VY At
ot logtt(e+1) log(e + t) log' T log(ec + )"

are not sufficient, for any € > 0 and for every A > 0. This easily follows from

our next result.

Theorem 1.3 Let B be a strictly increasing non-negative function such that

< B(t
/ B(t) dt < oo. (16)
t2
1
Then there exists a sequence of mappings Fj : (—1,1)" = R", j =1,2,... of
finite distortion and a continuous mapping F € WH((=1,1)*, R") such that

(—1,1)”

foralll=1,2,....,n —1 and each j, for each 1 <p<n
F; - F  weakly in W"((—=1,1)",R"),

and there is a set E C (—1,1)™ with positive measure such that | \' F(z)| =1
and J(x,F) =0 for allx € E and everyl =1,2,...,n— 1. In particular, (2)
cannot hold for F with any 1 < IC)(x) finite a.e. and F is not a mapping of

finite distortion.

The paper is organized as follows. In Section 2 we discuss Orlicz spaces
and introduce an additional Orlicz function based on A that will be needed
later on. Section 3 contains a short discussion on distortion functions and in
Section 4 we introduce a mollifying technique. The crucial tools for the proofs
of Theorem 1.1 and 1.2, the isoperimetric inequality and higher integrability
of Jacobians, are dealt with in Section 5 and Section 6. The proofs of the
above theorems are given in Section 7, and we point out a certain extension

of Theorem 1.2 in Section 8.



2 Subexponential Orlicz Spaces

In the notation L”(€) of an Orlicz space we always assume that P : [0, c0) —

[0,00) is continuously increasing from P(0) = 0 to P(c0) = tlim P(t) = oo,
—00

and is infinitely differentiable on (0, 00). The reader will notice that we are

not assuming P to be convex. The relation h € LT () signifies that Q is an

open subset of R” and there is £ = k(h) > 0 such that P (%) e L'(Q). A

definition of the Luxemburg functional is expressed by the equation

1ol = 1Bl = inf{k : /QP (@) dr < 1}. (18)

Thus, in particular

| Panh de=1 it Jul,=1. (19)

If P is not convex the Luxemburg functional does not comply with the criteria
of a norm (the triangle inequality fails). Nevertheless, it plays an especially
basic role in handling estimates in Orlicz spaces. These are always linear
complete metric spaces.

In this paper need will arise for generating functions P to have nearly
linear growth. There is no genuine definition of such functions but we have

in mind examples of the type
P(t) =t log™ (e + t) [loglog(e® +t)]™* - - [log - - log(ef + H]™  (20)

where aq, ag, ...,y € R. The characteristic property of nearly linear func-

tions can be expressed by saying that for every e > 0
lim ¢ P(t) =0 and lim ¢ ' P(t) = co. (21)
t— 00 t—o0

When no confusion is likely, we shall often write

L log™ L loglog® L...loglog ... log™ L (22)

in place of LY. In certain cases we must prevent P from being too far below

the identity function. This will be done by imposing the so-called Divergence

/loo P(S)dSZOO. (23)

Condition




To illustrate, this condition tells us that in (20) all of the exponents «, as, ..., g
are smaller than or equal to —1. It is convenient when dealing with functions
valued in R, or in the space R"™*" of n x n-matrices, to write L”(Q, R") or
LP(Q, R**"), respectively. As will be seen subsequently in this paper, and as
is illustrated by Proposition 2.2, a somewhat dual category of Orlicz spaces
enters into our study. These spaces are generated by the Orlicz function

Alt)

e — 1, where A satisfies the Divergence Condition

/100 A(sz ds _ o)

S

As before, A : [0,00) — [0,00) is continuously increasing from A4(0) = 0 to
A(oo) = ltlim A(t) = oo and is smooth on (0,00). It will be convenient to
—00

make the technical requirement
A(s) >4 log(s+1) for s>0 (25)

as this is not necessarily a consequence of (24).
A subexponential class of functions is an Orlicz spaces generated by
e — 1. As a matter of notation h € Exp.A(Q2) simply means that

/ [eA(@) - 1] dr < oo for some k = k(h) > 0. (26)
Q
We now associate with A(¢) an Orlicz function P = P4 : [0,00) — [0, 00) by
the rule
t LA(s)
pptan — [
0 s+1
terAW® tserAl) dg -
= t>0. 2
t+1 * o (s+1)27 — (27)
Then
1 l‘A(t) 1 t 1
P(tei) < Let +te4A(t)/ ds terAl), (28)
T ot+1 o (s+1)2
and in particular,
P(s) <s forall s>0. (29)



Similarly one can show that

Next we record the identity
P'ltei"®] = ——  forall >0, (31)

which yields

/°° P'(s)ds _ / P'lter]d[te

A s ) tei AW
B dt 1
- /1 t(t+ 1) Z/
LA 1A
= 8

This together with (29) leads us to the Divergence Condition for P:

/loo P(S)dSZOO. (32)

.Ja|>—-
it

A

t

2
Another preliminary bound for P follows from (28) by applying inequality
(25). This gives s e1A(®) < ¢34®) and

1
1 t exAl) 1 L ds
P(teiA®)) < 3AW) / S 33
(tesA®) < o + e2  GEI (33)
Hence
1 t 1 1
P(teiA(t))gthl e2A0 1 e2Al 1 forall ¢ > 0. (34)
We formulate our next estimate as a lemma.
Lemma 2.1 For J >0 and K > 0 it holds that
PJK)<J+ [eéA(K) - 1]. (35)
Proof. We consider the function J — P(J K)— K+1 defined for 0 < J < oo.
It suffices to show that
JK 1
P(JK)— ——— < ezAK) _ 1, 36
(TK) = oy < b (36)



This is certainly true at J = 0 and also for sufficiently large values of J, due
0 (30). It remains to check (36) at the critical points, if such points exist at

all. To this end we must solve the equation

1
K+1

for J > 0. It follows from the identity (31) that P’ is decreasing. Thus (37)

admits at most one solution. It is not difficult to guess from (31) that the

P(JK) = (37)

solution really exists and is given by
J = et A, (38)

Substituting it into (36) and using (34) we arrive at

J K
K+1

K
K+1

t\:\'—‘

o 1AK) <e

P(JK) - = P(K et - AE) 1 (39)

as claimed.

By combining Lemma 2.1 with the definition of Luxemburg’s functional

we obtain our principal Hélder-type inequality.

Proposition 2.2 Let assumptions (24), (25) hold, and let P be defined by
(27). Then

1K Tl p) <2 1M1y 1K popage) (40)

for all K € ExpA(Q) and J € L*(Q).

Proof. It involves no loss of generality in assuming that ||J[|,. ) = 1 and

1K gapacy = 1- Applying (35) we can write

/QP(KJ) g/J+/ [

§2 2/9[6()—1] 1 (41)

which means that ||K J||, < 1, as desired.
In this paper it is important that the function P will be nearly linear in the

sense of Equation (21). We wish to warn the reader that this is not necessarily

9



a consequence of (8) (see [12, Remark 2.2|) and so something should be added
to the condition (8). We will not exclude important examples of Orlicz
functions if we assume that A satisfies (9) i.e.

lim ¢ A'(t) = oo.

t—00

Among power-like functions A(t) = t%, (8) corresponds to o < 1, while (9)
is true for all & > 0. This explains in what sense we regard (9) to be only a

minor technical assumption.

Lemma 2.3 Assume that A is an Orlicz function satisfying (9) and 6 €
(0,1). Then there exists sy € (0,00) such that the function

P(s)

h:s—

is increasing on (g, 00).

Proof. Because the function g(t) = tei4 is increasing, it suffices to show

that .
P(g(t
{ (9(6))] >0
g(t)
for large values of t. For this we need only to check that

P'(g(t))g(t) > 6P (g(t)). (42)

Choosing a; € (0,00) such that s.A'(s) > 52 for all s € (a;,00) we have

bd[s e%A(s)] 146 1

Plg(t) = | ————ds< A 43

o(t) = [ g as < e (13)

Next we choose a > a; such that 3= > %‘5 and so by (31) we conclude that
t 1 ]_ 6 1

P/gl)g(t) = etV > =020 (44)

for every t > a. Inequality (42) follows from (43) and (44) for all ¢ € (a, c0)

and so the function h : s — % is increasing on (s, 00), where sy = g(a).



Next we show that, under the assumption ltlim t A'(t) = oo, the property
—00
(25) is satisfied (for large s): Choose so > 2 such that A’ (¢) -¢ > 16 and
A(t) > 1 for all t > sg. Then

S S dt
/ A'(t) dt > 16/ —
NG N

A(s) > A(s) — A(V/s) > 8logs > 4log(s + 1)

for all s > s2 and

for every s > sZ. Replacing the function A by the function

_ Alt), t > s?
a2 [A0 124
A(s3)t, 0<t< s,
we can assume that the condition (25) holds under the assumption (9).

Later in this paper we will use the following lemma.

Lemma 2.4 Assume that A is an Orlicz function satisfying (9) and let € >
0. Then there exists sy € (0,00) such that the function

h:t— P(t7)
is convez on (sg,00).

Proof. Because the function g(t) = tei4® is increasing and P'(t'*¢) =

gTte (1)
1

for large values of ¢. This follows for all ¢ € (a, c0), where a is chosen so that

(1 +6)W;)+1, we only need to check that the function is increasing

the inequality ;<-(1 4+ £A'(t)) > 1 is true for every t € (a,00) and so the

function h : t — P(t'7¢) is convex on (sg, 0), where sy = g(a).

3 Distortion Functions

Distortion functions are designed to control almost everywhere the minors of
the differential matrix of the mapping f : 2 — R™ by means of the Jacobian

determinant. We begin with the distortion functions of linear mappings, also

11



regarded as matrices. The space of all n X n matrices will be denoted by
R"*", and those with positive determinant by R} ". It will be convenient
to include the zero matrix and denote such extended class of matrices by
R}*" U {0}. The commonly used distortion functions on matrices A € R*"

are:

The outer distortion

The inner distortion

- #|n
Ki(A) = Ko(A™) = gl

The linear distortion
H(A) = {/Ko(A) Ki(A) = |A][AY].

Note that the operator norm |A| = max{|Ah| : |h| = 1} is being used
here, and A* is the adjoint matrix, made of cofactors of A. In what follows
all distortion functions of the zero matrix are assumed to be equal to 1.
There are in fact many more distortion functions which are readily defined
in terms of the lower order subdeterminants of the matrix A. For each integer
1 <1 < n we denote by /\lA the (?) X (7) matrix of all [ x [-minors of A.
This, of course, includes A as A" A, A% as A" " A, and det A as \" A.

The following distortion functions will interest us most as they have the

very important property of being polyconvex

l
Am -
Ki(A) = (|c/l\etA|)l =K, (A for I=1,..,n—1. (45)

Polyconvexity simply means that K; : R7*" — Ry can be expressed as a

convex function of all possible minors of A. Precisely, we have

I
Ki(A) =P(/\ A, det A) (46)
where P : R(D)<() x R — [1,00) is convex, see [8, Section 7| for a fuller

discussion.

12



Having examined these distortion functions for matrices we set for orien-
tation preserving mappings (i.e. J(z, f) > 0 a.e.) f € WL (Q,R*):

oc

A7) = N\ [Df()]: (47)

We define the pointwise distortion functions by setting

ALDE ], f) >0
Ki(z, f) = Ki[Df(x)] = 1, IN'f(z)| =0 (48)
00, J(x, f) =0 and |A'f ()] # 0.

All these functions are coupled by the inequalities
n_\/l K[(l‘, f) = n_\/l Icn—l(xv f) <. < Vl Icl(xa f) < Kl(xv f) = Ko(!L', f)
(49)

Let us also note for later use the reverse estimate

(n—1)
Ko(e.f) < K7 o) = ("VE@wD) (50)
that holds when J(z, f) > 0.

4 Mollifying the Distributional Jacobian

We shall consider a mapping f € Wl’n_l(Q,]R”), n > 2, whose cofactor

loc

matrix lies in L] (Q,R") with ¢ = nfon_ o —-. By Sobolev’s embedding

loc n2—n—1

we know that |f| € L} (), p = n?> — n. Hence |f||D*f| € L,.(Q). The

loc

distributional Jacobian, denoted by J, is a Schwartz distribution acting on

test functions p € C§°(Q2) according to the rule

Tilel = — /Q Fldf* Ao ANdFTEANde AdFTTEA LA dF™ (51)

We recall that this integral does not depend on the choice of the index ¢ =
1,2,...,n, see |3, Section 2|.
Let ®;(x) = t7"®(t~'x), t > 0, be a standard approximation of unity;

that is, ® € C§°(B), is non-negative and has integral 1. The convolution

(Tp * @) (a) = — /Q FA@)df A AdFTE A dD(a — x) AdFTTEA LA df”
(52)

13



is a smooth function defined on the set Oy = {a € Q : dist(a,0Q) > t}.
Now the following lemma provides us with a beneficial link between the

distribution J; and the point-wise Jacobian J(a, f).

Lemma 4.1 For almost every a € ) we have

T(a, £) = lim (77 + @) (@) (53)

Proof. The main idea of this proof cames from [16], although it differs in a
number of details.
Let us disclose in advance that the points a € Q for which we achieve

Equation (53) are determined by the properties

lim <
t—0

£t - Dwnqdac)E 0 (54)

B(a,t)

and

i (f |f(fv)—f(a)—Df(a)(fv—a)V’dx)%=0- (55)

t—0 t B(a,t)

The first requirement is fulfilled at the Lebesgue points of D! f. The second

requirement is guaranteed at almost every point a € € since f € VVllocn_l(Q)

and p = n? — n, see [1]. We now split the integral at (52) as
(Tp* @) (a) = I + I,
where
I = _/ {fl(x) — Ya)— < Vi'(a),x —a > ]d(I)t(a— D) A A A df”
and )
I = —/Q [fl(a)+ <Vfia),z —a> ]d(I)t(a — ) Adf? A LA

The first integral can be estimated by Holder’s inequality and the fact that
|d®y(a — )] < C(n) 7" X (2):

i < @ <]{3(a7t) [fH(z) = fHa)= < VfHa),z —a>[" dx)’l’

<]£ » | D* f(x)\"dx> "o (56)

14



2

2
n-—n n
—nand g = 5= < Ao

by the requirements (55) and (54), where p =n
Concerning the second term, we are allowed to integrate by parts to obtain

m|:lA@m—@#%®Aﬁ%ﬂAmAﬁﬂﬂ
= J(a,f)—l—/Q@t(a—x)dfl(a)[de/\.../\df”—de(a)/\.../\df”(a)]

where the latter integral converges to zero, as it is bounded by
[ 1uta 9| ' (@) | D (w) ~ D)
Q
<o @] f [P - i) ds
B(a,t

q

gC@H#WM(éHJNﬂm—DWdeQ S0 (57)

The proof is complete.

5 Isoperimetric Inequality

In this section we formulate perhaps the most general isoperimetric inequality
based on our result in [3]. We shall not give all details but only confine

ourselves to verifying the rather involved hypotheses (6.1) in [15].

Proposition 5.1 Let f € Wl’”fl(Q,R"), n > 2, be an orientation pre-

loc

serving mapping, i.e. J(x, f) > 0 almost everywhere in Q, whose cofactors

satisfy
IDH[7T € LF (). (59)

Here the Orlicz function P satisfies the Divergence Condition

and the technical condition

[P <0< [t P@)], s=—mr. (60)

15



Then for x € ), we have

n

n—1

frgenieco ([ wittee) ™ o

for almost every 0 < r < dist(z,00).

Proof. As we are going to appeal to Lemma 6.1 in [15], we first observe
that f € W1 '(Q,R?), its cofactor matrix Dif € L} (Q,R**") and by [3,

loc loc
Theorem 1.3] the Jacobian det Df € L (€2). Inequality (61) is immediate
from Lemma 6.1 in [15] once we verify the equation (6.1) in [15]. The reader
will easily recognize that equation (6.1) is a result of integration by parts,
which we have proven in [3, Theorem 1.3|. Specifically, let v = (v!,...,v") be

a vector field of class C} (R*, R"). We consider the mapping
‘Fi = (fla tey fiila )‘fl + Ui(f)a fi+17 teey fn) € VVli),cnil(S_L Rn)

where ) is sufficiently large positive parameter to be selected later. The point
is that F} is still orientation preserving and [D!Fy[+="1 € L (Q). To see this,

loc

we compute

J(z,F)de = df' A...ANdfTA (Adfi + Z SZ df”) AdfTEA LA T
v=1 v
= (22 g e (62)
B Y ’

showing that J(z, F;) > 0. Concerning cofactors of F}, we need only, observe
that

[D*F| < C(A+ 1D )| D £ . (63)

Thus |D!F;|=T € LY, (Q). With this condition in hand we can now apply

loc

Theorem 1.3 in [3] to conclude that

/ () J(z, F) doe = —/ df' A NPT () dy A dFTTEA LT
Q Q
(64)

16



for every ¢ € C3(€). This yields

A / $a) I, fyde + / $(a) gy (f) J(x, f) da

= —A/dfl/\.../\dfi—l/\dz/;/\dfi“/\.../\df”
Q

= —/vi(f) df* A NAFTY A Y AN AFTE A LA
Q

The integrals with factor A in front cancel out, again by Theorem 1.3 in [3].

What remains upon cancellation is the identity
. . , o'
/ V()P A N A dY AT A LA () a; (f) J(z, f)dx = 0.
Q i

Finally, we sum it up with respect to all indices ¢ = 1,2,...,n and arrive
at the identity (6.1) in [15]. All the hypotheses of Lemma 6.1 in [15] are
therefore fulfilled, completing the proof of Inequality (61).

6 Higher Integrability

We combine the isoperimetric inequality and Maximal Theorem in [5] to

prove the following higher integrability result.
Theorem 6.1 Under the hypothesis of Proposition 5.1, the Jacobian deter-

minant belongs to the Orlicz space L} (), where

U(t) = P(t) +1t/lt Pls)

o 82

ds. (65)
Precisely, for each pair of concentric cubes QQ C nQ C ) we have

ldet Df[| uigy < Cp(n) || |DHf| (66)

LP(nQ)
Here, as usual, we assume that the integral converges near zero. Estimate at
(66) gives us an advantage over the higher integrability result in [3] because

is explicit and depends exclusively on the cofactors of Df.

Proof. We recall that for u € L,.(Q) the maximal function Mu is defined
by

Mu(z) = Mou(z) = sup { ]{? ()| dz: z€Q C Q} (67)

17



Fix concentric cubes Q C n@Q C Q. Let Q' = @Q'(a,r) be an arbitrary cube
in Q. Certainly n Q" C n Q. By the isoperimetric inequality (61) we have

</B(a,s) J(xaf)dx> " <o) /8 b | D f ()| dx

for almost every 0 < s < dist (z,09). Next, we integrate this estimate from

V/nr to nr:

Since the Jacobian is non-negative almost everywhere this yields

(n— Va)r (/ I(z, f) da:)

Divide both side by "', to obtain

][, (@, f)dz < C(n) (ﬁ@ D ()] dx) - (70)

Finally, we take the supremum over all cubes Q' C @ containing a given

n—

n

< [ ID@lar (©)

point x € () and arrive at the point-wise estimate

n

Mg(det Df) < C(n) (MnQ|Dﬂf|) " (71)
of the maximal functions. In order to make use of the maximal inequality
we introduce P(t) = P(tﬁ) and notice that ¢~? P(t) is increasing for p =

w’—n_ 1, by Condition (60). We conclude from |5, Lemma 5.2| that

nZ2—n—1

ldet Df || vy < C(n) IIMQ(deth)IILP

< C(n) ||Mug(DHf)|| 752 (72)

LP(nQ)
As the maximal operator M,q : L¥(nQ) — LF(nQ) is bounded, by |5,
Lemma 5.1], we see that

1Mo (DA )| o gy < € ) DA | gy (73)
which together with previous estimate yields

Idet Dfl| () < C) ||| DPf175 (74)

L (nQ)
as desired.
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Theorem 6.2 Suppose that f € W2 (Q,R™), n > 2, J(-, f) € L'(Q), and
f satisfies the inequality

| /\ f@)" < K@) [z, )] ae (75)
with
/Ki(z, f) € ExpA(Q) (76)

for somel=1,....,n—1, where A is an Orlicz function satisfying Divergence
Condition (8) and the technical condition (9). Let L(t fo s 2 A(s)ds
Then for each compact set ' C Q)

N Y

(77)

/’J(x,f) [J(z, /)] dz < C(n, A, ) |/ Ki(z, f)

Proof. The point of special note is that (75) implies the same condition for

"VKi(z, f) € EzpA(Q) (78)
and hence
D150 < "R/E (x, ) I (x, ). (79)
By Holder’s inequality at (40) and (49) we find that

Using (32) we see that the Orlicz function P satisfies (59). By (29) and
Lemma 2.3 we have that also the technical condition (60) is fulfilled and so

by Theorem 6.1 we conclude

/,J(x,f) [J(z, /)] dz < C(n, A, ) ||[V/Ki(z BapA / (x, f)dx
(81)
where
L{t) = @ + /t P;j) ds. (82)
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This estimate is stronger than our higher integrability statement in this The-

orem, since
t
L(t) = / 2A(s)ds < C-L(), t>1
0

by the analysis throughout (27-34).

7 Weak Compactness

Let f € W' 1(Q,R"). In Theorem 1.1 we have assumed that

N F@IT < VK@) I, f)

with
/ eA(m)dx < B<
Q

where as always

/°° A(sz ds _

s
We also recall the assumptions (10) and (9):
A(V1)

the functiont — e 1s convexr fort>1

and

lim ¢t A'(t) = o0

t—o00

(83)

(84)

(85)

(86)

(87)

These additional assumptions on A cause practically very little loss of gener-
ality. Note that (86) holds for the function A(s) = As, whenever A > 0 and

A>1—1.

Proof of Theorem 1.1 We notice that the inequality (83) implies

D f ()| ™7 < VKi(w) J(x, f)

(88)

see our estimates at (49). Fix s € [1,n/(n —1)). Holder’s inequality and the

assumption (87) yield

VK.

D247 <

Q
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Because of the uniform bound at (89) we see that the set of cofactor matrices
is bounded in L?(Q,R") for ¢ € (n*—n/(n*—n—1),n/(n—1)). Using this for
a weakly, in WH"=1(Q, R") (and so strongly for a subsequence in L*(Q, R")
for all s € [1,n*> —n)) converging sequence {f,} of mappings in F we have
that the distributional Jacobians J, converge to J; in D'(2) i.e.

Tilel = lim T le) = lim [ () I(x, £,) dz. (90)

v—00 0

for p € C§°(Q2). Here we have passed to a subsequence. Each mapping in

the sequence {f,} obeys the rule of integration by parts i.e.

/Q n(e) J(z, f) dz = ;1)

for every n € C§°(2) and ¢ = 1,2,...,n. Integration by parts follows from
Theorem 1.3 in [3]. Here we used equations (32), (29) and Lemma 2.3.
Therefore, if we take a non-negative test function ¢, say ¢(z) = ®;(a — x)
from Section 5, J¢[¢] > 0. By (89) we see that |D*f| € LY(Q) where ¢ €
(n? —n/(n®> —n—1),n/(n — 1)) and so the assumptions of Lemma 4.1 are
fulfilled and thus we have

J(a, ) = lim Jrlp] > 0

t—0

for almost every a € (2. Therefore, f is an orientation preserving map i.e.
J(z, f) > 0 almost everywhere in €.

Next we want to show that (90) remains valid for any bounded function
p € L>(Q) with compact support (see [8, Theorem 7.4.2]). Of course we

need only consider test functions ¢ satisfying the bound

lp()| < xo(w) (91)

where ¢ is the characteristic function of a cube ) and 2n@) C Q. Using
(32) we see that the Orlicz function P satisfies (59). By (29) and Lemma 2.3
we have that also the technical condition (60) is fulfilled and so by Theorem

6.1 we conclude

LP(2nQ)

Idet D |l s ag) < Crln) |[IDHul5

<M (92)
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with M independent of v and ¥ given by (65), by Proposition 2.2. This

translates into the integral estimate

éﬁ(%) dr <1 (93)

by definition (18). By 65, we have

t < W(t) < /0 t szs) ds> N (94)

We mollify ¢ by convolution with ®;, where ¢ is chosen to be so small that
o € C§°(2Q)). For given k > 1 we have by (94) that

/ ou(x) — p(@)] T f) < / ou(z) — p(@)] J(x, £,) de
2Q {

©€2Q:J (x,fv) <Mk}

+2/ J(z, f,) dx
{

x€2Q:J(z,f,)>Mk}

FP(s
< ko= s 200 ([T )09)

Combining (95) and (90) we conclude with

lim [ J(x ) xole) dr = / J(z, f) xo(z) d (96)

V—r00 0 Q

as desired.

Next we will prove the critical lower semicontinuity property

/n(x)eA(lV ’Cl(m’f))dx < lim inf/ n(m)eA(l ’Cl(w’f”))dx (97)
0 Q

V—r00

for each non-negative test function n € L*°(Q2) with compact support (see |8,

Theorem 7.10.1|). Fix € > 0 and write

o A )]
A Y

Since the function g(z,y) = 2"y~ is convex on (0,00) x (0,00) whenever
n>1+4+1>1][8 Lemma 7.8.2] and ¢ — eAYD s increasing and convex, for

22



all t > 1 we have

e
e.A(l Kf(x,fu)) _eA(l Kf(x,f)) > 1 ’Cl ($, f)AI(ICE(LU, ))

A sl
x[—l (H‘J(%L))Hl x(J(x,f,,)—J(x, ))

+n

(e+ (@ ) (N[N f‘)] (98)

We now consider what happens in (98) when we first multiply (98) by non-
negative n € L;? (€2), then integrate over € and let v — oo. The first term
in the right hand side converges to 0, because J(-, f,) converges to J(, f)
weakly in L}, .(Q), by (96). We fix unit matrix fields £ = £(z) and ¢ = ((z),

each valued in the space (7;) X (7;) matrices such that

N1@)| = (N 1@)50).

Thus

N1@)| = |Nf@] 2 (No) - Nf@.coc).  ©9)

Using the assumption that {f,} converges weakly in W*(Q, R") where s > [
we have that A'f, converges to A\'f weakly in L! (Q, R™") and |n(z)| ® ¢
belongs to the space L;?.(£2) we have

/n(x)eA(l Kjf(l‘,f))dx < lim inf/n(x)e““(l ;c;(m,fy))dx
f Q

V—00

< lim inf/n(x)eA(l ’Cl(m’f"))da:.
0

Letting ¢ — 0 we have (97). Combining this and (96) we complete the proof
of Theorem 1.1.

Proof of Theorem 1.2 The uniform bound at (¢) is rather simple. To see

this we notice that

]("1)2 (100)

Ko(z) < [ Ki(z)
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see our estimates at (49) and (50); notice that Df(x) = 0 a.e. in the set
{r € Q: J(z, f) = 0}. Holder’s inequality yields

Doy < 1Ko Jlle < IBoll = I,

(n-1)?
S ‘l/’Cl p(nl)Z/J(aj,f)dl“
BE="Ja
< O, B)/J(x,f) iz, (101)
Q

the factor in front of the volume integral being finite due to much stronger
assumption at (15). This follows directly from the assumption (9). We now
proceed to Assertion (ii). Let f, : & — R™ be a sequence of mappings in
the family F, converging weakly in W'?(Q, R") to a mapping f. We want
to show that f € F. The conditions (14) and (15) for the limit map f
follow from Theorem 1.1 and so it suffices to show that f has a finite outer
distortion. The proof is very similar to that for inequality (15): Since the

1

function g(x,y) = 2"y~ is convex on (0,00) x (0,00) [8, Lemma 7.8.2] we

have for each € > 0

[Df(@)* _ IDf@)I" IDf|"
e+J(z, f,) e+ J(x,f) = <m) (J(z, f,) — J(z, f))

IDf|*!
+n (m) (|IDf,| = [Df]).

Because of the uniform bound at (101) the sequence {f,} actually converges
weakly in W14 (Q, R") for every 1 < s < n and by the analysis as in (91)-
(96) we have that J(-, f,) converges to J(-, f) weakly in L} (2). Furthermore

loc

observing that Df, converges weakly to Df in L} (2, R"*™) we have (see

(99)) :

DI@P [ DA@P
/Q”(x)ew(x,f)d < Jimint [ o Ve T )"

for every n € L (2). It then follows that

IDf(@)[" < M(z) J(z, f)  ae.

for some measurable function 1 < M(z) < oo and this completes the proof
of Theorem 1.2.
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Proof of Theorem 1.3 We begin the construction of the example of The-

orem 1.3 by recalling the existence of suitable Lipschitz functions.

Lemma 7.1 Let ¢ > 0. Then there exists a Lipschitz function u : Q1 =
[—1,1]" — [=1,1], smooth outside a closed set of measure zero, such that

u =0 on the boundary of the unit cube @)1, the alternative
|Vu(z) —e| <€ or |[Vu(x) +e| <e (102)

holds for a.e. x € @y, where ey = (1,0, ...,0) as usually.

Proof. See the work of Fonseca, Miiller and Sverak [17, Lemma 5.1] and
references therein.

The idea of the following lemma comes from [13].

Lemma 7.2 Suppose that B is a strictly increasing non-negative function

/""B(ZS)<OO

Given 0 < t <t, let Qy = [—t,t] x[-1,1]""L. There is a continuous mapping
fi : Q¢ = R™ such that fi(x) = (0,22, ...,x,) on the boundary of the set Q,

and

1) f e Wh(Qy,R") and

DFP <Ot forall pe [1,m),
Qt

2)
/ I f) < Ot

t

3) fi has finite distortion in int(Q;), with

/ eB(KO(x’ft)) dr < C't,

t

and

4)
|fulx) = fily)| S Ctif lv —y| <t
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Proof. Given ¢ > 0, using Lemma 7.1 we construct a mapping
g(x1, ey tn) = (w1, ooy T), Ty ooy Ty)
for all x = (21, ...,z,) € @ so that
9(Qr) C @ (103)

g(z) = (0, g, ...,z,) on 0O,

and for a.e. © € (); we have
|Vu(z) —e1| < eor |[Vu(x)+e| <e.

Set
Qf = {x €Q:J(x,9) >O},Q; = {xGQt cJ(x,9) < 0}.

By choosing a suitably small € > 0 we may assume that a.e.

|Dg(x)] <2 (104)
and either
1 3
— < < — 1
S < () <5 (105)
or
3 1
—— < < ——, 1
> < J(r.0) < — (106)
We define

On @, , which we may assume to be open, we will precompose g with suitable
mappings with negative Jacobians so as to obtain a mapping with positive

Jacobian. For this we recall the mapping constructed in [12, Theorem 1.2

(b)]: Under the assumptions of Lemma 7.2 there is a continuous mapping
h € W' (Qy,[—M, M]") for some M > 1 and all p € [1,n) so that there
does not exist a set A C @)1 of measure zero such that |h(A)| > 0,

h(z) = x on 0Q)q,
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J(z,h) <0 a.ein @,

|J(x, h)| dx < oo
@1

and h satisfies
|Dh(x)|" < K(z)|J(z,h)| a.e.

with
/ eBE®) dr < .
1

Here we used the following fact: If B is an increasing non-negative func-
B(s) oo B/(s)

tion such that floo - ds < oo, then |~ == ds < oo. This follows from

integration by parts and from a minor estimate.

Now we decompose Q; into pairwise disjoint cubes @) so that MQ C Q,
for each cube in this decomposition W. Using the above mapping h we find,

for each (), a mapping
hg:Q — MQ (107)

such that hg(r) = = on 0Q, J(x,hg) < 0 a.e, there does not exist a set
A C @ of measure zero such that |hg(A)] > 0,

[ k)l de < fo 196 -
[ 1Dho(@) dz < [, 1Dh(z) d- Q)
Q
for all p € [1,n) and hg satisfies |Dhg(z)|" < Kg(z)|J(x, hg)| a.e in Q) with

/ oBKa(®) gy < / BE) 4z Q). (108)
Q

1

We define
filz) = ulhg(x)), €@

when () € W. To see that f; has the desired properties, notice that the outer
distortion of f; on @ is, by (104) and (106), no more that 2" times the

“outer distortion ”

of hg on . The desired integrability condition on the
outer distortion of f; then follows using the fact that there does not exist a

set A C Q of measure zero such that |hg(A)| > 0 and applying (108) in @,
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and (104), (105) in @; \ @; . The construction shows that f; is continuous.
Finally condition 4) follows from (103) and (107).

Proof of Theorem 1.3 Consider a fixed Cantor-set construction on [—1, 1].
At stage j of the construction, [—1,1] is divided into a finite number of
intervals, some of which are being removed at this stage and some of which
were removed in a previous step. Let [a,b] be an interval in the subdivision
of [-1,1]. We define

— L2, 7xn)

Fj(z) = foe (21 —

for z € [a,b] x [-1,1]""!, where foza is the map from Lemma 7.2. Because
of the boundary values of the maps f; in Lemma 7.2, this procedure gives a
consistent definition of F; in all of )y and it follows (using 1)) that

P} S Wl,p(le Rn)

forall p € [1,n). From 1) - 8) we further conclude that F; has finite distortion
and that
|DE;P + J(z, Fj) + 5 Fo@l) < ¢

Q1
Notice also that F}, coincides with Fj for k > j on each of the intervals that
was removed either earlier or at stage j. Select now the Cantor-construction
so that the resulting Cantor-set E; has positive length. As mentioned above,
Fy.(x) = Fj(z) for all sufficiently large j and k£ when x is not in F; x[—1, 1]
Using /) and the boundary values of the maps f; on @), it follows that the
limit

lim Fj(z) = (0, zo, ..., z,)

J—00

exists for x € By x[—1,1]"~. We conclude that Fj(z) — F(z) for allz € @,
where F' € W'P(Q.,R"), for all p € [1,n), is continuous and satisfies

F(z) = (0,29, ..., zy)

for all z € Ey x [-1,1]""'. Set E = E; x (—1,1)". It is a straightforward
computation to find that [A'F(z)| = 1 and |J(z, f)| = 0 for a.e. = € E.
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8 Uniform Convergence

Theorems 1.1 and 1.2 deal with weak convergence. Our final result shows
that, for mappings of finite distortion, also locally uniform convergence can

be used. For related results in the homeomorphic case see [2] and [18].

Theorem 8.1 Assume that an Orlicz function A satisfies (8), (9) and (10)
(I = 1), and let A,B>0. Let F be the family of mappings f : @ — R* of
finite distortion such that

/ T, f)de < A (109)
Q
and

/ eAMEo@) gy < B. (110)
Q

Fiz some xo € Q and define F = {g : g(x) = f(x) — f(x0) and f € F}.
Then each sequence of mappings in F contains a locally uniformly converging

subsequence, and the limit of any such a sequence belongs to F.

Proof. Notice first that, by Theorem 1.2, F is bounded in each W'P(Q', R?),
1 < p < n, when ' is compactly contained in €2. Moreover, by Holder’s
inequality at (40) we find that

HD Il e @) < CCA) 1Kol prpaay /QJ(x,f) da. (111)

Define ®(¢t) = P(t"), for all ¢ > 0. Then it follows from (32) and Lemma
2.4 that [~ :I;(R = oo and the function 7 — ®(¥/7) is convex for some p >

n—1. From |7, Theorem 1.6] we can conclude that each f € F is continuous
(the continuity means the existence of a continuous representative) with the

uniform bound

)= )] < Ol 1) 107 gy o (222

where z,y € B(a,R) C B(a,2R) C Q and w = we(t), 0 < t < 1 is deter-
mined uniquely from the equation 1 = ftl P (%) ds, provided that f is weakly
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monotone, see [7]. This additional assumption is automatically guaranteed

because we can integrate by parts against the Jacobian (see [3, Theorem

1.3]), and thus the argument used in [7, Section 4| based on Stokes’ Theorem

applies also in our setting. Combining Theorem 1.2 with Ascoli’s Theorem

and the equicontinuity property of the family F the claim follows.
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