Sharp inequalities via truncation

Pekka KOSKELA Jani ONNINEN^∗

Abstract

We show that Sobolev-Poincaré and Trudinger inequalities improve to inequalities on Lorentz-type scales provided they are stable under truncations.

1 Introduction

The classical Sobolev inequalities state that, for an open subset Ω ⊂ R^n , n ≥ 2, and all u ∈ C^1_0 (Ω), (∫ Ω |u(x)|^{p∗} dx ) 1_{p∗} ≤ C_{p,n} (∫ Ω |∇u(x)|^p dx ) 1_p , (1)

where 1 ≤ p < n and p^∗ =^{pn}_{n−p} . If Ω is connected and sufficiently nice, say has smooth boundary, then one also has the analogous Sobolev-Poincaré inequality inf_{c∈R} (∫ Ω |u(x) − c|^{p∗} dx ) 1_{p∗} ≤ C_{p,n}(Ω) (∫ Ω |∇u(x)|^p dx ) 1_p (2) for all u ∈ C^1(Ω). In the borderline case p = n, n ≥ 2, we have the Trudinger [25] inequalities (also see [20] and [26]): there exists C_1 = C_1(n) and C_2 = C_2(n) such that ∫ Ω exp ( |u(x)| C_1 ‖∇u‖_Ln_{(Ω)} ) n_{n−1} dx ≤ C_2 |Ω| (3)

∗Both authors are supported in part by the Academy of Finland, project 39788 02000 Mathematics Subject Classification: 46E35

for u ∈ C^1_0 (Ω), and when Ω is sufficiently nice with finite volume, there exist C_1 = C_1(n, Ω) and C_2 = C_2(n) so that for u ∈ C^1(Ω)

inf_{c∈R} ∫ Ω exp ( |u(x) − c| C_1 ‖∇u‖_Ln_{(Ω)} ) n_{n−1} dx ≤ C_2 |Ω| . (4)

By the density of smooth functions in the Sobolev spaces W^{1,p}_0 (Ω), W^{1,p}(Ω) these inequalities extend to these spaces. The usual proof for Sobolev inequalities for the zero boundary value case is to use integral presentation formulas to estimate |u| in terms of a Riesz potential of |∇u|. Except for the case p = 1, the inequalities can then be deduced from potential estimates; for p = 1 one also applies truncation techniques. Another possibility is to deduce (1) for p = 1 to the isoperimetric inequality and then conclude with the case p > 1 essentially only applying the Hölder inequality. The Trudinger inequality (3) is based on good estimates on the constant in the Sobolev inequality (1). For certain domains Ω, the inequalities (2), (4) can be reduced to (1) and (3) by extending the functions across the boundary. In many situations this is not possible and one applies various chaining techniques and relies on geometric assumptions on Ω. One is then lead to weaker inequalities where instead of, say, p^∗, in (2), one only obtains an exponent q < p^∗ and there might not be any reasonable inequalities below a fixed level p. This phenomenon also shows up in the analysis on metric spaces where the Sobolev-Poincaré-type inequalities often only hold for exponents p bounded away from 1.

The above inequalities are known to be sharp in the sense that the lefthand-sides cannot be improved on in the Orlicz scales [10] (see also [5]). However, even sharper inequalities exist in other scales. The purpose of this note is to point out that inequalities of the Sobolev-Poincaré-type always improve themselves to Lorentz-type scales if they are stable under truncation. Throughout the paper X will be a metric space with metric d and a Borel measure μ.

Theorem 1.1 Let Ω ⊂ X be a domain with μ(Ω) < ∞.

i) Fix p, q ∈ (0, ∞). Suppose that the Sobolev-Poincaré inequality inf_{c∈R} (∫ Ω |u(y) − c|^q dμ(y) ) 1_q ≤ C_0 (∫ Ω g^p(y) dμ(y) ) 1_p (5) is stable under truncations. Then inf_{c∈R} ∫_∞ 0 t^{p−1} [ μ ({ x ∈ Ω : |u(x) − c| > t }) ]^p_q dt ≤ C · C^p_0 ∫ Ω g^p(y) dμ(y) (6) where the constant C = C(p, q) depends only on p and q.

ii) Fix s ∈ (1, ∞). Suppose that the inequality

inf_{c∈R} ∫ Ω exp ( |u(y) − c| C_1 ‖g‖_Ls_{(Ω)} ) s_{s−1} dμ(y) ≤ C_2μ(Ω) (7)

is stable under truncations. Then there exists a constant C = C(s, C_2) so that inf_{c∈R} ∫_∞ 0 t^{s−1} log^{s−1}

(_{e μ(Ω)} μ({x∈Ω:|u(x)−c|>t}) )dt ≤ C · C^s_1 ∫ Ω g^s(y) μ(y). (8)

The requirement that inequality (5) (resp. (7)) be stable under truncations means that for every b ∈ R, 0 < t_1 < t_2 < ∞ and ι ∈ {−1, 1} the pair v^{t2}_{t1} , g_{t1,t2} = gχ_{{t1<v≤t2 }}, where v = ι(u − b) and v^{t2}_{t1} = min{max{0, v − t_1}, t_2 − t_1}, also satisfies Inequality (5) ( (7) ): inf_{c∈R} (∫ Ω | |v^t2_{t1} (y) − c | |^q dμ(y) ) 1_q ≤ C_0 (∫ Ω g^p_{t1,t2} (y) dμ(y) ) 1_p . (9)

The concluded inequalities in Theorem 1.1 are known to hold in the Euclidean setting when the boundary of Ω is sufficiently regular and 1 ≤ p < n and q = p^∗ [18] and [19], [14], or s = n [2], [8] and [14]. The Sobolev inequality version of i) is contained in [1]. Theorem 1.1 gives new information even in Euclidean spaces because no additional assumptions on the geometry of Ω are posed except for Inequality (5) or (7). Notice, however, that the conclusion in i) is nontrivial only when q > p. For sufficient condition for these inequalities see Section 4. Furthermore Theorem 1.1 when combined with results in [7] gives new inequalities on spaces that support a Poincaré inequality (see Section 3).

The idea of using truncation in connection with Sobolev-type inequalities can be traced back to the seminal paper [16] by Maz’ya. For further applications of this powerful technique see [1], [17], [7] and the references therein, and [14].

2 Proof of Theorem 1.1

We will employ the following lemma whose proof is elementary.

Lemma 2.1 Let ν be a finite measure on a set Y . If w ≥ 0 is a ν-measurable function such that ν({y ∈ Y : w(y) = 0}) ≥^{ν(Y )}_2 , then, for every t > 0, ν({y ∈ Y : w(y) > t}) ≤ 2 inf_{c∈R} ν({y ∈ Y : |w(y) − c| > t/2}). (10) We begin with the proof of the part i) of Theorem 1.1: i) Choose b ∈ R such that μ ({u ≥ b}) ≥ μ(Ω) 2 and μ ({u ≤ b}) ≥ μ(Ω) 2 . Here and also later we abbreviate the set {x ∈ Ω : f(x) ≥ a} ( {x ∈ Ω : f(x) ≤ a} ...) to {f ≥ a} ({f ≤ a}...). Let v_+ = max{u − b, 0}, v_− = − min{u − b, 0}. Then |u − b| = v_+ + v_−. In what follows v will denote either v_+ or v_−.

Let 0 < t_1 < t_2 < ∞. Then the function v^{t2}_{t1} satisfies μ ( {v^{t2}_{t1} (x) = 0} ) ≥ μ(Ω) 2 , (11)

and we conclude using Lemma 2.1 and Inequality (5) that [ μ ( {v^{t2}_{t1} > t} ) ] 1_q · t ≤ 2^{1q +1} inf_{c∈R} [ μ ( {|v^{t2}_{t1} − c| > t/2} ) ] 1_q · t/2 ≤ 2^{1q +1}C_0 (∫ Ω g^p_{t1,t2} (y) dμ(y) ) 1_p

= 2^{1q +1}C_0 (∫ Ω g^pχ_{{t1<v≤t2 }} dμ(y) ) 1_p (12) for all t > 0. This yields ∞∑ k=−∞ 2^{pk} [ μ({v^{2k+1}_2k > 2^k}) ] p_q ≤ 2^{pq +p}C^p_0 ∫ Ω g^p(y) dμ(y). (13)

Because {v^{2k+1}_{2k} > 2^k} = {v > 2^{k+1}} we have ∞∑ k=−∞ 2^{pk} [ μ ( {v > 2^{k+1}} ) ] p_q ≤ 2^{pq +p}C^p_0 ∫ Ω g^p(y) dμ(y), (14) which immediately gives the estimate ‖v‖^q_{Lq,p(Ω)} := ∫_∞ 0 t^{p−1} [ μ ({v > t}) ] p_q dt ≤ C_{p,q} · C^p_0 ∫ Ω g^p(y) dμ(y). Finally inf_{c∈R} ‖u − c‖^q_Lq,p_{(Ω)} ≤ ‖u − b‖^q_Lq,p_{(Ω)} ≤ 2^q ( ‖v_+‖^q_Lq,p_{(Ω)} + ‖v_−‖^q_Lq,p_{(Ω)} )

≤ C_{p,q} · C^p_0 ∫ Ω g^p(y) dμ(y), (15) as desired.

ii) As in the part i), choose b ∈ R such that μ ({u ≥ b}) ≥ μ(Ω) 2 and μ ({u ≤ b}) ≥ μ(Ω) 2 . Let v_+ = max{u − b, 0}, v_− = − min{u − b, 0}. In what follows v will denote either v_+ or v_−. Fix 0 < t_1 < t_2 < ∞. Using the expansion exp(t) = ∑_∞ k=0 t^k k! we have that inf_{c∈R} ( − ∫ Ω | |v^t2_{t1} − c | |^{sk}s−1 dμ ) s−1_{sk} ≤ C_1 · C^{s−1sk}_2 (k!)^{s−1sk} (∫ Ω g^s_{t1,t2} (y) dμ(y) ) 1_s (16)

for all k = 1, 2, 3, ..., and, consequently inf_{c∈R} ( − ∫ Ω | |v^t2_{t1} − c | |^{sm}s−1 dμ ) s−1_{sm} ≤ C_1 · C^{s−1sm}_2 (m + 1)^{s−1s} (∫ Ω g^s_{t1,t2} (y) dμ(y) ) 1_s

(17) for every m ≥ 1. Especially, we get the weak type inequality inf_{c∈R} t [ μ ( {|v^{t2}_{t1} − c| > t} ) ] s−1_{sm}

≤ C_1 · C^{s−1sm}_2 2^{s−1s} [μ(Ω)]^{s−1sm} m^{s−1s} (∫ Ω g^s_{t1,t2} (y) dμ(y) ) 1_s (18)

for all m ≥ 1 and every t > 0. Applying Lemma 2.1 we conclude that t [ μ ( {v^{t2}_{t1} > t} ) ] s−1_{sm} ≤ C_1(C_22/e)^{s−1sm} [eμ(Ω)]^{s−1sm} m^{s−1s} (∫ Ω g^s_{t1,t2} (y) dμ(y) ) 1_s

≤ C_1C(C_2, s)[eμ(Ω)]^{s−1sm} m^{s−1s} (∫ Ω g^s_{t1,t2} (y) dμ(y) ) 1_s

for all m ≥ 1 and every t > 0. Next we will choose m, t_1, t_2 and t. Fix i ∈ Z and let m = log (_{eμ(Ω)} μ({v>2^{i+1} }) ) . Then

t ( μ ( {v^{t2}_{t1} > t} ) eμ(Ω) ) s−1 s log ( eμ(Ω) μ({v>2^{i+1}}) )

≤ C_1 · C(C_2, s) log^{s−1s} ( eμ(Ω) μ ({v > 2^{i+1}}) ) (∫ Ω g^s_{t1,t2} (y) dμ(y) ) 1_s (19)

for all t > 0. Choosing t_1 = 2^i, t_2 = 2^{i+1} and t = 2^i we arrive at

2^i log^{s−1s} (_{eμ(Ω)} μ({v>2^{i+1}}) ) μ ( {v^{2i+1}_{2i} > 2^i} ) eμ(Ω) s−1 s log ( eμ(Ω) μ({v>2^{i+1}}) )

≤ C_1 · C(C_2, s) (∫ Ω g^s_2i_{,2}i+1 (y) dμ(y) ) 1_s . (20)

Notice that {v^{2i+1}_{2i} > 2^i} = {v > 2^{i+1}} and so μ ( {v^{2i+1}_{2i} > 2^i} ) eμ(Ω) s−1 s log ( eμ(Ω) μ({v>2^{i+1}}) ) = e^{1−ss} . (21)

We thus obtain 2^i log^{s−1s} (_{eμ(Ω)} μ({v>2^{i+1}}) ) ≤ C_1 · C(C_2, s) (∫ Ω g^s_2i_{,2}i+1 (y) dμ(y) ) 1_s . (22)

We raise the estimate to the power s and sum over i. This results in ∞∑ i=−∞ 2^{si} log^{s−1} (_{eμ(Ω)} μ({v>2^{i+1} }) ) ≤ C^s_1 · C(C_2, s) ∫ Ω g^s(y) dμ(y), (23)

and the inequality ‖v‖^s_{BWs(Ω)} := ∫_∞ 0 t^{s−1} log^{s−1} (_{eμ(Ω)} μ({v>t}) )dt ≤ C^s_1 · C(C_2, s) ∫ Ω g^s(y) dμ(y) (24)

immediately follows. Finally inf_{c∈R} ‖u − c‖^s_{BWs(Ω)} ≤ ‖u − b‖^s_{BWs(Ω)} ≤ 2^s ( ‖v_+‖^s_{BWs(Ω)} + ‖v_−‖^s_{BWs(Ω)} )

≤ C^s_1 · C(C_2, s) ∫ Ω g^s(y) dμ(y), (25) as desired.

Remark 2.2 Using [27, Lemma 1.8.13 and Exercice 1.7] we see that, in the case q > p > 0, Theorem 1.1 really gives new information. It follows that in the case q > p > 0, under the assumptions of Theorem 1.1, Inequality (5) is equivalent with Inequality (6), modulo the constants. Also, if ‖f‖^s_{BWs(Ω)} := ∫_∞ 0 t^{s−1} log^{s−1} (_{eμ(Ω)} μ({|f|>t}) )dt < ∞,

for some fixed s > 1, then it is easy to see that there exist constants C_1(s) and C_2(s) such that ∫ Ω exp ( |f(x)| C_1(s) ‖f‖_{BWs(Ω)} ) s_{s−1} dμ(x) ≤ C_2(s)μ(Ω), (26) which tells that under the assumptions of Theorem 1.1 Inequality (7) is equivalent, modulo the constants, with Inequality (8). However it is easy to construct [8] a function f which satisfies ∫ Ω exp (C|f(x)|)^{ss−1} dμ(x) < ∞ with some constant C, but nevertheless ‖f‖_{BWs(Ω)} = ∞.

3 Consequences of the Poincaré inequality

In this section the starting point is to assume that a pair (u, g) of locally integrable functions satisfies the (1, p)-Poincaré inequality inf_{c∈R} − ∫ B(x,r) |u(y) − c| dμ(y) ≤ K_p r ( − ∫ B(x,σr) g^p(y)dμ(y) ) 1_p (27)

with some σ ≥ 1, p > 0 and K_p > 0, for all balls B(x, σr) ⊂ X. Here − ∫ A v dμ =^1_{μ(A)} ∫ A v dμ. Then the function g estimates the mean oscillation of u very much the same way as |∇u| does in the Euclidean case.

Given a function v and 0 < t_1 < t_2 < ∞, we set

v^{t2}_{t1} = min{max{0, v − t_1}, t_2 − t_1}

as before. Let the pair (u, g) satisfy a (1, p)-Poincaré inequality in X. Assume that for every b ∈ R, 0 < t_1 < t_2 < ∞ and ι ∈ {−1, 1}, the pair v^{t2}_{t1} , gχ_{{t1<v≤t2}}, where v = ι(u − b), satisfies the (1, p)-Poincaré inequality in X (with fixed constants K_p, σ). Then we say that the pair (u, g) has a truncation property.

We assume the doubling condition: there exists a positive constant C_D such that for every x ∈ X μ(B(x, 2r)) ≤ C_D μ(B(x, r)). (28) We also need a lower estimates for the measure of a ball: there exists C_b > 0 and s > 1 such that for every x ∈ X and all 0 < r < R < σdiam(X) μ(B(x, r)) μ(B(x, R)) ≥ C_b ( r R )_s . (29)

Furthermore in this section we assume that X is proper and our metric is a length metric:

d(x, y) = inf_{γx,y} lenght of γ_{x,y}, (30)

where the infimum is taken over all curves γ_{x,y} and γ_{x,y} is a curve joining x to y. Proper means that closed balls are compact.

Combining Theorem 1.1 with [7, Theorem 9.7] we get the following result.

Corollary 3.1 Let (X, d) be a metric space equipped with a metric d that satisfies (30) and a measure μ which is doubling and satisfies (29). Assume that the pair (u, g) satisfies the (1, p)-Poincaré inequality (27) with p ∈ [1, s] and the pair (u, g) has the truncation property.

i) In the case p ∈ [1, s) we have inf_{c∈R} ∫_∞ 0 t^{p−1} [ μ ({|u − c| > t}) ]_{1−} p_s dt ≤ C_1 R^p (μ(B))^ps ∫ B g^p(y) dμ(y). ii) If in addition the space is connected and p = s > 1, then inf_{c∈R} ∫_∞ 0 t^{s−1} log^{s−1} (_{eμ(B)} μ({|u−c|>t}) )dt ≤ C_2R^s − ∫ B g^p(y) dμ(y).

The constants C_1 and C_2 depend on p, s, σ, K_p, C_b and C_D only.

If we have a (1, 1)-Poincaré inequality, then Corollary 3.1 is true for p > 1 even without the truncation assumption. This is proven in [15] by using sophisticated Riesz potential estimates.

There are two important examples of settings where pairs (u, g) that satisfy a (1, p)-Poincaré inequality and have the truncation property show up. The first is the class of spaces that support a p-Poincaré inequality for Lipschitz functions and their point-wise Lipschitz constants. See the survey [12], [7], [9] and the references in these papers. The second arises from Dirichlet spaces. Here one assumes that the Dirichlet form is local to obtain the truncation property. See e.g. [22], [23] and [24], and the references in [7, Section 10.5]. In both of these settings, the p-Poincaré inequality is only assumed for a fixed p > 1 and it need not necessarily hold for p = 1. Thus Corollary 3.1 is not covered by the “classical” Euclidean arguments.

4 The Euclidean setting

As mentioned in the introduction, the assumption (5) of Theorem 1.1 holds only for domains of certain types for fixed levels p > 1. Moreover, (7) can well hold when no Sobolev-Poincaré-type inequalities are true for small values of p. We confine ourselves with giving a few examples.

We say that a bounded domain Ω ⊂ R^n is an s-John domain, s ≥ 1, if there exists a constant C ≥ 1, and a distinguished point x_0 ∈ Ω so that each point x ∈ Ω can be joined to x_0 (inside Ω) by a rectifiable curve (called a John curve), γ : [0, l] → Ω, γ(0) = x, γ(l) = y, parametrised by arc length (l depends on x), and such that distance to the boundary satisfies

dist (γ(t), ∂Ω) > C^{−1}t^s (31)

for all t ∈ [0, l]. Note that x_0 can be replaced by any other point in Ω. The constant in (31) however, depends on the choice of x_0. In such a domain we obtain the following inequality by combining Theorem 1.1 and results in [6] and [11].

Corollary 4.1 Let Ω ⊂ R^n be an s-John domain, s ≥ 1. If 1 ≤ p ≤ q ≤ np (n−1)s+1−p , then inf_{c∈R} ∫_∞ 0 t^{p−1} |{|u − c| > t}|^{pq} dt ≤ C_{p,q}(Ω) ∫ Ω |∇u(x)|^p dx (32) whenever u ∈ C^1(Ω).

In the setting of Corollary 4.1 there are no Sobolev-Poincaré inequalities when p < (s − 1)(n − 1), see [6]. Also notice that a simply connected plane domain (n = 2) of finite area that supports the inequality (32) for all u ∈ C^1(Ω) with some 1 ≤ p < 2 and q =^{2p}_{2−p} is necessarily 1-John by the main result in [3].

Let ϕ : [0, ∞) → [0, ∞), ϕ(0) = 0, be a continuous, increasing and subadditive function. Then a bounded domain Ω ⊂ R^n , n ≥ 2, is a C^{0,ϕ}- domain if for every point b ∈ ∂Ω, there exists r_0, a Cartesian system of coordinates (x^′, x_n) ∈ R^{n−1} × R with the origin at the point b, and a function Φ : {x^′ : |x^′| < r_0} → R such that

i) B(b, r_0) ∩ Ω has the form {(x^′, x_n) ∈ B(0, r_0) : x_n > Φ(x^′)} ii) B(b, r_0) ∩ ∂Ω has the form {(x^′, x_n) ∈ B(0, r_0) : x_n = Φ(x^′)} iii) |Φ(x^′) − Φ(y^′)| ≤ ϕ(|x^′ − y^′|) for all x^′, y^′ ∈ R^{n−1} and |x^′|, |y^′| < r_0. In such a domain we have the following inequality by combining Theorem 1.1 and the main result in [13] (see also [17]). Here we also used the compactness result in [7, Theorem 8.1].

Corollary 4.2 Let Ω ⊂ R^n , n ≥ 2, be a C^{0,ϕ}-domain, 1 ≤ p < q < ∞, and assume that ψ = ϕ^{−1} satisfies lim_{t→0} sup ψ(2t) ψ(t) < ∞. If, for a certain δ > 0, ψ satisfies the condition sup_{0<t<δ} ( ||ψ^{n−1q} ||_Lq_{(0,t)}||ψ^{1−np} ||_L^p_{p−1 (t,δ)} ) < ∞, (33) then inf_{c∈R} ∫_∞ 0 t^{p−1} |{|u − c| > t}|^{pq} dt ≤ C_{p,q}(Ω) ∫ Ω |∇u(x)|^p dx (34) whenever u ∈ C^1(Ω).

Let Ω ⊊ R^n , n ≥ 2. The quasihyperbolic distance between a pair of points x, y ∈ Ω is defined to be k_Ω(x, y) = inf_{γx,y} ∫ γ_{x,y} ds dist (s, ∂Ω)

(35) where the infimum is taken over all curves γ_{x,y} in Ω joining x to y. Let β > 0. We say that Ω satisfies a β-quasihyperbolic boundary condition if the growth condition k_Ω(x_0, x) ≤ 1 β log dist (x_0, ∂Ω) dist (x, ∂Ω)

+ C_0 (36) is satisfied for all x ∈ Ω, where x_0 is a fixed basepoint and C_0 = C_0(x_0) < ∞. Combining Theorem 1.1 and one of the results in [21] we obtain the following corollary.

Corollary 4.3 Let Ω ⊊ R^n , n ≥ 2, satisfy the quasihyperbolic boundary condition (36) for some β ≤ 1. Then inf_{c∈R} ∫_∞ 0 t^{n−1} log^{n−1} (_{e|Ω|} |{|u−c|>t}| )dt ≤ C_{n,β} ∫ Ω |∇u(x)|^n dx (37)

for all u ∈ C^1(Ω).

Notice that a simply connected planar domain (n = 2) with finite measure that supports Inequality (37) for all u ∈ C^1(Ω) necessarily satisfies the quasihyberbolic boundary condition with some β ≤ 1 by the results in [17, p.214] and [4].

References

[1] Bakry, D., Coulhon, T., Ledoux, M. and Saloff-Coste, L. (1995). Sobolev inequalities in disguise. Indiana Univ. Math. J. 44, no. 4, 1033–1074.

[2] Brézis, H. and Wainger, S. A note on limiting cases of Sobolev embeddings and convolution inequalities. Comm. Partial Differential Equations 5 (1980), no. 7, 773–789.

[3] Buckley, S. and Koskela, P. Sobolev-Poincaré implies John. Math. Res.

Lett. 2 (1995), no. 5, 577–593.

[4] Buckley, S. M. and Koskela, P. Criteria for imbeddings of Sobolev- Poincaré type. Internat. Math. Res. Notices 1996, no. 18, 881–901.

[5] Cianchi, A. A sharp embedding theorem for Orlicz-Sobolev spaces. Indiana Univ. Math. J. 45 (1996), no. 1, 39–65.

[6] Hajłasz, P. and Koskela, P. Isoperimetric inequalities and imbedding theorems in irregular domains. J. London Math. Soc. (2) 58 (1998), no. 2, 425–450.

[7] Hajłasz, P. and Koskela, P. Sobolev met Poincaré. Mem. Amer. Math.

Soc. 145 (2000), no. 688.

[8] Hansson, K. Imbedding theorems of Sobolev type in potential theory.

Math. Scand. 45 (1979), no. 1, 77–102.

[9] Heinonen, J. and Koskela, P. Quasiconformal maps in metric spaces with controlled geometry. Acta Math. 181 (1998), no. 1, 1–61.

[10] Hempel, J. A., Morris, G. R. and Trudinger, N. S. On the sharpness of a limiting case of the Sobolev imbedding theorem. Bull. Austral. Math. Soc. 3 (1970) 369–373.

[11] Kilpeläinen, T. and Malý, J. Sobolev inequalities on sets with irregular boundaries. Z. Anal. Anwendungen 19 (2000), no. 2, 369–380.

[12] Koskela, P. Sobolev spaces and quasiconformal mappings on metric spaces, to appear in the proceedings of the third European Congress of Mathematics, Barcelona, (2000), Birkhäuser Verlag.

[13] Labutin, D. A. Embedding of Sobolev spaces on Hölder domains. Proc.

Steklov Inst. Math. (1999), no. 4 (227), 163–172.

[14] Malý, J. and Pick, L. An elementary proof of sharp Sobolev embeddings, to appear in Proc. Amer. Math. Soc.

[15] Malý, J. and Pick, L. The sharp Riesz potential estimates in metric spaces. Preprint.

[16] Maz’ya V. G. A theorem on the multidimensional Schrödinger operator (Russian), Izv. Akad. Nauk. 28 (1964), 1145-1172.

[17] Maz’ya V. G. Sobolev Spaces, Springer, Berlin, 1975.

[18] O’Neil, R. Convolution operators and L(p, q) spaces. Duke Math. J. 30 1963 129–142.

[19] Peetre, J. Espaces d’interpolation et théorème de Soboleff. (French) Ann.

Inst. Fourier (Grenoble) 16 (1966) 279–317.

[20] Pokhozhaev, S.I. On eigenfunctions of the equation △u + λf(u) = 0, Dokl. Akad. Nauk SSR 165 (1965), 36–39.

[21] Smith, W. and Stegenga, D. A. Sobolev imbeddings and integrability of harmonic functions on Hölder domains. Potential theory (Nagoya, 1990), 303–313, de Gruyter, Berlin, 1992.

[22] Sturm, K. T. Analysis on local Dirichlet spaces. I. Recurrence, conservativeness and L^p-Liouville properties. J. Reine Angew. Math. 456 (1994), 173–196.

[23] Sturm, K. T. Analysis on local Dirichlet spaces. II. Upper Gaussian estimates for the fundamental solutions of parabolic equations. Osaka J. Math. 32 (1995), no. 2, 275–312.

[24] Sturm, K. T. Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality. J. Math. Pures Appl. (9) 75 (1996), no. 3, 273–297.

[25] Trudinger, N. S. On imbeddings into Orlicz spaces and some applications. J. Math. Mech. 17 1967 473–483.

[26] Yodovich V. I. Some estimates connected with integral operators and with solutions of elliptic equations, Soviet Math. Doklady 2 (1961), 746– 749.

[27] Ziemer, W. P. Weakly differentiable functions. Sobolev spaces and functions of bounded variation. Graduate Texts in Mathematics, 120. Springer-Verlag, New York, 1989.

PEKKA KOSKELA JANI ONNINEN Department of Mathematics Department of Mathematics University of Jyväskylä University of Jyväskylä P.O. Box 35, Fin-40351 Jyväskylä P.O. Box 35, Fin-40351 Jyväskylä Finland Finland E-mail: pkoskela@math.jyu.fi E-mail: jaonnine@math.jyu.fi