CONFORMAL METRICS AND SIZE OF THE BOUNDARY

MARIO BONK AND PEKKA KOSKELA

ABSTRACT. We establish a lower bound for the Hausdorff dimension of
the boundary associated with a conformal deformation of the Euclidean
metric on the unit ball in R". The deformations we consider are mo-
tivated by quasiconformal maps. Our abstract approach leads to new
results on the boundary behavior of these maps. We prove a conjecture
by Hanson on the compression of sets and obtain an improved version of
the so-called wall theorem. We also establish a Riesz-Privalov theorem
in higher dimensions.

1. INTRODUCTION

In the recent paper [3] by Bonk, Koskela and Rohde it was shown that a
large part of Geometric Function Theory relies on only two properties of
the derivative |f'| of a conformal map f of the unit disc B? in the complex
plane. Namely, the estimate |f'(2)| ~ | f/(w)| whenever the points z,w € B?
have hyperbolic distance at most 1 and the fact that

/f—l(B( ; |f'|? dmg < w12 for w € f(B?) and 7 > 0.

(For notation used in the introduction see the body of the paper, in partic-
ular Sec. 2).

More generally, we can consider a continuous density p: B" — (0, 00) and
define a metric d, and a measure p, by setting

dy(z,y) = inf/ p(z)|dz| for z,y € B",
TSy

where the infimum is taken over all rectifiable curves + that join = to y in
B™, and

po(E) = / p"dm,, for a Borel set E C B".
E

The following conditions generalize the two properties of the density p = | f/|,

where f is a conformal map. The first one is the Harnack type inequality

HI(A): 1/A< %x; < A whenever z,y € B(z, 3(1 — |z])) for some z € B",
Py

and the second one a volume growth condition for the open balls in d,-metric

VG(B) : pp(By(x,7)) < Br" forall zeB", r>0.
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For densities p which satisfy these conditions for some constants A > 1 and
B > 0, in [3] a detailed study of the metric space (B",d,) was performed and
counterparts for many properties of conformal maps were established. In the
case that p arises as the derivative of a conformal map f, the space (B",d,)
looks like the image f(B?) equipped with the internal metric. Another class
of densities satisfying HI(A) and VG(B) consists of appropriately averaged
Jacobians a; of quasiconformal maps f: B" — R"™. In this case A and B
depend only on the dimension n and the dilatation K of f (cf. Sec. 6). The
study of (B",d,) is not simply a repetition of the theory of quasiconformal
maps as the class of the admissible densities p satisfying HI(A) and VG(B)
is strictly larger than the collection of densities arising as averaged Jacobians
(cf. [2]).

An interesting object is the boundary 0,B"™ which we have to add to
(B™,d,) in order to make this metric space complete. As a set the boundary
0,B™ that can be identified with the set of those points ¢ € JB" for which
the ray [0,() is rectifiable in the metric d,. If p comes from a conformal
map f, then 8,,18%2 consists of the points ¢ € OB? for which the image of
the ray [0, () is rectifiable. So 8,)1532 corresponds to the rectifiably accessible
boundary points of f(B?).

Related to expansion and compression behavior of a quasiconformal map
f:B" — R™ on the boundary OB™ is the quest to find upper and lower
bounds for the Hausdorff dimension dim,(E) (with respect to the metric
d,) of subsets E C 0,B". The “expansion behavior” is relatively well under-
stood. One of the results in [3] states that, even though 9,B"™ can be infinite
dimensional relative to d,, an essential part E of d,B" is of Hausdorff di-
mension dim,(F) at most n. For the “compression behavior” only the weak
result dim,(9,B") > C(n, B) > 0 was shown in [3].

The main purpose of the present paper is to establish methods which can
be used to understand compression behavior of quasiconformal maps and
more generally of densities p satisfying HI(A) and VG(B).

Our first result shows that these densities behave like quasiconformal
maps and establishes the natural lower bound for dim,(9,B").

Theorem 1.1. Suppose n > 2 and p: B" — (0,00) is continuous and sat-
isfies HI(A) and VG(B) for some constants A > 1 and B > 0. Then
dim,(9,B™) > n — 1.

In fact, even more is true; the bound on the dimension holds locally
as well. To study this local behavior we associate with a point x € B"
a corresponding part S, of the boundary 0B™. The set S, is the radial
projection of a Whitney type ball centered at x from the origin on dB". For
simplicity we formulate the local version only for quasiconformal mappings
and use the (n — 1)-dimensional Hausdorff content H"~1'*° to measure the
size of a set.
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Theorem 1.2. Suppose f: B" — Q C R" is a K-quasiconformal map.
Then

HP L0 (f(S,)) > edist(f(z),00)™ " for x€B",
where ¢ = ¢(n, K) > 0.

The conclusion of Theorem 1.2 was conjectured by Hanson in [4].

Related to Theorem 1.2 we also obtain a new proof for the “wall” con-
jecture (cf. [5]) that was originally verified by Vaisila [9]. Actually, we will
prove a stronger result (cf. Thm. 6.5).

Theorem 1.3. Suppose f: B" — Q C R" is a K-quasiconformal map.
Then

H' 100N Bly, 2dist(y, 0))) > edist(y,02)" ! for y e Q,
where ¢ = ¢(n, K) > 0.

Furthermore, our methods allow us to relate the growth of the integral
means of p"~! to the size of 0,B". This is similar to the classical Riesz-
Privalov theorem which says that if f: B> — € is a conformal map onto a
Jordan region 2 C C, then the length of 9 and the H'-norm of f’ are equal.
We again content ourselves with restricting to the quasiconformal setting.
To state the result we need a version of the concept of porosity: If 2 C R"
is a region and A > 1, then the A-porous part 0,2 of the boundary of 2 is
the set of all boundary points y which are the limit of a sequence of points
in € whose distance to y does not exceed the distance to the boundary by
more than the factor A (cf. Def. 7.5).

Our result generalizes the Riesz-Privalov theorem for quasiconformal maps
f:B"™ — Q and compares the Hausdorff (n — 1)-measure of an appropriate
porous part of JQ0 with some “norm” ||af||,—1 coming from the integral

means of a’;_l for the averaged Jacobian ay.

Theorem 1.4. Supposen > 3 and f: B" — Q C R" is a K -quasiconformal
map. Then there exists A = A(n, K) > 1 and ¢ = ¢(n, K) > 1 such that

(1/e)llaglln =1 < H'HOAQ) < cllagli i

A similar statement is true in the planar case n = 2 when we replace 0,2
by 0€2. Theorem 1.4 is a consequence of more general estimates for n > 3.
Namely, H"~1(9xQ) can be controlled from above by ||ay||"~] for any A > 1.
The converse estimate holds for the entire boundary 02, but it may well
happen that H"~1(9Q) = oo when |las||"~] < co. On the other hand, we
can allow for a nontrivial exceptional set. Indeed, if n > 3 and M C JB"
satisfies H"2(M) = 0, then ||as|["~] < C(K,n)H" 1(f(6B" \ M)).

An outline of the content of this paper is as follows. In Sec. 2 we set up
notation, and prove and cite some auxiliary results. In Sec. 3 we discuss
Hausdorff measures and introduce an important concept to measure the
size of a set in the boundary which is based on “shadowing” instead of
covering a set. Sec. 4 is devoted to studying how a set can separate a set
on the boundary from the origin. These considerations lead to Prop. 4.8
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which is the main result of this section. Sec. 5 discusses modulus estimates.
The principal result Prop. 5.5 is an upper inequality for the modulus of
curve families in JB™ that we call the “Main Modulus Estimate”. It is of
prime importance for the results in this paper. An immediate consequence
is Thm. 1.1, whose proof is given at the end of Sec. 5. In Sec. 6 we prove
Thm. 6.3 and the Hanson conjecture Thm. 1.2 (cf. Cor. 6.4). Moreover, we
prove Thm. 6.5 which implies Thm. 1.3. Finally, in Sec. 7 we look at analogs
of the Riesz-Privalov Theorem for quasiconformal maps. In dimension 2 we
obtain Thm. 7.3. In higher dimensions we have to utilize the concept of the
A-porous part of the boundary and we prove Thm. 7.6 and Thm. 7.8. An
immediate consequence of these results is Thm. 1.4. We give an example
(cf. 7.10) which shows that our results are optimal.

The results of this paper were proven in 1997 during a stay of the first
named author at the University of Jyvéskyla. He would like to thank the
people in the Department of Mathematics for their hospitality. The authors
also thank J. Lehrback for typesetting the manuscript.

2. NOTATION AND AUXILIARY RESULTS

In general, we will denote by C(A, B,...), c1(A, B,...), etc., positive con-
stants that can be chosen to depend only on some parameters A, B,.... So
C = C(A,B,...) is short hand for the fact that C' is a positive constant
that depends only on A, B, ..., while an inequality a < ¢(A, B, ...) for some
quantity @ means that it is bounded by a number depending only on the
specified parameters. If we write a < b, a 2 b, a =~ b for some quantities
a and b, then we mean that there exists a positive constant (the constant
of “comparability”) depending only on some specified parameters such that
a < cb, ca > b, and (1/c)a < b < ca, respectively. If in these inequalities
no parameters for ¢ are specified, then it is understood that we can take a
fixed numerical constant for c.

We use the notation N = {1,2,3,...} and Ng = {0,1,2,...}. If M is any
set, then #M € No U {oo} is the number of points in M. We consider the
Euclidean space R", and unless otherwise stated n > 2. We denote by |z|
the Euclidean norm of a vector x € R™. So |z — y| is the Euclidean distance
of two points z,y € R™. Moreover, we denote by diam(E) the diameter of
a set E C R", by dist(E, F') the distance of two sets E, F' C R™ and by
B(x,r) and B(z,r) the open and closed Euclidean ball centered at z € R"
with radius r > 0, respectively. The unit ball in R™ is B". If £ C R" is a
set, then OF and E denote the boundary and the closure of E, respectively.
The spherical metric ¢ on the unit sphere dB” is the metric induced by
the restriction of the Euclidean Riemannian metric of R" to 0B™. The sets
¥(¢,r) € OB™ and %(¢,r) C OB™ are the open and closed spherical balls
with center ¢ € OB" and radius r > 0, respectively. If z,y € R", then [z, y]
will be the compact line segment with end points  and y. Similar notation
will be used for open and half open line segments.
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If z € B™ we let
(2.1) B, = B(z,5(1 - |2])

be the “Whitney” type ball in B" centered at z. If £ C B"™ we denote by
S(F) the radial projection of E on 0B" from the origin. More precisely,

S(E) = {¢ € 8B" : [0,) N E # 0}

The set S(E) is the “shadow” of E on the boundary. Note that S(E) = 0B"”
if 0 € E. An important special case is the shadow of a Whitney type ball
B, and we introduce special notation for this situation. So for z € B"™ we
let

(22)  S.=S(B.) = {C € 9B :0,0) N B(z, (1 - |z])) # 0}.

The set S, C 0B™ can be written as a spherical ball with radius comparable
to 1 — |z]. To be specific, for z € B" we have

S, = 0B" = X(¢, ) for arbitrary ¢ € OB" if 0< |z] < 3,

and
S,=% (C,arcsin (E—LT')) if <2<,

where ¢ = S(z) is the projection of z from 0 on 0B". If B C R" is a ball
of radius r and A > 0, then AB is the ball with the same center as B and
radius Ar, closed or open according to which of these properties B has. If
we want to use the same notation for spherical balls, we have to be careful,
because the center of a spherical ball cannot uniquely be recovered from the
ball if its radius is too large. If A > 1 this ambiguity does not matter, and
AX(a,r) = 3(a, Ar) is well defined for such A.

We will need the following elementary fact whose proof we leave to the
reader.

Lemma 2.1. If z,y € B" and Sy C Sy, then [0,2] N By # 0 for every
z € By.

A curve in 2 C R" is a continuous mapping v: I — €0, where I C R is
an interval. We denote the length of v by length(~), and (abusing notation)
the image set y([) also by 7.

If p: R" — [0, 0] is a nonnegative Borel measurable function (which we
will often call densities), then the p-length of a locally rectifiable curve is
defined as

lengthy, (0) = [ p(:) ld|.
¥
where integration is with respect to Euclidean length.

Suppose in addition that p: B" — (0,00) is continuous. Then, as indi-
cated in the introduction, we can define a metric d, by setting for z,y € B"

dy(x,y) = inf lengthp('y),

where the infimum is taken over all rectifiable curves in B" connecting x
and y. It is easy to see that the topology on B" induced by d, agrees with
the standard topology. Notions related to the metric d, will have the usual
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notation used for the Euclidean metric with the additional subscript p. For
example, B,(x,r) denotes the open p-ball centered at « € B™ with radius
7> 0.

Let
2

T

be the density of the hyperbolic metric on B™ of constant negative sectional

h(x) for zeB"

curvature —1. In accordance with our previous convention, dj will be the
hyperbolic metric and metric notation that refers to the hyperbolic metric
will have the subscript h.

Recall that a boundary point x of a region 2 C R" is called accessible, if
there exists a curve 7: [a,b] — R™ such that vy([a,b)) C Q and ~(b) = x.

Lemma 2.2. Suppose that p: B™ — (0,00) is a continuous density. Then
for all a € B™ and r > 0, the set Q = B,(a,r) C B" is a region and every
(Euclidean) boundary point of Q which lies in B™ is accessible.

Proof. The set {2 is open and every point in 2 can be connected with a by
a path lying in 2. Hence () is a region.

To prove the second part of the lemma, let x € 9Q2NB™ be arbitrary. Note
that a # z. We can choose € > 0 small enough such that a ¢ B(z,¢) C B"
and 3p(z) < p(y) < 2p(z) for y € B(x,e).

Since z is a boundary point of Q = B,(a,r), by definition of the metric
d, there exist curves ay: [0,s;] — Q for & € Ny such that a;(0) = a,
|l (s5) — 2| < 2= *+De and length,,(ag) < r for k € No.

For k € Ng we can choose points 0 < ;0 < t1 < ... < g < s such
that

(2.3) o (th,) — | =27V and ag([tky, sk]) € B(z,277¢)

for v € {0,... ,k}.
By successively choosing subsequences of {ay } and passing to a “diagonal”
subsequence of {ay} if necessary, we may in addition assume that

(2.4) lag () — au(ti)] <270 for v e Ny, k1> v.

Since ay(sx) € B(z,2-*e) and |ag(tx) — x| = 27" we have
length (k| [tk sk]) > 27T De and so length,(ag|[trk, sk]) > 27 F 2ep(x).
This implies
(25) dp(a, a(trk)) < length,(agl[0,tx k]) <7 — length, (o |[tr k, sk)

‘ <r =27 ep(a).

For k € Ny let Lj; be the line segment with end points oy (ty ) and
kt1(tk1k). Then Ly, C B(x,27%e) by (2.3), and by (2.4)
length (L) < 2p(x) - 2=k +3) e — 9=k +2) (),

Together with (2.5) this implies Ly C Q.
Now let v: [0,1) — € be a curve whose image set is

ao([O, to’o]) ULogU Ofl([tl,Oa t171]) UlL;U ag([tQ,l, tQ’Q]) U...
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Note that in this union the end point of a curve is the initial point of the
curve following in the union. Moreover, v C Q. Note v(0) = a and since

LU Oék(tk,k_ﬂ U...C B(:B,Q_k&) for k € Np,

we have lim;_,1 y(¢) = . This shows that z is an accessible boundary point
of Q. O

For the arguments in the following sections it is very important to fix
once and for all some set C in B” that is uniformly spread out with respect
to the hyperbolic metric. In our notation we suppress the dependence of
C on n. To obtain such a set, consider a Whitney cube decomposition W
of B"”. This means W is a countable collection of dyadic cubes with sides
parallel to the coordinate planes which have pairwise disjoint interiors such
that B" = (Jgeyy @ and

diam(Q) < dist(Q, 0B") < 4diam(Q) for Qe W.

Now let C be the set of the centers xg of the cubes @@ € W. Then the
countable set C is a uniformly separated net in the hyperbolic metric, i.e.,

sup disty(2,C) < ci(n) for ze€B", and

(2.6) zeB™
dp(z,y) > c2(n) >0 for z,yeC, z#y.
Moreover,
(2.7) 1§ZXBZ SZXABZ <ecs(n,A) for 0<A<2,
zeC zeC
and
(2.8) 1< Z Xg. < cy(n) for 0<t< 1

2€C, B.NOB(0,t)£0

Here x,, denotes the characteristic function of a set. Property (2.7) says
that the collection {B, : z € C} covers B". Moreover, since for 0 < A\ < 2 we
have that the hyperbolic diameter of AB, for z € B" is uniformly bounded
by a constant depending only on A, the collection {\B, : z € C} has bounded
overlap. Property (2.8) says that if we project the balls {B, : z € C} which
meet a fixed sphere 0B(0,t) on dB", then the collection of spherical balls
thus obtained covers 0B™ with bounded overlap.

With a density p: B" — (0,00) we can associate a measure p, defined on
Borel sets £ C B" by

pp(E) = / p" dma,
E

where m,, denotes Lebesgue measure on R™. The spherical measure on any
sphere 0B(a,r) C R" is denoted by o,_1.

The continuous densities p: B"” — (0,00) that we consider in this paper
satisfy in addition the conditions HI(A) and VG(B) (for some constants
A >1 and B > 0) stated in the introduction.

For these densities we will recall several results from [3]. The first one is
the Gehring-Hayman Theorem [3, Thm. 3.1].
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Theorem 2.3. (Gehring-Hayman Theorem) Suppose p: B" — (0,00) is a
continuous density on B™ satisfying HI(A) and VG(B). Then there is a
constant C' = C(A, B,n) > 0 with the following property. If « is a hyperbolic
geodesic in B™ with end points in B™ and v is any other curve in B™ with
the same end points, then

length,(a) < C'length,, (7).

Recall that hyperbolic geodesics are subarcs of circles or lines perpendic-
ular to OB".

It is very convenient to have special notation for the p-size of the Whitney
type ball B;. If p is fixed we let

(2.9) ry = p(x)(1 — |z|) =~ diam,(B;) for z € B".

In [3] it was shown that the completion of the space (B",d,) can be ob-
tained by adding a boundary 9,B" to B". The p-boundary d,B" can be iden-
tified with the subset of 9B" consisting of all ¢ € IB™ with length ([0, (]) <
o0. The inequality length ([0, ¢]) < oc is true for all points outside an excep-
tional set E of vanishing n-capacity. In particular, the Hausdorff dimension
of E is zero. The metric d, extends to B" U 9,B". We will use the notation
B;(a, r) for the open ball with center a € B" U d,B" and radius r > 0 as a
subset of B" U J,B".

3. HAUSDORFF MEASURES

For M CR", a € (0,00), and ¢ € (0, 00] let

(3.1)  HY(M) = inf{zr;g : M C | Blag,ri) AVE €Ny < 5}.
keN keN

Here and in the following we use the convention inf ) = +o0o. Note that

H*%(M) is nonincreasing in §. In particular, we can define the a-Hausdorff

measure H*(M) € [0, 00] by

(3.2) HE(M) = lim HO(M).

The number H*>° (M) is called the a-Hausdorff content of M. For § € (0, oo]
we have

(3.3) HOO (M) < H* (M) < H®(M).
The Hausdorff dimension of M is defined by
(3.4) dim(M) = inf {a € (0,00) : H*(M) = 0}.

Suppose p: B" — (0,00) is a continuous density on B" satisfying HI(A) and
VG(B). To measure the size of a set M C B" U 0,B" we define Hg’é(M)
similar as in (3.1) by using p-balls instead of Euclidean balls. We define
Hy (M) as in (3.2) and dim,(M) as in (3.4). Note that we get the following
inequality which corresponds to (3.3)

,00 a,d «
HO20 (M) < HO (M) < HS(M) for 4 € (0, 0].
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This inequality shows that if we want to estimate the size of M from above,
then we get the strongest statements if we use the p-Hausdorff measure
H;‘,‘(M ). Similarly, we get the strongest statements for lower estimations
if we use the p-Hausdorff content H,"°°(M). It turns out that, if p comes
from a quasiconformal mapping f: B" — R" (i.e., p = ay, cf. Sec. 6), then
the p-Hausdorff content is in general too large to obtain lower estimates on
the Hausdorff content of image sets. Therefore, we will introduce a content
for a set which is quantitatively smaller than the p-Hausdorff content. For
its definition, recall the set C that we fixed in Sec. 2 and the notation r, =
p(x)(1 — |z|) for our fixed density p. Now let M C 9,B", a € (0,00), and
d € (0,00]. Define

20 (M) :mf{zrg tECCAMC | SanVzelir, < 5}.
el ze€
In contrast to Hausdorff contents where covers of the set were considered,
in the definition of @2"5 we consider families of Whitney type balls whose
shadows cover M. We restrict ourselves to sets M C 0,B" here, because
@g’(s will be useful only for estimating the size of sets in the boundary.

Proposition 3.1. Suppose p: B" — (0,00) is a continuous density satis-
fying HI(A) and VG(B). If a € (0,00) and 6 € [0,00], then there ezist
constants A = A\(A,B,n) >0 and C = C(A, B,n,a) > 0 such that

a,\0 a,d n
OO M) < CHY(M)  for M C 9,B".

The proof will easily follow from the following lemma where we make the
assumptions of Prop. 3.1.

Lemma 3.2. There exist constants lyp = lp(n) € N and C = C(A,B,n) >0
with the following property. If a € B™ U 0,B", and r > 0, then there exists
x1,...,x1 € C with I < ly and such that 0,B™ N B;,(a,r) - Ui/:l Sz, and
ry, < Cr forve{l,... [}

Proof. The constants of comparability in this proof will depend on A, B,
and n.

Let M := 0,B" N Bj(a,r) C OB". There is nothing to prove if M = (). If
M consists of a single point, ¢ say, then length ([0, ()) < oco. This implies
that r, tends to zero for points x € B"™ for which B, N [0,{) # 0 as x
tends to . So if z € C with B, N[0,{) # 0 is sufficiently close to ¢, then
{¢} =M C S, and r, is arbitrarily small.

So we may assume, that M contains at least two points. Hence diam (M) >
0 and we can choose (1,(s € M with [(; — (2| > %diam(M). Moreover,
there exists z € B" such that M C S, and 1 — |z| ~ diam(M). For some
lo = lp(n) € N, the set B, can be covered by balls By, ..., By, where [ <
and x1,...,x; € C, and we can in addition assume that each of these balls
B, meets B,. Thus by HI(A)

(3.5) re, =T, for ved{l,... l},
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and
l
(3'6) MCS, = S(Bz) - U Szy-
v=1

Let v be the hyperbolic geodesic in B" joining {; and (2. By the Gehring-
Hayman theorem this is essentially the curve of shortest p-length in B" with
end points ¢; and (2. Note that even though (1,2 € 9,B", the distance
dp(C1,C2) is still equal to infimum over length,(a) for curves a in B™ con-
necting (1 and (2. Hence d,((1,(2) = length,(v). On the other hand, since
(1 — G| > 3 diam(M) ~ 1 — |z] and M C S, the hyperbolic geodesic 7 has
a subcurve 4/ with length(y') 2 1 — [2] and sup,c., dp(y, 2) < 1. Tt follows
that
7. < length ,(v') < length,(v) = d, ({1, G2) < 2.

The lemma follows from this, (3.5) and (3.6). O
Proof of Prop. 3.1. Suppose M C 0,B" and (. B, (zk, %) is a cover of M
with r, < § for k € N. For each ball B;)(:ck, 1) choose points xy 1, ...,k €

C according to Lemma 3.2. Here I}, < lp(n). For A = A(A, B,n) > 0 we have
that
oy, S A < A6 for keN ve{l,... [}

Moreover,
I
M C9,B" N | Bolaw.rr) € | | S
keN keNv=1
Therefore,
Ui
w00 < 3 < Y
keNv=1 keN
Passing to the infimum over all covers of M in the last sum the claim follows
with C' = C(A, B,n,a) = l[p\*. O

Define for M C 9,B", o € (0,00), and ¢ € (0, o0]

éz"é(M) —inf{Zr?:EQC/\MQ U Sy ANVx e & :1—|x| §5}.
xe€ xe€

Lemma 3.3. Suppose p: B — (0,00) is a continuous density satisfying
HI(A) and VG(B). Then there exists constants C = C(A,B,n) > 0 and

B = B(B,n) > 0 with the following property. If o € (0,00) and § € (0,00,
then

Ta,d a,d’ n

OO(M) < 2% (M) for M C 9,B",
where §' = Cp(0)dP.

Proof. By [3, Thm. 5.1] we have

r 1/p
1—|z| < [ =—— for =€ B",
< ()

with 8 = B(B,n) > 0 and C = C(A,B,n) > 0. Soif z € C and r; <
Cp(0)6°, then 1 — |z| < . The claim follows. O
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4. SHADOWS AND SEPARATION

Throughout this section we make the standing assumption that p: B” —
(0,00) is a continuous density that satisfies HI(A) and VG(B) for some
constants A > 1 and B > 0. All constants of comparability will depend
only on A, B and n.

Lemma 4.1. Suppose A >0, £ C C, and sup,ce 7 < 0o. Then the family
{B,(x, Ary) - ¢ € £} is locally finite in B", i.e., for every z € B™ there exists
a neighborhood U of z such that U N B,(x, Ary) # 0 for only finitely many
xr € & Moreover, if Q = |J,ce Bp(x, Ary), then every boundary point of
which lies in B™ is accessible.

Proof. There exists ¢; = c¢1(n, A) > 0 and c2 = c2(n, A) > 0 such that the
sets By(x, c11y), © € C, are pairwise disjoint, and p,(B,(x, c173)) > carly.
To show the local finiteness of our family at a point z € B", note that
there are only finitely many members x € £ with B, N B, # (. So it is
enough to show that the set &, of all x € & such that B, N B, = () and
By(w,A\ry) N U # 0 is finite, where U = 3B..
Now if x € &, then B,(z,ci17,) C By(z, R), where

R = diamp(%Bz) + (A4 c1) supyee e < 00.

On the other hand, for z € £, we have Ar, > dist, (05, %BZ) > ﬁrz. From
VG(B) we now see

Co n
(#EZ)WTZ

IN

ey 1h < Np< U Bp(a:,clrx)>

mESZ xegz
< up(By(z R)) < BR".

This gives an upper bound for #&, as desired.
The first part of the lemma implies 9Q NB" C ({J,ce 0B, (z, Arg)) NB™.
The second claim now follows from Lem. 2.2 O

For a set Q@ C B™ denote by R(Q2) the set of all ( € dB™ for which 2
separates a tail of [0, (), i.e., there exists z € [0, () such that every curve ~y
in B"™ connecting the origin to a point of [z,() has to meet 2. Obviously,
R(£21) C R(Q2) C 0B", whenever ; C Q9 C B™.

Lemma 4.2. Suppose Q1,0 are regions in B™ such that every boundary
point of these regions in B™ is accessible. If Q1NQs = 0, then R(21) C R(Q2)
or R(Q2) € R(1) or R(21) N R(Q) = 0.

Proof. Suppose none of the three possibilities holds. Then there exist {; €
R() \ R(Q2), G2 € R(€22) \ R(21), and ¢ € R({21) N R(s).

Moreover, we can choose z1 € [0,(1), 22 € [0,(2) and z € [0,() such that
Q separates [z1,(1) and [z, () from the origin, and €2y separates [z2, (2) and
[2,() from the origin. Since (1 ¢ R(2) and (2 ¢ R()1), there exist curves
v and 72 in B™ connecting the origin to [z1,(1) and [z2,(2), respectively,
such that v1 N Qo = ) and 72 N2y = @. Since Q; separates [z1,(1) and Qo
separates [z2,(2) from the origin, we have v1 N Qy # 0 and vy, N Qo # 0.
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Therefore, we can find curves a; C =1, as C 9 such that aj,as start in
Qq, Q9, respectively, end at the origin and do not meet (29, 21, respectively.

Since ;1 and )y are regions, this shows that we can travel from any point
of 1 to the origin along a curve without hitting €22 and vice versa. Since
Qy and 9y both separate [z,() from the origin, there exists a first point
20 € (1 UQ9) N [0,¢) as we travel from z to 0 along [0, z].

W.l.o.g. we may assume zg € ;. Since Q1 NNy = 0, 2o ¢ Qo. Assume
zo € 0. Since )y is a region, and every boundary point of ; in B" is
accessible, we can find a curve a connecting an end point of a7 in 7 with
zo such that o\ {zp} C 4. This is also true if zg € Q5.

In any case, [z, z0] U a U o is a curve connecting [z, () with the origin
without hitting Qs. This is a contradiction, since €9 separates [z, () from
the origin. O

Lemma 4.3. Suppose Q1,Qs are regions as in Lem 4.2. If Q3 N Qs # 0
and ) # R() & R(Q2), then any curve v from the origin to a point in Q
meets (.

Proof. As in the first part of the proof of Lem. 4.2, we see that there exists
a curve s from the origin to a point in Qs with as N Q; = 0. Assume there
is a curve v as in the statement with v N Qs = (). Then let a1 = v, take a
point ¢ € R(£21) C R(Q2) and proceed as in the proof of Lem. 4.2 to get a
contradiction. O

Lemma 4.4. Suppose Q,, v € N, are pairwise disjoint regions in B™ that
have accessible boundary points in B™. If the family {Q,} is locally finite in
B”, then every set R(Qq) # () is contained in a unique set R(Q2g) for which
R(Qg) is mazimal among the sets R(Q),), v € N.

Proof. If R(Q,) # 0 and both R(2,) € R(Qg,) and R(Q,) € R(Qg,),
where R(€23,) and R(€g,) are maximal, then R(£23,) C R(Qg,) or R(s,) C
R(Qs,) by Lem. 4.2. By maximality, R(2g,) = R(€Qg,). This shows the
uniqueness.

For the existence we have to show that every inclusion chain

0 # R(Qay) & R(Qay) S R(Qasy) & - ..

is finite.

Suppose not and let { € R(q,). Then there exists z; € Q4, N[0,(), for
otherwise Q,, would not separate any tail of [0, () from the origin.

By Lem. 4.3 there exists zo € Q5 N[0, 21]. Repeating this argument we
obtain points z, € €, for v € N such that z,4; € [0,2,], v € N. Then the
sequence (z,)yen converges and has a limit point z € B™. This is impossible,
since the regions €2, are disjoint and form a locally finite family in B™. [

Lemma 4.5. Suppose Q C B" is a region and ¢ € OB" \ 0,B" lies in the
boundary of R(Q) (as a subset of OB"). Then ¢ € Q and diam,(Q) = cc.

Proof. Suppose ¢ ¢ Q. Then there exists ¢ > 0 such that B(¢,¢) N Q = (.
Since ( lies in the boundary of R(2), there exist points (; € R(Q2) N B((,¢)
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and (2 € [0B" \ R(Q)] N B((,¢). Choose 23 € [0,(2) close enough to (2 such
that zo € B((,¢). Since 2 separates no tail of [0, (2), there exists a curve
connecting the origin to [z2, (2) with yNQ = (. But then Q cannot separate
any tail of [0, (1) from the origin, since any line segment [z, y] lies in B™ \
whenever z,y € B((,e) N B". Choosing x on [0, (;) sufficiently close to (3
and for y the end point of v on [z9,(2), we can connect any tail of [0,(;)
with 0 without hitting Q. This contradicts ¢; € R(2).

Assume diam,(€2) < co. Then there exists C1 < oo such that d,(0,z) <
Cy for z € Q. By the Gehring-Hayman Theorem, [0,x] is essentially the
curve of smallest p-length connecting 0 and z in B™. It follows that there
exists a constant Cy < oo such that length,([0,2]) < Cy for z € Q. Since
¢ € Q we can choose a sequence (x1) in  with (zx) — (. A limiting
argument using the continuity of p then implies

length, ([0, ¢)) lim 1lengthp([O7 r¢]) < limsup length ([0, zx]) < Cs.

r—1,r< k—o00

But ¢ ¢ 9,B" and so length ([0, ()) = oo. This is a contradiction. O

Lemma 4.6. Suppose t > 1. Then there exists A = A(A, B,n,t) > 0 with
the following property. If x € B" and Q = B,(x, Ary), then tS; C R(Q).

Proof. By [3, Thm. 6.3 and Prop. 6.2] there exists ¢; = ¢1(4, B,n) > 0 such
that the following separation property is true. If ¢ € 9B", y € (0,(), and ~
is any curve in B" connecting [0,y) and (y, (), then v N B,(y,ciry) # 0. In
other words, ¢ € R(B,(y, c17y)) whenever ¢ € 0B"™ and y € [0, ().

Now if ¢ € tS,, then disty(x,[0,()) < co(t). Hence for each ¢ € tS,, we
can find y¢ € [0,¢) with dp(x,y¢) < c2(t). Then ry, < c3ry and dy(z,yc) <
c3ry for ¢ € tS;, where cg = c3(A,t) > 0. Hence if A = A(A, B,n,t) =
c3(1+ c1), then By(yc, ciry.) € By(w, Arz), and so

tS. € | R(Bolyc, erry,)) € R(Bp(x, Ara)).
CELSe

O

Lemma 4.7. Suppose (1,2 € IB™, x € [0,(1), € > 0, and |1 — (2| >
e(1— |z|). If v is any curve in B™ connecting [x,(1) \ By and [0,(2), then

length ,(v) > er,
where ¢ = c(A, B,n,e) > 0.

Proof. Let v € [z,(1) \ By and v € [0,(2) be the end points of v, and «
be the hyperbolic geodesic joining v and v. Then by the Gehring-Hayman
theorem

(4.1) length,(v) > ¢1(A, B, n)length,(a).

On the other hand, our assumptions imply |u — v| 2 ca2(e)(1 — |z|) and
therefore it is easily seen that the hyperbolic geodesic a contains a subcurve
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o' with length(a’) > c3(¢)(1 — |#|) and sup,e, dn(z,y) < ca(e). It follows
from HI(A) that

(4.2) length,, () > length,(a') > ¢5(A,€)(1 — |z])p(x) = c5(A, €)rs.
Inequalities (4.1) and (4.2) imply the claim. O

Proposition 4.8. Suppose £ CC, z € B", € > 0, and v s a compact curve
in OB™. If

(a) Sz C 8, forxze&,

(b) 7N ,B" C U,e 55,

(c) diam(y) > e(1 - [2]),
then ) ceTe > crz, where ¢ = c(A, B,n,e) > 0.

Proof. We may assume ) o7, < 0o, for otherwise there is nothing to
prove.

By Lem. 4.6 there exists A = A(A4, B,n) > 0 such that B,(z, Ar;) sepa-
rates a tail of [0, () for all { € 5S,, z € B". Then by Lem. 4.1 the connected
components Q1, s, ... of the open set U = J ¢ By(x, Arz) € B" form a
family of regions whose boundary points in B™ are accessible. Moreover, the
family is locally finite in B".

Our choice of A implies R(B,(z, Arz)) 2 55, for € £. Our assumption
(b) hence shows that each point ¢ € yNJd,B" lies in the interior (w.r.t. 9B")
of some R(€,).

By Lem. 4.4 there is at least one of the regions 2,, say €2, for which the
set R(2) is maximal among the sets R({2,) and contains a point of v N 09,B"
in its interior.

We may assume that v has a parametrization 7: [0,1] — 0B". Let I C
[0,1] be the set of t € [0,1] for which () lies in the interior (w.r.t. OB") of
R(Q). Then I # () is a relative open set in [0, 1]. We claim that I = [0, 1].

Otherwise, there exists a point tg € [0,1] in the relative boundary of I in
[0,1]. Since I is open in [0, 1], to ¢ I, but tg is a limit point of points in I.
This implies that (y = (o) does not lie in the interior of R(2), but is a
limit point of interior points of R(£2). In particular, (p lies in the boundary
of R(Q2).

Assume (p € 0B" \ 9,B". Then diam,(2) = oo by Lem. 4.5. This is
impossible, since the p-diameter of every component €2, of U is bounded by
20\ ) ceTe < 00. To see this note that two points u,v € U lie in the same
component of U if and only if there exist distinct points z1,... ,z; € £ such
that u € B,(x1, Ay, ), v € By(xk, Ary, ) and

Bp(xl,, )\Txu) N Bp(-%'y—o—la /\Txy+1) # 0

for v € {1,... ,k —1}. The points v and v can then be joined by a curve in
the component which has p-length at most

k
2\ Z re, <2A Z Ty
v=1

el
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Thus (o = v(to) € YN I,B". Then (o C 55, for some x € &€, and so (p lies
in the interior of some R(£2;). We have seen above that (j is a limit point of
points in R() distinct from . Therefore, R(£2;) N R(2) # (. By Lem. 4.2
and the maximality of R(2) this implies R(£2;) C R(€2). In particular, (g
would lie in the interior of R(€2). Since we know that this is not true, we
get a contradiction. This shows that I = [0,1] as claimed. Hence  lies in
R(Q).

Choose (1, (2 € 7 such that |(; — (2] = diam~. Since (1,2 € R(2), we
have [0,¢1) N Q # (0 and [0,{2) N Q # (. From the consideration above
it follows that there are pairwise distinct points z1,...,z € £ such that

[07 Cl) N Bp(l’l,)\’l"xl) # ®7 [07 CQ) N Bp(l’k, )\’l“xk) 7é @ and
Bp(xm ATz, ) N Bp(xu—&-la /\Ta:y+1) #0

for v € {1,... ,k —1}. In particular, there exists a curve « in B connecting
[O, <1> and [O,Cz) with
(4.3) length ,(a) < 2A Z .

ze€

Moreover, we may assume that a passes through at least one of the points
T1,...,Tk, i.e., there exists g € £ with xg € a. The point x( lies on some
ray [0,¢]), | € OB, Since |1 — ¢}| + ]G — €| > [¢1 — G| = diam(y), there
is a point ¢} € {(1, (2} for which

Gl = Gl = 516 — Gof = 5 diam(y) > 3e(1 — |2]).

Since Sy, C S, by assumption (a), there exists a point y € B, N[0, x¢] by
Lem. 2.1. In other words, y lies in on the ray [0, (]) “above” zy. The curve
a connects [xo, (]) C [y, (1) to [0,¢5) If zy € By then 1y, ~ ry =~ r,, and the
statement of the proposition is then trivially true.

If zo ¢ By, then « connects [y, () \ By to [0,¢5). Moreover, [¢] — (5] >
se(l—z)) > §e(1 = |y]).

By Lem. 4.7 there is a constant ¢ = ¢(A, B,n,&) > 0 such that
(4.4) length () > cry = cr..

The claim now follows follows from (4.3) and (4.4). O

5. MODULUS ESTIMATES

Suppose I is a curve family in R and p: B" — [0, 00| is Borel measurable.
The density p is called admissible for I' if

(5.1) / pl2) |dz| > 1
Y

for all locally rectifiable curves v € T'.
The modulus of T" is defined as

n

(5.2) mod,, I' = inf / p"tdmy,

where the infimum is taken over all densities admissible for T.
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If T is a curve family in 0B™, n > 2, the spherical modulus is defined by

(5.3) mod?_; I' = inf / P tdo,_q,
OB™

where the infimum ranges over all Borel densities that are admissible for
I". Obviously, we can in addition assume that p is supported on OB"™. We
emphasize the difference between theses modulus concepts by the additional
superscript o (for “spherical”) in (5.3).

Proposition 5.1. Suppose 0 < o < n—1. Let x € B", let E C S, be a
Borel set, and T be the family of curves in B"™ connecting B, and E. Then

HO®(E) < ¢(1 - |z])* mod, T,
where ¢ = ¢(a,n) > 0.

Proof. For x = 0 this is [6, Prop. 4.3]. The general case follows from a
modification of the argument to our present situation (cf. [7, Form. (3.3)]).
Alternatively, we can reduce to the case x = 0 by using a Mobius transfor-
mation T fixing B"” and mapping x to 0. Note that T preserves the modulus
of curve families and expands distances in S, by a factor comparable to
(1— |zt O

Lemma 5.2. Let n > 3. Then there exist a numerical constant ¢; > 0 and
constants € = e(n) > 0, ca = ca(n) > 0 with the following property. Let
r €B", M CS,, and H" 2°°(M) < (1 — |x|)""2. Denote by T the family
of all compact curves v C Sy \ M such that diam(y) > ¢1(1 — |z|). Then
mod; ;1 I' > co.

Proof. Fix a center for the spherical ball .S, and shrink its radius r < =&
which is comparable to 1 — |z| by a factor 2 so that the smaller ball fits
into a hemisphere. Consider only curves v in this new spherical ball. It can
be mapped onto the ball B = B(0, R) C R""! of radius R := 1 — |z| by a
bilipschitz map whose bilipschitz constant is bounded by a fixed number.

By using this auxiliary map, we are reduced to a Euclidean situation and
it is enough to show that if ¢ = ¢(n) > 0 is small, and M C B is a set with
H=2%°(M) < eR"2, then for the family of all compact curves v C B\ M
such that diam(y) > R we have mod,—1I' > ¢(n) > 0.

Consider the annulus A := B(0, Ry) \ B(0, R1) C B, where Ry = $R and
Ry = 2R. Let M’ = AN M and I be the family of all closed segments in
A\ M’ which are subsets of rays starting from 0 and have their end points
on the different boundary components of A. Then I" C T', and so

(5.4) mod,,—;I' > mod,,_1I".

Since M’ C M, we can find balls B(xy, ;) € R*! such that x;, € M’ for
k€ N, M C Upen Blag,mi) and Y52, 7772 < e(2R)" 2. Note that the
factor 2 in this last inequality is caused by the requirement x, € M’ for
k € N. If e = e(n) > 0 is small enough, then this implies r;, < ﬁR. In
particular, B(0, ;5R) N B(zk, ;) = 0 and B(zy,rx) € B(0,R) for k € N.
Then TZ_Q is comparable to the solid angle under which B(xy,ry) is seen
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from the origin in R®~!. Assuming ¢ = £(n) > 0 is small enough, we have
that
Un—2(N) < %Un—Q(aan_2)’
where
N={CeoB"?:3t>0:t e ] Barr}
keN

If € OB™\ N, then the line segment {t¢ : Ry <t < Ry} belongs to I'. If p
is an admissible density for I, then it follows from Holder’s inequality that

Ry
Joritamerz [ L, et s aeao
n— n— 1

= [log(R2/1R1)}n—1 /813712\1\1 [/RTQ p(r¢) d?“] " do,_2(C)
1

>
~ 2[log 2|71
The claim follows from this inequality and (5.4). O

On_2(OB"2) = ¢(n) > 0.

The following Lemma is Lem. 3.2 from [3].

Lemma 5.3. Suppose p: B" — (0,00) is a continuous density satisfying
HI(A) and VG(B). There exists a constant C = C(B,n) > 0 with the
following property.

Let E be a nonempty subset of B"™ and suppose L > § > 0. Assume
diam,(E) < § and that I' is a family of curves in B™ so that  has one end
point in E and length,(vy) > L for every v € I'. Then

C
nl < .
ot IS g (13 L/8)n 1

In order to prove the next proposition we need the following result. We
denote by ||f||rr = ([ygn |fIP don—1)'/P the LP(0,,—1)-norm of a measurable
function f: OB™ — R.

Lemma 5.4. Suppose n > 2, 1 < p < oo and X\ > 1. Let {¥;}ien be a
collection of spherical balls in OB™ and let a; > 0 for i € N. Then

I3 aixyg, [l < Cop VY- aixs, [l

1€N €N

For a proof of a similar result see e.g. [1]. The case p =1 is easy and the
proof for the case p > 1 is based on LP-duality and on the boundedness of
the maximal function in L9, where ¢ is the conjugate exponent of p. These
considerations apply to the setting of Lem. 5.4, since 0,1 is a doubling
measure with respect to the spherical metric.

Proposition 5.5. (Main Modulus Estimate) Suppose p: B" — (0,00) is a
continuous density satisfying HI(A) and VG(B). If e € (0, %], then there
exists a constant C(n, A, B,€) > 0 with the following property.

Let z € B", £ CC, and I" be a family of compact curves in 0B". Assume
that
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(a) Sy C 8, forzef,
(b) yNOB™ C | J,ce Se for v €T,
(c) diam(y) > (1 — |z|) for v €T.

Then

, C
(55) modn_l r S rn—l Z T;L 1.
Z zeg

Proof. In the proof the constants of comparability will only depend on A,
B, n, and €.

A standard covering argument shows that there exists a set & C & such
that

(5.6) S:NSy=0 for z,yel z+#y,
and
(5.7) U S. € | 5S.

zel zel’

By (a)—(c) the density mxs is admissible for I'. Hence
(5.8) mody _; I" < 1.

Suppose for some x € £ the diameter of B, is comparable to the diameter
of B,. Then (a) and Lem. 2.1 imply that the hyperbolic distance of B, and
B, is controlled. So r, and r, are comparable by property HI(A) of p. In
this case (5.5) follows from (5.8). Therefore, we may assume that diam(B;)
and hence diam(Sy) is small compared to diam(B,) ~ 1 — |z| for all z € £'.
More precisely we assume that

(5.9) diam(S;) ~ diam(6S,) < e(1 —|z]) <1/2 for z €&’

Now let

PO = 3 plaxgs (O, for ¢ OB

? geg!
To see that p multiplied with a constant only depending on A, B, n, and ¢
is admissible for I', we have to show fv p(€)|d¢| Z 1 for v € I'. For this note
that v cannot be contained in any 6S,, € £, for otherwise by (5.9)

diam(v) < diam(6S,) < (1 — |z|),

which contradicts (c).
This implies that if yN5S, # () for some x € £, then v connects 55, and
OB™ \ 653, and so

length(y N 6S,) > dist(OB" \ 65;,55;) = 1 — |z|.

Here we used (5.9) and fact that ¢ € (0, 4] which implies that 65, is con-
tained in a hemisphere.
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Now if y € T let Cl := {x € &' : yN5S, # 0}. If vy € T, then by (b) and
(5.7) we can apply Proposition 4.8 to C, and we obtain

/,5(:1:) |dx| = — Z ) length(y N 6S,)
”

Z

g/
Y L Ly
2 — (1 —z]) = re 2 1.
* wecy "z zeC),

Hence inequality (5.5) follows, since by Lem. 5.4 and (5.6) we have

e L DI I

zel!
SanZ XSanlanZ “lon-1(S)
zel! azeé”
1 _
S 2 p@)" A - 2" < o = Z
e zel’! e e
The proof is complete. O

Now we can prove Thm. 1.1.

Proof of Thm. 1.1. Suppose n = 2 and assume that for some £ C C we have
Uyee Sz 2 9,B™. Prop 4.8 with z = 0 and v = 9B? shows that

> e > carg = e1p(0),
xe€
where ¢; = ¢1(A, B) > 0. Hence @},’Oo(ﬁpIB%Q) > ¢1p(0).
Prop. 3.1 then implies
H},(GpIB%Q) > H;’OO(OPIBSQ) > 02@})"’0(8,,1832) > c1e2p(0) > 0,

where c2 = c2(A, B) > 0. Thus dim,(9,B?) > 1
If n > 3 and then Lem. 5.2 for £ = 0 shows that for the family I' of all
compact curves v in OB"™ with diam(y) > ¢z, we have

(5.11) mod)_; I' > ¢4 > 0,

where ¢z > 0 and ¢4 = ¢4(n) > 0. On the other hand, the Main Modulus
Estimate shows that if Uxe ¢Sz 2 0,B" for some set £ C C, then

(5.12) ng_l > c5p(0)" T mod?_; T > ¢6p(0)" 71,

zel
where ¢5 = ¢5(A, B,n) > 0and ¢g = (A, B,n) > 0. Hence @271’00(@,18") >
cp(0)" 1.

Therefore, by Prop. 3.1 we have that
HZ_I(OP]B%") > Hg—lm(apm%") > C7<I>Z_1’°°(3PIB%”) > 0607p(0)”_1 > 0,
where ¢7 = ¢7(A, B,n) > 0. This shows dim,(d,B") > n — 1. O

The proof actually shows the stronger result H’plfl (0,B") > C(A, B,n)p(0)" 1.
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6. THE HANSON CONJECTURE

From now on we will deal with quasiconformal maps f: B" — R™.
A homeomorphism f of B" onto a region 2 C R" is called K-quasiconformal
for K > 1 if the following condition is satisfied: If we define
Hf(l‘) = limsup maX{|f(y) - f(.%’)| : |y — QS‘| = T}’
NP min{|f(y) — £(2)| |y — o] = 1}
then Hy(xz) < K for € B™.

A quasiconformal map lies in the Sobolev space I/Vligl and is differentiable
a.e. in B". If the Jacobian determinant of f is denoted by Jy, we define

1/n

It can be shown that for a K-quasiconformal map f, the density p = ay is

positive and continuous and satisfies HI(A) and VG(B) with constants only
depending on n and K (cf. [3, 2.4]). In the following, p = as unless otherwise
stated. Moreover, in inequalities like a < b the constants of comparability
are understood to depend only on n and K.

It is convenient to have special notation for the distance of a point to the
boundary of the image region 2 of f. So for z € ) we let

da(z) = dist(z, 09).

It follows from the local quasisymmetry of a quasiconformal map (cf. [8,
Sec. 18]) that

ry = p(@)(1 — [z|) = ap(z)(1 — |z[)
(6.1) ~ diam(f(B,)) ~ do(f(z)) for z € B".

The internal metric I and the quasihyperbolic metric kg on  are for =,y €
Q) defined by

|dz]
da(z)’
respectively, where the infimum is taken over all curves v in ) connecting

x and y. It follows from standard distortion estimates for quasiconformal
mappings that

(6.2) lo(f(x), f(y)) = d,(x,y) whenever x,y € B" and dp(x,y) > 1.

For ¢ € 0B™ we let f(¢) be the radial limit lim,_; f(r() if it exists. In
this case, f(¢) € 09. Since

length ,([r(, () ~ Z{Tx cx €C, BN [r¢,¢) # 0}

~ > {diam(f(B.)): 2 €C, B, N[r¢,¢) # 0}
> diam(f([r¢,¢))) for re0,1), ¢ € OB",

lo(z,y) = inf length(y) and kq(z,y) = inf /
-

the limit lim, . f(r¢) exists whenever length,([r(,()) — 0 for » — 1. In
particular, f(¢) is defined for ¢ € 9,B™. So there exists an exceptional set
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Ey C OB" of vanishing n-capacity such that 0,B" C 0B" \ Ey and f(() is
defined for ¢ € OB" \ Ej.
For M C 9B™ we let f(M) C 0N denote the set {f(¢): ¢ € (0B™\ Ep) N
If 2 = f(¢) with ¢ € 9,B" for a boundary point x € 02, then z is a
rectifiably accessible boundary point of 9, i.e., there exists a rectifiable
curve v: [0,1] — R™ such that v(][0,1)) € Q and (1) = =.

Lemma 6.1. Suppose f: B" — Q C R" is K-quasiconformal, a € 05,
R>0, and E ={z €C: f(B;) NdB(a,R) # 0}. Then

xe€
where C' = C(n, K) > 0.

Proof. For each x € £ there exists y, € By such that |f(y,) —a] = R. Since
L(1= fol) < 1 [ya] < 3(1 — [a]), we have 1B, C B(z, (3 + £)(1 - |a]) C
%Bm. The local quasisymmetry of f implies that there exists ¢ = ¢(n, K) > 0
such that f(1By,) 2 B(f(yz),cda(f(yz))). Note that o (f(yz)) & 1y, = 75

On the other hand, éo(f(yz)) < |f(yz) — a| = R. Therefore, 0B(a, R) N
B(f(yz),cda(f(yz))) is a spherical ball on dB(a, R) with spherical measure

n—1

comparable to ¢ 5o (f(y.))" 7!, ie.,

- (aB<a, R)1 B(f (). C5Q(f(yas)))) ~ B (f(ya))" o r .

Note that the balls B(f(ys),cdo(f(yz))), = € &, have bounded overlap,
because by (2.7)

< < . < . < 1.
ZXB(f(yz),cén(f(yz))) ° )= ZX%% - I%XSBI - %X;Bz ~

oy ze€

Hence

DoAY balfua)" T A Y o (aB<a, R) N B(f(ye), da(f <yw>>)>
z€E z€E el

< 00 1(9B(a, R) ~ R
O

Lemma 6.2. Suppose f: B" — Q C R" is K-quasiconformal and M C
0,B". Then there exist positive constants c1, cz, c3 only depending on n and
K such that

WV (f(M)) 2 by 0) for 3> e diam(D),

and
HYH(f(M)) > 3@ (M) for 6> 0.

Proof. We may assume diam(M) > 0 for otherwise the right hand sides of
the inequalities to be proved are 0 by an argument similar to the one given
in the beginning of the proof of Lem. 3.2. Then we can find a point z € B"
such that M C S, and 1 — |z| &~ diam(M).
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Assume the balls B(ug, Ri), k € N, cover f(M) C 99Q. Discarding balls
from the collection if necessary we may assume B(ug, Rg) N f(M) # (. In
this case we may also assume that uy € f(M), since we can shift the center
of each ball to a point in f(M) and increase its radius by a factor 2 if
necessary. In this way the sum ), R;,"! that we have to bound from
below increases by a factor 27! at most. We now consider two cases.

I. f(B.) N B(uy, Ry) # 0 for some [ € N.

Then f(y) € B(u, R;) for some y € B,. It follows that

(6.3) ry = 6(f(y) < |f(y) —wl < Ry
If £ is the set of all x € C with B, N B, # (), then #& < 1 and r, =~
r., =~ ry S R for x € £ Moreover, 1 — |z| = 1 — |z| = diam(M) for
re&, and J,ce Br 2 B implies |, Sz 2 5. 2 M. This shows that for
§ 2 diam(M)
(6.4) DRI RITIZDY e = 0 (M),
keN ze€

II. f(B,) N B(ug, Ry) = 0 for all k € N.

Since S, D M, for every ( € M we can pick a point yc € [0,{) N B,. Let

€ be the set of all z € C such that B, N [y, () # 0 for some ¢ € M and
f(Bz) N OB(ug, Ry) # 0 for some k € N. Note that

(6.5) 1—Jz| $1—|z| ~diam(M) for ze€€&.

Moreover, if ( € M is arbitrary, then f(¢) € B(ug, R) for some k € N. Since
f(yc) € f(B.), the curve f([yc,¢]) has its initial point outside B(u, Ry,) and
has its end point in B(uy, R;). Therefore, there exists a point v € [y¢, ()
with |f(v) — ug| = Rg. For some z € C we have v € B,. Then = € £ and

¢ € Sg. This shows (J,ce Sz 2 M.
Lem. 6.1 and (6.5) now imply that for 6 = diam(M)

ZR;;—l > Z Z{rgg—l @ €C, f(By)NOB(uy, Ry,) # 0}
keN keN
> Zr;;—l > é;—m(M).
xe€

The first statement of the lemma follows from (6.4) and (6.6).
To prove the second statement we start as in the first part of the proof, but

(6.6)

may in addition assume that the radii Rj of the covering balls are smaller
than a given arbitrary positive constant § > 0. In both cases considered
above we have that

sup 7, < sup Ry < 4.
ze€ leN

o719 ig replaced by

d"~1.9 By considering appropriate limits based on these inequalities the

Hence we get the inequalities (6.4) and (6.6) where

second statement of the lemma follows. O

Theorem 6.3. Supposen > 3 and f: B" — Q C R" is a K -quasiconformal
map. Then there exist constants e = ¢(n) > 0 and ¢ = ¢(n, K) > 0 such that
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for every x € B™ and for every set M C S, with H"~2>°(M) < g(1— |z|)"~2
we have

HTES(f(Sa \ M) 2 eda(f ()"

Corollary 6.4. (Hanson conjecture) Suppose f: B" — Q C R" is a K-
quasiconformal map. Then

H'H2(f(S0) 2 eda(f(2)" " for € B,
where ¢ = ¢(n, K) > 0.
Note that in the Corollary we allow the case n = 2.

Proof. Assume first that n > 3. Let N = MU (0B"\9,B"). Since dim(0B™\
9,B") = 0, we have H""2°°(N) = H"~2°°(M). By Lem. 5.2 we can find
g1 =e1(n) > 0, ¢; > 0, and ¢3 = c2(n) > 0 with the following property.
If H"2°°(M) < (1 — |2|)" ! and T is the family of all compact curves
v C Sz \ N with diam(y) > ¢;(1 — |z]), then mod]_;I' > ¢2. By Lem. 6.2,
for some number § ~ (1 — |z|) 2 diam(S, \ V) we have that

(6.7)  H"TER(f(Se \ M) = HEO(f(S, \ N)) 2 &5 H0(55 \ ).

To estimate the last expression in (6.7), assume £ C C is a set such that
Uyee Sy 2 Sz \ N and 1 — |y| < 4 for y € €. In order to give a lower bound
for Zyeg rg_l, we can make the further assumption S, NS, # 0 for y € &,
because we can discard all y € £ from & for which Sy NS, = 0, without
affecting the inclusion (J,c¢ Sy 2 Sz \ N.

Since 1 —[y| <0~ 1—[z| for y € £, the union {J, ¢ Sy is then contained
in a spherical ball with the same center  as S, and a spherical radius not
much larger than the radius of S,. Therefore, we can find a point z € [0, z]
such that [z — 2| $1— |z and S, 2 U, Sy- Note that dp(z,2) <1 and so
Ty AT,

The Main Modulus Estimate now shows

Stz a A do(f ()
ye€

Thus for § as above we have
(6.8) (S, \ N) 2 da(f ()"

Inequalities (6.7) and (6.8) imply the statement of the theorem for n > 3.
The corollary follows from the theorem for n > 3 by taking M = 0.
Finally, the corollary in the case n = 2 follows from Prop. 4.8 by the
above reasoning, if for the curve v in Prop. 4.8 we take a closed arc with
v C S, and diam(y) ~ 1 — |z|. O

In the statement of the next theorem we use the following notation. If
1 C R™ is a region, then By, (y,r) is the ball centered at y with radius r > 0
in the internal metric of ), i.e., the set all points z € Q for which there
exists a curve a: [0,1] — R™ with a(0) = 0, (1) = z, a([0,1)) C €, and
length(a) < r.
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Theorem 6.5. (“Wall” Theorem) Suppose f: B" — Q C R" is a K-
quasiconformal map. Then

H L2 (00N By, (y,200(y))) 2 cda(y)" ™" for yeQ,
where ¢ = ¢(n, K) > 0.

Note that this theorem implies Thm. 1.3 stated in the introduction, be-
cause By, (y,r) C B(y,r), whenever y € Q and r > 0.

Proof. First note that it is enough to show that there exists A = A(n, K) > 1
such that
(6.9) H"H (99 N Big (y, Ma(y))) Z daly)" ! for ye.
For if (6.9) is true, let y € Q and z € 9 with |y — z| = dq(y). Define
y =ty + (1 —t)z, where t = 1/X € (0,1). Note that ¥ € Q, da(v) =
[y — 2| = téa(y) and By, (y', Aa(y')) S Big(y,20a(y)). Inequality (6.9)
applied to 3 then gives
H"12(092 N By, (v, 260(y))) = H*H(02 N By, (v, AMa(y')))
Z da(y)" ! = daly)"

Now assume n > 3. In order to prove (6.9), let x € B™ be the unique
point with y = f(x). For arbitrary s > 1 define My to be the set of all
¢ € 5; for which the p-length of the hyperbolic geodesic v joining x and ¢

is bigger than sr;.
We show that for s = s(n, K) sufficiently large, we have

(6.10) H" 2 (M) < e(1 — |z])" 72,

where € = £(n) is the constant of Thm. 6.3. To see this consider the family
I'y of all curves v in B" connecting B, and M,. If § = diamp(Ew), then
d < cyry, where ¢1 = ¢1(n, K) > 0. By the Gehring-Hayman theorem, there
exists co = co(n, K) such that

length ,(7¢) < calength,(a)
for any curve « in B" connecting ¢ € Mg and x. It follows that
length,(v) > sry/c2 — 8 > ryp(s/ca —c1) =1 Ls for vy €T,
In particular, Ls > § for s > 2c¢yco. For these s, Lem. 5.3 then implies

C3
11 WL, < ,
(6.11) modn U < g+ Lojop

where ¢3 = c¢3(n, K) > 0. On the other hand, by Prop. 5.1
HY2%°(M,) < es(1 — |z))" 2 mod,, Ty,

where ¢4 = c4(n, K) > 0. By (6.11) we can choose sg = so(n, K) > 0 large
enough so that ¢ymod, I's < ¢ for s > s9. For these s, inequality (6.10) is
true.

Thm. 6.3 and (6.10) now imply that
(6.12) HH(f(Se \ My)) = csbaly)™

where ¢ = cg(n, K) > 0.
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Whenever ¢ € S, \ M, the hyperbolic geodesic ¢ has p-length less or
equal to sr, ~ sdq(y). This implies that there exists a curve a: [0,1] — R"
such that a(0) =y, «([0,1)) C Q, a(1) = f(¢) and length(a) < c7sda(y),
where ¢7 = ¢7(n, K) > 0. To see this note that the internal Euclidean metric
in 2 is roughly comparable to the p-metric.

In particular, if A = ¢7sg, then A only depends on n and K and we have
By, (y, Moa(y)) N0 D f(Sy\ Ms,). Inequality (6.9) then follows from (6.12),
and the proof is complete for n > 3.

For n = 2 the proof is elementary and much easier. Let y € €2, and z € 92
be a point with |y — z| = dq(y). Consider the circles C; = 0B(z,téq(y))
for 0 < t < 1. Starting at the unique intersection point of the line segment
(z,y) with C; and moving along C} in positive orientation, let z; be the
first point in the boundary of €2 that we hit. Such a point exists, because
otherwise C; C Q) would separate the point at infinity from z € , which
is impossible, since the region 2 is simply connected. On the one hand, for
the set M = {2;: 0 <t < 1} we have M C 9Q N By, (y, (1 + 2m)da(y)). On
the other hand, it is easy to see HM*°(M) > HY°((z,y]) = 1da(y). The
statement follows. O

Remark 6.6. If appropriately formulated, the main results of this section
(Thm. 6.3, Cor. 6.4, and Thm. 6.5) remain true for general continuous den-
sities p: B" — (0, 00) satisfying HI(A) and VG(B).

7. THE RIESZ-PRIVALOV THEOREM IN HIGHER DIMENSIONS

If f: B2 — Q is a conformal map of the unit disc in the complex plane onto
a Jordan region €2, then

A(DR) = sup / O] =: |1
r<l1 JoB2

Here A(0f2) is the length of the Jordan curve 0f). This statement is the
classical Riesz-Privalov Theorem. In particular, A(02) < oo if and only
if ||f'||1 < oo. This statement can easily be generalized for quasiconformal
maps f: B2 — Q, where Q is not necessarily a Jordan region (see below).
The generalization of this statement to higher dimensions is not so obvious.
This is the main topic of this section.

If p: B" — (0, 00) is a continuous density, and p > 0, we define the integral
mean

Iy(p,t) := p(t0)P dop—1(¢) for 0<t<1.

||P||p ‘= Sup Ip(ﬂat)l/p-
t<1

Lemma 7.1. Suppose p: B — (0,00) is a continuous density satisfying
HI(A) and VG(B). Then there exist constants ¢c; = c1(A,n) > 0 and ¢z =
c2(A, B,n) > 0 such that
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(a) forp>0and 0 <t <1 we have
Sh(p.t) < (1=t P Sk € C, BanaBI0,1) # 0} < Al(p.1),
1

(b) In—1(p,t) < colp—1(p,s) forp>0,0<t<s<1.

Statement (b) says that the integral (n — 1)-mean of p is essentially non-
decreasing as a function of t.

Proof. (a) This statement follows from

1/p
~ [(1 —nioe Z 7“4 .
2€C, BandB(0,t)#£0
To see this use Harnack’s inequality for p and note that the set {z € B" :
||z| —t| < (1 —t)} is a spherical shell around the sphere 9B(0,t). The
volume of this shell is comparable to (1 —t). The constants of comparability
depend only on A and n.

(b) Here the constants of comparability will depend on A, B, and n.
Let ¢ = {z € C: B,N9B(0,t) # 0} for 0 < ¢t < 1. For z € C; let
Cs(w) = {y € Cs : Sy NS, # 0}. Since J,cc, Se 2 OB" for all 0 <t < 1,
we have Uyecs(x) Sy 2 Sy forall 0 <t < s <1,z € C. Note that
diam(S,) S1—s<1—tfory e Cs(x). This shows that

diam< U Sy> S1—t=1—|z| for x €.
yECs (z)
So whenever x € C;, by traveling a distance comparable to 1 — ¢ along the
ray [0, z] from z, we can find a point 2’ € B™ such that
(7.1) rg mrpand Sy 2 | Sy 2 S
y€Cs(x)
By Lem. 5.2, for each x € B" there exists a family ', of compact curves
with v C S, and diam(v) ~ 1 — |z| for v € I'; such that

(7.2) mod; 'z 2 1.
The Main Modulus Estimate, (7.1), and (7.2) then imply
(7.3) Z 7‘571 >l for 2 €.
yeCs(x)

If 1,29 € C; and Cs(w1) N Cs(x2) # 0, then |x1 — xo| < 1 —¢t. Since
1— |z = 1—|zo] = 1—t, we get dp(z1,22) S 1. This shows that #{z €
C:y€Cs(x)} <1forallyeCs.

Hence by (7.3)

n—1 n—1 n—1
DIED DD DI D DL

z€Cy 2€Ct yeCs(x) y€Cs
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Now this and (a) imply (b). O

From now on we will again consider K-quasiconformal maps f: B” — ) C
R™. Unless otherwise stated, p = ay and all constants of comparability will
depend only on n and K.

Proposition 7.2. Suppose f: B" — Q CR" is a K-quasiconformal map.
(a) If n =2, then there exists c; = c¢1(K) > 0 such that

llaglh < er®!(99).
(b) If n > 3, then there exist ca = ca(n, K) >0 and ¢ = e(n) > 0 such that
llagll =1 < exH" 71 (f(OB™ \ M),

whenever M C OB™ is a Borel set with H"~2>°(M NX(a,r)) < er™ 2 for all
a € 0B, 0<r <. Inparticular, ||las||""] < caH"1(9Q).

Proof. We first prove (b).

Since dim(0B" \ 9,B") = 0, we may assume 0B" \ J,B" C M. Lem. 5.2
shows that if M C OB" has the property that H"~2>°(M N¥(a,r)) < er" 2
for all @ € OB", 0 < r < 7, where ¢ = ¢(n) > 0 is sufficiently small, then
the following statement is true. If x € B"™ and I';, is the family of all curves
v C Sz \ M with diam(vy) > ¢(1 — |z|), where ¢ > 0, then
(7.4) mod? T, = 1.

Let 0 <t < 1 be arbitrary. As in the proof of Lem. 7.1 let C; = {z € C :
B,NdB(0,t) # 0}. To estimate égfl’é(ﬁB”\M) where p =apand 6 <1—t
suppose £ C C is a set such that | J, .Sy 2 0B" \ M and 1 — |y| < § for
y € €.

Define E(x) = {y € € : Sy NSy # 0} for x € C;. Then diam(S,) ~
11—yl <6 <1—t~1—|z| whenever z € C; and y € £(z). As in the proof
of Lem. 7.1 for every z € C; we can find a point 2’ € [0, z] such that

(7.5) T ATy and Sy D U Sy 2 Sz \ M.
y€e&(z)

ye€

In particular, v C Uyeg(x) Sy for every v € I'y, x € C;. The Main Modulus
Estimate, (7.4), and (7.5) then imply
(7.6) < Z rg_l for x €.
ye&(x)
As in the proof of Lem. 7.1 we have that
#{reC:ye&(x)} S1 for yek.
Hence by Lem. 7.1 (a)
CTUED DLE=D DI DI A=) Bl
z€Cy z€Ct ye&(x) ye&

The constants involved in this inequality only depend on n and K and not
on t and &£. Therefore,

(7.7) In-1(ay,t) SO0(OB"\ M) if §<1-—t
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Hence by Lem. 3.3 and Lem. 6.2 we have that
L-1(ap,t) SHH OB\ M) for 0<t<1.

From this (b) follows.

The proof of (a) runs along similar lines. In this case the crucial inequality
(7.6) follows from Prop. 4.8 taking for v some compact curve with v C S,
and diam(y) ~ 1 — |z|. O

We can now prove the following version of the Riesz-Privalov Theorem
for planar quasiconformal mappings in the unit disc.

Theorem 7.3. Suppose f: B> — Q C R? is a K-quasiconformal map.
Then

(1/e)llaglh < H'(09) < cllaglh,
where ¢ = ¢(K) > 1.

Proof. We have ||af||1 < HY(OQ) by Prop. 7.2. Hence if suffices to show
HY(02) < |lagl|lr. For this purpose let C' < H'(9€) be arbitrary. Since
limg_o H?(0Q) = H(99), there exists § > 0 such that H*(9Q) > C and
26 < diam(092).

The set M = {f(¢) : ¢ € 0B, lim,_; f(r¢) ex.} is dense in 9. To see
this note first that the set of rectifiably accessible boundary points of €2 is
dense in 0f). For if y € 0L is arbitrary, then there exist points z € ) arbi-
trarily close to y. If ¥/ € 99 is a boundary point with |z — /| = dist(z, 99),
then [z,9") C Q, so ¢/ is rectifiably accessible. Moreover, |y’ —y| < 2|z —y|,
and so there are rectifiably accessible boundary points arbitrarily close to y.

Secondly, note that if : [0,1] — R? is a rectifiable curve with ([0,1)) C
Q and (1) € 99, then lim;_.; f~! o (t) € OB? exists. Calling this limit ¢,
it follows that the radial limit of f at ¢ exists, and we have f(¢) = v(1).

Therefore, the image set of the points of OB? where the radial limit of f
exists contains the rectifiably accessible boundary points of 2. Hence the
set is dense.

It follows that (J,cp, B(y,6/5) 2 982 By a standard covering argument
we can choose a subset N C M such that the balls B(y,d/5), y € N, are
pairwise disjoint and (J,¢y B(y,d) 2 0€%. The set N is countable, and since
20 < diam(99Q) we have #N > 2. The definition of H'9(9Q) shows that

C<HY(©O2) <> 4
yeEN

Therefore, we can find [ € N with 2 <[ < #N such that l > C, and find
points ¢, = e, 1 < v < I, where 0 < ¥; < ... < ¥; < 2m, such that
the radial limit f(¢,) = lim,—1 f(r,) exists and |£(() — f(Cos1)| > 26 for
ve{l,... I} (weset f((41) = f(C1))-

Now choose t < 1 close enough to 1 such that |f(¢(,) — f(tCpy1)| > %5
and dp(t¢y,t¢,41) > 1 for 1 < v <. If lg is the internal Euclidean metric in
Q2 and p = ay, then d,(z,y) = lo(f(x), f(y)), whenever dj,(x,y) > 1. Thus
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we get,

l
C<5l§52\f(tcy)— f(t¢o+1) \<5ZZQ (t60), £ (tu41))

l
3 1) £ / pte'”) do
v=1 v=1

= | o0 dni(©) = 2m11(as.t) < 2l

Since this is true for arbitrary C' < H!(0) and the constants involved in
this inequality only depend on K, we get H'(992) < |laf||1 as desired. [

Lemma 7.4. Suppose f: B" — Q C R" is a K-quasiconformal map, €
0,B", and x € [0,(). Then there exists a constant ¢ = c(n, K) > 0 such that

|f(z) = f(Q)] < clength,([z,())-

Proof. Note that length,([x,()) < oo and lim, 1 f(r¢) = f(¢) exists. Let
xo = x and define z, € [z, () such that xy € [xx_1,() and dp(zg_1,2K) = 1
for k € N. Let a5 = lengthp([:z:k,xkﬂ]), k € Ng. Then

lo(f(zk), f(zrs1)) = dp(xk, 2p41) Sar for ke Np.

Therefore we can choose a curve 75 in Q joining f(xr) and f(xg41) such
that length(vx) < ag. Then v = 49U~ U... is a curve in  with initial
point f(x). Moreover length(y) < > 272, ar = length,([z,()) < oco. Since
ar, — 0, we have diam(y;) — 0 for kK — oo. Since f(zx) — f(¢) for k — o0,
the curve « has the limit f(¢) as we travel along the curve starting at the
initial point. Hence |f(¢) — f(x)| < length(y) < length,([z,()). O

Definition 7.5. If Q C R"™ is a region and A > 1, then the A-porous part of
the boundary of € is

Q= {y € 0Q : 3 sequence (y;) in Q s.t.
llim y =y and |y, — y| < Adist(y;, 092) for [ € N}.

Note that Oy Q C 9\Q if N < A\,

Theorem 7.6. Supposen > 3 and f: B"™ — Q C R" is a K-quasiconformal
map. Then there exist A\ = A(n, K) > 1 and ¢ = c¢(n, K) > 0 such that

lagllnZ < cH"7H(0A0).

Proof. By Prop. 7.2 (b) it suffices to find A = A(n, K) > 1 and a set M C
OB™ such that H" 2(M) = 0 and f(OB"\ M) C 0,Q.

By Thm. 5.2 in [3] we can choose M C OB" such that H" 2(M) = 0 and
ap(t¢) = p(t¢) = o((1 —t)™2/") as t — 1 for all € OB" \ M.

The proof of Lem. 7.5 in [3] shows that there exists \; = A\1(n) > 1 such
that for every ¢ € 0B™\ M there exists a sequence (z;) on [0, ¢) with (z;) — ¢
and length,([x,()) < A7y, for [ € N. Since 74, = do(f(21)), it follows from
Lem. 7.4 that there exists Ao = A\2(n, K) > 0 such that

(7.8) [f (@) = F(O)] < A20(f(x)) for e€N.
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Note that dq(f(x)) = re, = p(x)(1 — |21]) = o((1 — |z;)'=2/™) as | — oc.
Therefore, dq(f(z;)) — 0 for [ — oo. Hence (7.8) implies f({) € 05,9 for
all ¢ € OB" \ M. 0

Lemma 7.7. Suppose n > 3 and p: B" — (0,00) is a continuous density
satisfying HI(A) and VG(B). Then there exist constants L = L(A, B,n) > 0
and C = C(A, B,n) > 0 with the following property.

If FCC and d,(x,y) > L(ry +1ry) for all x,y € F, x # vy, then

> ot < Cllpllni
zeF

Proof. In this proof the constants of comparability will depend only on A,
B, and n.

We may assume that the set F is finite and so F = {y1,...,y}. We
have to show that if L = L(A, B,n) is sufficiently large and the p-balls
Q, = B,(yy, Lry,) are pairwise disjoint, then Y _zry~! < llpll"~1. We
proceed in several steps.

I. If L > Ly(A,B,n) is large enough, then B,, C Q,, S,, € R(),
and there exist (, € Sy, such that 2, contains a tail of [0,(,) for all v €
{1,...,1}.

The first statement is clear and the second follows from Lem. 4.6. For the
third statement note that mod,, ', = 1, where T', is the family of curves
in B" connecting B, and S;. From Lem. 5.3 it follows that length () <
ry, for some o, € I'y. If ¢, is the end point of a, on Sy, then for some
Y, € By, N[0,¢,) we have length,([y,,, () S 7y, - Since diam,(By,) < 7y, it
follows d,(yy, x) < 1y, for all x on the tail [y, ¢,) of [0,¢,).

IT. Suppose L > Ly. For v, € {1,... 1}, v # p, we have R(2,) G R(€,)
or R(Q,) & R(%) or R(Q) N R(Q,) = 0.

In view of Lem. 4.1 and Lem. 4.2 it suffices to show that v # p implies
R(€2,) # R(R,); recall that ©Q, N, = 0 provided v # p. If we travel on the
ray [0,y,] from 0 until we hit one of the sets Q, or Q,,, we see from the fact
that each boundary point of €2, or €1, in B" is accessible that there exists a
curve o in B" connecting one of the sets €2, or €, with the origin without
hitting the other one. Assume a connects €, to 0 and Q, N = 0, say. By L.
there exists a point (p € OB" such that €2, contains a tail of [0, {p). Since €,
is connected, any tail of [0, (y) can be connected in €, with the initial point
of a. Since Q, NQ, =0, we see that any tail of [0, () can be connected to
0 by a curve that avoids €,. Therefore, (o ¢ R(€2,). On the other hand,
Co € R(€), since €, contains a tail of [0, (). Hence R(€2,) # R(£,).

III. For each v € {1,...,l} we can find points y,,,y, € B™ such that
diSth(ylMyly) S diSth(ywyly,) <1, and

(7.9) Sy, 225y, 25y, 225y.
Moreover, we can require

(7.10) dist(OB" \ Sy,,Syr) 21 —|y| for ve{l,... I}
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Then
(7.11) Ty, /Ty, = Ty and 1 — |y1//| ~1—|y|~=1- |y1///’

forve{l,... 1}

For t € [0,1), let C; = {x € C : B, N 9B(0,t) # 0}. Then by Lem. 7.1
we have that »_ . =l a I, _1(p,t) < ||p||"~1. Note that Ueec, Sz 2 0B™
and diam(Sy) ~ 1 —t for z € C;. So by (7.9) and (7.10), we can fix s € [0,1)
sufficiently close to 1 such that S;NS,, # 0 implies S, C S,y and S;NSy» # 0
implies S, C S, for v € {1,... 1}, x € Cs.

We then have

Sy, 2 J{Se 1w €Cy, San Sy, # 0}

(7.12)
D J{Se €€, 82 ©8y,} 28, for ve{l,... i}

IV. For v € {1,...,1} let & C Cs be the set of all z € Cs such that
Sy C Sy, and the set R(€,) is minimal among the sets R(£),) for which
Sy € 8y,. Then £,NE,, = () for v # p. Forif x € £,NE,, then S, C Sy, NSy,
By the minimality of R(£2,) and R(f,), we have R(Q,) N R(2,) = 0 by IL
But this is impossible since () # S, C Sy, NSy, € R(2,) N R(Q,) by L

This shows that

l
(7.13) D <y s el
v=1z€e&, z€Csq

V. We claim that rp! <30 o ri~t for v e {1,... 1} if L= L(A, B,n)
is large enough. By (7.13) this will prove the Lemma.

In order to see that the claim is true, let E, = |J{S; : 2 € Cs\ &, Sz C
Sy, } and I}, be the family of all curves in B" connecting By, and E,. By
(7.12) we have

(7.14) Sy, 2 |J S 28y \ Ev.

€€y
Suppose ¢ € E,. Then there exists x € C, \ £, such that ( € S, C 5y,.
This is only possible if there exists u # v such that S, C S, and R(Q,) &
R(Qy). Then ¢ € S, C S5y, € R(Q,) by L. Since ¢ € S,,, there exists
z1 € [0,¢) N By, C[0,¢) NQ,. We must have [z1,() N, # 0. To see this
note that there exists a curve « connecting €2, and 0 without hitting €2,,.
The curve « is constructed as in II. by traveling from 0 to a point in £2,, until
we first hit €, or Q,. We must first hit Q, by Lem. 4.3. If [z1,{) N Q, =0,
then we could connect z1 to the initial point of « in 2, without hitting €2,,.
Then no tail of [0,() would be separated by €2, contradicting ¢ € R(,).
Hence there exists 2o € Q, N [21,().

Then

tength, ([21,0)) >
> dp(yuv y,u) - dp(zla yl/) - dp(227 y,u)
>
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where ¢; = ¢1(A, B,n) > 0 is a constant such that
diam,(By,) < ciry, for ve{l,... I}
If v is any curve connecting B,, to ¢ we obtain from the Gehring-Hayman
Theorem
length () + diam,(By,) > calength ,([21,()),
where ¢ = c2(A, B,n) > 0. This shows

length,(y) > (coL — c3)ry, forall yeT,, ve{l,... I},

where ¢z = c3(A, B,n) > 0.

Lem. 5.3 shows that mod,, ', is arbitrarily small, when L is large enough.
In particular, we can choose Ly = Lo(A, B,n) > Ly such that for L > Ly
we have (cf. Lem. 5.2 and Prop. 5.1)

H20(B,) < el — [y moda T, < =(1 - lyl])" 2,

forve {1,...,l}, where e = £(n) > 0 is as in Lem. 5.2 and ¢ as in Prop. 5.1.
Lem. 5.2 then shows that if L > L, we have mod;_, I, > 1, where T, is
the family of all curves v in Sy» \ E, such that diam(y) 2 (1 — [y)/|). The
Main Modulus Estimate and (7.11) then imply

”1<Zr”1 for ve{l,... I}
z€&y

The proof is complete. O

Theorem 7.8. Supposen > 3 and let f: B — Q CR" be a K-quasiconformal
map. Then for all X\ > 1 there exists ¢ = ¢(n, K, \) > 0 such that

(7.15) H* 1 (0x) < cllag|[i7}

Proof. Let C < H" 1(0,Q) be arbitrary. By definition of H"~1(9,) there
exists § > 0 such that C < H" 19(9,Q). By definition of 9,Q, for each
z € 0\Q2 we can find a point y, € Q arbitrarily close to z such that z €
B(y., Mq(y.)). In particular, we can require that 5\dq(y,) < & for all
z € 0\Q). A standard covering argument shows that there exists a set Z C
0x) such that the balls B(y., M (y.)) are pairwise disjoint for z € Z, and
U.ez B(y2,5Ma(y=)) 2 0 Q2. Note that the set Z is countable. By the
definition of H"19(9,Q) we have

C < (BN baly)"
z2€Z

Choosing a finite subset of Z, we can find points y1,...,y; €  such that
the balls B(y,, Aq(y,)) are pairwise disjoint and

l

(7.16) C < (BN oy

v=1

Let 2/, € B" be the preimage of y, under f; ie., y, = f(z,) for v €

(1,....0.
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If A > A\i(n, K), then dp(z),2),) > 1 for v # p. For if dy(z,,r),) < 1,
v # p, then the quasihyperbolic distance kq(y,, y,u) of ¥, and y, is bounded
by a constant ¢; = ¢1(n, K) > 0. Hence

’y,u_yu‘>
log(A\) <log| ———— | < k(y, < ey,
og(A) < 0g< Saln) ) = (Yo, yp) < a1

and so A < Aj :=exp(cy).

There are points x, € C such that dy(x,,z,) < 1. Then r,, = 1y =
do(yy) and dy(zy,2,,) S 74,. In particular, there exists a constant c; =
ca2(n, K) > 0 such that d,(z,,z]) < carg, and (1/c2)rs, < da(yy) < cory,
forve{l,... 1}

IfA> )\1, then dp(,,,2,) > 1 for v # pand so lo(yy, yu) = d ( ,,,r),). In
particular, for some cg = c3(n, K) > 0 we have lo(yy, yu) < czd,(z),,2,), v #

Ly Ty,
. These inequalities and the estimate dq(y,) > (1/c2)r,, for all v show that
for v # u

dp(xy,x,) > d ( xy,, u) CaTy, — C2Tx,,

> alg(yy, Yu) — CaTz, — C2Tg,,

1
> a/\(‘sﬁ (yv) +da(yu)) — cora, — 2Ty,
1
> () —
> (oA ), 4 72)

This inequality shows that if A > Ag(n, K) > A1, then the points z1,... , 1y
satisfy the hypothesis of Lem. 7.7. For some constant ¢4 = c4(n, K) > 0 we

then have
l

> et < eyllag|n]

v=1
This implies

(50" 1259 )"t < (Bead)" 12 1l < ea(Bead) Y lag |24,
v=1

provided A > Ao.
Since C' < H"1(0,Q) was arbitrary we conclude

H'HOAQ) < ea(5eaX)" Hag|[PZ], i A > X
If 1 <X < Ag, then 0,2 C 0,2 and so
H*HOAQ) < ea(beaa)"H[ag|ln 1
The proof is complete. O
Note that Thm. 1.4 follows from Thm. 7.6 and Thm. 7.8.

Remark 7.9. Again, appropriate versions of the main results of this section
(Prop. 7.2, Thm. 7.3, Thm. 7.6, and Thm. 7.8) are true for continuous
densities p: B™ — (0, 00) satisfying HI(A) and VG(B).
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Example 7.10. The question arises whether Thm. 1.4 may be improved to
a statement similar to Thm. 7.3 valid in higher dimensions.

The answer is in the negative: we will construct an example of a K-
quasiconformal map f: B" — Q C R” such that H""1(9Q) = oo, but
llaf|ln—1 < oco. Not all the details of the construction will be given.

The idea is to find a region Q C R” such that H" 1(0,Q) < oo for all
A > 1, but H"1(9Q) = oo, and then show that € is the image of B" under
a quasiconformal map. The region () is constructed by putting thin tubes
around a tree T' consisting of line segments in R”.

To outline this construction, let W be the set of all finite words w =
a1 ...a; with letters in the alphabet consisting of —1 and 1. The empty
word e is considered a member of W. If w = ay...a; € W\ {e}, we let
w=ai...q_1 €W.

Denote by ej,...,e, the unit vectors in R™. Suppose we are given a
sequence of numbers (A,) with 1=A_1 = X9 > X\ > ... > 0.

Now for w € W\ {e} define the point P(w) € R™ by

1(w) a
v
P(w) =3 ey ST vl
v=1
where [(w) is the length of w and w =a;...q;. Set P(e) = 0.

Moreover, for each w € W with n|l(w) let Q(w) and Q(w) be the closed
cubes with center P(w), faces parallel to the coordinate axes, and side-
length equal to 2X;(y)/n—1 W and 2X;(y) /n, - W, respectively. Then
Q(e) = Q(e) = [~1,1]" and it can be shown by induction that for w €
W, n|l(w), the points P(wb;...by), b1,... b, € {—1,1} are the centers of
the cubes which arise by decomposing the cube Q(w) into 2™ subcubes
by using the n hyperplanes perpendicular to the coordinate axes which
pass through the center P(w) of Q(w). These subcubes are the cubes
Q(wby...by), by,... b, € {~1,1}. The cubes Q(wb; ...b,) are then ob-
tained from Q(wby ...b,) by shrinking with the factor Ni(w) fnt1/ Ni(w) /n
which is less than 1 by assumption.

If

M, = U{Q(w) cw € W, l(w) =1In} for [ € Ny,

then My = [-1,1]" D M; O .... It is obvious that the set F' of all limit
points of { P(w) : w € W}is F = ey, Mi. Moreover, my,(M;) = 2"A, and
thus m, (F) = 2" lim;_,oc A} = (2A\)", where A = lim;_,o A;. For w € W let
S(w) be the closed line segment [P(wl), P(w — 1)]. Then T' = (J,, ey S(w)
is a regular 3-tree with vertices P(w), w € W\ {e}.

We have S(w1)NS(we) # 0 if and only if w; = wg or w} = wy or wh = wy.
If none of these equalities holds, then

Y

dist(S(w1), S(wg)) > )\[%1 - )‘[%Hl oL

where k € Ny is the largest integer such that for the words w; = a1...qy
and we = by ...b,, we have a, = b, for v € {1,...  k}.
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For w € W define thin tubes by

0
C<w) = U B([B, Al(w)/n ) 2[(5171;})”);
zeS(w)
where (d,) is a sequence of numbers in (0,1). Put Q = {J,cp C(w).

It can be shown that if (6, ) decreases to 0 sufficiently fast, then there exists
a K-quasiconformal map f: B" — €. The dilatation K will be independent
of the choice of (\,) and (9,).

The map f: B” — € can be constructed inductively as follows. There
exists a map fo: B” — C(e), which is K-quasiconformal with K indepen-
dent of dg. The map fy is then modified near the preimage of the points
where S(—1) and S(1) penetrate C(e). In this manner, we obtain a K-
quasiconformal map fi: B" — C(e) UC(—1) U C(1) with fixed K. Contin-
uing in this manner and passing to the limit we obtain a K-quasiconformal
map f: B" — Q (see [5, Sec. 4] and [10, Sec. 10] for the necessary details).
Obviously,

0QCFU ] oC(w).
weWw
This implies
OO\ F C0\Q for A>1.
On the other hand, F C 9, but F N9 \Q =0 for A > 1 if (6,) — 0.
By Thm. 1.4 we have for some A > 1

lagllp=t =~ H* ' (0n) < H' (| 9C(w))

weW
< HTHOC(w) S 62N < oo,
weWw =0

if (6,,) decreases to 0 fast enough.
On the other hand, if we choose (A,) such that A\ = lim, . A, > 0, then
my,(F) > 0 and so H*~1(9Q) > H" }(F) = cc.
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