ON DENSITY PROPERTIES OF THE RIESZ CAPACITIES
AND THE ANALYTIC CAPACITY ~.

PERTTI MATTILA AND PETR V. PARAMONOVT

ABSTRACT. In this paper we prove rather precise results on density properties of the
Riesz capacities in RY and the analytic capacity v in R2.

§1. INTRODUCTION AND MAIN RESULTS

Let M} be the Hausdorff content, generated by a non-decreasing continuous
function h: [0, +00) — [0,4+00), h(t) > 0 for t > 0, h(0) = 0. That is, for a set E
in RV (NeN=/{1,2,...})

My (E) = inf { ijh(d(Ej)) ‘ E C +L;oj:EJ}

where d(E) denotes the diameter of E.
The next result follows readily from [F, 2.10.17(3)].

Theorem A. For each set E C RN with My,(E) >0

. My, (E N B(a,d))
11m su
it h(5)

for Mp-almost all a € E.

Here B(a, §) is an open ball in RY, centered at a € R and having radius § > 0
(B(a, §) is the corresponding closed ball).

For a reasonable h, h(J) is comparable to My (B(a,?)).

To our knowledge the failure of analogous density properties for Riesz capacities
C, in RY and (positive) analytic capacity v, in R?, which follows from our results
below, was not noticed and discussed before (in [M1] such a failure was proved for
the integralgeometric measure I1 in RY). Shortly speaking, we are interested in the
following more precise natural question: given a capacity C, as mentioned above,
for which “density functions” h there is a compact set E such that C(ENB(a,?)) is
comparable to h(d), as 0 tends to zero, for all a € Ey with C'(Ey) > 07 Theorems 1
and 2 give rather precise answers to this question.
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Let M (E), E ¢ RY, be the set of all finite positive Borel measures p with
compact support, supp(u), contained in E. For u € M, (R?) the Cauchy transform

it is defined as
d
fi(z) = / G

z2—C’
For € M, (R"™) and s € (0, N) the s-Riesz transform of p is
dp(y) N
Us(x) = , TR
#2) |z —yl*

It is easily seen (by Fubini theorem) that fi(z) (respectively Uj;(z)) exists (the
corresponding integrals converge absolutely) almost everywhere with respect to the
Lebesgue measure L) in R? (respectively, to the Lebesgue measure L(ny in RY),
and, moreover, i € Ly oc(L(2)) (respectively, Ui € Lioc(Ln))). We denote by
| - || the Loo(L(ny)-norm (on all of RY).

For bounded sets E in R? and F in R define

Y4+ (E) = sup{u(E) | p € AL (E)},
Cs(F) = sup{u(F) | p € As(F)},

where A4 (E) (respectively, As(F)) consists of all measures p € M (F) (respec-
tively, u € My (F')) such that ||zif| <1 (respectively, [|U;|| < 1).

It is easily seen that v (B(a,d)) = and that Cs(B(a,d)) = Cs(B(0,1)) - 6°.

Theorem 1. Let N € N and s € (0,N).
(a) Let X be a compact set in RN with Cs(X) > 0. If h satisfies the property

1
h(t) dt
(1) /0 s < 400,

then for Cs-almost all a € X one has

2 lim su = 400
) A0
(b) Let h be such that
1
h(t) dt
(3) /0 prEs ~+00.

Suppose that for some ¢ > 0 one has ch(t) < t°, t > 0, and the function g(r) =
h(r)exp (— fl C};E?ldt), r >0, satisfies

T

g t(27UTDN)
) g1 (279N)

€le,1/2)

for some € € (0,1/2) and all j big enough, then there is a Cantor set X1 with
conditions

(5) Ay h(5) < Cy(B(a,8) N X1) < Ay h(5)

for all a € X7, 6 € (0,1) and some 0 < A; < Ay < 400, depending only on
N, s, h,c.
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Theorem 2. (a) Let X be a compact set in R? with vy (X) > 0. If h satisfies

(6) /0 h (;)dt oo,

then for vy -almost all a € X one has

_ Y4 (B(a,0) N X) _
(7) 11[;1_5)([)1}’) 6 = +00.

(8) /()lmdt=+oo

t3

Suppose that for some ¢ > 0 one has ch?(t) <2, t >0, and the function

ﬂﬂzhﬁwm<—lf%%g@) r >0,

satisfies the properties

g t(47 )

) iy €6 L2)

for some ¢ € (0,1/2) and all j big enough. Then there exists a Cantor set Xy in
R? with

(10) A1 h(8) < v4(B(a,6) N X1) < Ag h(9)

for alla € X1, 6 € (0,1) and some 0 < A1 < As < +o0, depending only on h, c.

The conditions ch(t) < t° and ch?(t) < t? in the parts (b) of Theorems 1 and 2
in context of (5) and (10) are quite natural. It will be clear from the proofs that
conditions (4) and (9) on the function g are in some sense precise. These conditions
are satisfied by all “reasonable” g (or h, cf. §3).

In §3 we give concrete examples of the functions h and discuss some other prop-
erties of densities. We also obtain several “partial” results on the densities of v
and ay in RN, N > 2.

The proof of Theorem 1 can be generalized to give similar results for capacities
related to general kernels K with mild regularity conditions. The integral in (1) is

then replaced by fol h(t) K'(t) dt. For example, K(t) could be — logt.

§2. PROOFS

Proof of Theorem 1.
(a) Let X, s, h satisfy the conditions (a) in Theorem 1. It is enough to find at
least one point a € X with conditon (2). In fact, if (2) does not hold Cs-almost
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everywhere in X, we can find a compact subset Y of X such that Cs(Y) > 0, but
(2) with X replaced by Y fails for all a € Y.
Take a measure p € As(X) with ||u|| :== [ du > 0. If there exists a € X with

lim sup M

= 400
0—0 h(é)

then for this a we also have (2), because for each § > 0 there is n € (0,9) with
1(B(a,n)) > u(B(a,d))/2 and so, since p [B(am € As (X N B(a,d)), we get

Cs(B(a,6) N X) > p(B(a,d))/2.
Suppose now that for each a € supp(u)

. 1(B(a,d))
() s> =56

We claim that M, (X) > 0. In fact, suppose, by contradiction, that M (X) = 0.
Then one can find balls By,...,B; such that X C szl Bj and

< +o00.

J

J
> w(B;) = lull > h(24;),
j=1

=1

where 26; = d(B;), so that for some j (say j = 1) we have u(By) > h(24;). Take
now X; = X N B; and r; = 61, then for each a; € X; we can write

(X N Blay,2r)) > p(Xy N Blay,2r1)) > p(By) > h(2r1).

Put p1 = p|x, and, by induction (since My, (X;) = 0), find compact sets {X,,}72,
(X, € Xp—1, n > 2)and {r,}32, (0 < 7, < rp—1, n > 2) such that for each
a, € X,, one has ,u(Xn N B(an, 2rn)) > nh(2ry,). For any point a € ()~ X,, # 0,
clearly,

L (X0 B(e,9))
im sup

5—0 h(d)
which contradicts (11) and proves the claim.

Now, since My (X) > 0, by Theorem A we can find a € X and a sequence
{6n}021, 0p L0 as n /" 400 such that for each n

= +OO,

My, (B(a,8,) N X) > h(5,)/2.

By Frostman’s lemma [C, p. 7], for each n there exists a measure o,, € M (X N
B(a,d,)) such that for any ball B(z,r) one has o, (B(z,r)) < h(r) and

o (X N B(a,6,)) > Ay My (X N B(a,6,)) > % h(d,),

where A; > 0 depends only on N.
We shall prove the following known fact for completeness.
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Lemma 1. Let K be a compact set in RN, 0 € My (K) and o(B(z,6)) < h(8) for
any € RY and § > 0. Then

2d
e SA/O hit) dt

ts+l ’

where d = d(K), A= A(s) € (0,+00).
Proof. Fix any z € RY. Then

+oo 1
v s [ A0 el P | st el < afar O
B(a,d) [z —yl d 0 lz -y d

:/t:ooU(B(x, <%>S))dt+/Otoa(B(x,d))dtJr%’

where tg = d=*. Put 7 = (1/t)'/%, then

U2 (a) < S/Od Mr)dr  2h(d) _ A/O2d h)de

7—1+S ds

By Lemma 1 and (1),

S <A 25”h .
U5 | ts+1 =g, —0 asn— 4oo.

The measure o, /e, is in A; (X N B(a, 6n)), which gives

A1 h(6n)

2e,

Cs (E(a, dn) N X) >

and, consequently, (2). In fact, from continuity of h one can find 7, > 0 such that
h(0, + nn) < 2h(6,) and therefore

Al h((;n + nn)

Cs(B(a, 6, +n0)NX) > y

Actually, it is proved that

lim sup

6—0 h(9)/e(5)

026 h(t)dt
where () = [, e
(b) We shall construct the set X; with conditions (5) using estimates of C for
Cantor sets (see [E, §1]).
Let h, ¢ and g satisfy conditions in (b) of Theorem 1. We claim that the function

. . . . . 1 g(t)dt
g is continuous, (strictly) increasing and, moreover, fo gt(s)ﬂ < 400
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Only the last property needs additional explanations. Since (g(t) /h(t))l =
cg(t) /5Tt for all t > 0, we have

/wwﬁ:mwl
e ch(t) |
But by (3), g(t)/h(t) = exp ( — fl C’;gtjf“) — 0 as r — 0, which gives fl gt(stlft =

T
cgh((ll)) = 1/c < 400 as claimed. Moreover,

(12) /Or gt _ 9r)

s+l ch(r)’

The property (4) means precisely that we can construct an N-dimensional Cantor
set X1 with parameters {l; = g_1(2_Nj)};ijl satisfying l;41/l; € [¢,1/2),5 > j1 €
N.

We are not going to repeat the construction of Cantor sets (see [E, §1]), we just
say that on the n-th step (n > j;) of the construction we get 2™ congruent closed
cubes {Q™}2 ", with side length 1,,, so that

le<ijm)

In particular, for each n > 71, one has

2Nn
_ m
= U
m=1

where X" are congruent Cantor sets with parameters {I;}72,, (X' C Q7).
One also notes that g satisfies the so-called doubling property

(13) 9(2r) < Ao g(r)

for all 7 € (0,1;,+1) with constant Ay = 22V, which follows from (4). Also h
satisfies doubling condition, since, from the inequality A(t) < t° (required in (b))
one obtains

-5 [ ) e[ ) 500 o

In what follows the expression fi; =< fo means that there exists a constant A €
(1,400), depending only on N, s, h, ¢ (in context of v the constant A can depend
only on h and c), such that A= f; < fo < A f; for all values of parameters in f;
and fy. Finally, by [E, Corollary 1.1] we get (recall that g(l;) = 27N7):

am(ﬁmﬂ;)1xgw»(émﬁﬂﬁ)qthm

where we used (12) and the doubling property (13). To obtain (5) it suffices to
invoke the doubling property of h and the inequalities l,,41 > €l,, n > j;. O
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Proof of Theorem 2.

It is quite similar to that of Theorem 1, except that we need also a characteri-
zation of 74 in terms of the so-called curvature of a measure [T1]. Till the end of
§2 A, Ay, ... are some positive constants depending only on h.

(a) Again, it is enough to check that (7) holds for at least one point a € X. Take
a measure p € Ay (X), ||n]| > 0. Suppose that there is a point a € supp(p) C X
with

p(B(a,9) N X)

lim sup = 400

50 h(6)

We claim that also
Y fy+(B(a,(5)OX) B
im sup = 400

0—0 h(d)
For h, satisfying doubling condition (see (13)), it would be enough to check that

Y4 (B(a,20) N X) > Ap(B(a,d) N X).

Take ¢ € C§°(B(a,25)),0 < ¢ <1, =1in B(a,d) and ||d¢|| < %. Put p1 = pp.
By [V, Ch. I, §3],

7]l < A28 190l 1]l < ArAz = A5
Hence, A3 1 € A4 (B(a,28) N X), which gives
’}/_|_(B((1,25) mX) > A3 HMlH > A3 [L(B((Z, 5) mX)?

as desired.
For a general h we apply [MPV, Lemma 3.3 (the case N = 2), which gives for
each B(a,d):
Y4 (B(a,0) N X) > Az u(B(a,d) N X)

with some absolute constant Az € (0,1).
It now remains to consider the case when for any a € X one has

B(a,0)NX
lim sup M< (a,9) )<—|—oo.

50 h(6)

As it was already shown in the proof of Theorem 1, we then get M (X) > 0. By
Theorem A there exists a € X with

_ My, (B(a,6) N X)
1 > 1,
ot 1(0) =

and then we can choose {6, }°°; C (0,1), d, \, 0 as n / 400, such that

My, (B(a,6,) N X) > h(6,)/2, n>1.

Fix n > 1 and put h,(t) = h(t) for t € [0,6,] and h,(t) = h(d,) for t > §,.
By Frostman’s lemma we can find o,, € M, (X,,), X,, = B(a,d,) N X, such that
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on(B(2,6)) < hy(0) (hence also 0y, (B(z,8)) < hy(8)) for all z € R?, § > 0, and,

moreover,

|onll = on(Xyn) > AMy,, (X5) > — h(6n).

Recall, that the curvature c?(o) of a measure o € M, (R?) is defined by

(o) = /// (R(m,y,z))_2 do(z)do(y)do(z),

where R(x,y, z) is the radius of the circle passing through x, y and z.
Tolsa [T1, Theorem 5.1 and (59)] showed that
(14) Y4 (K) < sup {|jo|| | 0 € My (K),0(B(z,7)) <r for all
z€ Candr >0, and ¢*(0) < o}
Though our definition of 4 is slightly different from that of [T1], we can use
this result for K having zero Lebesgue measure (for which it is the same). We shall

apply this result in order to obtain the corresponding lower estimate of 74, using
the properties of measures o,,. By Theorem 2.2 of [M2] we have:

+0o0
(15) (op) §12||0n||/ t=3 h2(t) dt
0

On “+00
< 12|o,|| </ t3R2(t) dt + hi(én)/ t_3dt)
0 S

n

On
< 12||0n||</ =2 o (t) dt+hi(5n)/25,%)
0
25n
<Avlonl [0 R @ dt = e ol
0

where €, — 0 as n — 400 by (6).

Since, evidently, c¢?(A\o) = A3 ¢?(o) for any A > 0 and 0 € M (R?), we have for
the measure i, = A\, 0, with A, = 1/,/&,, that ¢*(u,) < ||pnl]. We now have to
show that

(16) pn(B(2,0)) < Ay -0

for all z € R? and | 5 > 0. To prove this consider 2 cases. The first is 6 > d,,. Then,
since supp(u,) C B(a,d,), we can write

fin(B(2,0)) < pin(B(a,6,)) < on(Bla,6n))/v/En
26, —1/2
gh(én)(Al/ ’ t3 h3(t) dt)
5n

—1/2

< Ao h(6,) (R?(5,)/52) = A5, < Asd.
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The second case is § € (0, d,,). Here we have

2 2 —-1/2
/ﬁn(B(Z,(;)) < M < h(é)(Al/ 0 h (t) dt)
o

VEn 3
9 —1/2
< A> h(9) (hé(f)) = As6.

Finally (assuming that A, > 1), the measure v, = p, /A satisfies ¢?(v,,) < ||vn]|
and v, (B(z,6)) < ¢ for all B(z,8). Therefore, by (14), v+(X,) > As||lva| >
Ay h(d,,)/\/En, which gives (7) since h is continuous. Again, it was really proved
that
B(a, )N X
lim sup 7+( (,9) ) > 0,

s—0 h(6)/\/(0)

where £(0) = f025 t=3 h%(t) dt. Recall, that here we could use (14) only whenever
L2y(X) = 0. If L5y(X) > 0 then, since clearly h(r)/r — 0 as r — 0, the property
(7) can be easily obtained from the following analog (in fact a corollary) of Vitushkin
result on instability of analytic capacity [V, Ch. VI, §1]. Put £ = L(y).

Proposition 1. Let E be any L-measurable set in R?, L(E) > 0. Then for each
L-density point a of E (and therefore L-a.e. on E) one has

lim oA (B(a7 J) N E) _
0—0 1)

Proof. The corresponding proof in [V, pp. 188-192] is given for capacity « and for
some more precise result (Theorem 1, p. 190). It also works for ., but for the
reader’s convenience we choose to present here its considerably simplified version.

Let a be any L-density point of E. Fix any € € (0,1). There is 6. > 0 such that
for each § € (0,0.) one can find a compact set K5 in £ N B(a,d) with L(Ks) >
(1 — £2) w62 Put Qs = B(a,d) \ Ks, u = £’B(a’5), v = ﬁ’m’ o= E‘Ké. It can be
easily checked that fi(z) = 7(Z—a) in B(a,§) and ji(z) = 76%/(z—a) in R?\ B(a, §),
so that ||fz]| = md. On the other hand, ||| < 27ed. In fact, fix any z € R? and let
0 € (0,&d] be such that £(Qs) = 10* = E(B(z, g)) Then

_ 4L Q) ALEQ) _ [* [erdzdp
|V(Z)| = /95 |C_Z| = /B(a,,g) |C_Z| _/O A r - e

as desired. Therefore,

[l < W[l + 7] < 7o (1 + 2¢).

Since o (md(1 + 25))_1 € A, (Ks), we get

1

v+ (E N B(a,0)) > 4 (Ks) > w0°(1 — &%) (76(1 +2¢)) ~ =6(1+O(e)).
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It remains to recall now that ’y+( (a,d)N E) < ’er( ) = 0.
(b) Let h, ¢ and g satisfy conditions in (b) of Theorem 2. The function g(r) =

h(r)exp (— fl ch” (1) dt) satisfies g(r) = o(h(r)) as r — 0 (see (8)) and g is strictly

r 23
increasing. Moreover,

((%)3’ ~ oxp < B /rl ch;(t)) chjg(r) _ cgigr)‘

Thence, frl t=3 g%(t) dt = g%(t)/ch®(t )} which gives

' 3 2 g*(1) _ 1 .
/Ot g-(t)dt = ch2(1)_c<+
and
"gt)dt _ g*(r)
(17) /0 B 20

The conditions (9) allow us to construct a 2-dimensional Cantor set X; with pa-
rameters {I; = g~'(477)}52,,, where el; < lj41 <1;/2 (j > j1 € N). We use again
the notation X" from the proof of Theorem 1 and the same way we prove that g
and h satisfy doubling properties (13) with constants Ay = 16 and 32 respectively
(we apply the condition h(t) < ¢ and consider (13) only for r € (0,{;,+1)). In order
to apply (14) again, we need to verify that L2)(X1) = £(X1) = 0. In fact, if, by
contradiction, £(X7) > 0 then, clearly, lim,, o l,,41/l, = 1/2. (From this we have
(as ch?(t) < t2):

h(liv1) _ gUj1) b ch2(t)dt
ni) o) “p<%;1 217 )

([ E e 0) - B, e

Jj+1

which leads to a contradiction with (8).
Set u = Hg‘ X, where H, is the g-Hausdorff measure. The main property of u
is that (see[G])

(18) A1 g(r) < p(B(z,r)) < Az g(r)

for each z € X; and r € (0,(;,) (all appearing A; are positive and depend only on

9)-
It remains to prove that for all n > j; and m =1,...,4"

(19) A3 h(ly) < 4 (X™) < Ay h(l,,).

The left inequality in (19) can be proved following part (a) of the present proof.
Concretely, fix n and m, and let o,, = M‘Xm' As in (15) and (16), using doubling

conditions of g, we get

In
o) < As ol [0 PO dt =i e ol
0
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so that for u, = 0, /./€, one has
A(pn) < llpall and  pn(B(2,6)) < Agd
(Ag > 1) for all z and 6 > 0. From (14) and (18),

g(ln)
VEn

Y (Xn') = llpnll/As = = h(ln)

(see (17)). And that is it.
To prove the right inequality in (19) we need one more result of Tolsa. In [T2]
it is proved (Theorem 1), that for each o € M, (R?) one has

(20) T+ ({z 16 (2) 2 t}) < A7m—, >0,

9= (J] )™

and A7 > 0 is an absolute constant.
For o, as just above, the same way as in [M2, Theorem 2.3], we get for all
z e K"

where

ln
(o, (z))2 > Ag/ t73g%(t) dt =: Age,.
0
Applying (20) to o = 0, and t = /Ag &,, completes the proof of Theorem 2. [

3. EXAMPLES. PARTIAL RESULTS FOR 7, AND a IN RY

For p > 0, ¢ > 0 define

hp#](t) = tp/‘ logt’q, le (07 6_1)7 hpQ(O) =0,
hp t)=e P, t>e!

It can be easily checked that all h(t) = hy 4(t) with p > s, ¢ > 0 and all h(t) =
hs q(t) with ¢ > 1 satisfy the part (a) of Theorem 1. All functions h(t) = h, , with
q € [0, 1] satisfy part (b) of Theorem 1 (take ¢ < min{l, N — s}).

The functions h,, with p > 1, ¢ > 0 and hy 4, ¢ > 1/2 satisfy part (a) of
Theorem 2, and the functions h; 4, ¢ € [0,1/2] satisfy part (b) of this theorem
(take ¢ < 1).

Theorems 1 and 2 can be applied even for a wider class of functions A, namely
for the functions

h(t) = t*|logt|” " |log |logt||~* ..., p>0,¢ >0

(finite product). From this we have
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Corollary 1. Let N € N, s € (0, N).
(a) If X is a compact set in RN with Cs(X) > 0, and q > 1, then for Cs-almost
all a € X one has
Cs(B(a,0) N X)

lims =
o 6% /[log o]

(b) For each q € [0,1] there exists a Cantor set X1 in RN and A; > 0, Ay > A,
depending only on N, s, q, such that for each a € X1 and § € (0,e™ ') one has

Ay 6°/|1og 8|7 < Cs (X1 N B(a,8)) < Ay 6°/|log 8]

Corollary 2. (a) For each compact set X in R? with v, (X) > 0 and each q > 1/2
one has

XNB
limsup7+< i <CL’é)):+oo

50 6/[log
for vy -almost all a € X.

(b) For each q € [0,1/2] there exists a Cantor set X1 in R? such that for each
a€ Xy and 6 € (0,e ) one has

A16/]1ogd|? <1 (X N B(a,d)) < Ay6/|logd|?

with A1 > 0, Ay > Ay depending only on q.

Remark 1. ;From Corollaries 1 and 2 (parts (b)) it follows (at least for functions
h from the class {hp ¢}p>0,4>0) that for h, satisfying the requirements of the parts

(b) of Theorems 1 and 2 respectively, one can find compact sets X and X, in RY
(respectively in R?) such that Cg(Xo) > 0, Cs(Xs) > 0 and

. Cs(B(a,d) N Xo)

Y, 7o) =0, =& Xo,

i Cs(B(a,0) N X)) B x
s 7o) =100, TEAe

. ")/+(B(CL, 5) r\l)(()) .
Jnm 7o) =0, zeXo,
glir(l) 7o) = +00, xEXOO>.

In the cases, when the corresponding limits are 400 we, clearly, need to require in
addition that h(t) = o(t®) (h(t) = o(t) respectively) as t — 0.
We propose also the following precisions to the parts (a) of Theorems 1 and 2.
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Corollary 3. (i) Suppose that h satisfies property (1) of Theorem 1 and that for
some a, 0 < a < N,

Cn)
(21) }El(l) t—o‘ = +0o0

Then there exists a Cantor-type set X in RN with Cs(X) > 0 (and so (2) holds),

but
Cs(B(a,6) N X)

it =6 =
for all a € X.
(ii) Let h satisfy property (6) of Theorem 2 and for some o, 0 < o < 2,
. h(t) _
(22) %1_{% e +00

Then there is a Cantor-type set X in R* with v, (X) > 0 (so (7) holds), but for all
a€ X,
+ (B(CL, 5) N X)

lim inf —0

6—0 h(d)

Proof. (i) We perform the following Cantor construction. Let Qo be a closed cube
in R with side-length 1 = dy. Let ny € N with ny > 1 and partition )y into
subcubes P 1, .. .,PLn{v of side-length 1/n;. Let 0 < d; < 1/ny and let Q1 ; be
the closed subcube of P ; with the same center as P;; and side-length d;. We
perform the same operation inside each ()1 ; with parameters no € N, no > 1, and
0 < dy < d1/ns. Thus we obtain altogether (n; n2)” closed cubes with side-length
do. We continue this process and set

o0 (nl...nk)N

x= U Qs
k=1 =1

where Q) ; has side-length dj, with 0 < di < di—1/n.
Let s < 7 < N such that a < sN/7 and choose ny and dj so that

(23) ny dp = di_,.

Then 0 < H,(X) < 00, ¢(t) =t7, and so Cs(X) > 0. We also choose ny, such that
ng — oo from which one easily checks that for sufficiently large k,

(B(.T, dk_1/2nk) \ B(x,Ndk)) NnNX = @
for all x € X. Thus

CS(B(x,dk_l/an) ﬂX) = CS(B(l‘,Ndk) ﬂX) < Ay dz.
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Hence it is enough to check that we can choose dj, so that dj,/h(dx—1/2n,) — 0 as
k — oo. But by (23),

L — 5749 na—sNﬁ—M
h(dp—1/2n) 71T F W(di—1/2n5)"

After fixing di_1 we are free to choose ny, as large as we want. Since a —sN/7 < 0,
we can make right hand side of (24) to tend to zero by (21).
The proof of (ii) is similar. [

(24)

Finally, we discuss the corresponding density properties of capacities v; and a4
in RN, N > 2.
For a bounded set F in RN, N > 2, define
V+.N (E) = sup {u(E) | p € My(E), [[[VON +pl|| <1},
ay n(E) =sup {u(E) | p€ My(E),|[|[VOy *ul|| <1, &y *p e CH(RN)},
where ® y(z) is the standard fundamental solution for the Laplace equation in RV

(see [MP] and [MPV]). It can be easily checked that v4 o = 27y,.
. From Egoroff’s theorem it follows, that

Cs(F) = sup {M(F) | € AJ(F) and /B dpu(y)

(z,r) |I’ - y|5

— 0

as r — 0 uniformly for z € Supp(,u)}

(see [C, pp. 15-16]).
¢From this (taking s = N — 1) we have for each N > 2 that
(25) Ten(F) = ap n(F) 2 Ay Oy (F),

An > 0 depends only on N.
Theorem 1 (a) and (25) give
Corollary 4. Let X be a compact set in RN with vy x(X) > 0 and suppose that
h (as in §1) satisfies fol h(tt])vdt < +00. Then for y4 n-almost all a € X one has:
B(a,0)NX
(26) lim sup 4 (Bla ) ) = 400
60—0 h((S)

The analogous result holds also for oy n-capacity.

Proof. As before, it is enough to prove (26) for at least one point a € X. Take
p € My(X) with |||[VOxN * ul||| <1 (for at n in addition we require continuity of
V®,, « u). If there is a € X with

_ p(B(a, ) NX)
27 1
27 ol h()
then (26) also holds by [MPV, Lemma 3.3], which gives v, n(B(a,0) N X) >
Ap(B(a,6) N X) for some A = A(N) > 0 (for the case ay n we apply [MPV,
Lemma 5.4]. If (27) fails for all a € X then we get M}, (X) > 0 and therefore (2)
with s = N — 1 for some a € X. It suffices to invoke (25).

= —|—OO’

We shall need the following
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Theorem 3. Let r and 0 be positive numbers, Ex C B(0,7) in RN (N > 2) and
l;Aﬂ+1 = Fn X [O,(ﬂ Cc RN+ Then

A7l6~y E
max{lf(;v/(é)%) <yrN41(Enyr) < Amax{d,r} v n(EN),

A_l(;Oé_hN(EN)
max{l, (r/5)2} S (J,/+’N+1(EN+1) S Amax{é,r} Our,N(EN),

with A > 1 depending only on N.

The proof of Theorem 3 is analogous to that of [MP, Theorem 3.1].
Corollary 5. Let h satisfy conditions (b) of Theorem 2. Then for each N > 3
there exists a compact set Xy in RY such that for each a € XN one has

A N TER(0) < vy N (B(a,6) N Xn) < A SN2 h(6)

with A1 > 0 and Ay > Ay depending only on N and h.

Proof. 1t is enough to take the corresponding X; from Theorem 2 (b) and set
Xn = X; x [0,1]¥72. Theorem 3 and induction give the result. [

Therefore, here we have a gap for v, y and a4 n in the sense that we do not have
such complete results as in Theorems 1 and 2. Particularly, in the class of densities
{tN=1/|logt|?}, neither positive results nor counterexamples for ¢ € (1/2,1] for
v+~ and for ¢ € (0,1] for ay n-capacity, N > 3.

We close this paper with the following

2t3
(9) and ch?(t) < 2, t > 0. Suppose that there exists some compact set X in R?
and Y C X with v4(Y) > 0 such that v4 (B(y,0) N X) < h(d) as § — 0 for each
y € Y. Then there is a compact set X1 with properties (10) for each a € X1 and
0 €(0,1).

Proof. This h cannot satisfy condition (6), so that it satisfies (8) and then (b) of
Theorem 2 applies. [

aps . 1 ch?2(t) dt . .,
Proposition 2. Leth, ¢ > 0 and g(r) = h(r)exp ( — [ satisfy conditions

The analogous result holds for Cs-capacities.

One can construct such a compact set X, for which there exist countably many
pairwise uncomparable functions h;, satisfying Proposition 2 (they can be functions
{t/|logt|9}, 0 < q1 < gqa--- <--- < 1/2).
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