Composites and quasiconformalmappings:

new optimal bounds

Kari Astala^∗ Vincenzo Nesi^†

1 Intro duction

We study a two dimensional G-closure problem. We consider multiphase composites made of an arbitrary number of linearly conducting phases. We will establish new optimal bounds for the homogenized tensor of a large class of composites.

To explain our results in detail, let us introduce some notations. Let Q = (0,1) × (0,1) be the unit square in R^2. Let σ(x) be a symmetric, uniformly elliptic and bounded matrix function, having measurable entries and being defined for all x ∈ R^2. Assume also that σ is Q-periodic. Then the effective conductivit y σ_{hom} is the unique, constant and symmetric matrix satisfying

∀A ∈ M , Tr[Aσ_{hom} A^t] = inf_{U∈ W 1,2}

♯ (Q;R^2) � Q Tr[(DU(x) + A)σ(x)(DU(x) + A)^t]dx

(1.1) where the space W^{1,2}_♯ (Q;R^2) denotes the completion of the space of Q-periodic vector fields with respect to the W^{1,2} norm, M denotes the set of two by two real matrices and Tr denotes the trace.

We now describe the class of conductivit y matrices considered in our study. Fix an arbitrary integer N ≥ 1 and N real numbers

0 < σ_1 ≤ σ_2 ≤ ... ≤ σ_N . (1.2)

∗Supported by the Academy of Finland, projects 34082, 41933 †Supported by MURST Progetto 60%

Given N real numbers p_i > 0, (called the the volume fractions) with

�_N

i=1 p_i = 1, and a real number K ≥ 1, we consider a Q-periodic conductivit y tensor of the form

σ(x) = R^t(x) � K 0 0 K^{− 1} � R(x)χ_1(x)σ_1 + N� i=2 χ_i(x)σ_iI, x ∈ Q, (1.3)

where the χ_i are Q-periodic characteristic functions of measurable sets satisfying 1 |Q| � Q χ_i(x)dx = p_i, x → R(x) is a measurable field of rotation matrices (i.e.

R(x) ∈ SO(2) for each x) and I denotes the identity matrix. The corresponding G-closure problem consists of characterizing the (closure of the) set of constant matrices which arise as a homogenized (or effective) conductivit y when one allows the “microgeometry” i.e. both the field of rotations R and the characteristic functions χ_i to vary over their respective ranges. We emphasize that the set of values of K, σ_i and p_i are given parameters which we call for brevity, the G-closure parameters.

For clarity of exposition we will consider only bounds that are optimal when the composite is isotropic, i.e. σ_{hom} = hI for some real number h. However, as in [5], [26] similar methods do yield bounds also for non isotropic composites; we leave the details for the reader.

With these notations, we begin by recalling the following generalization of the celebrated Hashin-Shtrikman bounds [14].

Theorem 1.1 (Kohn-Milton, [25], Section 4, formula (4.22)) Let σ be of the form (1.3), (1.2). If K = 1, then σ_{hom} satisfies the following inequality 2 Tr(σ_{hom} ) + 2σ_1 ≤ N� i=1 p_i σ_i + σ_1

. (1.4)

It will be convenient to use the notation

c_i = σ_i − σ_1 σ_i + σ_1

, i = 2,3,...,N . (1.5)

Then we write (1.4) in the equivalent form 2 Tr(σ_{hom} ) + 2σ_1 ≤ 1 2σ_1 � 1 − N� i=2 c_ip_i � . (1.6)

Milton [22] was the first to prove the following sufficien t condition for the optimalit y of the bounds (1.6).

Theorem 1.2 (See [25], Section 4, formula (4.29)) Under the same assumptions of Theorem 1.1, if σ_{hom} is isotropic, then the bounds (1.6) are optimal provided the following inequality holds

c_2 ≥ N� i=2 c_ip_i . (1.7)

In fact a slightly better result can be proved.

Theorem 1.3 (Gibiansky-Sigmund, [13], Section 5.3, formula (80)) The inequality (1.4) is optimal if the following condition holds

p_1 ≥

2σ_1(σ_3 − σ_2)( √ p_2 − p_2) (σ_2 + σ_1)(σ_3 − σ_1)

. (1.8)

For more details see Section 5 of [13].

From the composites viewpoint, our main result is a generalization of Theorems 1.1 and 1.2 to the class of polycrystalline composites described at the beginning of the section. Indeed, we prove the following results.

Theorem 1.4 Let σ be of the form (1.3), (1.2) and let K ≥ 1 be arbitrary. Then, σ_{hom} satisfies the following inequality 2 Tr(σ_{hom} ) + 2σ_1 ≤ 1 2σ_1 � �1 −

�_N � i=2 c^{1K}_i p_i

�_K �

� , (1.9)

where the c_i are defined in (1.5).

The proof will be presented in Section 3.

Theorem 1.5 Under the same assumptions of Theorem 1.4, , if σ_{hom} is isotropic, then the bounds (1.9) are optimal provided

c_2 ≥

�_N � i=2 c^{1K}_i p_i

�_K

. (1.10)

Section 4 is devoted to the proof of the optimalit y. Note that our condition (1.10) reduces to (1.7) as K tends to one. It would be desirable to have a condition reducing to (1.8) but we were unable to achieve this. In fact among the class of microgeometries which are known to be optimal for the case K = 1, only some appear to admit a natural generalization to the polycrystalline case.

Let us briefly put our results into context by considering some special cases. In the following, we restrict atten tion to the case of prescribed volume fractions and isotropic composites. Case 1: N = 2, K = 1. The bounds (1.9) reduce to those of Tartar and Murat [34] and Lurie and Cherkaev [19]. If in addition one assumes that σ_{hom} is isotropic, the bounds reduce to those of Hashin-Shtrikman [14]. They are optimal for any choice of the G-closure parameters. Case 2: N = 2, K > 1. The bounds (1.9) reduce to those of Nesi [29]. When σ_1 < σ_2, they are optimal for any choice of the remaining G-closure parameters. Case 3: N > 2, K = 1. The bounds reduce to those of Kohn and Milton [25], (see also Zhikov [37]). For isotropic composites, the bounds are due to Hashin and Shtrikman [14]. They are optimal for any choice of the G-closure parameters satisfying (1.8). Case 4: N > 2, K > 1. The bounds are new. When σ_1 < σ_2, they are optimal for any choice of the remaining G-closure parameters satisfying (1.10).

We wish to emphasize that from the point of view of the bounds, the new results for the cases N > 2 and K > 1 are obtained using new sharp distortion estimates for planar quasiconformal mappings. These inequalities are explained in detail later in this section and proved in Section 2. In contrast to some recent work on the subject, c.f. [29], [5], [26], the already known results on quasiconformal mappings due to Astala [3] do not suffice as such in the present G-closure problem. The new results which are needed were in fact suggested exactly by the G-closure problem under study.

From the point of view of optimal microstructures, we generalize previous work by combining ideas due to Cherkaev and Lurie [21], Kohn and Milton [25] and Schulgasser [32].

Although already restricted to two dimensional problems in linear conductivit y, our discussion of bounds and their optimalit y is far from being complete. We quote here some of the relevant literature on the subject. When the volume fraction of the phases is not prescribed and N = 2, the so-called two phase polycrystalline problem has been fully solved by Francfort and Murat [12], completing previous work by Lurie and Cherkaev [20]. In [11] there are results concerning the case of unconstrained volume fractions with an arbitrary number of phases. A few more recent papers attempt the task of finding good candidates for optimal microgeometries (both isotropic and anisotropic). They include [13], [33], [36]. We mention in particular the work by Cherkaev and Gibiansky, [9], where new optimal anisotropic microgeometries are exhibited for N = 3 and K = 1. It is importan t to recall that, even for K = 1, if N ≥ 3, it is known that the bounds (1.4) cannot be optimal for all the values of the G-closure parameters because, in certain regimes, better bounds are available [28].

It is worth mentioning that Cherkaev, [8], found a new type ofisotropic composite for the case N = 3 and K = 1. This microgeometry is likely to be optimal under an additional constrain t on the G-closure parameters when (1.8) is not satisfied. The reason to conjecture optimalit y is that its effective conductivit y approaches the value predicted by the bounds in [28] as σ_3 diverges.

Another issue which deserves a comment is the exact definition of an optimal bound. Let us emphasize that in our Theorem 1.4, we understand optimalit y in its most stringent sense. Namely we show that for any value ofthe G-closure parameters satisfying (1.10), one can find a Q-periodic σ satisfying (1.3) and (1.2), such that the corresponding σ_{hom} is isotropic and it satisfies (1.9) as an equality. Very often, optimalit y is understo od in a weaker sense. For instance in Theorem 1.3 optimalit y was considered in the sense of an approximating procedure.

Let us then turn to the quasiconformal aspects of our work. Recall that a mapping f : R^2 → R^2 is K-quasiregular, K ≥ 1, if f ∈ W^{1,2}_{loc} and

‖Df (x)‖^2 ≤ KJ_f (x) a.e. x ∈ R^2. (1.11)

Here ‖ ‖ denotes the operator norm. It follows that quasiregular mappings are open, discrete and continuous. If, in addition, f is a homeomorphism, then the map f is called K-quasiconformal. The are a number of other (nontrivially) equivalent ways of defining these mappings, c.f. Section 2.

Basically, the connection of quasiconformalit y to composites arises in this paper in a manner similar to the fundamental work [29] where these relations were first established. However, in the case of multiphase problems one needs instead of [3] results on the distortion of weighted area under a K− quasiconformal mapping f . To obtain sharp bounds we shall use for f the so called hydrodynamical normalization f ∈ Σ_K ; for details see Section 2, formula (2.6). Under this assumption we prove

Theorem 1.6 Suppose f ∈ Σ_K is K− quasiconformal in R^2. Assume that we have a measurable set E ⊂ D = {x ∈ R^2 : |x| < 1} and a (measurable) weight w(x) ≥ 0, x ∈ E.

If f |_E is conformal, meaning that ∂f (x) = 0 a.e. x ∈ E, then � E w(x)^{1/K} dm(x)

�_K ≤ � E w(x)J_f (x)dm(x) ≤ � E w(x)^K dm(x)

�_{1/K}

. (1.12)

As we shall see Theorem 1.6 is sharp; there is a large class of weights and K− quasiconformal mappings f for which one of the bounds (1.12) holds as an equality, see Section 2.

From the point of view of composites, Theorem 1.6 is the result needed for the G− closure bounds and a reader looking for a minimal approach to composites may proceed with (1.12) directly to Section 3. However, from the point of view of quasiconformal and quasiregular mappings (1.12) has interesting consequences to their regularit y theory. In particular, recall [3] that in dimension n = 2 any K− quasiconformal mapping f is contained in the Sobolev class f ∈ W^{1,p}_{loc} for each p < p_K ≡^{2K}_{K − 1} while there are simple examples showing that in general f /∈ W^{1,pK}_{loc} . Somewhat surprisingly, when f |_E is conformal as in Theorem 1.6, then the derivatives of f do integrate at the borderline case p = p_K , even if the set E can be of quite irregular character.

Theorem 1.7 Suppose f : R^2 → R^2 is a K− quasiregular mapping and E ⊂ R^2 is measurable and bounded. If ∂f (x) = 0 a.e. x ∈ E, then, for K > 1, � E |Df (x)|^pdx < ∞ for p = 2K K − 1

. (1.13)

Again we show by an example that for some f satisfying the assumptions, (1.13) fails for all exponents p >^{2K}_{K − 1}. If in addition, f ∈ Σ_K we prove the sharp bound � E J_f (x)^pdm(x) ≤ 1, p = K K − 1 .

The higher integrabilit y has similar consequences for solutions to elliptic PDE’s, see Section 5.

The organization of the paper is as follows: Section 2 is devoted to the proof of Theorem 1.6. In Section 3 we prove the composite bounds of Theorem 1.4 and in Section 4 we show their optimalit y. Finally, Section 5 studies some of the quasiconformal consequences of Theorem 1.6.

2 Area distortion and quasiconformal mappings

The definition (1.11) of a K-quasiregular mapping says that at almost every point the partial derivatives of f are of the same order, up to the constant K. There are of course many other ways to express this property. A convenient definition, equivalent to (1.11) is Df (x)^tDf (x) = J_f (x)G(x), (2.1)

where 1 K |h|^2 ≤ ⟨G(x)h, h⟩ ≤ K|h|^2, h ∈ R^2. (2.2)

It follows e.g. that f satisfies the linear elliptic PDE Div � σ_f (x)Df (x)^t � = 0, σ_f (x) = G(x)^{− 1}, (2.3)

determined by its matrix dilatation σ_f .

These identities yield a number of different representations for planar quasiregular mappings. For later purp oses it will be essential to consider these notions also in the complex analytic terms. Here recall [1] [17], that a W^{1,2}_{loc} -mapping f is K-quasiregular if and only if it satisfies the Beltrami equation

∂f (x) = μ(x)∂f (x) a.e. x ∈ R^2, (2.4)

where |μ(x)| ≤

K − 1 K + 1 a.e. x ∈ R^2. (2.5)

Here μ = μ_f is the complex dilatation of f ; note in particular, that μ_f = 0 in a domain Ω ⊂ R^2 if and only if ∂f (x) = 0 there, i.e. f is complex analytic in Ω.

Furthermore, as is well known [1], [16] and [17], any K− quasiregular mapping f is of the form f = h ∘ g where h is complex analytic ( ∂h ≡ 0 ) and g is Kquasiconformal, in particular homeomorphic. Therefore many of the properties of f reduce to those ofg. Hence in the rest ofthis section we consider only quasiconformal mappings.

It is clear from above that quasiconformal mappings have a number of connections and applications to PDE’s. What make them especially useful in this setting are the various strong distortion properties of quasiconformal mappings. A particular example is Theorem 1.6, to be proven below.

On the other hand, it is equally clear that explicit and optimal distortion estimates are possible only under special normalizations of the mappings. It is for this purp ose that we must introduce auxiliary subclasses.

Let Σ_K denote the class of K-quasiconformal mappings that are conformal outside the unit disk D = {x ∈ R^2 : |x| < 1} and are normalized by

f (x) = x + O(1/|x|), |x| > 1. (2.6)

The choice (2.6) is the classical one; there is a wealth of results in the theory of conformal mappings using this normalization. From there we obtain the first simple bounds.

For aesthetic reasons we denote by dm =^1_π dx the standard Lebesgue measure divided by π, so that the unit disk has measure m(D) = 1.

Lemma 2.1 ([31], Theorem 1.3) Suppose f ∈ Σ_K , K ≥ 1. Then � D J_f dm(x) = m(f (D)) ≤ 1. (2.7)

A similar identity is obtained from (2.6) via the Stokes theorem.

Lemma 2.2 For each f ∈ Σ_K , � D Tr (Df (x))dm(x) = 2ℜ{ � D ∂f (x)dm(x)} = 2. (2.8)

After these preliminaries we are ready for the main result of this section. Pro of of Theorem 1.6 We shall make use of the basic arguments in [3]. We establish the claim first for open sets E and prove the general case later by approximation. Moreover, we consider only weight functions w ≥ 0 that are bounded away from 0 and ∞ on the set E; the case of general w follows then by an obvious limiting argument.

Therefore suppose that the weight w(x) and f ∈ Σ_K are given, with ∂f (x) = 0 for a.e. x ∈ E. Our principal goal is then to show that � E w(x)J_f (x)dm(x) ≤ � E w(x)^K dm(x)

�_{1/K}

. (2.9)

For this, let us begin by representing the f ∈ Σ_K as a solution to the Beltrami equation ∂f (x) = μ(x)∂f (x), |μ| ≤

K − 1 K + 1 χ_{D \E} . (2.10)

Then for each complex number |λ| < 1 we write μ_λ(z) = λ^{K +1}_{K − 1}μ(z), z ∈ C. According to the measurable Riemann mapping theorem ([1], [17]) for each λ ∈ D we have a (unique) W^{1,2}_{loc} (R^2)-solution f_λ to

∂f_λ(x) = μ_λ(x)∂f_λ(x) (2.11)

satisfying (2.6). In particular, with our choice of μ_λ, one has λ = K − 1 K + 1

=⇒ f_λ = f . (2.12)

Furthermore [1], the solution f_λ(x) depends holomorphically on the parameter λ. Since E is assumed to be open, f_λ|_E is conformal in the classical sense and in particular f_λ is smooth, even complex analytic on E. Therefore, c.f. [16] page 69, for each fixed x ∈ E the function λ → f^′_λ(x) = ∂f_λ(x) is holomorphic in D. Note also that by conformality on E,

f^′_λ(x) ≠ 0 ∀x ∈ E, ∀λ ∈ D. (2.13)

Next, let us use the concavity of the logarithm in conjunction with Jensen’s inequality in the following manner: For any function a(x) > 0, x ∈ E, we have log � E a(x) dm(x) = sup_p � E p(x) log

� a(x) p(x) � dm(x) � . (2.14)

Here the supremum is taken over the functions p such that i) 0 < p(x) < 1 a.e. x ∈ E and ii) � E p(x) dm(x) = 1.

Note that the supremum is attained when p(x) ≡ a(x)/ � E a dm.

In our case we take a(x) = w(x)J_{f λ} (x) = w(x)|f^′_λ(x)|^2, x ∈ E. Then (2.14) gives log � E w(x)|f^′_λ(x)|^2dm(x) � (2.15)

= sup_p � E p(x) logw(x) dm(x) + � E p(x) log

� |f^′_λ(x)|^2 p(x) � dm(x) � . Here the latter integral

h_p(λ) := � E p(x) log

� |f^′_λ(x)|^2 p(x) � dm(x) (2.16)

is harmonic in λ, by (2.13). Moreover, we can use Lemma 2.1 to deduce h_p(λ) ≤ log � E |f^′_λ(x)|^2 ≤ log � D J_{f λ} dm � ≤ 0. (2.17) Consequently, λ → h_p(λ) is harmonic and nonpositive in D.

We are now in position to use the Harnack’s inequality. It gives

h_p(λ) ≤

1 − |λ| 1 + |λ| h_p(0) =

1 − |λ| 1 + |λ| � E p(x) log � 1 p(x) � dm(x). (2.18)

Combining (2.15) and (2.18) we obtain (with λ =^{K − 1}_{K +1} ) that log � E w(x)J_f (x)dm(x) �

≤ sup_p � E p(x) logw(x) + 1 K � E p(x) log � 1 p(x) � dm(x) �

= 1 K sup_p � E p(x) log

� w(x)^K p(x) � dm(x) �

= 1 K log � E w(x)^K dm(x) � (2.19) by (2.14). Exponentiating (2.19) gives the estimate (2.9) for open sets E; this is the latter of the inequalities (1.12) in Theorem 1.6.

To deduce the first of the inequalities (1.12) for E open, one needs to use Harnack’s inequality in the form

h_p(λ) ≥

1 + |λ| 1 − |λ| h_p(0) (2.20)

rather than (2.18) and then otherwise argue in a similar fashion.

Let us lastly consider the case of arbitrary measurable sets E such that f |_E is conformal. Choose a decreasing sequence {E_n }^∞_{n=1} of open subsets such that E ⊂ E_n and m(E_n \ E) → 0 as n → ∞ . (2.21) Set μ_n = μχ_{D \ � �} , with μ as in (2.10), and let f_n be the corresponding quasiconformal mapping, normalized by (2.6) and satisfying the Beltrami equation ∂f_n (x) = μ_n (x)∂f_n (x). It follows from [1], Lemma V.B.1, p.93, that ‖∂f_n − ∂f ‖_L2_{(C )} → 0 as n → ∞ . Recall that on the sets E_n and E, we have J_{f �} = |∂f_n |^2 and J_f = |∂f |^2 respectively. Since w can be assumed to be bounded from above on, say, E_1 we deduce � E w(x)J_f (x)dm(x) = lim_{n→∞} � E_�

w(x)J_{f �} (x)dm(x). (2.22)

Clearly, for any q > 0 � E w(x)^qdm(x) = lim_{n→∞} � E_�

w(x)^qdm(x). (2.23)

As the inequalities (1.12) hold for each of the open sets E_n , using (2.22) and (2.23) gives the proof of the Theorem 1.6. 2

The inequalities of Theorem 1.6 are optimal, as can be shown by several examples. Indeed, let us consider the family of weights w attaining only finitely many values. Then, if a condition corresponding to (1.10) is satisfied, for any apriori given choice of the distribution function of w we will construct examples achieving the equality.

Example 2.1 Suppose 0 < w_1 < ... < w_n and 0 < p_j < 1, j = 1,...,n, satisfy n� j =1

p_j w^K_j ≤ w^K_1 . (2.24)

Then there is an open set E ⊂ D with m(E) =

�_n

j =1 pj , a K-quasiconformal mapping

f ∈ Σ_K with f |_E conformal and a weight w, positive on E, such that m({x ∈ E : w(x) = w_j }) = p_j , j = 1,...,n, (2.25) � E w(x)J_f (x)dm(x) = � E w(x)^K dm(x)

�_{1/K}

. (2.26) To construct mappings and weights satisfying (2.25), (2.26) we need some notation. First, we may normalize the numbers w_j so that n� j =1

p_j w^K_j = 1. (2.27)

Then by our assumptions w_1 ≥ 1 and w_{j +1} > w_j . Hence we can find numbers 0 < R_j ≤ 1 so that w_j =

�^j� l=1 R_l

�_{− 2/K}

, j = 1,...,n. (2.28) Consider next a version of the radial stretc hing, a basic example of a K− quasiconformal mapping in Σ_K ,

f_R (x) = � � � R^{1K − 1} x, 0 ≤ |x| ≤ R x|x|^{1K − 1} , R < |x| ≤ 1 x, 1 < |x|.

(2.29)

Define also f^ρ_R (x) = ρf_R (^x_ρ ), x ∈ R^2.

To complete the notations let ρ_j , j = 1,...,n, be numbers defined by the following rule, R^2_n ρ^2_n = p_n , R^2_j ρ^2_j − ρ^2_{j +1} = p_j , 1 ≤ j ≤ n − 1. (2.30) Then by (2.28), (2.27), ρ_1 = 1.

After these preparations set simply f = f^{ρ1}_{R 1} ∘ ... ∘ f^{ρn}_{R n} , w = n� j =1

w_j χ_{E j} (2.31)

where

E_n = {x : |x| < ρ_n R_n }; E_j = {x : ρ_{j +1} < |x| < ρ_j R_j }, 1 ≤ j ≤ n − 1. (2.32) Then by (2.30) m(E_j ) = p_j for each j = 1,...,n, (2.25) is clearly satisfied and (2.26) follows since by the chain rule J_{f |E} ≡ w^{K − 1} on the set E = ∪^n_{j =1} E_j .

3 New G-closure bounds

In this section we prove new G-closure bounds. We will in fact prove bounds for the so-called overall conductivit y. Standard arguments in homogenization theory yield then the corresponding statemen t for the homogenized conductivit y (see for instance [29]).

Let us consider matrices σ of the form (1.3), (1.2) defined on a domain Ω (instead of the square Q). Then the overall, or macroscopic, conductivit y σ^∗ is defined as follows: for any A ∈ M ,

Tr[Aσ^∗A^t] = inf

U∈ W^{1,2}_0 (Ω; R^2) 1 | Ω | � Ω Tr[(DU(x) + A)σ(x)(DU(x) + A)^t]dx . (3.1)

We use the following result.

Theorem 3.1 Let Ω ⊂ R^2 be a simply connected, bounded open set with Lipschitz boundary. Let σ be a uniformly elliptic symmetric matrix with bounded measurable coefficients defined in Ω and let σ^∗ be the associated overall conductivity as defined above. Set d_m = essinf √ det σ. Then for any λ ∈ (0,d_m ), one has 1 Tr(σ^∗) + 2λ

= inf_{Ψ ∈ T} 1 | Ω | � Ω Tr[DΨ( x)σ(x)DΨ( x)^t]− 2λ det DΨ( x) det σ(x) − λ^2 dx , (3.2)

where T ≡ � Φ ∈ W^{1,2}(Ω; R^2) , 1 | Ω | � Ω Tr(DΦ( x))dx = 1 � . (3.3)

For the proof the reader is referred to Prop osition 2.1 in [5]. See also [29], Theorem 3.1 and [30], Section 2, Lemma 1.

We warn the reader that the mappings in T are normalized in a slightly different way with respect to the statemen t in [29], where^1_{|Ω |} � Ω Tr(DΦ( x))dx = 2 was used.

Let K ≥ 1 be arbitrary but given and let Σ_K be the space of quasiconformal mappings defined in Section 2. When Ω = D, by Lemma (2.2) the (normalized) gradient of f ∈ Σ_K belongs to T and the following corollary of Theorem 3.1 is then obtained as a consequence.

Corollary 3.1 (Lemma 5.1 in [29]). Suppose K^{− 1}|h|^2 ≤ ⟨σ(x)h, h⟩ ≤ K|h|^2, h ∈ R^2. Then under the assumptions of Theorem 3.1, 2 Tr(σ^∗) + 2λ

≤ sup_{Ψ ∈ Σ �} � D det DΨ( x) � det σ(x) + λ dm . (3.4)

Pro of. For the reader’s convenience we sketch the argument from [29]. Note that we use the normalized measure dm = dx/π.

Define a new matrix function G(x) = (^{σ(x)}√_{det σ(x)} )^{− 1} for x ∈ D and G(x) = I for x ∈ R^2 \D. Then by the measurable Riemann mapping theorem [1], [16] there is an element Ψ ∈ Σ_K with DΨ^tDΨ = G det(DΨ). By the cyclic property of the Trace, one obtains

Tr[DΨ( x)σ(x)DΨ( x)^t] = Tr[G(x)σ(x) det DΨ( x)] = 2 � det σ(x) det DΨ( x) . (3.5)

According to Lemma 2.2,^1_2Ψ ∈ T; substituting this test function transforms the right hand side of (3.2) to [ � det σ(x) − λ]det DΨ( x) 2[det σ(x) − λ^2]

. (3.6)

The claim (3.4) follows. 2 Pro of of Theorem 1.4. Consider Corollary 3.1 and the inequality (3.4) specialized to the case when σ has the particular form (1.3), (1.2). It follows from the proof of Corollary 3.1 that actually we can now take the supremum over Ψ ∈ Σ_K (E), i.e. over the set of those Ψ ∈ Σ_K that are conformal on E = {x ∈ D :

�_N

i=2 χ_i(x) = 1}. Passing to the limit as λ tends to σ_1 in (3.4), we obtain 2 Tr(σ^∗) + 2σ_1

≤ sup

Ψ ∈ Σ_� (E ) � D det DΨ( x) � det σ(x) + σ_1 dm . (3.7)

Recall next the notation (1.5), c_i = (σ_i − σ_1)/(σ_i + σ_1). With this and with (1.3), (3.7) implies 2 Tr(σ^∗) + 2σ_1 ≤ 1 2σ_1 sup Ψ ∈ Σ_� (E ) � � D det DΨ( x)dm − N� 1=2 c_i � D χ_i(x) det DΨ( x)dm � . (3.8)

Finally, recall that for any Ψ ∈ Σ_K , � D det DΨ( x)dm ≤ 1, see Lemma 2.1. Hence choosing now w(x) =

�_n

i=2 c_iχ_i(x) in (1.12), gives the desired bound for σ^∗. The same bounds hold automatically for the σ_{hom} , c.f. [29]. 2 .

Remark 3.1 When K = 1 and N > 2, for certain values of the G-closure parameters when (1.10) is not satisfied, the bounds (1.9) cannot be optimal (see [28]). The same happens when K > 1. This follows using Theorem 3.1 in [29] with the choice t(x) = σ_1χ_1(x) + (1 − χ_1(x))σ_2 and arguing as in [28].

4 Optimalit y of bounds

This section is devoted to proving Theorem 1.5. Our statemen t, as remarked at the end of the introduction, has to be understo od as optimalit y in the classical sense. In other words the proof requires three parts. First: for Q = (0,1) × (0,1), define a specific Q-periodic σ satisfying (1.3), (1.2) and (1.10) at almost every point of Q. Second: exhibit the weak solution to the Euler-Lagrange equations of (1.1). Third: compute the corresponding σ_{hom} and show that σ_{hom} is isotropic and it satisfies (1.9) as an equality.

There are actually several possibilities to do the constructions. One is based on structures similar to those in Example 2.1, by filling in the square by families of such concentric disks. However, we have chosen below a slightly different route which is here technically less demanding. Pro of of Theorem 1.5. We begin by performing the first part of the above program. Set h_0 to be the solution of the equation 1 h_0 + σ_1 = 1 2σ_1 � �1 −

�_N � i=2 c^{1�}_i p_i

�_K �

� (4.1)

and define z = h_0 − σ_1 h_0 + σ_1

, q_i = � z c_i

� 1_�

, i = 2,...,N . (4.2)

Note that, by (1.10), (4.1) and (4.2), each q_i belongs to (0,1]. Hence, setting

α_i = p_i q_i

, i = 2,...,N . (4.3) one has α_i > 0 for every i. An easy calculation shows that, by the definition of h_0, one has

�_N

i=2 α_i = 1. Now let Q = (0,1) × (0,1). We cover Q (up to a set of zero measure) with N − 1 open sets Ω_i such that | Ω_i |= α_i. This can of course be done in infinitely many ways. For instance one may take Ω_i to be non overlapping rectangles of sides 1 and α_i.

Next, for R > 0, 0 < r < ρ and y ∈ R^2 we define

B(y,R) ≡ {x ∈ R^2 : | x − y |< R} , A(y,r,ρ) ≡ {x ∈ R^2 : r ≤| x − y |< ρ} . (4.4) For any i there exists a countable set of non overlapping open disks B^{(ij )} = B(x^{(ij )},R^{(ij )}) such that | Ω_i \ ∪^∞_{j =1} B^{(ij )} |= 0 . (4.5)

We write B^{(ij )} as the union of an inner disk and an outer annulus

B(x^{(ij )},R^{(ij )}) = B(x^{(ij )},r^{(ij )}) ∪ A(x^{(ij )},r^{(ij )},R^{(ij )}) , � r^{(ij )} R^{(ij )}

�_2

= q_i . (4.6)

With these notation we are now ready to define our optimal conductivit y, denoted by σ_{opt} . As the restriction of σ_{opt} to the disk B^{(ij )} we set (σ_{opt} )|_B (ij ) (x) = σ^{(i)}(x− x^{(ij )}), where

σ^{(i)}(x) = σ_iIχ_{B (0 ,r )} (x) + σ_1R_S (x)^t � K 0 0 K^{− 1} � R_S (x)χ_{A (0 ,r ,R )} (x) (4.7)

with r = r^{(ij )},R = R^{(ij )} and the field of rotations R_S (x) is given by

R_S (x) = x_2 | x | I + x_1 | x |

J (4.8)

where J is the (counterclockwise) rotation by 90 degrees. Outside the disks we may set, say, σ_{opt} = σ_1I. Then clearly the support of phase i ≥ 2, i.e. {x : σ_{opt} (x) = σ_i}, is ∪^∞_{j =1} B(x^{(ij )},r^{(ij )}) while the first phase is located, up to measure zero, in the union of the annuli A(x^{(ij )},r^{(ij )},R^{(ij )}).

Lastly we extend σ_{opt} periodically to R^2. This concludes the first part. We begin now the second part of the program. Our goal is to find a weak solution of the PDE

div[σ_{opt} (x)(∇ u_0(x) + e_1)] = 0 , u_0 ∈ W^{1,2}_♯ (R^2,R) . (4.9)

Our strategy here is to construct in each disk B^{(ij )} = B(x^{(ij )},R^{(ij )}) a function of the form u^{ij} (x) = u^{ij}_0 (x) + x_1 where u^{ij}_0 ∈ W^{1,2}_0 (B^{(ij )};R) and then extend this function to be x_1 outside the union of the disks. Later we show the main point namely that this “gluing” delivers a weak solution of the PDE (4.9). Preliminary step: i-th solution in B(y,R). We assume without loss ofgenerality that y = 0 and that in this disk σ_{opt} (x) = σ^{(i)}(x),|x| < R, as defined in (4.7). Then we look for the weak solution with boundary data x_1 in this specific disk. This calculation can be found for instance in [29], Subsection 6.1. We review it for the readers convenience. Suppose

u^{(i)}(x) = � a_ix_1, 0 ≤ |x| < r (A_i|x|^{K − 1} + B_i|x|^{− K − 1})x_1, r ≤ |x| < R. (4.10)

Then u^{(i)} is a solution to the equation div[σ^{(i)}(x)∇ u^{(i)}(x)] = 0 if and only if

A_i = a_i σ_1 + σ_i 2σ_1 1 r^{K − 1}

, B_i = a_i σ_1 − σ_i 2σ_1 r^{K +1} . (4.11)

Furthermore, if the numbers h_i, i ≥ 2, are such that 1 h_i + σ_1 = 1 − q^K_i

2σ_1 + q^K_i σ_1 + σ_i

(4.12)

and we make the choices � r R �_2

= q_i ; a_i = 1 2σ_1 � (σ_1 + h_i)q^{K − 12}_i + (σ_1 − h_i)q^{− K +12}_i � (4.13)

then we have three importan t identities. First, for any smooth function η defined on B(0,R), we have � B(0,R)

⟨σ^{(i)}(x)∇ u^{(i)}(x),∇ η(x)⟩dx = h_i � B(0,R)

η_{x1} (x)dx . (4.14)

Secondly, �

B(0,R)

⟨σ^{(i)}(x)∇ u^{(i)}(x),∇ u^{(i)}(x)⟩dx = h_i | B(0,R) | (4.15)

and thirdly, A_iR^{K − 1} + B_iR^{− K − 1} = 1. (4.16)

The last of the identities is obtained be a tedious but elementary calculation; with (4.10), (4.15) it shows in particular that u^{(i)} − x_1 ∈ W^{1,2}_0 (B(0,R); R). For the identities (4.14), (4.15), for small ϵ > 0 we can use integration by parts in B(0,r − ϵ) and A(r + ϵ,R − ϵ) since there the function u^{(i)} is smooth satisfying div(σ^{(i)}(x)∇ u^{(i)}(x)) = 0 in the classical sense. For |x| = r, by (4.11) the boundary terms on the left hand side cancel as ϵ goes to zero while using Stokes theorem to the remaining boundary terms proves (4.14), (4.15).

We lastly make the observation which is crucial for the construction to succeed. Namely, with the choice of q_i in (4.2), we have

h_i = h_0 for any 2 ≤ i ≤ N, (4.17)

where h_0 is given by (4.1). Definition of u in the generic disk B^{(ij )} . In the disk B(x^{(ij )},R^{(ij )}), we define u^{(ij )}(x) = u^{(i)}(x − x^{(ij )}), with R = R^{(ij )} in (4.10). Definition of the solution in Q. We define u(x) as follows

u(x) = N� i=2 ∞� j =1 � u^{(ij )}(x)χ_B (ij ) (x) + x_1χ_Q\_{∪ B (ij )} (x) � . (4.18)

We want to show that u is a weak solution to (4.9).

By the above construction, u is continuous and belongs to W^{1,2}_♯ (Q;R^2). It remains to show that for any test function η ∈ C^∞_♯ (Q;R) one has � Q ⟨σ_{opt} (x)∇ u(x),∇ η(x)⟩dx = 0 . (4.19)

Let us use the notation σ^{(ij )} for the restriction ofσ to B^{(ij )}. Now, by construction � Q ⟨σ_{opt} (x)∇ u(x),∇ η(x)⟩dx = N� i=2 ∞� j =1 � B^{(ij )}

⟨σ^{(ij )}(x)∇ u^{(ij} (x),∇ η(x)⟩dx . (4.20)

Each integral in the above sum can be computed separately. By a linear change of coordinates (4.14) and (4.17) yield � Q ⟨σ_{opt} (x)∇ u(x),∇ η(x)⟩dx = h_0 N� i=2 ∞� j =1 � B^{(ij )}

η_{x1} (x)dx = h_0 � Q η_{x1} (x)dx . (4.21)

The latter integral is obviously zero since η is Q-periodic.

Finally, using (4.15), (4.17) we see that � Q ⟨σ_{opt} (x)∇ u(x),∇ u(x)⟩dx = h_0 . (4.22)

Replacing x_1 by x_2 in the above calculation shows that σ_{hom} = h_0I. This completes the proof of Theorem 1.5. 2 .

5 Quasiconformal consequences

The motivation behind Theorem 1.6, our result on distortion of weighted area under quasiconformal mappings, was to obtain new bounds for composite materials. However, once the theorem has been established, it is interesting to see that it has consequences also to quasiconformal mappings. We briefly describe here some of them; for other developments that use the theorem see [4]. Our main goal is to prove Theorem 1.7, the bound (5.6) and their optimalit y.

For the background, recall that Theorem 1.6 implies that |f (E)| ≤ |E|^{1/K} if f ∈ Σ_K and f |_E is conformal. In [3] this was a main step to proving the optimal smoothness of K− quasiconformal and K− quasiregular mappings f , namely that

f ∈ W^{1,p}_{loc} ∀ p < 2K K − 1

. (5.1)

Here, in general, the inclusion fails for the extremal exponent p = 2K/(K − 1).

However, we wish to show that in special cases one can do better: Our last goal is Theorem 1.7, which proves that one has borderline integrabilit y on any measurable set E for which ∂f |_E = 0.

We first need a technical decomposition lemma.

Lemma 5.1 Suppose f is K− quasiregular in R^2. Then f admits the decomposition

f = h ∘ g, (5.2)

where g ∈ Σ_K and h is K− quasiregular in R^2 with

∂h|_{g(D )} ≡ 0. (5.3)

In particular, h is complex-analytic in the open set g(D).

Pro of. Let μ = μ_f be the complex dilatation of f as in (2.4). Let then g be the (unique) element in Σ_K for which

∂g = χ_D μ ∂g; (5.4)

the existence of such a g follows from the measurable Riemann mapping theorem [1], [16].

We can then easily calculate the complex dilatation of the quasiregular mapping h ≡ f ∘ g^{− 1}, c.f. [16] p. 24. It follows that

μ_{f ∘g}− 1 (gx) = μ_f (x) − μ_g(x) 1 − μ_g(x)μ_f (x)

∂g(x) ∂g(x)

(5.5)

From this we see that μ_h ∘ g = μ_f (∂g/∂g)χ_R 2_{\D} ; hence h satisfies the required properties. 2

Lemma 5.2 Let K > 1 and assume that f ∈ Σ_K . Let E ⊂ D be a measurable set. If ∂f (x) = 0 a.e. x ∈ E, then � E J_f (x)^pdm(x) ≤ 1, p = K K − 1

. (5.6)

Moreover the bound is optimal.

Pro of We choose a sequence of weights such that w_0 = 1 and w_n = J^{1/K + ...+1 /K �}_f , n ≥ 1. By Theorem 1.6 � E w_n (x)J_f (x)dm(x) ≤ � E w_n (x)^K dm(x)

�_{1/K} = � E w_{n− 1}(x)J_f (x)dm(x)

�_{1/K}

(5.7) for each n ≥ 1. Using this argument inductiv ely we arrive at � E J_f (x)^{1+1 /K + ...+1 /K �} dm = � E w_n (x)J_f (x)dm ≤ � E J_f (x)dm

�_{1/K} �

≤ |E|^{1/K � +1} .

(5.8) Using Fatou’s lemma we can pass to the limit for n → ∞ in (5.8). This proves (5.6). To prove the second part we need to give an examples of equality in (5.6). This is easy. For instance, we can take E = B(0,R) with R < 1 and f_R the K− quasiconformal mapping defined in (2.29). 2

Pro of of Theorem 1.7 Suppose that f : R^2 → R^2 is K-quasiregular and there is a bounded measurable set E ⊂ R^2 such that μ_f |_E ≡ 0, or that ∂f |_E ≡ 0. Our goal is then to show that � E |Df (x)|^pdx < ∞ for the exponent p =^{2K}_{K − 1}.

With a linear change of variables we can first assume that E ⊂ {x : |x| ≤ 1/2}. After this we will use the decomposition f = h ∘g of the above Lemma 5.1. Since h is complex analytic in a neighborhood of the set g(E), sup_{g(E )} |h^′(x)| ≤ C_h < ∞ for a constant C_h depending on the function h. Therefore we may assume that actually f ∈ Σ_K .

Finally, in this case it is enough to show (5.6), since |Df (x)|^2 ≤ KJ_f (x) for a.e. x. On use of Lemma (5.2) the proof is completed. 2 .

Theorem (1.7) is sharp. We prove this by giving the following modification of the example proving optimalit y of (5.6).

Example 5.1 As in the proof of Theorem 1.5 cover the unit disk D by a countable set of non-overlapping open disks B_j = B(x_j ,ρ_j ), j ∈ N, such that

| D \ ∪^∞_{j =1} B_j |= 0 . (5.9)

For the set E choose E = ∪^∞_{j =1} B(x_j ,ρ_j R_j ), where the R_j < 1 with R_j → 0 so that ∞� j =1

ρ^2_j log 1 R_j

= ∞ . (5.10)

Define then a K− quasiconformal mapping f : R^2 → R^2 by setting

f (x) = ρ_j f_{� �} ((x − x_j )/ρ_j ) + x_j , x ∈ B_j (5.11)

and by defining f (x) = x for x /∈ ∪^∞_{j =1} B_j .

Clearly f |_E is conformal. Moreover, for each ε > 0 and for each B_j , � B(x_� ,ρ_� R_� )

J_f (x)^{(1+ ε)K/(K − 1)}dm = R^{− 2ε}_j ρ^2_j . (5.12)

Summing up the integrals over the disks we see from (5.10), (5.12) that � E |Df (x)|^pdx = ∞ (5.13) for every p >^{2K}_{K − 1}.

The higher integrabilit y (5.1) and Theorem 1.7 have their counterparts for the integrabilit y of |Df (x)|^q where q < 0. However, as quasiregular mappings are of the form f = h ∘ g where h is complex analytic and g quasiconformal, the zeroes of h cause now extra singularities. Removing these we have

Corollary 5.1 Suppose f is K− quasiregular in a domain Ω ⊂ R^2 and that ∂f |_E ≡ 0. Then there is a discrete set A ⊂ Ω such that for any compact subset L of Ω \ A �

E ∩ L

|Df (x)|^{− 2/(K − 1)}dx < ∞ . (5.14)

As in Example 5.1, one can construct a K− quasiconformal mapping such that � E ∩ L |Df (x)|

− qdx = ∞ for each q > 2/(K − 1). Pro of of Corollary 5.1. If f = h ∘ g as above and A = g^{− 1}{x ∈ Ω : h^′(x) = 0}, then outside the discrete set g(A), h^′ is locally bounded away from ∞ and 0. Using Theorem 1.7 for G ≡ g^{− 1} yields � E ∩ L

J^{− 1/(K − 1)} g dx = � E ∩ L

J^{� − 1}_G (g)J_gdx = � G(E ∩ L)

J^{� − 1}_G dx < ∞ . (5.15)

This proves the claim (5.14). 2

Lastly, let us remark that one has similar consequences for the solutions ofsecond order equations in divergence form. More precisely, given a domain Ω, we consider the class of symmetric matrices σ with measurable entries that satisfy

K^{− 1}|h|^2 ≤ ⟨σ(x)h, h⟩ ≤ K|h|^2,h ∈ R^2. (5.16)

Let us call this class M_K . Assume that u ∈ W^{1,2}(Ω) is a weak solution of div[σ(x)∇ u(x)] = 0. Consider the mapping f = (u, v), where ∇ v(x) = J σ(x)∇ u(x), then as pointed out in [18], f is K− quasiregular and hence the previous results apply to the components u, v. In particular, it follows that in general u ∈ W^{1,p}_{loc} ∀p < 2K/(K − 1) but u ∉W^{1, 2 � − 1}_{loc} . Therefore, in this class of spaces, this is the best regularit y one can obtain. In addition, thanks to the work of Alessandrini and Alessandrini and Magnanini [2], one can control the ”singular set” A in terms of knowledge of the boundary data [18].

However, quite unexpectedly, we obtain an improvement of the higher integrabilit y in the borderline case in the spirit of a partial regularity result.

Corollary 5.2 Given K ≥ 1 and given σ ∈ M_K , suppose u is a W^{1,2}-solution to

div[σ(x)∇ u(x)] = 0 (5.17)

in a domain Ω ⊂ R^2. Let E = {x ∈ Ω |σ(x) = I}. Then for any compact subset L ⊂ Ω �

E ∩ L

|∇ u(x)|^{2KK − 1} dx < ∞ . (5.18)

Similarly, there is a set A, discrete in Ω , such that for any compact L ⊂ Ω \ A � E ∩ L

|∇ u(x)|^{− 2K − 1} dx < ∞ .

The proofs follow from Corollary 5.1 and Theorem 1.7, using the fact from [18] that u = ℜf , where f is K− quasiregular. Indeed, by construction, on the set E the mapping f satisfies the Cauchy-Riemann system.

It appears a curious fact that one has improved regularit y on a special level set of σ, on E = {x ∈ Ω : σ(x) = I}. We are unable to prove that a similar consequence holds on any other level set, even on some other level set of the form {x ∈ Ω : σ(x) = cI} where c ≠ 1. This remains an interesting open question.

References

[1] Ahlfors, L., lectures on Quasiconformal Mappings, Van Nostrand, Princeton, 1966.

[2] Alessandrini, G. & Magnanini, R., Elliptic equation in divergence form, geometric critical points of solutions and Stekloff eigenfunctions , SIAM J. Math. Anal. 25 (5) (1994), 1259-1268.

[3] Astala, K., Area distortion of quasiconformal mappings, Acta Math., 173 (1994), 37-60.

[4] Astala, K. Painleve’s theorem and removability properties of planar quasiregular mappings. Preprint

[5] Astala, K., Miettinen, M., On quasiconformal mappings and 2-dimensional Gclosure problems, Arch. Rational Mech. Anal. 143 (3)(1998), 207-240.

[6] Astala, K., Nesi, V., Periodic quasiconformal mappings and homogenized coefficients , In preparation.

[7] Bauman, P., Marini, A. & Nesi, V., Univalent solutions of an elliptic system of partial differential equations arising in homogenization, Indiana Univ. Math. J. Vol 49, No 4 (Winter) 2000.

[8] Cherkaev, A., Necessary conditions technique in optimization of structur es, J.

Mech. Phys. Solids, Accepted.

[9] Cherkaev, A. & Gibiansky, L. V., Extremal structur es of multiphase heat conducting composites, Int. J. Solids Struct., (33), 18, (1996), 2609-2618.

[10] Eremenko, A. & Hamilton, D.H., The area distortion by quasiconformal mappings, Proc. Amer. Math. Soc. 123, (9) (1995), 2793-2797.

[11] Francfort, G. & Milton, G.W., Optimal bounds for conduction in twodimensional, multiphase polycrystalline media, J. Stat. Phys. 46 (1987), 161- 177.

[12] Francfort, G. & Murat, F., Optimal bounds for conduction in two-dimensional, two phase, anisotr opic media, in: Non-classical continuum mechanics, R.J. Knops and A. A. Lacey eds., London Mathematical Society Lecture Note Series 122, Cambridge, 1987, 197-212.

[13] Gibiansky, L. V. & Sigmund, O., Multiphase composites with extremal bulk modulus, J. Mech. Phys. Solids 48, (3) (2000), 461-498.

[14] Hashin, Z. & Shtrikman, S., A variational approach to the theory of effective magnetic permeability of multiphase materials , J. Appl. Phys. 33, (1962), 3125- 3131.

[15] Iwaniec T., & Martin G., Quasiregular mappings in even dimensions, Acta Math. 170 (1993), 29-81.

[16] Lehto, O., Univalent functions and Teichmüller spaces, Springer, Berlin, 1987.

[17] Lehto, O. & Virtanen, K.I., Quasiconformal Mappings in the Plane, Springer, Berlin, 1973.

[18] Leonetti, F. & Nesi, V., Quasiconformal solutions to certain first order systems and the proof of a conjecture of G. W. Milton., J. Math. Pures Appl. (9) 76 (1997), 109-124.

[19] Lurie, K.A. & Cherkaev, A.V., Exact estimates of conductivity of composites formed by two isotropically conducting media taken in prescribed proportions , Proc. Roy. Soc. Edinburgh Sect. A 99 (1984), 71-87.

[20] Lurie, K.A. & Cherkaev, A.V., G-closure of a set of anisotr opically conducting media in the two-dimensional case, J. Optim. Theory Appl. 42 (2) (1984), 283- 304.

[21] Lurie, K.A. & Cherkaev, A.V., The problem of formation of an optimal isotropic multicomponent composite, J. Opt. Theory Appl. 46 (1985), 571-589.

[22] Milton, G. W. Concerning bounds on the transport and mechanical properties of multicomponent composite materials , Appl. Phys. A 26, (1981), 125-130

[23] Milton, G. W. Modelling the properties of composites by laminates , in:

Homogenization and effective moduli of materials and media, Ericksen, Kinderleher, Kohn, Lions, eds., IMA volumes in mathematics and its applications 1, Springer, New York, (1986), 150-174.

[24] Milton, G.W. The theory of composites, Cambridge University Press (2000) to appear.

[25] Milton, G.W. & Kohn, R.V., Variational bounds on the effective moduli of anisotr opic composites, J. Mech. Phys. Solids, 36 (6) (1988), 597-629.

[26] Milton, G.W. & Nesi, V. Optimal G-closure bounds via stability under lamination , Arch. Ration. Mech. Anal., 150, (1999), 191-207.

[27] Nesi, V., Using quasiconvex functionals to bound the effective conductivity of composite materials , Proc. Roy. Soc. Edinburgh Sect. A 123, (1993), 633-679.

[28] Nesi, V., Bounds on the effective conductivity of 2d composites made of n ≥ 3 isotropic phases in prescribed volume fractions: the weighted translation method, Proc. Roy. Soc. Edinburgh Sect. A 125 (1995), 1219-1239.

[29] Nesi, V., Quasiconformal mappings as a tool to study the effective conductivity of two dimensional composites made of n ≥ 2 anisotr opic phases in prescribed volume fraction, Arch. Rational Mech. Anal. 134 (1996), 17-51.

[30] Nesi, V., Fine properties of solutions to conductivity equations with applications to composites. In Mathematics of Multiscale materials, ”The IMA Volumes in Mathematics and its Applications”, Volume 99, pag 179-208; Springer-Verlag 1998 New York.

[31] Pommerenke, Ch., Univalent functions, Vandenho eck & Ruprecht, Göttingen 1975.

[32] Schulgasser, K., Sphere assemblage model for polycrystal and symmetric materials , J. Appl. Phys. 54 (1982), 1380-1382 .

[33] Sigmund, O., A new class of extremal composites, J. Mech. Phys. Solids (2000), 48 (2), 397-428.

[34] Tartar, L. , Estimations fines des coefficients homogeneises, in: Ennio De Giorgi’s Colloquium, ed. P. Kree, Pitman, Boston, (1985), 168-187 .

[35] Tartar, L., Compensated compactness and applications to p.d.e. in nonlinear analysis and mechanics, Heriot-Watt Symposium, Vol. IV, ed. R. J. Knops, Pitman, Boston, 1979, 136-212.

[36] Vigdergauz, S. B., Three dimensional grained composites of extreme thermal properties, (42), 1994, J. Mech. Phys. Solids 729-740.

[37] Zhikov, V.V., Estimates for the averaged matrix and the averaged tensor, Russian Math. Surveys (46):3, (1991), 65-136.

Kari Astala Vincenzo Nesi Department of mathematics Dipartimento di Matematica University of Jyväskylä Universit´a di Roma, La Sapienza P.O. Box 35, 40351 Jyväskylä, Finland P. le A. Moro 2, 00185 Rome - ITALY e-mail: astala@math.jyu.fi e-mail: nesi@mat.unir oma1.it