Mappings of finite distortion: Discreteness and openness

Janne Kauhanen Pekka Koskela Jan Malý

July 3, 2000

Mathematics Subject Classification (1991): Primary 30C65, 26B10, 46E35; Secondary 73C50, 35J70.

1 Introduction

This paper is a crucial part of our program to establish the fundamentals of the theory of mappings of finite distortion [11], [1], [12], [17] which form a natural generalization of the class of quasiregular mappings, also called mappings of bounded distortion. The results of this paper give sharp criteria for topological properties, such as openness, for a mapping of finite distortion. The theory of mappings of bounded distortion is by now well understood, see the monographs by Yu. G. Reshetnyak [26], by S. Rickman [27] and by T. Iwaniec and G. Martin [13]. The motivation for relaxing the boundedness of the distortion partially arises from the fundamental works of J. Ball [2], [3] on nonlinear elasticity. We study mappings f = (f_1, ..., f_n) : Ω → R^n in the Sobolev space W^{1,1}(Ω, R^n), where Ω is a connected, open subset of R^n with n ≥ 2. Thus, for almost every x ∈ Ω, we can speak of the linear transformation Df(x) : R^n → R^n, called differential of f at x. Its norm is defined by |Df(x)| = sup{|Df(x)h| : h ∈ S^{n−1}}. We shall often identify Df(x) with its matrix, and denote by J(x, f) = J_f (x) = det Df(x) the Jacobian determinant.

Definition 1.1. A Sobolev mapping f ∈ W^{1,1}(Ω, R^n) is said to have finite distortion if there is a measurable function K = K(x) ≥ 1, finite almost everywhere, such that

|Df(x)|^n ≤ K(x)J(x, f) a.e. (1.1)

We call (1.1) the distortion inequality for f. Notice that, unless we put any extra conditions on K, we only require that J(x, f) ≥ 0 a.e. and that the differential Df vanishes a.e. in the zero set of the Jacobian determinant

J(x, f). It is worth recalling that the smallest such function K, referred to as outer dilatation, is then defined by

K_O(x, f) =

{_{|Df(x)|n}

J(x,f) if J(x, f) ≠ 0,

1 if J(x, f) = 0.

(1.2)

Geometrically this means that, at the points where J(x, f) > 0, the differential takes the unit ball to an ellipsoid E and we have K_O(x, f) = vol B_O / vol E, where B_O is the ball circumscribed about E.

Let us begin by recalling some of the known results on mappings of finite distortion which are relevant for our discussion. A mapping in the Sobolev class W^{1,n}(Ω, R^n) with finite distortion K ∈ L^∞(Ω) is called a quasiregular mapping or a mapping of bounded distortion. This class of mappings can be traced back to the work of Yu. G. Reshetnyak [25]. Reshetnyak proves the remarkable result that a mapping of bounded distortion is continuous and either constant or open and discrete. For an exposition of the theory of mappings of bounded distortion we refer the reader to the monographs by Yu. G. Reshetnyak [26], by S. Rickman [27] and by T. Iwaniec and G. Martin [13]. Here continuity means that f has a continuous representative. Openness of a continuous mapping f requires that the image of each open set be open and the discreteness that the preimage of any point in R^n be an isolated set of points in Ω. Thus Reshetnyak’s result gives topological conclusions from analytic assumptions.

V. Gol’dstein and S. K. Vodop’yanov showed later in [8] that even mappings of finite distortion in the Sobolev class W^{1,n}(Ω, R^n) are continuous. Regarding discreteness and openness, the uniform boundedness of the distortion in the planar case was relaxed to the (local) integrability of the distortion for Sobolev mappings f ∈ W^{1,2}(Ω, R^2) by T. Iwaniec and V. Šverák [16]. In higher dimensions, the analog of this holds when K_O ∈ L^p(Ω) for some p > n − 1 and f ∈ W^{1,n}(Ω, R^n). It fails if p < n − 1, [3], and it remains unknown in the critical case of p = n − 1. For the positive results see the papers [10] by J. Heinonen and P. Koskela and [19], [20] by J. Manfredi and E. Villamor. Notice that in all these results we assume that the partial derivatives of f are n-integrable.

The natural Sobolev setting for mappings of finite distortion is in the space W^{1,n}(Ω, R^n), largely due to the wish to integrate the Jacobian determinant by parts. However, matters are quite complicated if one does not know a priori that the Jacobian is locally integrable or, even if so, whether it coincides with the so-called distributional Jacobian. The first regularity results below the natural setting were recently established by T. Iwaniec, P. Koskela and G. Martin [11]. Assuming that J_f ∈ L^1(Ω) and e^{λK} ∈ L^1(Ω) for some sufficiently large λ = λ(n) they proved, among other things, that in fact f ∈ W^{1,n}(Ω, R^n). It then follows that f is continuous and either constant or open and discrete. Also see [1] for further developments. The standing conjecture is that one can take λ = λ(n) = 1 as the critical exponent for the regularity conclusions; it is known that the L^n-integrability of the differential fails for any λ < 1. The relevant examples are homeomorphic maps in W^{1,1}(Ω, R^n) and, therefore, have locally integrable Jacobian determinants.

Very recently, T. Iwaniec, P. Koskela and J. Onninen (c.f. [12]) verified that mappings with exponentially integrable distortion and integrable Jacobian determinant are always continuous.

Theorem 1.2. Let f ∈ W^{1,1}(Ω, R^n) satisfy the distortion inequality

|Df(x)|^n ≤ K(x)J(x, f) a.e.

in Ω, where K ≥ 1 and exp(λK) is integrable for some λ > 0. If the Jacobian determinant of f is integrable, then f is continuous.

One consequence of our current work is that we also have discreteness and openness for non-constant mappings as above.

Theorem 1.3. Let f ∈ W^{1,1}(Ω, R^n) satisfy the distortion inequality

|Df(x)|^n ≤ K(x)J(x, f) a.e.

in Ω, where K ≥ 1 and exp(λK) is integrable for some λ > 0. If the Jacobian determinant of f is integrable, then f is continuous and either constant or both discrete and open. Conversely, there is a non-constant, continuous mapping f ∈ W^{1,1}(Ω, R^n) with integrable Jacobian determinant and of distortion K with exp(λK/ log^2(1 + K)) integrable for some λ that is neither open nor discrete.

We will obtain Theorem 1.3 as a corollary to our more general results. Theorem 1.3 is new even in the plane; see the work of G. David [5] for existence questions. For notational simplicity we do not formulate our results here in the ultimate generality. See Sections 2 and 3 for even sharper results.

Theorem 1.4. Let f ∈ W^{1,1}(Ω, R^n) satisfy

lim_{ϵ→0+} ϵ ∫ Ω |Df(x)|^{n−ϵ} dx = 0. (1.3)

If f has finite distortion K ∈ L^p(Ω) for some p > n − 1, then f is continuous and either constant or both discrete and open. Conversely, there is a continuous, non-constant f ∈ W^{1,1}(Ω, R^n) with integrable Jacobian, of finite distortion K with exp(λK/ log^2(1 + K)) integrable for some λ, with the Sobolev regularity

lim sup

ϵ→0+ ϵ ∫ Ω |Df(x)|^{n−ϵ} dx < ∞

and so that f is neither open nor discrete.

Above, the assumptions in the first part of Theorem 1.4 guarantee that the Jacobian determinant of f is (locally) integrable and that, in fact, the point-wise Jacobian coincides with the so-called distributional Jacobian. This fact plays a fundamental role in the proof. The continuity of f in Theorem 1.4 is from [12].

A reader familiar with discrete and open mappings recognizes by Theorem 1.4 that a mapping f satisfying our assumptions has to be sensepreserving, that is, the topological degree is always strictly positive. This is indeed part of our argument of proof for Theorem 1.4

Theorem 1.5. Let f ∈ W^{1,1}(Ω, R^n) satisfy

lim_{ϵ→0+} ϵ ∫ Ω |Df(x)|^{n−ϵ} dx = 0.

If f has finite distortion, then f is continuous and sense-preserving. Conversely, there is a continuous f ∈ W^{1,1}(Ω, R^n) with integrable Jacobian, with J(x, f) > 0 a.e., of finite distortion K with exp(λK/ log^2(1 + K)) integrable for some λ, with lim sup

ϵ→0+ ϵ ∫ Ω |Df(x)|^{n−ϵ} dx < ∞,

and so that f is not sense-preserving.

Theorem 1.5 gives very sharp criteria for one to conclude from analytic assumptions that a mapping is sense-preserving. Observe from the example giving the sharpness that the sign of the Jacobian determinant need not have any global topological meaning, even for mappings with partial derivatives in weak–L^n.

Our proofs are based on the following ingredients. First of all, our assumptions guarantee that the Jacobian of f is (locally) integrable and that the point-wise Jacobian coincides with the distributional Jacobian. This does not only hold for f but also for certain modifications to f. Using this we show that f preserves the divergence of smooth vector fields in a certain distributional sense. This then results in a (weak) change of variables formula that allows us to conclude that f is sense-preserving. Here we wish to acknowledge the important contributions of T. Iwaniec and C. Sbordone [15], V. Šverák [28], and of S. Müller, Qi Tang and B. S. Yan [23] that gave us crucial ideas. The rest of the proof of discreteness and openness follows ideas of J. Manfredi and E. Villamor [19], [20] that are a refinement of the original argument of Yu. G. Reshetnyak [25]. Also see the work of S. K. Vodop’yanov [30]. The example to show sharpness is based on ideas in a construction by T. Iwaniec and G. Martin [14] and in the modification of this construction by J. Malý [18]. We however need to substantially improve on these previous examples.

In the next part, [17], of our program on mappings of finite distortion, we will study the distortion of sets of measure zero under mappings of finite distortion.

The paper is organized as follows: theorems giving sufficient conditions for a mapping to be sense-preserving are proven in Section 2 and the results concerning discreteness and openness in Section 3. In Section 4 we construct a mapping that shows that our results are sharp in the above mentioned sense.

2 Sense-preserving mappings

We consider a function space X(Ω) such that if g, h : Ω → [0, ∞] are measurable, h ∈ X(Ω) and g ≤ ch for some 0 < c < ∞, then also g ∈ X(Ω). Furthermore, we assume that if f ∈ W^{1,1}(Ω, R^n), |Df| ∈ X(Ω) and J_f ≥ 0 a.e., then J_f ∈ L^1(Ω) and the distributional Jacobian Det Df equals J_f in Ω. This means that ∫ Ω f_1(x)J(x, (φ, f_2, . . . , f_n)) dx = − ∫ Ω φ(x)J(x, f) dx

for all φ ∈ C^∞_c (Ω). It suffices, for example, to require that (1.3) holds (see [9, Corollary 4.1]). Note that then |Df| lies in a space that is between L^n log^{−1} L and ∩_{α<−1}L^n log^α L (see e.g. [12, Section 2]).

We call f : Ω → R^n sense-preserving if deg(f, Ω^′, y_0) > 0 for all domains Ω^′ ⊂⊂ Ω and all y_0 ∈ f(Ω^′) \ f(∂Ω^′), where deg(f, Ω^′, y_0) is the topological degree of f at y_0 with respect to Ω^′. For the definition of the topological degree see e.g. [7].

If A is a real n × n matrix, we denote the cofactor matrix of A by cof A. Then the entries of cof A are a_{ij} = (−1)^{i+j} det A_{ij}, where A_{ij} is the ijth minor of A, and cof A is the transpose of the adjungate adj A of A.

Theorem 2.1. Suppose that f ∈ W^{1,1}(Ω, R^n) is continuous, |Df| ∈ X(Ω) and J_f ≥ 0 a.e. and let V ∈ C^1(R^n, R^n). Then div ( (V ∘ f) cof Df ) = ( (div V ) ∘ f ) J_f (2.1)

holds in the sense of distributions in Ω, i.e. ∫ Ω ⟨V (f(x)) cof Df(x), ∇φ(x)⟩ dx = − ∫ Ω (div V )(f(x))J_f (x)φ(x) dx (2.2)

for all φ ∈ C^∞_c (Ω).

Proof. It suffices to show that (2.1) holds for any Ω^′ ⊂⊂ Ω.

Consider first the case V = (v, 0, . . . , 0), where v ∈ C^1(R^n). Since a general C^1-function can be written, on a bounded set, as a difference of two C^1-functions whose first partial derivatives are nonnegative (take e.g. v_+(x) = v(x) + sup{|∂_1v(x)| : x ∈ f(Ω^′)}x_1 and v_− = v_+ − v), we may, by linearity of (2.1) with respect to V , assume that ∂_1v ≥ 0 on f(Ω^′). Denote g = (v ∘ f, f_2, . . . , f_n). Then g ∈ W^{1,1}(Ω, R^n), |Dg| ∈ X(Ω) and J_g(x) = ∂_1v(f(x))J_f (x) ≥ 0 a.e. x ∈ Ω^′, whence J_g ∈ L^1(Ω^′) and Det Dg = J_g in Ω^′. Now, for any φ ∈ C^∞_c (Ω^′), we have ∫ Ω^′

⟨V (f(x)) cof Df(x), ∇φ(x)⟩ dx = ∫ Ω^′

g_1(x)J(x, (φ, g_2 , . . . , g_n)) dx = − ∫ Ω^′

φ(x)J(x, g) dx = − ∫ Ω^′

(div V )(f(x))J_f (x)φ(x) dx

which means that (2.1) holds for V = (v, 0, . . . , 0) in Ω^′.

A similar argument also applies to V = (0, . . . , v, . . . , 0), and the general case follows by the coordinate decomposition of V .

Theorem 2.2. Let Ω be bounded and suppose that V ∈ C^1(R^n, R^n), f ∈ C(Ω, R^n) ∩ W^{1,n−1}(Ω, R^n) and f(∂Ω) ∩ spt div V = ∅. Then there is φ ∈ C^∞_c (Ω) such that φ = 1 in spt((div V ) ∘ f) and − ∫ Ω ⟨V (f(x)) cof Df(x), ∇φ(x)⟩ dx = ∫ R^n

div V (y) deg(f, Ω, y) dy. (2.3)

Proof. To choose φ, take an open set U^′ ⊂ R^n \ f(∂Ω) such that spt div V ⊂ U^′ and U^′ ∩ f(∂Ω) = ∅. Then U := f^{−1}(U^′) ⊂⊂ Ω is open and contains spt((div V ) ∘ f). Now choose φ ∈ C^∞_c (Ω) such that φ = 1 in U.

If f is smooth, then the classical degree theory yields that (see e.g. [7, Exercise 1.5]) ∫ Ω (div V )(f(x))J_f (x) dx = ∫ R^n

div V (y) deg(f, Ω, y) dy. (2.4)

Since (2.2) holds for smooth mappings, it remains to use the assumption that φ = 1 on the set where (div V )(f(x)) ≠ 0 to conclude that (2.3) holds for all smooth f.

In the general case, we find a sequence (f_j) of smooth mollifications of f that converges to f both uniformly in Ω and in W^{1,n−1}(G), where G ⊂⊂ Ω is an open set containing spt φ. By uniform convergence and by the choice of U, we have for large j that f_j(∂Ω) ∩ spt div V = ∅, φ = 1 on the set where (div V )(f_j(x)) ≠ 0, and deg(f_j, Ω, y) = deg(f, Ω, y) for all y ∈ spt div V . The claim follows now from by applying (2.3) to the mappings f_j and letting j tend to infinity.

Theorem 2.3. Let Ω be bounded and suppose that f belongs to C(Ω, R^n) ∩ W^{1,n−1}(Ω, R^n), J_f ∈ L^1(Ω) and that (2.1) holds in the sense of distributions for each V ∈ C^1(R^n, R^n). If η ∈ C^2_c (R^n) is such that f(∂Ω) ∩ spt η = ∅, then ∫ Ω η(f(x))J_f (x) dx = ∫ R^n

η(y) deg(f, Ω, y) dy. (2.5)

Proof. Let u ∈ C^2(R^n) be a solution of Poisson’s equation △u = η, that is, div ∇u = η, and denote V = ∇u. Now the claim follows from (2.1) and Theorem 2.2.

Theorem 2.4. Let f ∈ W^{1,n−1}(Ω, R^n) be continuous. Suppose that J_f ∈ L^1(Ω), J_f ≥ 0 a.e. and that (2.1) holds in the sense of distributions for each V ∈ C^1(R^n, R^n). If f has finite distortion, then f is sense-preserving.

Proof. Let Ω^′ ⊂⊂ Ω and take y_0 ∈ f(Ω^′) \ f(∂Ω^′). We take an open ball B centered at y_0 such that B∩f(∂Ω^′) = ∅ and a nonnegative smooth function η with support in B such that η(y_0) > 0. Then by Theorem 2.3 and properties of degree (it is constant on B)

deg(f, Ω^′, y_0) ∫ B η(y) dy = ∫ Ω^′

η(f(x))J_f (x) dx. (2.6)

Denote G = {x ∈ Ω^′ : η(f(x)) > 0}.

It follows from (2.6) that deg(f, Ω^′, y_0) ≥ 0. Suppose that deg(f, Ω^′, y_0) = 0. Then J_f = 0 a.e. on G and since f has finite dilatation, it follows that |Df| = 0 a.e. on G. Hence f and thus also η ∘ f are locally constant on G. Since η ∘ f = 0 on ∂G, we deduce that η ∘ f = 0 on G. This contradiction shows that deg(f, Ω^′, y_0) > 0.

Since, by [12, Theorem 1.3], a mapping f ∈ W^{1,1}(Ω, R^n) of finite distortion satisfying (1.3) is continuous (i.e. has continuous representative), we obtain the first part of Theorem 1.5 as a corollary to Theorems 2.1 and 2.4.

According to [11, Section 7], a mapping f ∈ W^{1,1}(Ω, R^n) with exponentially integrable dilatation and with J_f ∈ L^1(Ω) satisfies (1.3), whence we have the following corollary to Theorem 1.5.

Corollary 2.5. Suppose that f ∈ W^{1,1}(Ω, R^n) has finite distortion K with ∫ Ω exp ( λK(x) ) dx < ∞

for some λ > 0 and assume that J_f ∈ L^1(Ω). Then f is continuous and sense-preserving.

Similarly, we get the first parts of Theorems 1.3 and 1.4 as corollaries to Theorem 3.1 below. The example of Section 4 gives the second parts of Theorems 1.3, 1.4, and 1.5.

3 Discreteness and openness

Theorem 3.1. Let f ∈ W^{1,n−1}(Ω, R^n) be continuous. Suppose that J_f ∈ L^1(Ω), J_f ≥ 0 a.e. and that (2.1) holds in the sense of distributions for each V ∈ C^1(R^n, R^n). If f has finite distortion K ∈ L^p(Ω) for some p > n − 1, then f is either constant or both discrete and open.

Proof. Suppose that f is not constant. By Theorem 2.4, f is sense-preserv-ing. It suffices to prove that f is light (i.e. f^{−1}(y) is totally disconnected for all y ∈ R^n, that is, f^{−1}(y) does not contain an arc) since a sense-preserving light mapping is both discrete and open (see [29]).

We will prove that for all y ∈ R^n there is s ∈ (n − 1, n) such that the s-capacity of f^{−1}(y), denoted by cap_s f^{−1}(y), equals zero. This means that inf {∫ R^n

|∇g|^s } = 0 where the infimum is taken over all test functions g ≥ 0 such that g ∈ L^{ns/(n−s)}(R^n), |∇g| ∈ L^s(R^n) and f^{−1}(y) ⊂ int {g ≥ 1} (for more about capacity see e.g. [6]). Then the Hausdorff dimension of f^{−1}(y) is smaller than or equal to n−s < 1, and thus f^{−1}(y) is totally disconnected. By considering the translation f − y we may assume that y = 0, and that 0 ∈ f(Ω). Since our argument is local in nature, we can assume that f ∈ W^{1,n−1}(Ω, R^n), K ∈ L^p(Ω) and that f(Ω) ⊂ B(0, e^{−e}) = Ω^′.

Suppose that Φ is a positive C^2-smooth n-superharmonic function (i.e. div(|∇Φ|^{n−2}∇Φ) ≤ 0) on the ball Ω^′ such that Φ ≥ δ > 0 and such that V = |∇Φ|^{n−2}∇Φ Φ^{n−1} is in the class C^1(Ω^′, R^n) with bounded partial derivatives. Since Φ is nsuperharmonic, it follows that

div V ≤ (1 − n)

|∇Φ|^n Φ^n . Substituting this into (2.1) we obtain div ( |∇Φ ∘ f|^{n−2}∇Φ ∘ f (Φ ∘ f)^{n−1} cof Df ) = div ( (V ∘ f) cof Df ) = ( (div V ) ∘ f ) J_f

≤ (1 − n)

|∇Φ ∘ f|^n (Φ ∘ f)^n

J_f

in the sense of distributions. Hence for any η ∈ C^1_c (Ω), η ≥ 0, we have n ∫ Ω ⟨ |(∇Φ ∘ f)(x)|^{n−2}(∇Φ ∘ f)(x) (Φ ∘ f)(x)^{n−1} cof Df(x), η(x)^{n−1}∇η(x) ⟩ dx ≥ (n − 1) ∫ Ω |(∇Φ ∘ f)(x)|^n (Φ ∘ f)(x)^n

J_f (x)η(x)^n dx.

It follows that ∫ Ω |(∇Φ ∘ f)(x)|^n (Φ ∘ f)(x)^n

J_f (x)η(x)^n dx ≤ n n − 1 ∫ Ω |(∇Φ ∘ f)(x)|^{n−1} (Φ ∘ f)(x)^{n−1}

| cof Df(x)|η(x)^{n−1}|∇η(x)| dx.

Since

| cof Df(x)| ≤ c(n)|Df(x)|^{n−1} ≤ c(n) ( K(x)J_f (x)

)_{(n−1)/n}

we have ∫ Ω |(∇Φ ∘ f)(x)|^n (Φ ∘ f)(x)^n

J_f (x)η(x)^n dx

≤ c(n) ∫ Ω ( |(∇Φ ∘ f)(x)|^n (Φ ∘ f)(x)^n

J_f (x)η(x)^n

)_{(n−1)/n} K(x)^{(n−1)/n}|∇η(x)| dx.

Here, and subsequently, c(n) denotes a constant depending only on n which might differ from occurrence to occurrence. Using the Hölder inequality we obtain ∫ Ω |(∇Φ ∘ f)(x)|^n (Φ ∘ f)(x)^n

J_f (x)η(x)^n dx ≤ c(n) ∫ Ω K(x)^{n−1}|∇η(x)|^n dx. (3.1)

Now choose s ∈ (n − 1, n) such that s/(n − s) ≤ p. The Hölder inequality, chain rule, and equation (3.1) yield ∫ Ω |∇(log Φ ∘ f)(x)|^sη(x)^s dx ≤ (∫ Ω |∇(log Φ ∘ f)(x)|^n η(x)^n K(x) dx )_{s/n}(∫ Ω K(x)^{s/(n−s)} dx

)_{(n−s)/n}

≤ (∫ Ω |(∇Φ ∘ f)(x)|^n (Φ ∘ f)(x)^n

|Df(x)|^n

K(x) η(x)^n dx

)_{s/n}(∫ Ω K(x)^{s/(n−s)} dx

)_{(n−s)/n}

≤ c(n) (∫ Ω K(x)^{n−1}|∇η(x)|^n dx

)_{s/n}(∫ Ω K(x)^{s/(n−s)} dx

)_{(n−s)/n} . (3.2)

Next we will employ the family Φ_a of functions of [20] that approximates log(1/|x|) as a → 0, and use the functions log Φ_a ∘ f as test functions for the s-capacity of f^{−1}(0).

Lemma 3.2. For each 0 < a < e^{−e} there exists a function Φ_a : Ω^′ → R with the following properties:

(i) Φ_a ∈ C^2(Ω^′),

(ii) Φ_a(y) ≥ e for every y ∈ Ω^′, (iii) Φ_a is radial, (iv) Φ^′_a(r) = Φ^′_a(|y|) ≤ 0, (v) Φ_a is n-superharmonic, (vi) log(1/a) ≤ Φ_a(y) ≤ log(1/a) + 1/2 + log 2 for every |y| ≤ a, (vii) Φ_a(y) = log(1/|y|) for a ≤ |y| ≤ e^{−e}, (viii) |∇Φ_a(y)|^{n−2}∇Φ_a(y) ∈ C^1(Ω^′, R^n).

Since f is non-constant in Ω, there exists x̄ ∈ Ω such that |f(x̄)| = 2b for some b > 0. Set Ω_b = f^{−1}(B(0, b)). Then Ω_b is open and contains f^{−1}(0). Let U be a component of Ω_b such that U ∩ f^{−1}(0) ≠ ∅ and K a compact subset of U ∩ f^{−1}(0). To show that cap_s f^{−1}(0) = 0 it suffices to show that cap_s K = 0.

Since x̄ ∉ U, there exists x_0 ∈ ∂U ∩Ω ⊂ ∂Ω_b ∩Ω. By continuity |f(x_0)| = b, and there exists r_0 > 0 such that |f(x)| > b/2 for every x ∈ B(x_0, r_0). Choose a ball B ⊂⊂ B(x_0, r_0) ∩ U. From the property (vii) it follows that for x ∈ B

log Φ_a(f(x)) = log log(1/|f(x)|) < log log(2/b) (3.3)

whenever a < b/2. On the other hand, by property (vi), we have that for x ∈ K

log Φ_a(f(x)) = log Φ_a(0) ≥ log(1/a).

Choose η ∈ C^∞_c (U) such that η ≥ 0 and η ≥ 1 in K. Set

V_a(x) = η(x) log Φ_a(f(x)) log(1/a) . Now V_a ≥ 0, V_a ≥ 1 in K and V_a is absolutely continuous on almost all lines parallel to the coordinate axes with the gradient

∇V_a(x) = 1 log(1/a) ( ∇(log Φ_a ∘ f)(x)η(x) + (log Φ_a ∘ f)(x)∇η(x) ) . Moreover, V_a ∈ L^{ns/(n−s)}(R^n) since V_a is continuous and has a compact support. In order to use the functions V_a as test functions to the s-capacity of K we have to show that the gradient of V_a is in L^s(U) and estimate its L^s(U)-norm. Using (3.2) we obtain ∫ U |∇V_a(x)|^s dx ≤ c(n) log(1/a)^s · [(∫ U K(x)^{n−1}|∇η(x)|^n dx

)_{s/n}(∫ U K(x)^{s/(n−s)} dx

)_{(n−s)/n}

+ ∫ U |(log Φ_a ∘ f)(x)|^s|∇η(x)|^s dx ] . (3.4)

The first term in the right hand side of (3.4) is bounded independently of a. The second term is finite, and we will show that it is also bounded independently of a. We will use the following standard consequence of the Poincaré inequality.

Lemma 3.3. Let G ⊂ R^n be a domain with smooth boundary and B ⊂ G an open ball. Then there exists a constant C such that for all u ∈ W^{1,s}(G) we have ∫ G |u(x)|^s dx ≤ C (∫ G |∇u(x)|^s dx + ∫ B |u(x)|^s dx ) . Applying Lemma 3.3 to a domain G ⊂⊂ Ω for which spt η ⊂ G and to the function log Φ_a ∘ f we get ∫ U |(log Φ_a ∘ f)(x)|^s|∇η(x)|^s dx ≤ c(η, s) ∫ G |(log Φ_a ∘ f)(x)|^s dx

≤ c(η, s, C) (∫ G |∇(log Φ_a ∘ f)(x)|^s dx + ∫ B |(log Φ_a ∘ f)(x)|^s dx ) . (3.5)

By (3.3) the second term on the right hand side of (3.5) is bounded independently of a < b/2. This is also the case with the first term: Choose a nonnegative η_G ∈ C^∞_c (Ω) for which η_G|G ≥ 1. Then by (3.2) we have ∫ G |∇(log Φ_a ∘ f)(x)|^s dx ≤ ∫ Ω |∇(log Φ_a ∘ f)(x)|^sη_G(x)^s dx

≤ c(n) (∫ Ω K(x)^{n−1}|∇η_G(x)|^n dx

)_{s/n}(∫ Ω K(x)^{s/(n−s)} dx

)_{(n−s)/n}

≤ c(n, s, η_G) (∫ Ω K(x)^{n−1} dx

)_{s/n}(∫ Ω K(x)^{s/(n−s)} dx

)_{(n−s)/n} . (3.6)

Thus also the second term in the right hand side of (3.4) is bounded independently of a, whence ∫ U |∇V_a(x)|^s dx → 0

as a → 0. This implies that cap_s K = 0.

4 An example

We will construct a continuous mapping f : Q_0 = [0, 1]^n → R^n, n ≥ 2, which has the following properties:

(a) f ∈ W^{1,1}(Q_0, R^n), f is differentiable almost everywhere, and sup 0<ϵ<1 ϵ ∫ Q_0

|Df(x)|^{n−ϵ} dx < ∞. (4.1)

(b) The Jacobian determinant J_f (x) is strictly negative for almost every x ∈ Q_0, and ∫ Q_0

|J_f (x)| dx < ∞. (4.2)

(c) The dilatation K(x) =^{|Df(x)|n}_{|Jf (x)|} is finite almost everywhere and there exists λ > 0 such that ∫ Q_0 exp ( λK(x) log^2(1 + K(x)) ) dx < ∞. (4.3)

(d) f does not satisfy Lusin’s condition N: there is a set N ⊂ Q_0 of measure zero so that f(N) has positive measure.

(e) f is neither open nor discrete.

(f) f fixes the boundary ∂Q_0 and thus deg(f, ∂Q_0, y) = 1 for all y ∈ int Q_0.

Let us next describe how to obtain a mapping as referred to in Theorems 1.3, 1.4, and 1.5 using f. Let Q ⊂ R^n be any cube with sides parallel to coordinate axes. By scaling, shifting and changing the sign of the first coordinate function of the mapping f, we get a continuous mapping f_Q : Q → R^n for which J_{fQ} > 0 a.e. in Q, (4.1), (4.2) and (4.3) hold and f_Q|Q(x) = (−x_1, x_2, . . . , x_n) whence deg(f_Q, ∂Q, y) = −1 for all y ∈ f_Q(Q) \ f_Q(∂Q).

Consider a finite collection Q of closed cubes Q with pairwise disjoint interiors and sides parallel to coordinate axes such that Ω ⊂ ∪_{Q∈Q}Q and Q^′ ⊂ Ω for some Q^′ ∈ Q. Define g to be f_Q in each Q ∈ Q. Then g : Ω → R^n is a continuous mapping such that J_g > 0 a.e. in Ω, (4.1), (4.2) and (4.3) (and (d)) hold with f replaced by g and deg(g, ∂Q^′, y) = −1 for all y ∈ g(Q^′) \ g(∂Q^′) ≠ ∅. Thus g is not sense-preserving. Moreover, by (e), g is neither open nor discrete.

We now move on to the construction of f after introducing some notations and stating a preliminary lemma. Besides the usual euclidean norm |x| = (x^2_1 + . . . + x^2_n)^{1/2} we will use the cubic norm ‖x‖ = max_i |x_i|. Using the cubic norm, the x_0-centered closed cube with edge length 2r > 0 and sides parallel to coordinate axes can be represented in the form

Q(x_0, r) = {x ∈ R^n : ‖x − x_0‖ ≤ r}

We then call r the radius of Q. Let us denote cQ(x_0, r) = Q(x_0, cr) if c > 0. We will use the notation a ≲ b if there is a constant c > 0 (not depending on (integration) variables or summation indices) such that a ≤ cb, and we write a ≈ b if a ≲ b and b ≲ a.

We will be dealing with radial stretchings that map cubes Q(0, r) onto cubes.

Lemma 4.1. Let ρ : (0, ∞) → (0, ∞) be a strictly monotone, differentiable function. Then for the mapping

f(x) = x ‖x‖ ρ(‖x‖), x ≠ 0

we have

|Df(x)|/c(n) ≤ max { ρ(‖x‖) ‖x‖ , |ρ^′(‖x‖)| } ≤ c(n)|Df(x)| and J_f (x)/c(n) ≤ ρ^′(‖x‖)ρ(‖x‖)^{n−1} ‖x‖^{n−1}

≤ c(n)J_f (x)

where c(n) depends only on n.

Proof. An elementary reasoning shows that for the mapping

g(x) = x |x| ρ(|x|)

we have |Dg(x)| = max { ρ(|x|) |x| , |ρ^′(|x|)| }

and J_g(x) = ρ^′(|x|)ρ(|x|)^{n−1} |x|^{n−1} . The Lemma follows by considering the decomposition f = h^{−1} ∘ g ∘ h, where

h(x) = ‖x‖ |x| x (i.e. h is the ’natural’ stretching that maps each cube Q(0, r) onto the ball B(0, r)).

In the following, we will construct a sequence of continuous, piecewise continuously differentiable mappings f_k : Q_0 → R^n. First we introduce a sequence of compact sets in Q_0 whose intersection is a Cantor type set.

The unit cube Q_0 is first divided into 2^n cubes with radius 1/4, which are each in turn divided into a subcube with radius (1/4)/2 and a difference of two cubes which we refer to as an annulus. The family Q_1 consists of these 2^n subcubes. The remainder of the construction is then self-similar.

Q_1 Q_2

Figure 1: Families Q_1 and Q_2.

The subcube is divided into 2^n cubes which are each in turn divided into a subcube with radius 4^{−2}/2 and an annulus. The family Q_2 consists of these 2^{2n} subcubes (see Figure 1). Continuing this way, we get the families Q_k, k = 1, 2, 3, . . . , for which the radius of Q ∈ Q_k is r(Q) = 4^{−k}/2 and the number of cubes in Q_k is #Q_k = 2^{nk}.

We are now ready to define the mappings f_k. Define f_0 = id. We will give a mapping f_1 that leaves the boundaries ∂(2Q), Q ∈ Q_1 fixed, turns each annulus 2Q \ Q inside out and stretches the cube Q so that f_1 is continuous (see Figure 2). The Jacobian determinant J_{f1} will be negative in each annulus 2Q \ Q and positive in each cube Q. Next, f_2 equals f_1 in the annulae 2Q \ Q, Q ∈ Q_1, turns each annulus 2Q \ Q, Q ∈ Q_2, inside out, stretches the cube Q and shifts the image so that f_2 is continuous. Moreover, J_{f2} is negative a.e. in Q_0 \ ⋃ Q∈Q_2 Q and positive in ⋃ Q∈Q_2 Q.

We will then continue in this manner.

f_1

Figure 2: The mapping f_1 acting on 2Q, Q ∈ Q_1.

To be precise, let f_0 = id|Q_0 and for k = 1, 2, 3, . . . define

f_k(x) = f_{k−1}(x) if x ∉ ⋃ Q∈Q_k 2Q,

f_{k−1}(z(Q)) + a_k x−z(Q) ‖x−z(Q)‖ ( log log 1 ‖x−z(Q)‖

)_{1/ log(2k)}

if x ∈ 2Q \ Q, Q ∈ Q_k, f_{k−1}(z(Q)) + b_k(x−z(Q)) if x ∈ Q, Q ∈ Q_k, where z(Q) is the center of the cube Q and a_k and b_k are chosen so that f_k is continuous and fixes the boundary ∂Q_0: a_1 = 1 /( 4(log log 4)^{1/ log 2} ) , b_1 = 2(log log 8/ log log 4)^{1/ log 2}, and, for k = 2, 3, 4, . . . ,

a_k ( log log 1 4^{−k}/2

)_{1/ log(2k)}

= b_k · 4^{−k}/2 and (4.4)

a_k ( log log 1 4^{−k}

)_{1/ log(2k)}

= b_{k−1}4^{−k}. (4.5)

Remark. The ratio of the outer radius and the inner radius of the image annulus in the level k is

a_k ( log log^1_{4−k/2}

)_{1/ log(2k)}

a_k ( log log^1_{4−k}

)_{1/ log(2k)} =

( log log 22k+1 log log 2^{2k}

)_{1/ log(2k)}

that has the limit 1 as k → ∞, i.e. the volume of the image annulus is small compared to the volume of the cube f_k(Q) for large k.

Next we will show that a_k ≈ 2^{−k}. (4.6) By (4.4) a_k ≈ b_k4^{−k}, whence it is enough to show that b_k ≈ 2^k. (4.7) It follows from (4.4) and (4.5) that

b_k = 2b_{k−1}

(log log 22k+1 log log 2^{2k}

)_{1/ log(2k)}

for all k = 2, 3, 4, . . . . Then

b_k ≈ 2^k k∏ j=1 ( log log 22j+1 log log 2^{2j}

)_{1/ log(2j)} .

For (4.7) it suffices to show that the product ∞∏ k=1 (log log 22k+1 log log 2^{2k}

)_{1/ log(2k)} converges. This happens if, and only if, ∞∑ k=1 log (( log log 2^{2k+1} log log 2^{2k}

)_{1/ log(2k)}) (4.8)

converges. Let us estimate the terms of this sum. Since log t ≈ t − 1 for t close to 1, we have log (( log log 2^{2k+1} log log 2^{2k}

)_{1/ log(2k)}) = 1 log(2k) log (log log 22k+1 log log 2^{2k} )

≈ 1 log(2k) log log 2^{2k+1} − log log 2^{2k} log log 2^{2k} = 1 log(2k) log(1 +^1_{2k} ) log(2k log 2) ≈ 1 k log^2(2k) , whence (4.8) converges.

Since

|f_{k+1}(x) − f_k(x)| ≲ a_k(log log(2 · 4^k))^{1/ log(2k)} ≈ 2^{−k}

the sum_∞ ∑ k=1 |f_{k+1}(x) − f_k(x)|

and thus the sequence (f_k) converges uniformly. Hence the limit f = lim_{k→∞} f_k is continuous. Clearly f is differentiable almost everywhere, its Jacobian determinant is strictly negative almost everywhere, and f is absolutely continuous on almost all lines parallel to coordinate axes.

To finish the proof of the properties (a)–(c) we next use Lemma 4.1 to estimate |Df(x)| and |J_f (x)| at x ∈ int (2Q \ Q), Q ∈ Q_k, k = 1, 2, 3, . . . . Denote r = ‖x − z(Q)‖ ≈ 4^{−k} and ρ(r) = a_k(log log(1/r))^{1/ log(2k)}. Since

|ρ^′(r)| = 1 log(2k) · log(1/r) · log log(1/r) ρ(r) r ≲ ρ(r) r we have

|Df(x)| ≈ ρ(r) r = a_k r (log log(1/r))^{1/ log(2k)}

≈ 2^k(log(2k))^{1/ log(2k)} ≈ 2^k

(4.9) and |J_f (x)| ≈

(ρ(r) r )_{n−1}

|ρ^′(r)| = (ρ(r) r )_n 1 log(2k) · log(1/r) · log log(1/r)

≈ 2^{kn} 1 k log^2(2k) . (4.10)

Equations (4.9) and (4.10) yield

K(x) =

|Df(x)|^n |J_f (x)|

≈ k(log(2k))^2. (4.11)

The measure of ⋃ Q∈Q_k 2Q is (2 · 4

−k)^n2^{nk} ≈ 2^{−kn} and so for 0 < ϵ < 1 ϵ ∫ Q_0

|Df(x)|^{n−ϵ} dx ≲ ϵ ∞∑ k=1 2^{−kn}2^{k(n−ϵ)} ≤ ϵ ∞∑ k=0 2^{−ϵk} = ϵ 1 − 2^{−ϵ} ≤ C where C < ∞ is a constant that does not depend on ϵ. This proves (4.1), and it follows that f ∈ W^{1,1}(Q_0, R^n). Alternatively, the fact that f ∈ W^{1,1}(Q_0, R^n) can also be seen without using the absolute continuity on almost all lines from the above calculations because they show that the sequence (f_k) converges in W^{1,1}(Q_0, R^n). Similarly we prove (4.2) and (4.3): ∫ Q_0

|J_f (x)| dx ≲ ∞∑ k=1 2^{−kn}

2^{kn} k(log(2k))^2 ≲ ∞∑ k=2 1 k(log k)^2

< ∞.

By (4.11) there is a constant 1 ≤ c < ∞ such that K(x) ≤ ck(log k)^2 in int (2Q \ Q), Q ∈ Q_k, for k ≥ 2, and since t → t/ log^2(1 + t) is increasing for large t, ∫ Q_0 exp ( λK(x) log^2(1 + K(x)) ) dx ≲ ∞∑ k=3 2^{−kn} exp ( λck(log k)^2 log^2(1 + ck(log k)^2) )

≤ ∞∑ k=3 2^{−kn} exp(λck) = ∞∑ k=3 (e^{cλ−n log 2})^k < ∞

if we choose λ > 0 such that λc < n log 2.

We prove the property (d) by showing that

Q_0 ⊂ f

(^∞⋂ k=1 ⋃ Q∈Q_k Q ) . From the construction it follows that for each k = 1, 2, 3, . . .

f_k ( ⋃ Q∈Q_k Q ) ⊂ f_k ( ⋃ Q∈Q_{k+1} 2Q ) ⊂ f_{k+1} ( ⋃ Q∈Q_{k+1} Q ) .

Since Q_0 ⊂ f_1 (⋃ Q∈Q_1 Q ) , denoting

H_k = ⋃ Q∈Q_k Q

we have Q_0 ⊂ f_k(H_k) ⊂ f_l(H_k) for all l ≥ k ≥ 1. Now (H_k) is a decreasing sequence of compact sets, whence

Q_0 ⊂ ∞⋂ k=1 ⋂ l≥k f_l(H_k) ⊂ ∞⋂ k=1 f(H_k) ⊂ f

(^∞⋂ k=1 H_k )

Notice that f is not open: it follows from the construction that f(∂Q_0) = ∂Q_0 ⊂ f(int Q_0) whence f(Q_0) = f(int Q_0). Because f(Q_0) is a nonempty compact set, f(int Q_0) is not open. To prove non-discreteness of f let

G_k = ⋃ l≥k f ( ⋃ Q∈Q_l

int 2Q \ Q ) .

Then the sets G_k are dense and open, and by the Baire category theorem their intersection is nonempty. But if y ∈ ∩_kG_k, then f^{−1}(y) is an infinite compact set and thus it is not discrete.

The property (f) is clear from the construction. Remark. dim_H (⋂_∞ k=1 ⋃ Q∈Q_k Q ) = n/2 (see e.g. [21, Theorem 4.14]).

5 Acknowledgements

J. Kauhanen is supported in part by the Academy of Finland, projects 39788 and 41933, and by the foundation Vilho, Yrjö ja Kalle Väisälän rahasto. P. Koskela is supported in part by the Academy of Finland, projects 39788 and 41933. J. Malý is supported by the Research Project CEZ J13/98113200007, Grant No. 201/00/0767 of Czech Grant Agency (GA ČR) and Grant No. 165/99 of Charles University (GA UK).

References

[1] Astala, K. Iwaniec, T. Koskela, P. and Martin, G.: Mappings of BMObounded distortion. Math. Ann. to appear.

[2] Ball, J.: Convexity conditions and existence theorems in nonlinear elasticity. Arch. Rational Mech. Anal. 63 (1978) 337–403.

[3] Ball, J.: Global invertibility of Sobolev functions and the interpenetration of matter. Proc. Roy. Soc. Edinburgh Sect. A 88 (1981) no. 3–4, 315–328.

[4] Bojarski, B. and Iwaniec, T.: Analytic foundations of the theory of quasiconformal mappings in R^n. Ann. Acad. Sci. Fenn., Ser. A 8 (1983) no. 2, 257–324.

[5] David, G.: Solutions de l’equation de Beltrami avec ||μ||_∞ = 1. Ann Acad. Sci. Fenn. Ser. A I, Math. 13 (1988) no.1, 25–70.

[6] Evans, L. and Gariepy, R.: Measure theory and fine properties of functions. CRC Press, 1992.

[7] Fonseca, I. and Gangbo, W.: Degree Theory in Analysis and Applications. Clarendon Press, 1995.

[8] Gol’dstein V. and Vodop’yanov S.: Quasiconformal mappings and spaces of functions with generalized first derivatives. Sibirsk. Mat. Z. 17 (1976) 515–531.

[9] Greco, L.: A remark on the equality det Df = Det Df. Differential Integral Equations 6 (1993) no. 5, 1089–1100.

[10] Heinonen, J. and Koskela, P.: Sobolev mappings with integrable dilatations. Arch. Rational Mech. Anal. 125 (1993) no. 1, 81–97.

[11] Iwaniec, T., Koskela P. and Martin, G.: Mappings of BMO-distortion and Beltrami type operators. Preprint.

[12] Iwaniec, T., Koskela P. and Onninen, J.: Mappings of finite distortion:

Monotonicity and continuity. Preprint.

[13] Iwaniec, T. and Martin, G.: Geometric function theory and nonlinear analysis. In preparation.

[14] Iwaniec, T. and Martin, G.: Quasiregular mappings in even dimensions.

Acta Math. 170 (1993) no. 1, 29–81.

[15] Iwaniec, T. and Sbordone, C.: On the integrability of the Jacobian under minimal hypotheses. Arch. Rational Mech. Anal. 119 (1992) no. 2, 129–143.

[16] Iwaniec, T. and Šverák, V.: On mappings with integrable dilatation.

Proc. Amer. Math. Soc. 118 (1993) 181–188.

[17] Kauhanen, J., Koskela, P. and Malý, J.: Mappings of finite distortion:

Condition N. In preparation.

[18] Malý, J.: Examples of weak minimizers with continuous singularities.

Exposition. Math. 13 (1995) no. 5, 446–454.

[19] Manfredi, J. and Villamor, E.: Mappings with integrable dilatation in higher dimensions. Bull. Amer. Math. Soc. (N.S.) 32 (1995) no. 2, 235–240.

[20] Manfredi, J. and Villamor, E.: An extension of Reshetnyak’s theorem.

Indiana Univ. Math. J. 47 (1998) no. 3, 1131–1145.

[21] Mattila, P.: Geometry of sets and measures in Euclidean spaces. Cambridge University Press, 1995.

[22] Müller, S. and Spector, S.: An existence theory for nonlinear elasticity that allows for cavitation. Arch. Rational Mech. Anal. 131 (1995) no. 1, 1–66.

[23] Müller, S., Qi, T. and Yan, B.: On a new class of elastic deformations not allowing for cavitation. Ann. Ins. H. Poincaré Anal. Non Linaire 11 (1994) no. 2, 217–243.

[24] Morrey, C.: Multiple integrals in the calculus of variations. Springer, 1966.

[25] Reshetnyak, Yu. G.: Space Mappings with Bounded Distortion. Sibirsk.

Mat. Z. 8 (1967) 629–658.

[26] Reshetnyak, Yu. G.: Space Mappings with Bounded Distortion. Trans.

of Mathematical Monographs, Amer.Math. Soc, vol. 73, 1989.

[27] Rickman, S.: Quasiregular mappings. Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], 26. Springer-Verlag, Berlin, 1993.

[28] Šverák, V.: Regularity properties of deformations with finite energy.

Arch. Rational Mech. Anal. 100 (1988) no. 2, 105–127.

[29] Titus, C. and Young, G.: The extension of interiority, with some applications. Trans. Amer. Math. Soc. 103 (1962) 329–340.

[30] Vodop’yanov, S.: Topological and geometrical properties of mappings with summable Jacobian in Sobolev spaces. Sibirsk. Mat. Z. 41 (2000) no. 1, 23–48.

Janne Kauhanen University of Jyväskylä Department of Mathematics P.O. Box 35 FIN-40351 Jyväskylä Finland Email: jpkau@math.jyu.fi

Pekka Koskela University of Jyväskylä Department of Mathematics P.O. Box 35 FIN-40351 Jyväskylä Finland Email: pkoskela@math.jyu.fi

Jan Malý Charles University Department KMA of the Faculty of Mathematics and Physics Sokolovská 83 CZ-18675 Praha 8 Czech Republic Email: maly@karlin.mff.cuni.cz