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ABSTRACT. We prove that quasiconformal maps onto domains which satisfy a quasihyper-
bolic boundary condition are globally Hélder continuous in the internal metric. The primary
improvement here over existing results along these lines is that no assumptions are made
on the source domain. We reduce the problem to the verification of a capacity estimate in
domains satisfing a quasihyperbolic boundary condition, which we establish using a combi-
nation of a chaining argument involving the Poincaré inequality on Whitney cubes together
with Frostman’s theorem.

We also discuss related results where the quasihyperbolic boundary condition is slightly
weakened; in this case the Holder continuity of quasiconformal maps is replaced by uniform
continuity with a modulus of continuity which we calculate explicitly.

1. INTRODUCTION

It is well-known that quasiconformal maps are locally well-behaved with respect to distance
distortion. If f : 2 — Q' is a K-quasiconformal mapping between domains €2, Q2" C R, n > 2,

then f is locally Holder continuous with exponent ow = K'/(1=) e,

(1.1) [f(z) = fly)| < M|z —y[*

whenever x and y lie in a fixed compact set F in (). Here M is a constant depending only
on K and E which can in general tend to infinity as the distance from E to the boundary
of €2 tends to zero. To conclude global Holder continuity for the map f, that is, to conclude
that (1.1) holds for all z,y € €, it is necessary to make some geometric assumptions on the
domains 2 and 2'. An early result along these lines was obtained by Becker and Pommerenke

[2], who considered the case of simply connected domains in the plane. If f: D — ' C Cis
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a conformal mapping, then f is globally S-Hoélder continuous, 0 < 5 < 1, if and only if the

hyperbolic metric po in ' satisfies a logarithmic growth condition

1. dist(z,08)
1.2 ’ < Zlog -
(12) pr (20, 2) < B 8 dist(z, 092")

where zp = f(0) and Cy < oo. Here dist(-,0') denotes the Euclidean distance to the

+COJ

boundary of €.

To extend this result to multiply connected domains and to higher dimensions, Gehring
and Martio [4] replaced the hyperbolic metric por with the quasihyperbolic metric ko (see
section 2 for the definition). By [4, Theorem 3.17], if f : Q@ — Q' is a K-quasiconformal
mapping between domains €2, C R", n > 2, and if there exists 0 < 5 < 1 so that the
quasihyperbolic metric kg satisfies a logarithmic growth condition

110 dist(zg, 0Q)
3 8 dist(z, 0%Y)

for some (each) zy € €' and a constant Cy = Cy(z) < oo, then f is Holder continuous on

(13) le(.’L‘(),Jf) S +C()

each (open) ball B C 2 with an exponent « and constant M which depend only on n, K,
and the constants 5 and Cy but are independent of B. If in addition € is sufficiently nice [4,
p. 204], then f is globally Holder continuous with exponent . Here “niceness” of the source
domain €2 means that any two points in {2 can be joined by a curve whose length is no more
than a fixed constant multiple of the distance between the points, and that stays sufficiently
far away from the boundary when measured in a certain averaged sense. To compare this
with the result of Becker and Pommerenke in the plane, recall that the hyperbolic and the
quasihyperbolic metrics are comparable in simply connected plane domains by the Koebe
distortion theorem.

We now state our principal result. In what follows, we denote by dq(x,y) the internal
distance between a pair of points x,y € €2, i.e., the infimum of the lengths of curves in €2

joining z to y.

Theorem 1.4. Let Q,Q C R*, n > 2, be domains and assume that Q' satisfies a quasihy-
perbolic boundary condition of the form (1.3) for some B € (0,1]. Then any quasiconformal
mapping [ : Q — Q' satisfies the global Holder condition

f(x) = f(y)| < Még(z,y)*

for all z,y € Q, where 0 < a <1 and M < oo which depend only on the data.
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If Q is a quasiconvex domain (that is, € satisfies the first part of the “niceness” assumption
in the previous paragraph: any two points in {2 can be joined by a curve whose length is
no more than a fixed constant multiple of the (Euclidean) distance between the two points),
then the internal metric dg and the Euclidean metric in € are bi-Lipschitz equivalent. We

thus have the following corollary to Theorem 1.4.

Corollary 1.5. Let Q, @, and f be as in Theorem 1.4 and assume in addition that Q is

quasiconver. Then f satisfies the global Hélder condition

[f(@) = f(y)| < Mz - y|*
for all z,y € 2, where 0 < a <1 and M < oo which depend only on the data.

We emphasize a fundamental distinction between Theorem 1.4 and the result of Gehring
and Martio: in Theorem 1.4 we make no assumptions whatsoever on the initial domain
Q. In Corollary 1.5, quasiconvexity is used only to convert between the internal and the
Euclidean metrics in 2. Our results are new even in the case of conformal maps between

planar domains (at least in the infinitely connected case):!

Corollary 1.6. Let Q2 C C be a quasiconver domain and let ' C C be a conformally
equivalent domain which satisfies (1.2). Then any conformal map f : Q — Q' is globally

a-Holder continuous for some 0 < a < 1 which depends only on the data.

Our results address the question of global length distortion. Astala and Koskela [1] study
the question of global volume distortion, where again the relevant hypothesis is the loga-
rithmic growth condition on the quasihyperbolic metric in the target domain. By Theorem
1.2 of [1], if f: Q@ — Q' is a K-quasiconformal map onto a domain 2’ satisfying (1.3), then
|f'| € LP(Q2) for some p > n depending only on n, K, and the constants in (1.3).

Our proof of Theorem 1.4 relies on certain capacity estimates in domains satisfying the

quasihyperbolic boundary condition. Specifically, we establish the following result.

In connection with the global regularity of planar quasiconformal maps, the reader may also be interested
in the following recent result of Bishop [3, Theorem 5.1]: there exists an absolute constant Ky < oo so that
to any simply connected planar domain (2 there corresponds a Ky-quasiconformal mapping f : 2 — I which
is Lipschitz in the internal metric on (.
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Theorem 1.7. Let ) be a proper subdomain of R*, n > 2, with diameter one which satisfies
(1.3). Let Qo denote a fired Whitney cube containing the basepoint xo. Then there exists a

constant M < oo depending only on n, 3, and Cy so that

1 1 1-n
. FE,Qy; Q) > —

for all continua E C €.

Here cap(F, F;2) denotes the n-capacity between a pair of disjoint continua E and F' in
the domain (2, see section 2.

We prove Theorem 1.7 by a chaining argument involving the Poincaré inequality on Whit-
ney cubes in 2. This ingredient in the proof was already used by Herron and Koskela in [8] to
prove a special case of Theorem 1.7. To prove the general case, we introduce a new technique
in this context: the use of a Frostman measure on the continuum £. In a companion paper
[12], we use this technique to verify global Poincaré inequalities in domains satisfying (1.3).

Theorems 1.4 and 1.7 answer in the affirmative Questions 8.4 and 8.3, respectively, in [8]
(see also Conjecture 5.2 in [11]).

We briefly outline the structure of the paper. In section 2 we present a number of technical
lemmas relating to the geometry of Whitney cubes and quasihyperbolic geodesics which will
be of importance in the proof of Theorem 1.7. Section 3 contains the proofs of Theorems 1.4
and 1.7. In section 4 we study domains which satisfy weaker versions of the quasihyperbolic
boundary condition (1.3). In this case we can no longer show global Holder continuity for
quasiconformal mappings onto such domains, but we are able to establish global uniform

continuity with a modulus of continuity which we calculate explicitly.

1.9. Notations and definitions. We denote by R*, n > 1, the Euclidean space of di-
mension n. For a cube Q C R"™ with center z and side length s(Q) and for a factor
A > 0, we denote by AQ the dilated cube which is again centered at x but has side
length As(Q). We denote the Lebesgue measure in R* by m, although we usually abbre-
viate dm(z) = dx. For a domain Q C R", we denote by g the internal metric in €, i.e.,
do(z,y) = inf{diam E : FE a connected set in 2 joining x to y}. We say that Q is quasicon-
ver if the internal metric dq is bi-Lipschitz equivalent to the Euclidean metric, equivalently,
if there exists a constant L < oo so that any two points =,y € €2 are contained in a connected

set E in Q with diam F' < L|z — y|.
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For an increasing function ¢ : [0,00) — [0,00) with (0) = 0, we denote by H2 the
Hausdorff p-content: HY(E) = inf Y, ¢(r;), where the infimum is taken over all coverings
of E C R* with balls B(z;,7;), i =1,2,.... When ¢(t) = t* for some 0 < s < co we write
HE =H.

For disjoint compact sets £ and F' in the domain 2, we denote by cap(E, F;2) the
conformal (or n-) capacity of the pair (E, F);

cap(E, F; Q) :inf/|Vu\" dz,
v Ja

where the infimum is taken over all continuous functions u in the Sobolev space W"(Q)

which satisfy u(z) < 0 for x € E and u(z) > 1 for z € F.

For K > 1 and ,€) as above, we say that a homeomorphism f : Q@ — Q' is K-

quasiconformal if
1
77 Cap(B, 115Q) < cap(E', F'; (Y) < K cap(E, F; Q)

whenever £ and F' are disjoint compact sets in €2, where E' = f(E) and F' = f(F'). For the

basic theory of quasiconformal maps, we refer the reader to the book [16] of Viisila.

Let Q be a bounded domain in R*, n > 2. Set s(Q) = n~'/2diamQ. We denote by
W = W(Q) a Whitney decomposition of the domain 2 into Whitney cubes @, i.e., the cubes

in W have pairwise disjoint interiors, 2 = Ugew @, and vertices in the set
27 Ns(Q) - Z™ = {(277s(V)y,. .. ,2795(N,) 1§ €Ny, ... 1, € Z}

and satisfy diam @ < dist(Q,09Q) < 4diam @ for each Q € W. For the existence of such a
decomposition, we refer to Stein’s book [15, VI.1]. For any A, 1 < A < 5/4, the expanded
collection of cubes {A@ : @ € W} has bounded overlap, specifically,

sup Z xao(z) < 12" < oc.
Qew
See, e.g., [15, VI.1.3, Proposition 3]. For j € N, we let W, denote the collection of cubes
@ € W for which diam Q = 277 diam .
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2. PRELIMINARY RESULTS ON THE QUASIHYPERBOLIC METRIC

Throughout this section, €2 will denote a proper subdomain in the Euclidean space R",

n > 2. Recall that the quasihyperbolic metric kg in the domain €2 is defined to be
ko(z,y) = inf kg — length(7),
bl

where the infimum is taken over all rectifiable curves v in D which join x to y and

ds
kq — length(y) = / ——
, dist(xz, 0Q2)

denotes the quasihyperbolic length of v in D. This metric was introduced by Gehring and
Palka in [6]. A curve 7 joining z to y for which kq —length(y) = kq(z,y) is called a quasihy-
perbolic geodesic. Quasihyperbolic geodesics joining any two points of a proper subdomain
of R" always exist, see [5, Lemma 1]. If 7 is a quasihyperbolic geodesic in € and 2',y’ € 7,
we denote by y(z',y") the portion of v which joins 2’ to y'.

When z and y are sufficiently far apart, kq(z,y) is roughly equal to the number N(z,y) of
Whitney cubes () that intersect a quasihyperbolic geodesic v joining x to y. More precisely,

N(z,y)/C < ko(r,y) < CN(z,y)

for all z,y € Q with |x — y| > dist(z, 9Q)/2, where C = C(n).

Let 8 € (0,1] and fix a basepoint xy € 2. Following Gehring and Martio [4], we say that
() satisfies a [-quasihyperbolic boundary condition if for some (each) zy € € there exists a
constant Cy = Cy(zy) < 0o so that

< 1 log dl’st(xo, o0Q)
g dist(z, 00)

for all z € Q. Then Q is bounded, in fact diamQ < (2/8)e“? dist(xy, ) by [4, Lemma

(21) kQ(xo,.T) + 00

3.9]. The value of 3 is necessarily less than or equal to one as a consequence of the following
simple estimate (c.f. [6]):

dist(zg, 02)
2.2 k >log—————=
(22) a0, 7) 2 log dist(z, 00)
for all z € €.
The following result of Smith and Stegenga [13, Theorem 3] is fundamental to our work.

A more general version of this result will be proved below in Lemma 4.13.
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Lemma 2.3. Let Q C R" satisfy the quasihyperbolic boundary condition (2.1). Then there
exists a finite constant C; = C1(B, Cy) so that for all z; € Q, we have

1 dist(zg, 0)

k < -1
220, 2) = 518 fength (3 (2, 1)

whenever v is a quasthyperbolic geodesic joining xo to r1 and x € 7.

+C

For the remainder of this section, we assume that {2 satisfies the quasihyperbolic boundary
condition (2.1) for some § < 1. Our first lemma controls the number of Whitney cubes of a

given size or larger which can intersect a given quasihyperbolic geodesic.

Lemma 2.4. Let v be a quasihyperbolic geodesic in € starting at the basepoint xy. Then
there exists a constant C = C(n, 3,Cy) so that

card{Q e W, U---UW; : QNy#0} <Cj

for all j > 1. Here card S denotes the cardinality of the set S.

Proof. Assume that we have N Whitney cubes Qi,...,Qy satisfying s(Q;) > 27/ diamQ

and Q; N~y #0,i=1,..., N. Fix \ = % so that the dilated cubes AQ; have bounded

overlap. If we let 7; denote the part of the curve v which lies in the cube AQ;, then the

quasihyperbolic lengths of the curves ~; are uniformly bounded from below:

length(y N AQ; 1
kq — length(y;) > ength(y 0 AQ) >

— sup{dist(z, 00Q) : x € A\Q;} — C(n) >0

fore=1,...,N.

In order to apply Lemma 2.3, let z; € Qn N ~y. If N is chosen sufficiently large relative
to m, then one of the cubes AQ;, N/2 < i < N, will be disjoint from MA@y and hence will
satisfy dist(Q;, @n) > 277 diam Q for some ¢ > 0. Let = denote the terminal point of exit

of v from the cube @);. By Lemma 2.3,

. N Mo
< — ) <
3 S Zzzlkg length(v;) < ka(xo, x)
dist(zg, 0)
og
length(y(z, 1))
dist(zq, 09)

%8 dist(Q:, Qw)
(n, ,3, C())j

+Cy

+Cy
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The lemma, follows. U

We now fix a Whitney cube Qg and assume that z is the center of (Jy. For each cube
@ € W, we choose a quasihyperbolic geodesic v joining xo to the center of ) and we let
P(Q) denote the collection of all of the Whitney cubes @' € W which intersect . Then we
define the shadow S(Q) of the cube @ to be

S(Q) = U Q1.
Qcé;igl)
Shadows of Whitney cubes defined in this manner have been used, for example, to investigate
the questions of when Euclidean domains satisfy global Poincaré inequalities [13, §§6-7] and
when the boundaries of domains are removable for quasiconformal and/or Sobolev functions
[10].
Informally speaking, our next lemma says that the amount of overlap of the shadows of

Whitney cubes of a fixed size is bounded.
Lemma 2.5. There ezists a finite constant C = C(n, 3,Cy) so that

> xsie) <Cj

QEWLU--UW;

for every 7 > 1 and x € (.

Proof. Since the Whitney collection W has bounded overlap, we may without loss of gener-
ality work with the (disjoint) interiors of the Whitney cubes. If Q1,... ,Qy € WL U---UW;
are such that F := S(Q1) N---N S(Qy) is nonempty, then F contains an entire Whitney
cube; in particular, it contains its center point x. But then the chosen quasihyperbolic geo-
desic joining xy to x intersects each of the cubes @;, 1 = 1,... , N. Then the result follows

from Lemma 2.4. 0
We now estimate the size of the shadow of a Whitney cube @ in terms of the size of Q).
Lemma 2.6. There exists C = C(n, 3,Cq) so that
diam S(Q) < C dist(zg, 9Q)'~#(diam Q)?

forall@Q eW.
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Proof. We first show that diam @Q; < C dist(zg, 9Q)'~#(diam Q)? for each cube Q1 C S(Q).
If Q1 = Q this is obvious so assume (); # (). Let x; denote the center of ), let v be a
quasihyperbolic geodesic joining xy to x1, and let x be any point in Q N~y. It is clear that
the (Euclidean) length of that portion of v which lies in @, is at least cdiam @); for some
constant ¢ = ¢(n) > 0. We apply Lemma 2.3 together with (2.2) to deduce that

dist(zg, 0€2) 1. dist(zg, 002)
— L <k < -—-log ———F«—
%8 ist(w, 00) = Felvo®) < glog =g T

The desired result follows since dist(z,0Q2) ~ diam Q.

+Ch.

It thus suffices to show that the set Z consisting of all of the centers of cubes contained
in S(Q) satisfies diam Z < C dist(zo, 92)'~?(diam Q)?. To this end, let 21,7, € Z. Choose
points z} and %, in v, N @ and ~,, N @, respectively, where -y, denotes the chosen quasihy-

perbolic geodesic joining x to xy. Then

|1 — z2| < length(vg, (21, 1)) + diam @ + length (v, (5, 22))
< diam Q + C dist(zo, 0Q)e k(@01 L O dist(zy, 9Q)ePraleozs)
< diam Q + C dist(xg, 99)'# dist(z, 0Q)7 + C dist (2o, 0Q)' 7 dist(zh, 0Q)”
< (diam Q) #(diam Q)? + C dist(zo, 0Q)' # (diam Q)?

by Lemma 2.3 and (2.2). Since diam 2 < C(f, Cy) dist(zq, 052), the result follows. O

3. PROOFS OF THEOREMS 1.4 AND 1.7

We now begin the proofs of our main results. Theorem 1.7 has been proved in Theorem
6.1 of [8] in the special case when E' is a closed ball (or cube) in Q. Our proof makes use
of the ideas of the proof in [8] but introduces an important new ingredient: a Frostman

measure on the continuum E. We also make use of the lemmas in the preceding section.

Proof of Theorem 1.7. Let 2 C R*, n > 2, be a domain with diameter one which satisfies
(2.1) for some 0 < B < 1 and let E C ) be a continuum. Let u € W™(Q) be a test function
for the n-capacity of the pair (Qo, F) in Q, i.e., u : Q — [0,1] is a continuous function and

u(z) =1 for z € E and u(z) = 0 for = € Qy. Recall that our goal is to show that

1 1 1-n
"dx > — (1 .
/Q|Vu(x)\ dx > i (og diamE)
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For each = € F, let Q(x) denote the Whitney cube containing x. Recall that the path
P(Q(z)) consists of the collection of all of the Whitney cubes which intersect the quasihy-
perbolic geodesic joining x to the center of Q(x). We define a subpath P'(Q(z)) C P(Q(x))
as follows: P'(Q(z)) = {Qs,...,Q} consists of a chain of Whitney cubes, which begins
with the terminal cube Qs = Q(x) and continues back along the path P(Q(x)) until it
reaches the first cube )y for which diam@; > %diamE. (Note that it is possible that
Qs = Qs.) Since adjacent Whitney cubes @y and () have diam @)y < 5diam @)y, we must
have diam @) < diam E for all Q € P'(Q(x)).

We first claim that without loss of generality we may make some initial assumptions
regarding the average values of u on the cubes in P'(Q(z)), namely, that f Q@) u(y)dy > 2
and f Q; u(z)dz < 1. In the following two paragraphs we will briefly indicate why these
simplifications can be made, but the short reason is that the other cases are covered by

existing results in the literature. The remaining case, which we leave to the end, is where

we must make use of a new argument involving a Frostman measure on E.

First, suppose that fQ(x) u(y) dy < % for some xr € E. Then we can find a subset F
of Q(z) whose Hausdorff 1-content H{°(F') is comparable to the diameter of Q(z) and for
which u(y) < 1 for all y € F. Recall that the enlarged cube AQ(z) is a subset of Q for some
A > 1 (e.g. A =2). We divide the proof into two cases, according whether E C AQ(z) or
EN(R"\ AQ(z)) # 0. In the former case, E and F are subsets of the cube AQ(z) and so

1 1 1-n

AQ(x)

by a standard estimate for conformal capacity (see [17]). In the latter case, H°(ENAQ(z)) >
diam(FE N AQ(z)) ~ diam @Q(z). Then we have two compact sets F N AQ(z) and F in the
cube AQ(z), both of which have Hausdorff 1-content comparable from below to diam Q(x).
In this situation a straightforward maximal function argument (cf. the proof of Theorem 5.9

in [7]) can be employed to deduce that

1 1\
"dx > "dx > > — (1
JIvueras> [ wupas > e > 5 (108 )

since the diameter of E is < 1.
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Next we suppose that the final cube Q; in the path P'(Q(z)) satisfies § Q, r)dr > 5
Then we have two cubes )y and Q 7 in the domain 2 and a continuous LI" function u
satisfying v = 0 on @y and § Q; x)dz > <. In this case we may invoke an earlier proof

of Theorem 1.7 for the special case when F is a closed cube in Q (see [8, Theorem 6.1]) to

1 1 o 1\
n > — _ > — (1
/QW“(”’)‘ @ =3 (log diame> =M (Og diamE)

since diam Q; > £ diam E.

deduce that

Thus, as stated above, we assume that f o) u(y)dy > % for all z € E and that the path
P'(Q(z)) consists of Whitney cubes all of which have diameter < diam E and for which the
final cube Q) satisfies { Qs z)dr < 1 . In this situation a straightforward chaining argument
involving the Poincaré 1nequahty on the Whitney cubes in the path P'(Q(z)) (c.f. [9, pp.
519-520] or [14, Lemma 8|]) yields the estimate

(3.1) 1<C Z dlame \Vu(y)| dy.
QEP'(Q(x))
We now choose a Frostman measure p on the continuum E for the growth function ¢(r) =

(log1/r)~™, i.e., u is a Borel measure supported on E satisfying
(3.2) uw(ENB(z,r)) < (logl/r)™

for all balls B(x,r) and

(3.3 W(E) 2 st (B) 2 s (low gt )

Integrating (3.1) over the set E with respect to the Frostman measure y and applying

Holder’s inequality, we see that
n
) < C’/ (/\Vu |"dy) du(z).
QeP'(Q(z
We now interchange the order of summation and integration to deduce that

WE)<C Y uS@NE) (/Q \Vu(yn"dy)l/".

QeEW
diam Q<diam E
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Applying Hélder’s inequality again leads to

( 1-1/n n
pB <ol Y us@n B (Z AL \"dy)

eEW QewW
diam Q<diam E

1-1/n
sC( > ws@aeen | ([vura)”

QeEW
diam Q<diam E

(3.4)

We require an estimate for terms of the form

> uwS@nE)T
Qew
diam Q<diam E

for 6 > 0, which we give in the following lemma:

Lemma 3.5. Let Q be a domain in R* with diameter one which satisfies (2.1) and let 6 > 0.
Suppose that u is a Borel measure on R™ which satisfies the growth condition p(B(z,r)) <
(log1/r)~ for some a > 1/6. Then there ezists a constant C = C(n,a,d,3,Cy) so that

> MS@nE < Ou(E) (log L E) -

diam Q<diam E

for any set E C €.

We defer the proof of this lemma momentarily. To complete the proof of Theorem 1.7,
we apply Lemma 3.5 in (3.4) with 6 = 1/(n — 1); note that a = n > 1/6. The measure p
satisfies the requisite growth condition by (3.2) and we see that

) < 00, Coptey = (o LN ([ vuwra)

Thus by (3.3) we see that

1 1 1\
"dy>—— u(E) (log——— | > = (1
/W“ W'y 2 G5 e 500) a )<OgdiamE) _M<OgdiamE>

for some finite constant M = M (n, 8, Cy). The proof is complete. O

Remark 3.6. The proof of Theorem 1.7 shows that (1.8) holds for some compact sets
which are not continua as well. Indeed, the required Frostman measure p can be found on

E whenever F has positive Hausdorff dimension.
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Proof of Lemma 3.5. We may choose jo, € N with jo < C'log(1/diam E) so that diam @ <
diam F implies ) € W; for some j > jo. The growth condition on p implies that

S wS@nE <3S u(SQ N E)u(S(Q) n By

QEW J=Jjo QEW;
diam Q<diam E

o0 1 —ad
<> 3 us@nE) (log e
(3.7) J=Jjo QEW; N )
1 —a
< C(n, B, Cy) n(S(Q)n B) (log
]Z_]% Q%;VJ ( diam Q)
<C(n,B,Co) Y 3™ > u(S(Q)NE)
J=jo QEW;

where the third line follows from Lemma 2.6.
For j € Z, set a; =) gep, #(S(Q) N E) and let Aj = a; + -+ a;. We apply summation
by parts to the right hand side of (3.7) to see that

o
jo—a(SAjO + Zj_l_a(sAj

Jj=jo

Z j_a(sa'j S C(TL, ﬁa CO) a, 6)

Jj=Jjo

Y

where we used the estimate |j7% — (j — 1)7%| < C(a, §)j 1.
By Lemma 2.5, A; < C(n, 3, Co)u(E) - j for each j and so

> w(S@QNE)* < C(n,B,Cya,0)

Qew
diam Q <diam E

o Ajy + (E)> j—“‘f] .

J=jo
The sum converges since ad > 1 and we see that

>, uS@nNE)T < C(n,B,Co,a,0)u(E)ji

QeEW
diam Q<diam E

1 1—ad
< C’(n, /B, C(), a, 6)N(E) (log diamE>

which completes the proof of the lemma. O

Proof of Theorem 1.4. Let f : Q — €' be a K-quasiconformal map onto a domain 2’ satisfy-
ing (2.1). We may scale the domain €2’ to have diameter one; this introduces a constant into
the Holder coefficient for f which depends only on 3, Cy and dist(zg, 09'). Fix a Whitney
cube F' = @ in Q' with center zy and let F = f~!(F'). Since F' = @, is a Whitney
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cube, %QO CQ. Let F=Ff ~1(2Qo). By elementary properties of quasiconformal mappings,
there exists 6 = d(n, K) > 0 so that the set of points z € R* with dist(z, F') < § diam F is

contained in F'.

Let z,y € Q. Note that f is automatically Hélder continuous as a map from the (compact)
subset F' C Q with the Euclidean (hence also the internal) metric into €'; the Holder data
depends only on n, K and dist(f~!(z¢),0Q). Thus we may assume that either z or y is in
Q\ F'; without loss of generality let this be the case for z.

Next, note that if éo(z,y) > ;6 diam F', then

|f(z) = f(y)] diam €'

oy <K < C(n, K, B, Co, v, dist(f ~*(z0), 09))

(diam F')> —
for any choice of a. Thus it suffices to verify the Holder condition in the case 46q(z,y) <
d diam F' < dist(z, F'). Choose a continuum E C {2 joining z to y with diam E' < 20q(x,y) <
%(5 diam F'. Then diam F < %(5 diam F' < dist(F, F) by a simple calculation. A fundamental

property of the conformal capacity (see Fact 3.1(e) of [8]) states that in this case

dist(E, F)\ '™
cap(E, F; () < C(n) <log ﬁ) :

Set E' = f(F). By Theorem 1.7,

1 1-n
E F:QY>— (1
cap(E', '3 0) > (Og diamE’>

with M = M(n, 8,Cy). Hence

(1 1 )1_" < C(n)KM <10g W)l_n

°8 diam E' amFE
< Cn)KM (log M) -
diam E
or

diam £’ < C(diam E)®

for some a depending only on n, K, $ and Cy and C' depending on these parameters as
well as on the values dist(zq, Q') and dist(f~!(zo), Q). Since |z’ — ¢'| < diam E’ and

diam FE < 26q(z,y), the proof of Theorem 1.4 is complete. a
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4. WEAKER QUASIHYPERBOLIC BOUNDARY CONDITIONS AND
UNIFORM CONTINUITY FOR QUASICONFORMAL MAPS

Our arguments in the previous two sections are robust enough to apply under weaker
geometric hypotheses and still yield global regularity properties of quasiconformal maps. In
this section, we give a sample of the type of results which may be obtained. It is not clear at
precisely what level of generality our technique can be made to apply, see Remark 4.8 and
Example 4.11.

We begin with a simple modification of (2.1), replacing the logarithmic growth of the

quasihyperbolic metric with growth no more than a power of the logarithm.

Definition 4.1. Let 2 C R" with fixed basepoint zy € €2 and let s > 1. We say that 2
satisfies a quasihyperbolic boundary condition with exponent s if there exist constants 5 > 0
and Cy < oo so that

1 dist(zg, 0Q)\*
4.2 k < —(logt ——2_—~ C
(42) a(70,7) < 3 (Og dist(z,00) ) "

for all z € Q. Here log* ¢ = max{logt,0}.

As before, domains satisfying (4.2) are always bounded with diameter controlled by a
constant depending only on s, 3, and Cy. However, note that it is no longer the case that a
change of the basepoint zy will affect only the constant Cjy, rather, it may affect the choice
of B as well. For this reason we fix once and for all a choice of basepoint zy which (as before)
we take to be the center of a fixed Whitney cube ().

In this section, we will prove the following analogues of Theorems 1.7 and 1.4 for domains

satisfying (4.2).

Theorem 4.3. Let Q be a domain in R”, n > 2, with diameter one which satisfies (4.2) for

some s > 1. Then there exists M < oo depending only on n, s, B, and Cy so that

s2(1—n)
1 1
4.4 E QuQ)>— |1

for all continua E C (.

Corollary 4.5. Let f : Q — € be a K-quasiconformal between domains 2,92 C R*, n > 2,

and assume that Q' satisfies (4.2) for some s > 1. Then f : Q — Q' is uniformly continuous
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as a map from (2, 6q) to Q' with modulus of continuity

(4.6) we(t) = Cexp{—c(log1/t)"/*"}
where C = C(n, K, s, 8, Cy, dist(f ' (z0,00))) < 00 and ¢ = ¢(n, K, s, 3,Cp) > 0

For any convex increasing function ¢ : [0, 00) — [0, 00), we may consider a quasihyperbolic

boundary condition of the form

x € €,

(4.7) ko (o, )<¢< M)

dist(z, 09)
and ask when it is the case that quasiconformal maps onto domains satisfying (4.7) are
uniformly continuous in the internal metric. By considering the situation for conformal
maps of simply connected planar domains (see the following remark), we can derive an
integral condition which holds for each allowable growth function . It is reasonable to
conjecture that uniform continuity holds whenever ¢ satisfies the integral condition (4.10),

even in higher dimensions and for quasiconformal maps.

Remark 4.8. Suppose that f: D — ' is a conformal map onto a planar domain satisfying

a growth condition on the hyperbolic metric of the form

“ws) (10, (2)) < v (1og" Soar 01T

for z € D, where 9 is as above. A sufficient condition for global uniform continuity of f is
that |f'(re®)| is integrable over [0,1) for each 6 € [0,27]. Combining (4.9) with the Koebe
distortion theorem (1—|z|)| f'(z)| = dist(f(z), 02') and using the inequality po (f(0), f(2)) =
pp(0, 2) > log 1+\Z\’ we see that it suffices to require that

1

)}—

1—-1¢

1
| emol-v"tog
0
or equivalently
(4.10) / e ) ds < .
0

Note that (4.10) allows for growth functions 1 significantly larger than those considered in
Definition 4.1.
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Example 4.11. The following example shows that (4.10) is essentially the sharp integral
condition on 1 for global uniform continuity of f. Suppose that v is a growth function as

above for which

(4.12) /000 exp{—¢~!(s)} ds = 00

Let M = M(x) be the solution to the differential equation

M'(z) = exp{y~"(M(2))},  M(0)=0.
The divergence of the integral in (4.12) guarantees that M(z) is finite for all 0 < z < 0.
Set g(z) = exp{—¢~(M(|z]))} and
U={z=2+iyeC:ly <g(z)}

and let f be a conformal map of D onto ' satisfying f(0) = 0. Note that Q' is unbounded
and so f is not uniformly continuous. However, we claim that the quasihyperbolic metric in

2 satisfies the growth condition

dist (0, 99
ke (0, 2) < Oy (log % +C )

for some constants C; and Cs.

To see this, note that dist(z,0Q') ~ g(z) — |y| < g(z) <1 for all z =z + iy € Q. Thus
|| dt ] dt
kaq (0 < _
w(0,2) < /0 dist(, 00 /0 dist(z + it, OQ)

<[5l

—0/ 7 I0) gt 4 Clog —IE)
0 9(z) — |yl

=CM(|z|) + Clog%

0) dist (0, 0€Y')
< + 9( +
< CY (log o )> + C'log dist(z, 0Y) +C

+ dist(0, 09') o ) .

=G (log dist(z,00)

We turn now to the proofs of Theorem 4.3 and Corollary 4.5, beginning with an analog of

the result of Smith and Stegenga [13, Theorem 3] which appears in Lemma 2.3.
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Lemma 4.13. Let Q satisfy (4.2). Then there exists C; = C1(s, 3,Cy) < oo so that for all

1 € , we have

s—1 :
(4.14) ka(zo,7) < 2 (0 +_ dist(zo, 00)

5 1engthw(x,x1>>) TG

whenever v is a quasthyperbolic geodesic joining xo to r1 and x € 7.

Proof. Fix z; €  and a quasihyperbolic geodesic v joining z¢ to z; in €. Thus v is a

rectifiable arc in €2 and

ds
ka(y1, y2) = / Tl A
b2 Y(y1,y2) dist (l‘, 39)

for each pair of points y1,y, € Q. Assume that (4.14) is false, then for every C > ﬁ + Ch

there exists a point yy € v so that

s—1 :
(4.15) 2 ( 4 dist(zg, 0Q)

E length(y (yo x1>)> O < Falzo, 1)

Let L := length(y(yo,x1)). Define recursively yx € v(yx_1, 1) so that length(vy(yx_1,yx)) =
27FL for k e N. For k =0,1,2,..., let §; = sup{dist(x, Q) : € v(yx, 1)}

Combining (4.15) and (4.2) and using the relation (A + B)® < 2°71(A* + B®), valid for
A,B > 0and s > 1, we see that for all z € y(yo, x1) the following chain of inequalities holds:

PR dist(zo,0Q) \° | ~
5 <log“L %) + C < ka(zo,y0) < ka(zo, 1)

1 dist(zg,0Q) \* 1 L dist(zg,00)\’
= (1ogt 0PI Y Loy < 2 (logt 2 4 10gt TR TD Y 6
3 <°g dist(z,@Q)) TCo= g (Og dist(z,00) T8 L T

251 L °oopsl dist(zg, 0Q)\*
< logt ——— logt ——~2 77/ C,.
=73 (Og dist(x,asz)> 5 (Og I ) e

1

5. Now we can choose C' > % + Cy so that

IN

Thus 8y/L < exp{—2"1+1/58Y/5(C — Cy)"/*} < e~
the ratio L/dy is so large that

B

(4.16) (log™ (L/60)" )" < 5

27%(L/d0)"

for all K € N. We will prove by induction that &;_;/L < (6 /L)* for all k¥ € N. This is

trivially true when £ = 1; assume it holds for some £ > 1. Combining (4.15), the induction
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hypothesis, and (4.16), we see that for all z € v(yg, 1) we have

s—1 : $ . s—1
25 (log+ 7d18t(?’8g)> +C+ 25 (log™ (L/6p)**1)°

< ka(zo,y0) +27(L/60)* < ka(zo,y0) +27"L/6k 1

dist(zg, Q) \’
+ T\ 7t
dist(z, 09) ) +Co

9s-1 L\ o2t dist (z0, 09) \°
< log™ logT —2 "/
<73 <°g dist(x,aﬂ)) L <°g L ) T

1
S kQ(manO) + kﬂ(yk—la yk) S kQ(Io, .’I,‘) S B (]()g

and so 0y /L < (6y/L)**! which completes the proof of the induction.

Since

0 < dist(z1,09) < 8, < L(8/L)"*" < L(e™2)*!
for all £ > 1, we have a contradiction and thus the lemma is proved. O

Armed with this lemma, we can prove Theorem 4.3 and Corollary 4.5 in much the same
way as in the previous section. For the sake of brevity we only sketch the main ideas,
indicating along the way how the various lemmas must be modified. Recall that in Theorem
4.3 we assume that the diameter of 2 is one.

First, Lemmas 2.4 and 2.5 take the following form: if {2 satisfies (4.2) for some s > 1, then
card{Q e W, U---UW, : QN+ # 0} < Cy°

for all j and all quasihyperbolic geodesics v which start at xy, furthermore,

> xs@le) <05

QEWU---UW;

for every j € N and z € ().
Next, in Lemma 2.6, the Holder-type bound for the diameter of the shadow of a Whitney

cube () in terms of the diameter of () is replaced by the estimate

diam S(Q) < ¥(diam Q),

where (t) = C dist(zo, 0R) exp{—3"/*(log L1200 y1/s},
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Finally, Lemma 3.5 reads as follows: if § > 0 and if y is a Borel measure on R" which

satisfies the growth condition?

u(B(z,r)) < (log 1/r)~*"/*(loglog 1/r) ™"

for some b > 1/4, then there exists a constant C = C(n, 6, s, 5, Cy) so that

1 —bs
144 <
> uS@n B < ou(E) (lgtog )
QeEW
diam Q<diam F
Now Theorem 4.3 follows by repeating the proof of Theorem 1.7. The Frostman measure

4 is now chosen to satisfy
uw(E N B(z,r)) < (log 1/r)~"/*(loglog 1/r) ™"

for all balls B(z,r) and

1 1 —s2/6 1 -n
> S S
HE) 2 C(n) (log diam E) <log log diam E)

Estimating the n-capacity as before, we find that

1 1 s2(1—n)
. > - ]
Ca‘pn(Ea Q07 Q) - M (10g diam E)

The proof of Corollary 4.5 follows the argument used to prove Theorem 1.4.
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