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ABSTRACT. We prove that in the real line packing dimension of any Radon measure
is bounded above by a function depending on porosity. This upper bound tends to
zero as porosity tends to its maximum value.

1. INTRODUCTION

Many familiar fractal sets in R” are constructed by removing smaller and smaller
pieces out of some n-dimensional set. As a result one obtains a set which is full of
holes and has usually dimension less than n. In some cases it is possible to calculate
the dimension using the sizes of the removed pieces (see [BT] and [T]). Intuitively
it seems quite natural to expect that if a set in R™ has holes of certain size at all
scales then its dimension is strictly less than n, and the more porous the set is, that
is, the bigger the holes are, the smaller the dimension should be. This leads to the
following definition of porosity:

1.1. Definition. The porosity of a set A C R™ at a point x € R" is defined by

(1.1) por(A, z) = liminf por(A, z, )

rl0
where
por(A,z,r) =sup{p > 0| there is z € R" such that B(z,pr) C B(z,r)\ A}.

Here B(x,r) is the closed ball with radius r and with centre at x. The porosity of
ACR" is

(1.2) por(A) = inf{por(A,z) | z € A}).

Clearly 0 < por(4) < 3. It is not difficult to see that if a set in R™ has
positive porosity then its packing dimension is strictly less than n [S]. It is also
well-known that in R™ sets with porosity close to % cannot have dimension much
bigger than n—1. This was first proved by Mattila [M1] for Hausdorff dimension as
a consequence of a conical density theorem and later showed for packing dimension,

dimy,, by Salli [S] using different methods.
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1.2. Theorem. There is a non-increasing function Ay, : [0, 3] = [n — 1,n] satis-
fying
IimA,(p)=n-1
13
such that
dim,(A) < A, (por(4))

for all A C R™.

Replacing “liminf” by “limsup” in (1.1) would give a weaker form of porosity
which was first studied by Denjoy [De|. Dolzenko [Do] introduced the term “poros-
ity” in connection with these quantities. For this weaker concept the analogue to
Theorem 1.2 does not hold; there exists A C R* with limsup, ,por(4,z,r) = %
for all z € A such that the Hausdorff dimension of A equals n [M2, 4.12]. For other
related results see [Z] and [KR].

We will address the problem of proving an analogue to Theorem 1.2 for measures
using the definition of porosity introduced in [EJJ]. In [EJJ] the emphasis is given to
measures g on R” which satisfy the doubling condition meaning that for p-almost

allz e R Bls.2
liIIl Sup /1’( (x7 T))
rl0 /L(B(J?, T))

In this case the porosity given in Definition 2.1 can be defined equivalently in terms
of porosities of Borel sets with positive u-measure, that is, if yu satisfies the doubling
condition, then

(1.3) por(u) = sup{por(A) | A is a Borel set with u(A) > 0}

(see [EJJ, Proposition 3.1]). The methods in [EJJ] rely on (1.3) which is not neces-
sarily valid for measures that do not satisfy the doubling condition [EJJ, Example
4]. In this paper we develop new methods for relating porosities of measures on
the real line to dimensions. Unlike those in [EJJ] these methods are suitable for
studying both doubling and non-doubling measures (see Corollary 3.4).

2. PRELIMINARIES

Let p be a Radon measure on R". The packing dimension of p is defined in
terms of upper local dimensions

1 D;
(2.1)  dimp(p) = sup{s > 0 | 1i£I_l}ilp L;_(f)) > s for p-almost all z € R"}
where D;(z) is the closed dyadic cube of side-length 27¢ containing . Equivalently
this definition can be given using packing dimensions of Borel sets with positive
p-measure

(2.2) dim, (p) = inf{dim,(A) | A is a Borel set with u(A) > 0}

In (2.1) one can use balls with centres at x instead of dyadic cubes (see [C, Lemma
2.3)).

We denote by p|a the restriction of a measure p on R™ to a set A C R”, that
is, pla(B) = u(AN B) for all B C R*. The image of a measure p under a map
f:X—Y,X,Y CR", is denoted by fyu, so fyu(A) = u(f~(A)) forall ACY.

Next we will recall the following definition from [EJJ].
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2.1. Definition. The porosity of a Radon measure yp on R™ at a point x € R" s
defined by

(2.3) por(u, ) = limlim inf por(u, z, r, €)
el0 rlO

where for all r,e > 0

por(p,x,r,e) =sup{p > 0| there is z € R® such that B(z,pr) C B(z,r)
(2.4) and p(B(z,pr)) < ep(B(z,r))}.

The porosity of u is

por(u) = ess sup por(u, 7)
zER™

(2.5) = inf{s > 0 | por(u, z) < s for p-almost all x € R"}.

Note that in (2.3) the limit as € tends to zero exists since the function £ —
lim inf, o por(u, z, r,€) is non-decreasing and bounded. Further por(y) < 3 [EJJ].
For other basic properties of porosities of measures see [EJJ].

Let A; = {0}, A2 =[1,2], and A = A; U Ay. Then dim,(A4) =1 and por(4) =
0. Noting that sup,¢c 4 por(4,z) = % this simple example shows that one cannot
replace “inf” by “sup” in (1.2) when proving Theorem 1.2. Taking p1 = g, o =
Ll[1,2), and g = p1 + pa, where g is Dirac measure at 0 and £ is Lebesgue measure,
we have por(u) = % and por(u) := ess infpor(p,z) = 0. However dimg(u) = 0.
Based on this example it might be possible to consider por(u) instead of por(yu) for
the purpose of proving for measures on R an analogue to Theorem 1.2 according
to which measures with porosity close to % can have dimension only slightly above
0. In fact, it appears (see Corollary 3.4) that this is the case. Of course the
corresponding result for por(u) is a consequence of Corollary 3.4.

According to the next lemma we can essentially neglect points where a measure
is not porous when estimating packing dimension from above.

2.2. Lemma. Assume that p is a Radon measure on R™ such that por(u) > p.
Then for all 6 > 0 there is a Radon measure s with compact support and with
dimp, ps > dimy, o such that the following property holds: there exists €5 > 0 such
that for all 0 < e < g5 there are a Borel set Bse and 15 > 0 with ps(R™ \ Bs ) <
Ops(R™) and

)
por(us, ¢, r,€) > p — 3

forallz € Bs. and 0 <r <7s.
Proof. For fixed 6 > 0 let

5
As = {z € R* | por(p,z) > p - 7}.

Since the function x — por(u, z) is a Borel function [EJJ], As is a Borel set. Using
the fact that u(As) > 0, we find R > 0 such that pu(A4s N B(0,R)) > 0. Let
Bs = 1| asn B(o,R)- Clearly s is a Radon measure with dimy, ps > dimy, p. Further,
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por(us, ) > por(u, ) > p—3 for ps-almost all z € R* [EJJ]. Setting for all positive
integers ¢

) 1
C;i={r € AsNB(0,R) | limi(r)lfpor(u(;,a:,r,g) >p— 1 forall0 <e < ;}
r—

we find a positive integer is such that us(R™ \ Ci;) < Sus(R™). Note that C; is a
Borel set since the function z +— liminf, o por(us,x,r, €) is a Borel function and
the definition of C; does not change if € is restricted to positive rationals [EJJ].
Take e5 = 1/i5. Let 0 < € < g5. For all positive integers j define a Borel set

0 1
B; = {z € Cy; | por(ps, z,7,€) > p— 2 forall0 <r < =}
J

The Borel measurability of B; follows since the function = — por(us,z,r,¢) is a
Borel function and the definition of B; remains unchanged if r is limited to rational
numbers [EJJ]. Now we find a positive integer js . with ps(R* \ Bj; ) < dus(R™).
Choosing Bs. = Bj; . and 15 = 1/js . gives the claim. O

d,e

For all positive integers k, denote by Iy the set of all k-term sequences of integers
0 and 1 and by I corresponding set of infinite sequences, that is,

I = {(41,%2,...,0k) |44 € {0,1} for all I =1,... k}
and
1= {(i1,is,...) | i1 € {0,1} forall =1,...}.

We use the notation i” € I for the binary expansion of a point = in the closed unit
interval [0,1]. (Note that i” is unique except for dyadic rationals. The possible
complications due to this countable set will be dealt with in due course.) For a
positive integer k and i = (i1,%2,...) € I let i|x = (41,..., %) € Ix be the sequence
of the first & digits of i and let ng(i|x) be the number of zeros in i.

The following lemma which we apply when proving Proposition 3.1 is verified as
a part of the proof of [Fa, Proposition 10.4].

2.3. Lemma. For0<a< % we have

dim, E, =

— aloga + (1 —a)log(l — a
where

1
Ey ={z €0,1] | limsup — no(i”|x) < a}
k—o0 k

is a Borel set.

Proof. See [Fa, Proposition 10.4]. In [Fa, Proposition 10.4] one has the limit instead
of the upper limit in the definition of E, but the argument goes through also in
this more general case. [
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3. MAIN RESULTS

Let p be a non-atomic (that is pu({z}) = 0 for all z € [0, 1]) Radon probability
measure on [0, 1]. The measure p gives rise to a sequence (P%) of measures on {0,1}
such that P} ({0}) gives the probability that the k-th binary digit of a random
number (with respect to ) in [0, 1] equals zero and P%({1}) gives the probability
that it is one, that is,

Pr{o) = > wlli,..i) and PR{1}) = 1 - PL({0})
(il,.:.,i:kgelk

where I;, ;. is the closed dyadic subinterval of [0,1] of length 2% consisting of
numbers whose binary expansion begins with (iy,...,4;). We use the notation P
for the product measure [[;- ; P} on the code space L

As a consequence of Lemma 2.3 we obtain:

3.1. Proposition. Let p be a non-atomic Radon probability measure on [0,1].
Assume that 0 < a < 3 and limsup_,, 1 Zle PY({0}) < a. Then

1
i < ——(al 1—a)log(1l - .
dimy, p < 10g2(a oga+ (1 —a)log(l —a))

Proof. By the strong law of large numbers [Fe, X.7.1] we have for P¥-almost all
iel )
lim sup z no(ilx) < @

k— o0

implying that u(E,) = 1 where E, is as in Lemma 2.3. This gives the claim by
Lemma 2.3 and (2.2). O

For an integer j > 1 two closed dyadic intervals of length 277 form a couple
if they belong to the same dyadic interval of length 2771, Let 1 be a measure
on [0,1]. We denote by Dj(u) the family of closed dyadic intervals of length 277
formed by selecting from each dyadic couple the one which has smaller y-measure.

3.2. Theorem. Assume that p is a non-atomic Radon probability measure on
[0,1] and 0 < B < 1 such that por(p) > 3(1 — ). For all0 < § < 1 let ps be as in
Lemma 2.2. Then

timsup >~ B2 ({0}) < (B, 6)us((0, 1)

n—oo T <
=1

where

Eff({op) = Y psl)

I€D; (1)
and o(B,0) = 0 as § — 0 and  — 0.

Proof. Let €5 be as in Lemma 2.2. Consider 0 < € < 5. By Lemma 2.2 there is a
Borel set Bs . with p5([0,1]\ Bse) < dps([0,1]) and 75, > 0 such that

(3.1) por(yis,,7,€) > 3 (1~ — )
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for all z € Bse and 0 <7 <75.. Let igp be the smallest integer such that 2 M+l <
5. Consider a positive integer 7 with 4 > 4.

Let I = [a,b] be a dyadic subinterval of [0, 1] of length 2~° intersecting the set
Bs.. We denote by I, and Ir the two neighbouring dyadic intervals of I of length
27%. Let

My = max{ps(I), ps(IL), ps(Ir)}-

For all z € IN Bs, let 7, = min{z —a+27* b—x+27"}. Setting ¢ = %(1 —pB-9),
the inequality (3.1) implies that for all z € I N Bs. there exists z, € R such that
B(zg,qrs) C B(z,ry) and

(3-2) po(B(zz, qre)) < eps(B(x,72)) < 3Mfe.

We will first prove that I is a union of five (not necessarily non-empty) successive
intervals

(33) I:_[1UP1UI2UP2UI3

where the intervals P; and P, have length at most (3 + §)27¢*! and for j =1,2,3
either ,u(;(Ij) < 3Mje or Ij cl \ B5’6.

If there is z € I N B, such that B(z,qrz) C (a,b), where (a,b) is the open
interval {y € R | a <y < b}, then I\ B(2,,qr;) is a union of at most two intervals
of length at most 27¢(1 — 2¢q) = 27%(3 + §). Hence (3.3) follows by (3.2).

Assume that for all z € I N Bs. we have B(zz,qr;) ¢ (a,b) and define

C={2+qrz|x€INBsc and a > z; — qrz}

and
D={z—qry |z €INBseand b < zy +qrg}.

Then either C # () or D # (). Assume that C # (J; the case where D # () is similar
to this one. Setting s = sup C' and using (3.2) we obtain

(3.4) us(la, s)) < 3Mje.

(We use the interpretation [a,s) =0 if a > s.)
If D=0, then for all z € I N Bs . with s < z we have

T—8<x— 25— qry < 7ro(1—2¢) < (B+0)274,
Hence by (3.4) I is a union of three intervals — one of them having measure at most
3Mje, one belonging to the complement of Bs., and the remaining one having
length at most (3 + §)27**1. This gives (3.3).
If D # (), then t = inf D exists and as in (3.4) we see that
(3-5) ps((2,0]) < 3Me.

This together with (3.4) implies in the case ¢ < s that I can be covered by two
intervals of ps-measure at most 3Mye. For t > s one verifies as above that

INBseN[s,t] C[s,s+ (B+0)27 Ut — (B+6)27H 1]
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which implies by (3.4) and (3.5) that I is a union of five intervals — two of them
having ps-measure at most 3Mje, two having length at most (3+6)27**1, and the
remaining one belonging to the complement of Bs.. This completes the proof of
(3.3).

Consider a positive integer k with 27%=1 < 2(8 + 5) <27k Forl=1,...,k we
say that a dyadic couple {DHZ, H—l} of length 2%~ satisfies property (A) with
respect to Pj, where j = 1,2, if P; N DZ“ # 0 and P; N Dz+l # (). Further, we
say that {DJ,;, D}\,} satisfies property (B) if P; intersects one of the members of
{D?.,,D;,,} and P, meets the other one. For j = 1,2 there is at most one integer
1 <l; <k for which there exists a dyadic couple of length 2~ i=lj satisfying property
(A) With respect to P;. It is also easy to see that there are at most three integers
1<1; <k, j=3,4,5, such that for each [}, j = 3,4, 5, there exists a dyadic couple
of length 27! satisfying property (B). Since

1
B ({0}) < Sps(D)
for j=1,...,5, and
E" 1 ({0}) < 6Mie + ps(I\ Bsy)

forl #£1;,j=1,...,5, we have
" 5
ZE::EJ ({0Y) < Sus(I) + k(6Mre + s(I \ Bse)).

Note that if I N Bse = 0, then Zf 1 E’:ﬁi}’({O}) < kps(I \ Bs,e). When summing

over intervals I each M may appear at most three times giving the upper bound

ZE{‘L {0}) < us([0, 1])( + 18ks+k6)

This implies for n = ig + mk where m is a positive integer that

—ZEW {o}) < < 100 1])(2 +5—m+18mk6+mk6).

2

Letting n — oo and ¢ — 0 we obtain «(3,6) = 2> +6. O

We denote by D the set of end-points of dyadic subintervals of [0,1] and by D
the set of binary expansions of points belonging to D, so

D={127%|k=0,1,... and I = 0,...,2F}
and

D = {(¢1,42,...) € I| there is k such that either i; = 0 for all j > k
or i; =1 for all j > k}.
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Let p be a non-atomic Radon probability measure on [0,1]. Next we will define
a function G* : [0,1] \ D — [0,1] which will be used to establish a connection
between Theorem 3.2 and Proposition 3.1 by comparing the relative weights of
dyadic couples. Let i = (i1,42,...) € I'\ D. Recalling the notation I;, . ; for the
closed dyadic subinterval of [0, 1] of length 277 consisting of numbers whose binary
expansions begin with (i1,...,%;), set

if U(Ii17-~~7ij—1,0) < /’L(Iila---yij—l;l)

i.
a={ 2
’ if :u'(Iil,---:’ijfl,O) > M(Iilv---yijfl,l)

2
where

i¢ =

1 ifi; =0
J

0 ifi;=1.
Let H : T — [0,1] be the natural projection. Note that H~1 : [0,1]\ D — I\ D is
well-defined. Define a continuous function G* : [0,1]\ D — [0,1] by

Gt =HoFtoH !,

The functions F* and G* have the following properties:

3.3. Lemma. Let y be a non-atomic Radon probability measure on [0, 1].

(1) If i,j € I\ D such that i # j and F*(i) = F*(j), then F*(i) € D.

(2) (F*)~1(i) contains at most two points for all i € D.

(3) F* is an injection in the set 1\ (D U (F*)~1(D)) whose complement is
countable.

(4) dimy, ((G*)g(pljo\p)) = dimp(p)-

Proof. (1) follows easily from the definition of F*.

For (2), let i € D. Then there are a positive integer k£ and closed dyadic intervals
DE and DE of length 2% such that H(i) is the right-hand side end-point of D
and the left-hand side end-point of Df. The definition of F* implies that for all
jJ > k + 1 there are closed dyadic intervals Df C Df‘_l and DJL C D]L_1 of length
279 with (F#)~'(i) c H-Y(DJ¥) U H='(D}). This gives the claim,

(3) is a consequence of (1) and (2).

(4) follows from (2.1) and from the fact that D;(G*(z)) = G*(D;(z)) for all
positive integers i where D;(z) is the closed dyadic interval of length 2~% containing
x € [0, 1]. Note that by (3) G* is an injection in a set whose complement is countable
and therefore has y-measure zero. [

3.4. Corollary. Assume that v is a Radon measure on the real line. If 0 < <1
such that por(v) > (1 — B), then dim,(v) < d(B) where d(8) — 0 as 3 — 0.

Proof. We may assume that v is non-atomic. Let > 0. By (2.5) there is A, C R
with v(A,) > 0 such that por(v,z) > 3(1 — 3 —n) for all z € A,. Taking R, > 0
with v(A, N [-R,, R,]) > 0 we have

1
pOr(v|i_p, 1) > 3 (1= B —n).
Mapping 1 = v|[_g, r,] into [0, 1] by an affine bijection which preserves both poros-

ity and packing dimension, and normalizing the image measure, we may assume
that p is a non-atomic Radon probability measure on [0, 1] [M, Theorem 1.18].
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Let 0 < 6 < 1 and let us be as in Lemma 2.2. Set N = p;5([0,1]). Then Theorem
3.2 implies that

k
hmsup ZP(GN)ﬁ( |[01\D)({0} —hmsu %Z Wé 01]\D {0})

k—o0 i=1 k—o0

hmsup ZE”‘S {0}) < a(B —n,9)

N k—o0 zl

where « is as in Theorem 3.2. Since (GMWé)ﬁ(”—A‘; [0,1\p) is a non-atomic Radon
probability measure [M, Theorem 1.18], we have by Lemmas 2.2 and 3.3 (4), and
Proposition 3.1

dimy (v) < dimg (u) < dimp(52) = dimy (GF);(52 lo\0))

< —@ (a(B —n,0)loga(B —n,6) + (1 —a(B —n,d))log(1 — a(B —n,9))).

Letting n and 0 tend to zero gives the claim. [

Remarks. 1. We expect that Corollary 3.4 holds in higher dimensions as well despite
the fact that the extension of the above methods is not straightforward. Our proof
relies on the geometry of the real line. Intuitively, for a measure with porosity close
to % small balls around typical points are such that either their left or right half is
practically empty. Stating this property in higher dimensions seems to be unclear.

2. It is possible to use the above methods to prove that if y is a measure on
R™ with positive porosity then its packing dimension is strictly less than n. For
this choose a positive integer k depending on the porosity of the measure such that
the ball with small measure given by (2.4) always contains at least one cube of
side-length k~! where | depends on the scale. In this way one obtains the upper
bound log(k™ —1)/log k for the packing dimension (compare the dimension formula
for self-similar sets [Fa, Theorem 2.7]).

3. Let u be a non-atomic Radon probability measure on [0,1]. Our proof
originated from the idea to view p as sequences of relative weights. For all i =
(i1,42,...) € I there is a sequence (pi(u)) that gives the relative weights of the
dyadic couples of length 2% containing the point whose binary expansion is i.
More precisely, let pi (1) = u(Ip). Then 1 — pi(u) = pu(Iy). Define inductively

M(Iila"wij—lyo) :p;(u)l’b(I’Ll,,’LJ_l)
giving .
Wiy, iy 1) = (1= 25() iy i)

Now the space of non-atomic Radon probability measures on [0, 1] can be identified
with the space

X ={(p) €0, 1" | If i = (41,499,...),j = (j1,72,...) € I such that In with
u=5nvi=1,...,nand i,41 # Jnt+1 then
:;UliVlzl,...,n andpil+1:1—p'jl+1}.

The condition guarantees that points in the same dyadic interval have the same
history of relative weights.
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