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ABSTRACT. Weintroducea conceptof porosityfor measuresindstudyrelationsbetweerdimen-
sionsandporositiesfor two classe®f measuresmeasuresnR™ which satisfythe doublingcondition
andstronglyporousmeasuresnR.

1. INTRODUCTION

The aim of this paperis to relate porosity asit canbe measuredio dimension. The
requirementof obtaininginformation about experimentally measurableobjectsleadsus to
considemmeasurespr massdistributions,ratherthansets. For setsa relationbetweerporosity
anddimensiorhasbeenestablishedby Mattila[M1] andSalli [S] usingthefollowing definition
of porosity:

Definition 1.1. Theporosityof asetA C R" ata pointz € R" is definedby

por(A,z) = Iimiionf por(A,z,r),

whee
por(A,z,r) = sup{p > 0 : therisz € R" sudthatB(z,pr) C B(z,r)\ A} .
Here B(z, r) is the closedball with radiusr andwith cente at 2. Theporosityof A C R” is

por(A) = inf{por(A,z) : z € A} .

The quantity
andwhich does

Clearly 0 < por(4,z,r) < % for z € A, andso0 < por(4) <
por(A, x,r) givestherelative radiusof the largestdisk which fits into B(z, r
notintersectA. In this sensat givesthesizeof thebiggestholein A.
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For Hausdorf dimension,dimy, it is not difficult to seethat there exists a function
d : (0,3] — (0, 1] suchthatdim,(A) < n — d(por(A)) for all A C R™ (se€[S, Introduction]).
However, this boundobtainedusingsimple methodss very crudewhenthe porosityis close
to % The following theoremby Salli [S] givesa betterconnectionbetweendimensionsand
porositiesfor sets. For the definition of packingdimensiondim,, see[M2, Chapter5] or [Fa,
Chapter2].

Theorem 1.2. Theeis anon-deceasingfunctionA, : [0, %] — [0, 1] satisfying

imA,(p) =1
pti
suc that
dimy(A4) < n— A, (por(4)) (1.1)
forall A c R™.

Accordingto Theoreml.2 the packingdimensionof any setin R" with porositycloseto
% canbeonly alittle bit biggerthann — 1. Thereis anexplicit expressiorfor thefunctionA
in [S]:
C
A, (p) = max{l— n ,0
(v) = maxl = gy = 2p)) "%
wherec,, is a constantdependingonly on n. Salli also proved that this function givesthe
optimal corvergencerate by constructingfor all ;11 <p< % setsA,, with por(4,) > p and

dimy(4,) > n—1+ m for someconstanty,, < c,. Salli's proof works for box-
countingdimensionaswell (for thedefinitionsee[M2, Chaptel5] or [Fa, Chapter2]), but then

onehasto assuméhat A C R" is uniformly porousin thefollowing sensethereis R > 0 such
that

por(A,z,r) > pforallz € Aandforall0<r < R.

In an earlierwork by Mattila [M1] the analogueof Theorem1.2 was proved for Hausdorf
dimensiorusingdifferentmethodghanthoseof Salli’s.

In this paperwe addresshe problemof studyinganaloguesf Theoreml.2for measures.
After introducingporositiesof measuregseeDefinition 2.2) we prove thatin R" ananalogudo
Theoreml.2 holdsfor measuresvhich satisfythe doublingcondition(seeDefinition 2.3). We
alsoconsiderthe classof stronglyporousmeasuregseeProposition5.2) in R. This articleis
organizedasfollows. In additionto thenecessargotationanddefinitionswe discussomebasic
propertieof porositiesandstateour maintheoremin Section2. The next sectionis dedicated
to the proofof themainresults.In Section4 we consideitherole of thedoublingconditionand
in thelastsectionwe studythesituationin therealline.

2. NOTATION AND MAIN RESULTS

We definethe quantitieswe areworking with. We begin with the definitionsof Hausdorf
andpackingdimensiondgor measure# termsof local dimensions:
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Definition 2.1. Lety beafiniteBorelmeasueonR". Thelowerandupperlocaldimensions
of 4 atapointz € R" are

log u(B(z,7))

d(p, ) = lim inf logr

and

d(p,z) = lim supIOQM(B(x’T)) :

740 logr

If d(u, ) = d(p, z), the commorvalueis calledthelocal dimensiorof i1 at z andis denoted
by d(u, ). TheHausdorf and paking dimension®f 1, are definedby

dimy(p) = sup{s > 0 : d(u,z) > s for y-almostall z € R" } (2.1)

and
dimy(1) = sup{s > 0 : d(u,z) > s for y-almostall z € R"} . (2.2)

Thelocal dimensionglescribethe power law behaiour of p-measuref ballswith small
radius. For u-almostall pointsthe lower local dimensions atleastdimy,(u) andtheupperone
is atleastdimy(u). Clearlydimy(p) < dim,(x).

Remark.Wewill needhefollowing equivalentdefinitionsof Hausdorf andpackingdimensions
of measures termsof dimensionf sets(seg[Fa, Propositionl0.2]). In fact,

dimy(p) = inf{dimy(A4) : AisaBorelsetwith u(A) > 0} (2.3)

and
dimy(p) = inf{dim,(A) : AisaBorelsetwith ;(A4) > 0} . (2.4)

The porosityof afinite Borel measurg: onR" is definedusingthe following quantities:
forz € R" andr,e > 0 set

por(u, z,r,e) = sup{p > 0 : thereis z € R" suchthatB(z,pr) C B(z,r)
andu(B(z,pr)) < ep(B(z,7))} -
Definition 2.2. Lety beafinite Borel measue onR". Theporosityof i ata pointz € R”
is definedoy
por(p, x) = Ilirg) Iin:iionf por(p, z,r,€) . (2.5)
Theporosityof i is

por(u) = inf{s > 0: por(u,z) < sfor y-almostall z € R} . (2.6)
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In (2.5) the limit ase | O exists sinceliminf, 4 por(u, z,r,¢) is non-decreasingnd
bounded.

Remark.1. We shav now thatthe porosityof a measurénasthe sameupperboundthanthatof
aset,thatis, por(u) < % for all finite Borelmeasures onR™. By [C, (1.10)]for u-almostall

r € R” wehaved(p, ) < n giving
p(B(z,r)) > r*" 2.7)

for all sufficiently smallr > 0. Assumehatthereis suchapointz with por(u, z) > %(14—6) > %
for some0 < § < 1. Lete < 6°* besuficiently small. Thenfor all sufiiciently smallr > 0
thereis z € R" suchthat B(z, 5(1+6)) C B(z,r) andu(B(z, 5(1+6))) < en(B(z,r)).
Hencefor all suchr we have u(B(z, 7)) < eu(B(z,r)). Iteratingthis k timeswe obtainfor
all positive integersk
w(B(z,0%r)) < e u(B(w,r)) .
From(2.7)we obtain
et < eFp(B(z, 1))

implying the contradiction

kloge + log u(B(z, 7)) , loge _ o

2n > >
" klogé + logr k—oo l0go —

Hencepor(u, x) < % for p-almostall z € R™ giving theclaim.

2. For setsit is obvious thatif por(A) > p and B C A, thenpor(B) > p. The
correspondingropertyholdsfor finite Radonmeasuresif B is aBorelsetwith u(B) > 0,then
por(u| z,x) > por(u, z) for y-almostall z € B. Indeedaccordingo thedensitypointtheorem
[M2, Corollary2.14]we have for y-almostall z € B thatu(B(z,r) N B) > su(B(z,r)) for
all sufiiciently smallr > 0. For all suchz andr we have for all e,p > 0 andz € R"™ with
B(z,pr) C B(z,r) andu(B(z,pr)) < eu(B(z,r)) that

plp(B(z pr)) < w(B(zpr)) < eu(B(z,r)) < 2ep|p(B(z,7)) -

Thisimpliestheclaim.

We denoteby spt() the supportof u which is the smallestclosedset suchthat the
complemenbf it hasp-measureero. Clearly

por(spt(p)) < por(u) -

As illustratedby thefollowing exampleshis inequalitycanbestrict. In fact, it is preciselythis
differencewhich makesthedefinitionof porosityimportantfor physicalmeasurementsecause
it allows to neglectsystematicallydustwhichis visible in porositiesof setsbut notin thoseof
measures.
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Examplel. Letd, betheDiracmeasurattheorigin, thatis, d,(A4) = 1if 0 € Aandiy(4) =0
if 0 ¢ A. Let u bethesumof §, andthe LebesguemeasureC™ restrictedto B(0, 1), thatis,
= 6o+ L p(0.1)- Clearlypor(u, 0) = 3 andpor(y, z) = Ofor all z # Owith |z| < 1. Thus
por(y) = 3. However, por(spi(u)) = por(B(0,1)) = 0.

Example2. Enumerate¢herationalnumbersn theclosedunitinterval [0, 1]. Letd, betheDirac
measureon the i rationalpoint z;. Definey = Y2, 27%5,. Thenpor(u, ;) = % for all ¢
sincefor all  thereexistsr > 0 suchthatall therationalsin the r-neighbourhooaf z, have
biggerindex thank + i for afixedpositiveintegerk with 27% < . Hencepor(p) = % Clearly
por(spt(x)) = por([0, 1]) = 0.

Forallz € R andr > Owehavelim_,por(u, z, 7, €) = por(spf{u), =, r). In particular
por(spt(n), z) = lim inf lim por(u, z, 7€) .

Thus, changingthe orderof taking the limits in (2.5) givesthe porosity of the supportof the
measure.
We will needlaterthefollowing measurabilityproperty:

Remark.We will prove thatfor all » > 0 ande > 0 thefunctionz +— por(u, z,r, €) is upper
semi-continuoughatis,

por(u, z, 7, €) > lim suppor(u, z;, 7, €) (2.8)

1—00

wheneerz, € R" aresuchthatlim,_, =, = z. We usethenotationsg, = por(y, z;,r,¢) and
p = limsup_,, p;- Letd > 0. Forall i thereexists z; € R* suchthat B(z;, (p; — 3)r) C
B(z;,r) and

W(B (s (3~ ) < en(Blz,ym)) 29)

By choosingi so large that |z — z;| < % we have B(z;, (p; — 6)r) C B(z,r). Further
takingsuitablesubsequencesge mayassumehatthesequence(z,, (p, — d)r) corvergeswith
respecto theHausdorf metricin thespaceof compacsubset®f R" (seglR, Chapter2.6]) and
p =lim,_,  p,. Thenthereisz € R" suchthatB(z, (p—29)r) C N,B(z;, (p;—9)r) C B(z,T).
Sincethe functionz — u(B(z,r)) is uppersemi-continuougM2, Remark2.10], we obtain
from (2.9)

eu(B(z, 7)) > lim supep(B(z,, 7)) > im supu(B(z,, (p; — 0)r)) > u(B(z, (p — 26)r)

12— 00 1—00
Thuspor(u, z,r,€) > p — 2. Sinced > 0is arbitrary thisimplies(2.8).

We will considerthe classof measuresvhich satisfythe doublingcondition:
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Definition 2.3. A finite Borel measue 1 on R" satisfiesthe doublingconditionat a point
x e R"if

: p(B(z,2r))
Ilrr:;upm < 0. (2.10)

We saythat u satisfieghe doublingconditionif (2.10)holdsfor p-almostall z € R™.

ExpressingDefinition 2.2 in termsof porositiesof sets,we will prove an analogueto
Theorem1.2 for measureghat satisfy the doubling condition. We will also shov that the
doublingconditionis necessarfor thevalidity of therelationshp betweerporosti esof measures
andsets.Using Theoreml.2we thenobtain:

Theorem 2.4. Theeis anon-deceasingfunctionA,, : [0,1/2] — [0, 1] satisfying

imA,(p) =1
T3

sud that
dimy (1) < n— A, (por() (2.11)

for all finite Borel measuesy, onRR™ that satisfythe doublingcondition.

Remark.1. In Theorem?2.4 onecantake the samefunctionA,, asin Theoreml.2.

2. From a practical point of view, the doubling condition is satisfiedfor recursvely
constructeghysicaimeasurest-orexample jn mary physicalapplicationghereexista, b, s > 0
suchthat

ar® < p(B(z,r)) < br®

for all » > O andz € spt(u) which clearlyimpliesthevalidity of the doublingcondition.

If the porosityof a measure: which satisfiesthe doublingconditionis closeto % then

accordingo Theoren®.4thepackingdimensiorof i is notmuchbiggerthann — 1. Onecannot
expectthatsmall porosityimpliesbig dimension.Thisis illustratedby the following example.

Example3. For all positive integersk andm thereis a Borel probabilitymeasure: onR such
thatdim, () = ¢ andpor(y) < -

Construction. Divide the closedunit intenval [0, 1] into m* subintenals of lengthm~* and
selectm of themby taking every (m"“‘l)th one. Definea Borel probability measureu, by
giving thesameNeight% to eachof theseantervals. Continueby dividing theselectedntervals
into m* subinterals of lengthm =% andchoosingevery (m*~1)" of them. Definea Borel
probabilitymeasure:, by attachingheweight# to eachof theseintervalsandproceedn the

sameway. Then(y,) corvergesweaklyto aBorelprobabilitymeasurgs. Clearlydim,(x) = %

It is not difficult to seethatpor(y) < % In fact, this constructionis a simplified versionof

Example4, andthereforewe give no detailshere.
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3. THE PROOF OF THEOREM 2.4

Let 4 beafinite BorelmeasurenR™. In orderto prove Theorem?2.4 we first prove that
if u satisfieghedoublingconditionthen

B(p) > por(p) , (3.1)

where
B(r) = sup{por(A) : AisaBorelsetwith u(A) > 0}

(seefMM]). Wewill obtainTheoren®.4asaconsequencef (3.1)andTheorem.2. In Example
4 we will shav that(3.1) doesnot necessarihyholdif the doublingconditionis violated. That
constructioralsoindicateghattheexistenceof thelocaldimensiordoesnotguarante¢hat(3.1)
holds.

Notethattheinequality

B(p) < por(u) (3.2)

holdsfor ary finite Radonmeasurg: onRR"™. In fact,if thisis notthe case thereexists s such
thatpor(i) < s < B(u). Usingthedensitypointtheorem{M2, Corollary2.14],wefind aBorel
setA with x(A) > 0andpor(A4) > s suchthat

im MAN B(z,7))

M wB@r)

for all z € A. Thismeanghatfor all z € A ande > 0 wehave por(A4, z,r) > s and
(AN B(z,r)) = (1—e)u(B(z,7)) (3.3)

for all sufficiently small» > 0. Hencefor all suchr thereexists z € R" with B(z,sr) C
B(z,r) \ A. By (3.3)thisimplies

w(B(z,s7)) < p(B(z, 7)) — w(B(z,r) N A) < en(B(z,7))

giving por(y) > s. Thus(3.2)holds.
While (3.2)is valid withoutassuminghedoublingcondition,it is neededor theopposite
inequality:

Proposition 3.1. Letu beafiniteBorelmeasueonR". If i satisfieshedoublingcondition,
then

B(p) > por(p) .

In particular, 5(u) = por(u) for all finite Radonmeasues i, on R" satisfyingthe doubling
condition.

Proof. Assumethatg(u) < por(i). Lets > 0andd > 0 besuchthatf(p) < s —6 < s <
por(y). Setting

A = {x € sp(u) © por(u,x) > s},
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we have p(A) > 0. Sincer — rpor(u,z,r,€) is non-decreasingndr — £ is continuous,
thelower limit in (2.5) doesnot changef r is restrictedo positive rationals.Also thelimit as
e goesto zerocanbe taken over rationalssincelim inf ., por(y, =, 7, ) is non-decreasings
afunctionof . Thusby (2.8)the functionz +— por(u, x) is Borelmeasurableandso A is a
Borel set.

For all positive andfinite numbersC' define

Eo = {z espl(p) : u(B(z,2r)) > Cu(B(z,r)) for somer > 0} .

Using the monotonicityof the mappingr — u(B(z,r)) it is easyto seethat the definition
of E is notalteredif r is restrictedto positive rationals. Thereforethe Borel measurability
of the mappingz — p(B(z,r)) [M2, Remark2.10] implies that E, is a Borel setfor all
C. Sincey satisfieshe doublingcondition,thereis a positive andfinite numberC' suchthat
L(Eg) < @. Henceu((R™ \ E;) N A) > @ > 0.

Considerz € A. For all sufficiently smalle > 0 andr > 0 we have por(u, z, 7, &) > s.
Hencefor all suchr ande, thereis z € R" suchthat B(z, sr) C B(z,r) andu(B(z,sr)) <
ep(B(z,r)). Wewill provethat

B(z,(s = d)r) N (R" \ Eg) Nspu) = 0. (3.4)
This givestheclaim, sincethefactthat
B(z,(s—6)r) C B(z,r) \ (R* \ Eg) N ANspty))
implies
por((R" \ E¢) N AN Spy),z) > s 8

giving B(u) > s — 6 whichis a contradiction.
To prove (3.4),we assumehatthereexistsy € B(z, (s — 0)r) N (R™ \ E5) Nspt(u). Let
n beapositiveintegersuchthat2=""! < §. Then

u(B(y,0r)) < u(B(z,sr)) < ep(B(z,r)) < en(B(y, 2r))
< eC™u(B(y,27"*'r)) < eC"u(B(y,or)) .
This givesa contradictionbecauseve canchooses assmallaswe wish. [

Using(2.4)andPropositior8.1wecanestimateboththepackngdimensonsandporosiies
of measuresatisfyingthedoublingconditionin termsof correspondingiuantitiesof sets.This
givesaneasyway to prove Theorem2.4 usingTheoreml.2:

Proof of Theorem 2.4. LetA, : [0,3] — [0,1] beasin Theoreml1.2. Considera
finite Borel measure: on R® which satisfiesthe doubling condition. Since8(u) > por(u)
by Proposition3.1, we find for all 6 > 0 a Borel setA C R"™ with u(A) > 0 suchthat
por(A) > por(u) — 6. Now (2.4)andTheoreml.2 give

dim, (1) < dimy(4) < n — A,,(por(A)) < n — A, (por(u) — 9).

Theclaim follows usingthe continuityof thefunctionA . [
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4. THE ROLE OF THE DOUBLING CONDITION

In this sectionwe shaw that Proposition3.1 is not generallyvalid unlessthe measure.
satisfieghe doublingcondition.

Example4. ThereexistsaBorel probabilitymeasurg: on R with thefollowing properties:

B(p) = 0, (4.1)

por(u) = 5 @2)
g p(B(z,2r)) _

,u({x : Ilrr:;upm < oo}) = 0, and (4.3)

dimy(u) = 0. (4.4)

Construction.For all = 1,2, ... wefirst definea Borel probability measureu, suchthatits
restrictionto ary closeddyadicsubintenal of theclosedunitinterval of length2™" is aconstant
multiple of Lebesguemeasure.For: = 1,2,... let J, be the setof all ;-term sequencesf

integersO and1 andlet J__ bethecorrespondingetof infinite sequencedhatis,

J,={,d2,-- -, J;) 1 Jm € {0, 1} forallm =1,...,i}

and
Jo =1{01,J0s---) 3, € {0, 1} forallm=1,2,...}.

We denoteby I; the closeddyadicinterval of length2~* whoseleft endpointin binary
representatiors 0, 5,7, - - - j;. Let(p;), 0 < p, < 1, beadecreasingequencef realnumbers

tendingto zero. Themeasurey, is definedoy requiringthat

7

. 1—4
w1, 5.) = H(l_pk)]kpk T
k=1

for all (jy,...,4;) € J,. It is easyto seethat (u,) corvergesweakly to a Borel probability
measure: suchthatspt(u) = [0, 1].

Equiwalentlyonecanthink of themeasureg: astheprojectionof anaturalproductmeasure
onthecodespace.In fact,definingv, ({0}) = p, andy, ({1}) = 1—p, forall k = 1,2, ...,
the productmeasurd [;2 , v, is a Borel probability measureon the codespace/_ (equipped
with theproducttopology)andthemeasure: is its imageundertheprojectionr : J__ — [0, 1],
wherer ((jq, Jos---)) = Yoo _1dm2 . thatis, thebinaryrepresentatioof a pointin [0, 1].

Themeasureq: hasthefollowing property:

Lemma 4.1. Let0O < § < 1. Givenanye > 0thefollowing propertyholdsfor all suficiently
large positiveintegers k: for all closeddyadicsubintervalqz,, z,] of theunitinterval[0, 1] of
length2=* wehave

p(lzy, , — 27%6]) < ep([my, ,]) - (4.5)
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Proof of Lemma 4.1. Considerthe positive integer ¢ suchthat2=¢ < § < 27**1. Since

theintenal [z, 7, — 27%4] is containedn the union of 2° — 1 closeddyadicsubinterals of
[z, z,] of length2~*~¢ andof measureat mostp,_ 1 u([z4, z,]) (We take all subintenals of
[z, z,] Of length2=*—* excepttheright mostoneascoveringsets)we have

p(lzy,m, — 27%6]) < (2° - Dpg 11l g, 7))

Choosingk solargethat (2¢ — 1)ps41 < € givestheclaim. [
Lemmad4.lis essentialvhenproving propertieg4.1)— (4.4):

Proofof properties(4.1)—(4.4). For (4.1)weassumeéhat () > 0. Thenthereexistapositive
integer k, arealnumberR with 0 < R < 1,andE C [0, 1] with x(E) > 0 suchthatfor all
x € E wehave

por(E, z,r) > 27" (4.6)

forall 0 < r < R. SetN = 28*4, Let i, bea positive integerwith 27% < 27*=2R_ We will
first shav thatif 4 is a positve integerwith i > 4y, then,givenary family {D, ..., Dy} of
successie closeddyadicsubintenalsof [0, 1] of length2™*, thereis 1 < j < N suchthat

END; =0. (4.7)

If this werenotthe case,thenDj NE #(forallj =1,...,N. Let M = N/2. Consider

x € EN D, andsetr; = 2°"*~*. Denoteby d, the left-handend-pointof D, andby d
theright-handend-pointof Dy,. Now |z —d;| > (M — 1)27°, [z —dy| > (M — 1)27*, and
(M —1)2~" > N277% = r,, andthereforewe obtain

N
B(z,r;) C U D;.
7j=1

Further since2- 2% < r; < R andall dyadicinter\alsDj meetE, we have

2—i

T

por(E, z,r,) < =2 k=2

which contradictg4.6). Thus(4.7) holds.

We completethe proof of (4.1) by shaving thatthe property(4.7)impliesthatu(E) = 0.
Setl = k + 4. We may assumehat i, = m/ for somem € N. Denoteby F' the setof
numbersin [0, 1] whosebasetwo expansiondoesnot containthe sequencg,,, = 0, 7,,,,1 =
0,...,J(m+1e—1 = Oforary integern > m. Leti > i;. An N-block atstage: is afamily
of N successie closeddyadic subinterals of [0, 1] of length2~* which belongto the same
dyadicinterval of length2~** atstagei — £. By (4.7)in eachof theseN-blocksthereis at
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leastoneinterval which doesnotintersectF. Sincetheleft-mostinterval of each/N-block has
thesmallestmeasurewe have u(E) < u(F'). Further choosingor all %

1
Pi = jog(i + 2)
we have -
F) < H 1- Pjeti, - p(J+1)£+1o_l>

01 N (4.8)
§Z Pjetio ™ - 'p(j+1)€+z‘o—1)

= 1
EZ:: (log((j + )£ + i + 1))* >_O'

Hence(4.1) holds.

In orderto prove (4.2) letxz € [0,1] andr > 0. Considera positive integeri suchthat
27" < r < 27""1 Let D, be a closeddyadic subinteral of [0, 1] of length 2" which
containse. We denoteby DZ.L andDZ.R the neighbouringcloseddyadicintervalsof D, of length
2~ situatedon left andright, respect’rely Theinterval D, is theunionof four closeddyadic
intenvalsof length2=i~2. Leta,, b, ande, betheend -pointof thesefour intervalsfrom

AR ’L’ Z’

left to right (seeFlgurel) Then

u(lag, b,]) = pips 1 w(D;) ,

u([bz7 C; ) =D; (1 pz—i—l) IU’(DZ) ’ (4 9)
p(le; di]) = (1 - )Pi+1M(Di) .
([dz’ z) = ( )(1 pz—}-l) IJ’(D )7

giving

2

SuDy) < wlagb)) < piu(Dy),

Zu(D,) < pllhy,e]) < (D).

5 (4.10)

4M(Di) < wulle;, dil) < pp(D;)
2Dy < wlld, e) < w(Dy).

(We canassumehat: is big enougtsuchthatp, < %.) Thefollowing concepof scalingis used
to describethe behaiour of measure®f dyadicintenvals. If D C [0, 1] is a dyadicinterval
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of length2=*~1 we saythat x(D) scaleslike pf for someinteger £ if thereis a constantc
independenof ; suchthat

1
EP?M(Di) < u(D) < Cp?M(Di)-

In particulay (4.10)impliesthat u([a;, b;]) scalesike p?, u([b;, c;]) scaledike p;, u([c;, d,])
scaledikep,, andu([d,, e;]) scaledike 1 (seeFigurel).

L L

Figure 1: Thescalingpropertieof theintenals.

We denoteby DRY(L) the left-most closedsubinteral of DY of length2~*~*, and by
Dj (R) theright-mostclosedsubinteral of D} of length2~*~* (seeFigure1). Thelengthof
the shortestpossibledyadicintenal contalnlngeltherboth [a;,b;] andDL( R) or both[d,, e,]
andDR(L) isatleast2™*2. Let D betheshortestlyadicinterval containingd,, e;] and DX (L)
andlet2™™, m < ¢ — 2, beits length. Then[d,, e,] is reachedrom D aftersteppingleft at
stagem + 1 andthenalvvaysright, andDZ-R(L) is reachedftersteppindirstrightatstagen + 1
andafterthatalwaysleft, andso

:U’([dza 61]) _ pm—l—l(l - pm—i—Z) (1 pz+l)

= 4.11
WDRL) ~ (L oy dPore o Pt @41
Similarly ]
pDER) _ Puss(1=Pusa) - (1= pis) ,
([az, z]) (1 - pn+1)pn+2 R pi—}-l ’ (41 )

wheren < i — 2 is the biggestpossiblestagewhere D} (R) and|[a,
dyadicinterval.

We considerthe casewherewe have the minimum relative weight for D} (R). Other
casesanbetreatedsimilarly. By (4. 12)therelativeweightofDL( R) obtainsthe minimumfor
n = i — 2. This meansthat D} (R) and[a;, b;] belongto the samedyadicinterval of length
272 Then(4.12)implies

b,] belongto the same

2R

271

Piei(1—p) (L= pip1) w(lag, b;])

w(D; (R) = (1= p;_1)PiPi1
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giving

2pin(D;) < u(Ds (R)) < 4piu(D;).

Henceu(D} (R)) scaledikep;. As beforewe seethattheotherthreecloseddyadicsubintenals
of D} of length2~*~* scalelike p3, p?, andp? from left to right (seeFigure1).

SinceDiL(R) and[a,, b;] belongto the samedyadicinterval at stage: — 2, the stagem
where[d,, e,] andDiR(L) belongto the samedyadicinterval cannotbebiggerthani — 3. Here
we considerthe casem = ¢ — 3. Again othercasesaresimilar to this one. Using (4.11)for
m = i — 3 we obtainthemaximumvaluefor therelative weightof DF(L)

(1= p;_2)P;i_1PiPita

D) = A =gy D)

Thisimpliesthatthe closeddyadicsubinteralsof DR of length2~*~* scalelike p?, p;, p;, and
1 (seeFigurel).

Letd, e > 0. We may assumehat: is solarge, thatis, [a;, e;] is soshort,thatLemma
4.1 holds. Assumefirst thata, € B(z,r). Sincer > 2% andz € [a;,e,], we obtain

[a;,c;] C B(z,7). By Lemmad.1wehave u([a;, c; — 27%60)) < ep([a;, ¢;]) < eu(B(z,7)). If
B(z,r) C (a; — 27", ¢;), thenr < 3. 241 andso

(¢; —a; — 27°6)
3.p—i-1

If B(z,r) is notcontainedn (a, — 27", ¢;), theneithere, € B(x,r) ora; — 27* € B(x,r).
Consideffirst thecasewheree; € B(z,r). Then[a;,e;] C B(z,r). ThusLemma4.1limplies
thatyu([a;, e; — 27°716]) < ep(B(z, 7)) giving

17 1

NI

POty 7, 7€) > - Ja-9). (4.13)

por(p, z,r,e) > 2 = = 5(1 —6). (4.14)
In thecasewherea; — 2~ € B(x,r) ande, ¢ B(x,r) we have
—a; _ . 27t 27 1
T mln{l— , - 1} <z (4.15)
r r r 3

Using Lemma4.1 andthe previously mentionedscalingpropertiesof  we find a constantC

independendf i ande suchthat u([z — r,a; — 27"716]) < Ceu(B(z,r)). From (4.15)it

follows that

(a; — 27 s — x4 7)
T

1 z—a 2% _1
> = - L > > 4. :
-2 2r r 3 ) (4.16)
Finally we considerthe remainingcasewherea, ¢ B(z,r). Thene, € B(z,r), andsoby
Lemmad.1andthescalingpropertieof 1 thereis aconstant independendf : ande suchthat
p([z —r,e; — 277718]) < Cep(B(z,r)). Sincezr < e; we obtain
(e, — 276 —x +7) S S(r— 275y 1

> > =
T T 2

por(p, z,r,Ce) >

1
por(y, z,,Ce) > 2 — . (4.17)
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By (4.13)—(4.17)we have por(u, z) > £ for all z € [0, 1], andsopor(u) > £.

For the oppositeinequalityconsidera sequencés,,) of positive realnumbergendingto
zero. Thenfor all £ thereis apositveintegerm, andasequencél,0,0,1,1,...,1,1) € I,
suchthatif the basetwo expansionof apointz € D, containsthis sequencérom the (i — 1)th
place,then DiL and D, belongto the samedyadic subinteral of [0, 1] of length 272 and
0<b,—z< 2_i_15k. Forall k let A, bethesetof pointsz € [0, 1] whosebasetwo expansion
containghesequencé¢1,0,0,1,1,...,1,1) € I, infinitely mary timesandlet

1
B, = {z €[0,1] : por(p, z) < 3 + 4.}

ThenA, C B, forall k. In fact,asin (4.13)we seethatfor all ¢ > O andfor all z € A,

%(Ci - a;) 1

por(,u,:v, 2_i_1(3_ 6k)76) < <5+ 5k

- 2713 -46)

for all ¢ large enoughimplying thatz € B,. Furtherasin (4.8)we obtainthat(A,) = 1 for
all k, giving u(Ng2,1B,,) = 1. Hence(4.2) holds.

Asin (4.8)it canbe shavn that u-almostevery point hasthe sequenc@®1 infinitely mary
timesin its expansion.Thusu-almostevery pointbelongsfor arbitrarily large positive integers
i to the secondone of the four dyadicsubintenals of a dyadicinterval of length2~=¢*1, This
impliesthat u(B(z,27"1)) scaledike p; andu(B(z,3-27"1)) scaledike 1 giving

. w(B(z,3r))
P (B )

for y-almostall = € [0, 1]. Thus(4.3)is proved.
It remainsto show that (4.4) holds. By [C, LemmaZ2.3] it is enoughto prove that for
p-almostall z € [0, 1]

1
lim — |09M(Ijl...ji (z)) =0,

1—00 1

wherel; ., () is thedyadicsubinteral of [0, 1] of length2~* which containsz. Notethat

1 1
n logp(l;, 5, () = n Z (9, 0l09p, +6; 1log(1-p,,)) =: 4,

m=1

whered; , = 1if j = kandd, , = Oif j # k. LetY; bearandonmvariablesuchthatY; = logp;
with probabilityp, andY; = log(1 — p,) with probabilityl — p,. Thentheexpectatiorof Y; is

E, = p;logp, + (1 —p,;) log(1 — p,).
Clearlythevariance

V,= pi(|ngi)2 + (1 - p;)(log(1 - pi))z - (pi logp; + (1 —p;)log(1 — pi))z
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goesto zeroas: tendsto infinity, andsothereexistsa constaniC' suchthat|V;| < C for all .
Accordingto Kolmogoros’'s Criterion[Fe, (X.7.2)] thestronglaw of largenumbergs valid [Fe,
(X.7.1)], thatis, for y-almostall z € [0, 1]

. 1
lim A, = lim -
1—00 1

1—00

E,.
1

m=

Since|(1 - p,,) log(1 — p,,)| < p,,, andthesumsi > _ p andi>¢ _ p logp,, goto
zeroas: goesto infinity, we obtaintheclaim. [

Remark.For all A ¢ R™ define

por(A) = inf{por(A,z) : z € A}

e

where
por(A, z) = lim suppor(A, z, r).
rl0

For all finite Borelmeasureg onR™ set
B(p) = sup{por(A) : A is aBorelsetwith u(A4) > 0}.

Accordingto [MM, Theoreml.1] the measure: satisfieshe doublingconditionif 8(u) < %
Example4 shavs thattheassumptionB () < % doesnot necessarilguaranteghis.

5. ONE DIMENSIONAL CASE

In this sectionwe studythe situationin R. By consideringthe classof stronglyporous
measuresve prove thatthe doublingcondition(Definition 2.3) is not necessaryor thevalidity
of Theorem?2.4 althoughwithoutit Propositior3.1is nottrue.

Definition 5.1. Lety beafinite Borel measue onR". We saythat 4 is uniformlyp-porous
if for all e > O there existsR_ > 0 sud thatfor p-almostall z € spi()

por(p, z,7,€) > p (5.2)

forall 0 < » < R_. Further, 4 is called strongly p-porousif por(x) > p andif the following
propertyholdsfor all ¢ < p: givenanyBorelsetA C R™ with u(A) > Osudthatpor(p, ) > ¢
forall z € AthereexistsaBorelsetB ¢ A with u(B) > 0sudthaty| 5 is uniformlyg-porous.

Remark.1. Theuppersemi-continuityof the functionz — por(u, x, r, ) impliesthatif (5.1)
is truefor p-almostall z € spt{i) thenit is truefor all z € spt(y).

2. We shavedin Remark2 after Definition 2.2 thattherestrictionof a Radonmeasureo
ap-porousBorel setis p-porous.However, thatagumentdoesnotimply thattherestrictionto
auniformly p-porousBorel setwould yield a uniformly p-porousmeasure.



16 J.-REckmannE. andM. Jarengga
Proposition 5.2. Theeis anon-deceasingfunctiond : [0, 1/2] — [0, 1] satisfying

limd(p) =1
3

sud that
dimy (1) < 1— d(p)

for all finite strongly p-porousBorel measuesy onR .

Proof. We mayassumehatdim(x) > 0. Sincepor(x) > p, givenary g < p, thereexistsa
BorelsetA with p(A) > 0 suchthatpor(u,z) > g forallz € A. Let0 < s < dimy(p). Then
by (2.1)thereare R > 0 andaBorelsetE C A with u(E) > 0 suchthat

p(B(z,r)) <7’ (5.2)

for all x € E andfor all 0 < » < R. Using Definition 5.1 we find a Borel set B C FE with
p(B) > 0suchthaty = |z is uniformly g-porous.In particular

v(B(z,r)) <r? (5.3)

forall z € spiv) and0 < r < R.

Intuitively our agumentbelow is basedon thefactthatif the porosityis closeto % then
for all sufliciently smallr > O thereexists anintenal of lengthcloseto r inside B(z, r) for
xz € spiv) suchthat the measureof this interval is closeto v(B(x,r)). Iterating this we
find a ball which hasa very smallradiuscomparedo » andwhich hasmeasurejuite closeto
v(B(z,r)). Thisforcesthedimensiorto besmall.

We may assumehatv is non-atomicsinceotherwisedim,, (1) < dimy(v) = 0. Assume
that 23 < ¢ < p. Let0O< § < & with¢' = 152 < ¢ < p. Conside0 < € < 3. Let R, be
suchthat

por(v, z,r,e) > q (5.4)

forall 0 < r < R_andfor all z € spi(v). Letn bethebiggestintegersuchthat2~"("*% > §.
Thefollowing lemmais essentialn our proof:

Lemma 5.3. Leta < b < c berealnumbessudthatc—b < R_,b—a > ﬁg(c —b) and

v([a,b]) < v([b,c]). Thenoneof thefollowing propertiesholds:

(1) Theeis 2’ € spi(v) N [b, c] withv(B(2',25(c — b))) > 27" (1 — 5¢)v([b, c])-
-6

H\/

(2) Theeareb < o’ <V < <csunthatd —a' >

(c' =1,

— P
+
(=%

bl

d < %(1+5)(C— D, v(d,b]) < v(b.c
andl/([b,7 CI]) > (1 - 2_n)(1 - 58)]/([b7 C])



Porositiesanddimension®f measures 17

Remark.Note thatthe choiceof n guaranteeghatin the case(1) we gainmuchmorein the
radiusthanwe loosein theweight.
Proof of Lemma 5.3. Sincer hasno atomsthereexistsy € spt(v) N (b, ¢) suchthat

2ev([b, c]) <w([b,y]) < 3ev([b,c]). (5.5)

Thisgivesv([y, c]) > (1 — 3e)v([b, c]). Thereforetherequirement — y < 2§(c — b) implies
(1) with 2’ = y. Thuswe maynow assumehatc —y > 26(c—b). If v([y +25(c —b),c]) = 0,
then(1) holdsagainbecausdy (5.5)we obtainv(B(y, 26(c — b))) > v([y,y + 20(c — b)]) >
(1= 3e)v(lb, c]).

It remainsto considerthe casec — y > 2§(c — b) andv([y + 26(c — b),c]) # 0. Let
y' = inf{spi(v) N[y + 26(c — b), c)}. Supposdirstthaty’ > b+ 3(1— §)(c — b) (seeFigure
2).

I

nomass

b Y y+25(c—b) b+ 1(1-6)(c—b) Yy c
Figure 2: Thecasey’ > b+ 3(1—6)(c — b).

Settingl; = [y, y + 26(c — b)] andl, = [y, c] we concludefrom (5.5) that
v(Iy) + v(Ip) = v([b. c]) — v([b,y]) > (1 - 3e)w([b, c]).

Notethat(1) holdsin thecasewhenv(I;) > 27" (1 — 3e)v([b, c]). If theoppositenequalityis
valid, we have v(1,) > (1 —27")(1 — 3e)v([b, c]) giving (2). (To checkthis chooses’ = b,
b =1/, andc = c.)

We areleft with the casey’ < b+ 3(1— 6)(c — b). Usingthefactthatv is uniformly
g-porouswefind z € R suchthat B(z,q¢'(c — y')) C B(y',c—¥') andv(B(z,¢'(c — ¢'))) <
ev(B(y',c—1y')) giving

v(B(z,q'(c—y"))) < 2ev([b,c]) , (5.6)
sinceB(y',c — y') C [a,c] andv([a,b]) < v([b,c]). From (5.5)and(5.6) we get[b,y] ¢
B(z,q'(c —y')) andclaimthat

B(Za ql(c - yl)) C [b7 C] : (57)

(The possibilitywhich is excludedhereis thatthewholeball is to theleft of y (seeFigure3).)
Thisbeingnotthecasegivesz — ¢’ (c—y') < b. Sincey — (v’ — (c—vy')) < c—y' —26(c—b) <
2q'(c —y') wehave B(z,q'(c —¢)) ¢ [y — (c—¢),y], givingy < z +¢'(c —y'). This
impliesthat[b, y] C B(z, ¢ (c — y")) whichis acontradiction.

Now wesplitourstudyinto threecaseslependingnthepositionsof [y, 3] andB(z, ¢’ (c—
y')). Firstassumehat[y,y'] C B(z,¢'(c —y')) asin Figure3.
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B(y',c—1y')

B(z,q'(c—y"))

a Ly y+26‘(c—b) y" c
b+ 3(1—5)(c—b)

Figure 3: Thecasdy,y'] C B(z, q,(c - y'))
Sincey’ < b+ 3(1— 8)(c —b), wehaveb + 2¢'(c —¢') > b+ 3(1— 8)(c — b), andsowe
obtainfrom (5.7)that[y, b + (1 — 6)(c — b)] C B(z,¢'(c — y')). Henceby (5.5)and(5.6)

W([b+ 51— 8)(e = b),cl) > wilb,el) — v(lb,u]) — ¥(Blz,q/(c ~ 4'))) > (L~ Se)w(lb, )

implying (2). (To verify thischoose’ = b, b’ = b+ 3(1— §)(c — b), andc’ = c.)
Next assumehat[y,y'] ¢ B(z,q'(c —y")) andy’ € B(z,q¢'(c —y')) asin Figure4.

B(z,4q (c—y))

b y Yy + 25(c — b) Y b+ 1(1—8)(c—b) c

Figure 4: Thecasdy,y'] ¢ B(z, q'(c — yl)) andy’ € B(z, ql(c — y’))

Thenthemeasure

V([b7 C]) - V([b7 y]) - V(B(Za q,(C - y,))) > (1 - 58)1/([1)7 C])

is divided betweentwo disjoint intenals I; = [y, min{z — ¢'(c — ¥/'),y + 26(c — b)}] and
I, =[z+¢ (c—y'),c] containedn [y, y + 26 (c— b)] and[b+ 3(1— &) (c — b), c], respectiely.
If v(I3) > 27" (1 — 5¢)v([b, c]), then(1) holds.Whenv (1) > (1 —27")(1 - 5¢)v([b, c]) we
obtain(2). (To checkthischooser' = z — ¢'(c — y'), b’ = 2 + ¢'(c — %), andc’ = ¢.)

In theremainingcasewe have [y, y'] ¢ B(z,¢'(c—y')) andy’ ¢ B(z,q'(c — ")) giving
y <z—¢(c—y')sinceb+ 2¢'(c—y') > b+ 3(1—&)(c — b) >y asin Figureb.

B(z,q'(c—y'))

nomass

] VM

!/

b Y y+25(c—b) Yy b+ 3(1—8)(c—1b) c

Figure 5: Thecasdy, y'] ¢ B(z, q'(c - y’)) andy' ¢ B(z, q'(c - y’))
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Notethatc—y' —2¢'(c—y') = d(c—y') < d(c—b) whichmeanghattheset[y', ¢]\ B(z, ¢’ (c—
y")) is theunionof at mosttwo intervalsof lengthat mostd(c — b), andsothe measure

V([ba C]) - V([bv y]) - V(B(Za ql(c - yl))) > (1 - 56)”([1)’ C])

is divided betweenat mostthreeintenals of lengthat most2§(c — b). (Take the two above
internvalsand[y, y + 26(c — b)] whichhasthesamev-measuras[y, y'].) Hencethereexistsan
intenval of lengthat most2§(c — b) having v-measuretleasts (1 — 5¢)v([b, c]), andso(1) is
satisfied. [

The continuation of the proof of Proposition 5.2. Letz € sp{v) and0 < r <
min{ R, %}. Sincev is uniformly g-porous,B(z, r) containsanintenal [a, a + 2¢'r] such
thatv([a,a + 2¢'r]) < ev(B(z,r)). Henceeitherv([z — r,a]) > (1 — e)v(B(z,r)) or
v(la+2¢'r,x +1]) > 3(1— e)v(B(z,r)). Notethatthelengthof bothof theseintenalsis at
mostr(1+ ). Weassumehatv([a + 2¢'r, z + r]) > 3(1—&)v(B(z,r)). Theothercasecan
betreatedsimilarly. Settingb = a + 2¢'r andc = = + r Lemmab.3impliesthateither(1) or
(2) holds.
Assumingthevalidity of (1) wefind z € spt{v) suchthat

v (B(z,r)) = 2_"_1(1 —5)(1-e)v(B(x,r)) <v(B(2,20(146)r)) = v(B(z, \;T)).-

If (2) holdsinsteadof (1) in Lemma5.3,thentheassumptionsf Lemma5.3 areagainsatisfied
for the pointsgivenin (2). AssumingthatwhenapplyingLemma5.3 (2) is valid n timeswe
find z € spt(v) suchthat

1o (Bla, ) = 5(1- 27" (1 - 5)" (L~ )u(Blz, 1))
< V(B (F50)" (14 0)) = v(B(z Agr)).

In theremainingcase(2) holdsO < [ < n timesin theapplicationof Lemma5.3. Thenthereis
z € spiv) with
yav(B(z,7)) = (1— 271 - 5e) 2711 - e)v(B(x, 7))
<v(B(z, (1%‘5)125(1+ 8)r)) = v(B(z, Agr))-

Repeatingthe above procedurewe find z;, € spfv) for all ¥ > 1 and (T',,A;) €
{(71, A1)s (725 Ap), (773, Ag) } for all 1 < 4 < k suchthat

k k k
(ITrav(B(=,r) <v(B(z, ([T 4)r) < ([T A)*r
=1 =1 =1
by (5.3). Thisgivesfor all &
¥ 1 (logT; + % logv(B(z,7))) o Q; g Q; g

= < max
% 1 % s m
i=1(|°gAz‘+E|097‘) it Big T ISi<k By
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(all termsarenegative) implying

log~;
s < max g%.
i=1,2,3 l0g A,

Theclaim follows sincethis upperboundgoesto zeroasé tendsto zero. [
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