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We introducea conceptof porosityfor measuresandstudyrelationsbetweendimen-

sionsandporositiesfor two classesof measures:measureson NPO which satisfythedoublingcondition
andstronglyporousmeasureson N .

Q M7R,'2G20PS7D�T�4PG2-/S7'
The aim of this paperis to relateporosity, as it can be measured,to dimension. The

requirementof obtaining information about experimentallymeasurableobjectsleadsus to
considermeasures,or massdistributions,ratherthansets.For setsa relationbetweenporosity
anddimensionhasbeenestablishedby Mattila [M1] andSalli [S] usingthefollowing definition
of porosity:��UWVYX[Z/\]Z_^*Xa`cbd`cb

Theporosityof a set egfihkj at a point l�m hBj is definedby

porndepoqlLr�s lim inftvu 0 porndepoql(o,wxr[o
where

porndepoql(o,wxr�s supyqz�{ 0 : there is |Km hBj such that }�n~|$o~zcw@r�f<}�n_l7o,w@rL��e����
Here }�n�l(o,wxr is theclosedball with radius w andwith centreat l . Theporosityof e�f�h j is

porn�e�rBs inf y porndepoqlLr : l�m�e����

Clearly 0 � porndepoql(o,wxr�� 1
2 for l�m�e , and so 0 � porn�e�r�� 1

2. The quantity
porndepoql7o,w@r givestherelative radiusof thelargestdisk which fits into }�n�l7o,w@r andwhich does
not intersecte . In thissenseit givesthesizeof thebiggestholein e .

1991MathematicsSubjectClassification. 28A12,28A80.
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2 J.-P. Eckmann,E. andM. Järvenp̈aä

For Hausdorff dimension,dimH, it is not difficult to seethat there exists a function�
: n 0 o 1

2] � n 0 o 1] suchthatdimH nde�r��i��� � n pornde�rvr for all e�f�h j (see[S, Introduction]).
However, this boundobtainedusingsimplemethodsis very crudewhenthe porosityis close
to 1

2. The following theoremby Salli [S] givesa betterconnectionbetweendimensionsand
porositiesfor sets.For thedefinitionof packingdimension,dimp, see[M2, Chapter5] or [Fa,
Chapter2].	p�7UW^P�]U$� `Pb/�*b

There is a non-decreasingfunction � j : [0 o 1
2] � [0 o 1] satisfying

lim��� 1
2

� j n�z*r�s 1

such that
dimp nde�r�������� j n porn�e�rqr (1.1)

for all e�f�h j .

Accordingto Theorem1.2 thepackingdimensionof any setin hBj with porositycloseto
1
2 canbeonly a little bit biggerthan ��� 1. Thereis anexplicit expressionfor thefunction � jin [S]:

� j n�z*r�s maxy 1 � � j
log n 1�&n 1 � 2z*rqr o 0 �

where � j is a constantdependingonly on � . Salli also proved that this function gives the
optimal convergencerateby constructingfor all 1

4   z   1
2 sets e � with pornde � r�{¡z and

dimp nde � r�{��¢� 1 £ ¤¦¥log § 1 ¨�§ 1 © 2�]ª_ª for someconstant« j   � j . Salli’s proof works for box-
countingdimensionaswell (for thedefinitionsee[M2, Chapter5] or [Fa,Chapter2]), but then
onehasto assumethat e�f�h j is uniformly porousin thefollowing sense:thereis ¬®­ 0 such
that

porndepoql(o,wxrB{¯z for all l�m�e andfor all 0   wp�<¬¡�
In an earlier work by Mattila [M1] the analogueof Theorem1.2 was proved for Hausdorff
dimensionusingdifferentmethodsthanthoseof Salli’s.

In thispaperweaddresstheproblemof studyinganaloguesof Theorem1.2for measures.
After introducingporositiesof measures(seeDefinition2.2)weprovethatin h j ananalogueto
Theorem1.2holdsfor measureswhich satisfythedoublingcondition(seeDefinition2.3). We
alsoconsidertheclassof stronglyporousmeasures(seeProposition5.2) in h . This article is
organizedasfollows. In additionto thenecessarynotationanddefinitionswediscusssomebasic
propertiesof porositiesandstateour maintheoremin Section2. Thenext sectionis dedicated
to theproofof themainresults.In Section4 weconsidertheroleof thedoublingconditionand
in thelastsectionwestudythesituationin therealline.

° M7±�S(G²%$G2-/S('F%�'�Di68%�-/'F02#1:�T�³´G2:
Wedefinethequantitiesweareworkingwith. Webegin with thedefinitionsof Hausdorff

andpackingdimensionsfor measuresin termsof localdimensions:
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��UWVYX[Z/\]Z_^*Xµ�Lb�`Pb
Let ¶ beafiniteBorelmeasureon h j . Thelowerandupperlocaldimensions

of ¶ at a point l�m�hkj are

� nd¶[oql2rKs lim inft·u 0
log ¶Yn~}�n�l(o,wxrqr

log w
and � nd¶[oql2rKs lim suptvu 0

log ¶Ynd}�n_l7o,w@rqr
log w �

If
� n~¶[oqlLr¸s � nd¶[oql2r , thecommonvalueis calledthelocal dimensionof ¶ at l andis denoted

by
� n~¶[oqlLr . TheHausdorff andpackingdimensionsof ¶ aredefinedby

dimH nd¶�r�s supyº¹»{ 0 :
� nd¶[oql2r�{¼¹ for ¶ -almostall l�m h j � (2.1)

and
dimp n~¶�r�s supyº¹�{ 0 :

� n~¶[oql2r½{¼¹ for ¶ -almostall l¾m h j ��� (2.2)

Thelocal dimensionsdescribethepower law behaviour of ¶ -measureof ballswith small
radius.For ¶ -almostall pointsthelower localdimensionis at leastdimH n~¶�r andtheupperone
is at leastdimp n~¶�r . ClearlydimH n~¶�r�� dimp n~¶�r .
Remark.Wewill needthefollowingequivalentdefinitionsof Hausdorff andpackingdimensions
of measuresin termsof dimensionsof sets(see[Fa,Proposition10.2]). In fact,

dimH n~¶�r�s inf y dimH nde�r : e is aBorelsetwith ¶Ynde�r�­ 0 � (2.3)

and
dimp n~¶�r�s inf y dimp nde�r : e is a Borelsetwith ¶Ynde�r½­ 0 ��� (2.4)

Theporosityof a finite Borel measure¶ on h j is definedusingthefollowing quantities:
for l�m hBj and w]oq¿p­ 0 set

pornd¶[oql7o,w]oq¿Àr�s supyqz { 0 : thereis |�m h j suchthat }�nd|$o~zcwxr�f<}�n�l7o,w@r
and ¶Yn~}�n~|$o~zcw@rqr½��¿º¶Yn~}�n�l7o,w@rqrÁ�8�

��UWVYX[Z/\]Z_^*XÂ�*b_�*b
Let ¶ bea finiteBorel measure on hBj . Theporosityof ¶ at a point l¢m¾hBj

is definedby
porn~¶[oql2rKs limÃ u 0 lim inftvu 0 porn~¶[oql(o,wºoq¿Àr>� (2.5)

Theporosityof ¶ is

porn~¶�r�s inf yº¹»{ 0 : porn~¶[oqlLr��¼¹ for ¶ -almostall l¾m�h j ��� (2.6)
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In (2.5) the limit as ¿�Ä 0 exists since lim inf t·u 0 porn~¶[oql7o,w]oq¿Àr is non-decreasingand
bounded.

Remark.1. Weshow now thattheporosityof ameasurehasthesameupperboundthanthatof
a set,thatis, porn~¶�rÅ� 1

2 for all finite Borelmeasures¶ on h j . By [C, (1.10)] for ¶ -almostall
l¾m h j wehave

� n~¶[oql2r½�i� giving

¶Yn~}�n�l7o,w@rqrk{<w 2j (2.7)

for all sufficientlysmall w�­ 0. Assumethatthereissuchapoint l withporn~¶[oql2r½­ 1
2 n 1£»Æ@r¸­ 1

2

for some0   Æ   1. Let ¿��gÆ 3j besufficiently small. Thenfor all sufficiently small w�­ 0
thereis |¾mÇh j suchthat }�n~|$o t2 n 1 £ÈÆ@rvr
f®}�n�l7o,w@r and ¶Yn~}�n~|$o t2 n 1 £ÈÆÀrqrqr
��¿º¶Yn~}�n�l(o,wxrvr .
Hencefor all such w we have ¶Yn~}�n�l(oÉÆºwxrvrÅ�È¿º¶Yn~}�n�l(o,wxrvr . Iteratingthis Ê timeswe obtainfor
all positiveintegers Ê

¶Yn~}�n�l(oÉÆÀË�wxrqr���¿ºËx¶Yn~}�n�l(o,wxrqr[�
From(2.7)weobtain

ÆºË 2j$w 2j���¿ºËx¶Yn~}�n�l(o,wxrvr>o
implying thecontradiction

2�¯{ Ê log ¿Å£ log ¶Ynd}�n_l7o,w@rqr
Ê log Æ�£ log w �P�&�&�

Ë;Ì�Í
log ¿
log Æ { 3���

Henceporn~¶[oql2r½� 1
2 for ¶ -almostall l�m h j giving theclaim.

2. For setsit is obvious that if pornde�rÎ{�z and } fÏe , then porn~}Kr¯{Ðz . The
correspondingpropertyholdsfor finiteRadonmeasures:if } is aBorelsetwith ¶Yn~}Kr½­ 0, then
porn~¶½ÑÓÒ8oqlLr½{ pornd¶[oql2r for ¶ -almostall l¾m�} . Indeed,accordingto thedensitypointtheorem
[M2, Corollary2.14]we have for ¶ -almostall lÎmÎ} that ¶Ynd}�n_l7o,w@r2Ô¾}KrC{ 1

2 ¶Yn~}�n�l(o,wxrqr for
all sufficiently small w�­ 0. For all such l and w we have for all ¿²o~z�­ 0 and |�mFhBj with
}�n~|$o~zcw@r¸f<}�n�l(o,wxr and ¶Yn~}�n~|$o~zcw@rqr½��¿º¶Yn~}�n�l(o,wxrqr that

¶½Ñ Ò nd}�nd|$o~zcwxrqr!�Õ¶Yn~}�n~|$o~zcwxrqr½�i¿º¶Yn~}�n�l(o,wxrqrB� 2¿À¶½Ñ Ò n~}�n�l(o,wxrqr[�
This impliestheclaim.

We denoteby sptnd¶�r the supportof ¶ which is the smallestclosedset such that the
complementof it has ¶ -measurezero.Clearly

porn sptn~¶�rqr!� porn~¶�rB�
As illustratedby thefollowing examplesthis inequalitycanbestrict. In fact,it is preciselythis
differencewhichmakesthedefinitionof porosityimportantfor physicalmeasurementsbecause
it allows to neglectsystematicallydustwhich is visible in porositiesof setsbut not in thoseof
measures.
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Example1. Let Æ 0 betheDiracmeasureattheorigin, thatis, Æ 0 nde�rYs 1 if 0 m�e and Æ 0 nde�rYs 0
if 0 �mÇe . Let ¶ be the sumof Æ 0 andtheLebesguemeasureÖ�j restrictedto }�n 0 o 1r , that is,
¶�saÆ 0 £FÖ j Ñ Ò § 0 × 1 ª . Clearlypornd¶[o 0rBs 1

2 andporn~¶[oqlLrYs 0 for all lÙØs 0 with Ñ lBÑ   1. Thus

porn~¶�rks 1
2. However, porn sptn~¶�rqrYs porn~}�n 0 o 1rqr[s 0.

Example2. Enumeratetherationalnumbersin theclosedunit interval [0 o 1]. Let Æ
Ú betheDirac
measureon the Û th rationalpoint l Ú . Define ¶ÇsÝÜ ÍÚ/Þ 1 2 © Ú Æ Ú . Thenporn~¶[oql Ú r�s 1

2 for all Û
sincefor all ¿ thereexists w�­ 0 suchthatall therationalsin the w -neighbourhoodof l Ú have
biggerindex than ÊC£ÎÛ for afixedpositiveinteger Ê with 2 © Ë   ¿ . Henceporn~¶�rYs 1

2. Clearly
porn sptnd¶�rqrYs porn [0 o 1] r>s 0.

For all l¾m h j and wK­ 0 wehavelim Ã u 0 porn~¶[oql(o,wºoq¿Àr�s porn sptn~¶�rÁoql7o,w@r . In particular,

porn sptn~¶�r´oqlLrKs lim inftvu 0 limÃ u 0 pornd¶[oql7o,w]oq¿ÀrY�

Thus,changingthe orderof taking the limits in (2.5) givesthe porosityof the supportof the
measure.

Wewill needlaterthefollowing measurabilityproperty:

Remark.We will prove that for all w�­ 0 and ¿�­ 0 thefunction l�ß� porn~¶[oql7o,w]oq¿Àr is upper
semi-continuous,thatis,

pornd¶[oql7o,w]oq¿Àr½{ lim supÚ Ì�Í
porn~¶[oqlPÚào,wºoq¿Àr (2.8)

whenever l*ÚYm hBj aresuchthatlim Ú Ì�Í l*Ú(sÈl . WeusethenotationszcÚ(s pornd¶[oql*Úào,wºoq¿Àr and
z�s lim supÚ Ì�Í zcÚ . Let Æ�­ 0. For all Û thereexists |;Ú�mÇhBj suchthat }�nd|�Ú·o]n�zcÚ7�âá2 r·w@r�f}�n�l Ú o,w@r and

¶Ynd}�nd| Ú o]n�z Ú � Æ
2
r·wxrqr���¿º¶Yn~}�n�l Ú o,w@rqrY� (2.9)

By choosing Û so large that Ñ l¯�<lPÚ´Ñ�� á t2 we have }�n~|;Ú·o]n�zcÚk�ÈÆ@ràwxr�f�}�n�l(o,wxr . Further,
takingsuitablesubsequenceswemayassumethatthesequence}�n~|;Úvo]n�zcÚ²��Æ@r·w@r convergeswith
respectto theHausdorff metricin thespaceof compactsubsetsof hBj (see[R, Chapter2.6])and
z�s lim Ú Ì
Í zcÚ . Thenthereis |�m h j suchthat }�n~|$o]n�z(� 2Æ@r·w@r½f¼Ô>Ú~}�n~|;Úvo]n�zcÚq�8Æ@r·w@r�f<}�n_l7o,w@r .
Sincethe function lFß� ¶Yn~}�n�l7o,w@rqr is uppersemi-continuous[M2, Remark2.10], we obtain
from (2.9)

¿º¶Yn~}�n�l(o,wxrqr½{ lim supÚ Ì�Í
¿º¶Yn~}�n�lPÚvo,w@rqr½{ lim supÚ Ì�Í

¶Yn~}�n~|;Úào]n�zcÚ2�µÆ@ràwxrqr�{<¶Yn~}�n~|$o]n�z�� 2ÆÀr·wxrqrY�

Thusporn~¶[oql7o,w]oq¿Àrk{¯z!� 2Æ . SinceÆ�­ 0 is arbitrary, this implies(2.8).

Wewill considertheclassof measureswhichsatisfythedoublingcondition:
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��UWVYX[Z/\]Z_^*Xã�Lbåä2b
A finite Borel measure ¶ on h j satisfiesthedoublingconditionat a point

l¾m hBj if

lim suptvu 0
¶Yn~}�n�l(o 2wxrqr
¶Yn~}�n�l(o,wxrqr  çæ � (2.10)

Wesaythat ¶ satisfiesthedoublingconditionif (2.10)holdsfor ¶ -almostall l¾m h j .

ExpressingDefinition 2.2 in termsof porositiesof sets,we will prove an analogueto
Theorem1.2 for measuresthat satisfy the doubling condition. We will also show that the
doublingconditionisnecessaryfor thevalidity of therelationshipbetweenporositiesof measures
andsets.UsingTheorem1.2we thenobtain:
	p�7UW^P�]U$� �Lbéè�b

There is a non-decreasingfunction � j : [0 o 1� 2] � [0 o 1] satisfying

lim��� 1
2

� j n�z*r�s 1

such that
dimp n~¶�r�������� j n pornd¶�rqr (2.11)

for all finiteBorel measures ¶ on h j thatsatisfythedoublingcondition.

Remark.1. In Theorem2.4onecantake thesamefunction � j asin Theorem1.2.
2. From a practicalpoint of view, the doubling condition is satisfiedfor recursively

constructedphysicalmeasures.Forexample,in many physicalapplicationsthereexist êPoÉ«�oÁ¹Å­ 0
suchthat

êWw@ë8�<¶Yn~}�n�l7o,w@rqrk�<«Áwxë
for all wp­ 0 and l¾m sptn~¶�r whichclearlyimpliesthevalidity of thedoublingcondition.

If the porosityof a measure¶ which satisfiesthe doublingconditionis closeto 1
2, then

accordingtoTheorem2.4thepackingdimensionof ¶ is notmuchbiggerthan��� 1. Onecannot
expectthatsmallporosityimpliesbig dimension.This is illustratedby thefollowing example.

Example3. For all positive integers Ê and ì thereis a Borelprobabilitymeasure¶ on h such
thatdimp n~¶�rYs 1

Ë andporn~¶�r�� 1í .

Construction.Divide the closedunit interval [0 o 1] into ì Ë subintervals of length ì © Ë and
select ì of themby taking every ndì�Ë © 1 r th one. Definea Borel probability measure¶ 1 by
giving thesameweight 1í to eachof theseintervals. Continueby dividing theselectedintervals
into ì Ë subintervals of length ì © 2Ë andchoosingevery ndì Ë © 1 r th of them. Definea Borel
probabilitymeasure¶ 2 by attachingtheweight 1í 2 to eachof theseintervalsandproceedin the
sameway. Then n~¶LÚîr convergesweaklytoaBorelprobabilitymeasure¶ . Clearlydimp n~¶�rYs 1Ë .
It is not difficult to seethat pornd¶�rp� 1í . In fact, this constructionis a simplifiedversionof
Example4, andthereforewegivenodetailshere.
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Let ¶ bea finite Borel measureon hBj . In orderto prove Theorem2.4we first prove that

if ¶ satisfiesthedoublingconditionthen

ô n~¶�r�{ pornd¶�rko (3.1)

where ô n~¶�r�s supy pornde�r : e is aBorelsetwith ¶Ynde�r�­ 0 �
(see[MM]). Wewill obtainTheorem2.4asaconsequenceof (3.1)andTheorem1.2. In Example
4 we will show that (3.1)doesnot necessarilyhold if thedoublingconditionis violated. That
constructionalsoindicatesthattheexistenceof thelocaldimensiondoesnotguaranteethat(3.1)
holds.

Notethattheinequality ô n~¶�r�� porn~¶�r (3.2)

holdsfor any finite Radonmeasure¶ on hkj . In fact, if this is not thecase,thereexists ¹ such
thatporn~¶�r   ¹   ô n~¶�r . Usingthedensitypoint theorem[M2, Corollary2.14],wefind aBorel
set e with ¶Ynde�r�­ 0 andporn�e�r¸­¼¹ suchthat

limtvu 0
¶YndeÇÔ }�n�l(o,wxrvr
¶Yn~}�n�l(o,wxrqr s 1

for all l¾m�e . Thismeansthatfor all l�m�e and ¿�­ 0 wehaveporndepoql(o,wxrk­¼¹ and

¶YndeÇÔ }�n�l(o,wxrvr!{õn 1 �Î¿Àrv¶Yn~}�n�l(o,wxrqr (3.3)

for all sufficiently small wµ­ 0. Hencefor all such w thereexists |ÙmÈhBj with }�nd|$oÁ¹�w@r�f
}�n�l(o,wxr2�¸e . By (3.3) this implies

¶Yn~}�n~|$oÁ¹;wxrqrö��¶Yn~}�n�l(o,wxrqr���¶Yn~}�n�l7o,w@rLÔ�e�r��Õ¿º¶Yn~}�n�l(o,wxrvr
giving porn~¶�r�{¼¹ . Thus(3.2)holds.

While (3.2)is valid withoutassumingthedoublingcondition,it is neededfor theopposite
inequality:���º^c÷k^Pø;Z/\]Z�^PXÙä�b�`Pb

Let ¶ beafiniteBorelmeasureon h j . If ¶ satisfiesthedoublingcondition,
then ô n~¶�r�{ pornd¶�rk�
In particular,

ô nd¶�rps porn~¶�r for all finite Radonmeasures ¶ on hBj satisfyingthe doubling
condition.

���º^2^cù,b
Assumethat

ô n~¶�r   pornd¶�r . Let ¹K­ 0 and Æö­ 0 besuchthat
ô n~¶�r   ¹8�ÙÆ   ¹  

porn~¶�r . Setting
eúsûy;l¾m sptn~¶�r : pornd¶[oql2r�­¼¹@��o
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we have ¶Ynde�r�­ 0. Since w�ß� w porn~¶[oql(o,wºoq¿Àr is non-decreasingand w�ß� 1t is continuous,
thelower limit in (2.5)doesnot changeif w is restrictedto positive rationals.Also thelimit as
¿ goesto zerocanbe taken over rationalssincelim inf t·u 0 porn~¶[oql7o,w]oq¿Àr is non-decreasingas
a functionof ¿ . Thusby (2.8) the function l¯ß� pornd¶[oql2r is Borel measurable,andso e is a
Borel set.

For all positiveandfinite numbersü define
ý�þ sÏy;l�m sptnd¶�r : ¶Ynd}�n_l7o 2w@rqrk­<ü
¶Ynd}�n_l7o,w@rqr for somew�­ 0 ���

Using the monotonicityof the mapping w¢ß� ¶Yn~}�n�l7o,w@rqr it is easyto seethat the definition
of
ý þ

is not alteredif w is restrictedto positive rationals. Thereforethe Borel measurability
of the mapping lÿß� ¶Yn~}�n�l(o,wxrqr [M2, Remark2.10] implies that

ý�þ
is a Borel set for all

ü . Since ¶ satisfiesthedoublingcondition,thereis a positive andfinite numberü suchthat
¶Yn ý þ r   � §�� ª2 . Hence¶Ynvn�h j � ý þ r�Ô�e�r�­ � §�� ª2 ­ 0.

Considerlµm¯e . For all sufficiently small ¿ö­ 0 and w!­ 0 we have porn~¶[oql(o,wºoq¿ÀrC­ÿ¹ .
Hencefor all such w and ¿ , thereis |�m�h j suchthat }�n~|$oÁ¹;wxr.f�}�n�l(o,wxr and ¶Yn~}�n~|$oÁ¹�w@rqr��
¿º¶Yn~}�n�l(o,wxrqr . We will prove that

}�n~|$o]n ¹Å�ÎÆ@r·w@r�Ô�n�h j � ý þ r�Ô sptn~¶�r�s � � (3.4)

This givestheclaim,sincethefactthat

}�n~|$o]n ¹¸��Æ@r·w@r�f<}�n_l7o,w@rL�»nvn�hBjö� ý�þ r2Ô�e�Ô sptnd¶�rqr
implies

pornqn_hYjö� ý þ r�Ô�e�Ô sptnd¶�r´oql2r!{Ð¹Å��Æ
giving

ô nd¶�r¸{È¹���Æ which is acontradiction.
To prove(3.4),weassumethatthereexists �!m�}�nd|$o]n ¹k�¢Æ@r·w@rPÔ�n_h j � ý þ rcÔ sptnd¶�r . Let

� beapositive integersuchthat2 © j�� 1 �<Æ . Then

¶Yn~}�n��PoÉÆºwxrvr��Ð¶Yn~}�n~|$oÁ¹;wxrvr!� ¿º¶Yn~}�n�l(o,wxrqrö� ¿À¶Ynd}�n��*o 2wxrvr
�Õ¿ºü j ¶Ynd}�n��*o 2 © j	� 1 wxrvr�� ¿Àü j ¶Yn~}�n��*oÉÆ]wxrqr7�

This givesacontradictionbecausewecanchoose¿ assmallaswewish. 

Using(2.4)andProposition3.1wecanestimateboththepackingdimensionsandporosities

of measuressatisfyingthedoublingconditionin termsof correspondingquantitiesof sets.This
givesaneasyway to proveTheorem2.4usingTheorem1.2:���º^2^cù ^cù 	p�(U ^c�ºU � �Lbéè(b

Let � j : [0 o 1
2] � [0 o 1] be as in Theorem1.2. Considera

finite Borel measure¶ on h j which satisfiesthe doublingcondition. Since
ô n~¶�rö{ porn~¶�r

by Proposition3.1, we find for all Æ¼­ 0 a Borel set e f h j with ¶Yn�e�r¢­ 0 suchthat
pornde�r�{ porn~¶�r7��Æ . Now (2.4)andTheorem1.2give

dimp n~¶�r�� dimp nde�r��i���Ù� j n porn�e�rqr��i����� j n porn~¶�r[��Æ@r´�
Theclaim followsusingthecontinuityof thefunction � j . 
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In this sectionwe show thatProposition3.1 is not generallyvalid unlessthe measure¶

satisfiesthedoublingcondition.

Example4. ThereexistsaBorelprobabilitymeasure¶ on h with thefollowing properties:

ô n~¶�rös 0 o (4.1)

porn~¶�r�s 1
3
o (4.2)

¶ 
�� l : lim suptvu 0
¶Yn~}�n�l(o 2wxrvr
¶Yn~}�n�l(o,wxrvr  ¼æ���� s 0 o and (4.3)

dimp nd¶�r�s 0 � (4.4)

Construction.For all Û�s 1 o 2 o;�;�;� we first definea Borel probabilitymeasure¶ Ú suchthat its
restrictionto any closeddyadicsubinterval of theclosedunit interval of length2 © Ú is aconstant
multiple of Lebesguemeasure.For Û�s 1 o 2 o;�;�;� let � Ú be the setof all Û -term sequencesof
integers0 and1 andlet � Í bethecorrespondingsetof infinite sequences,thatis,

� Ú s�yWn�� 1 o�� 2 o;�;�;�´o�� Ú r : � í m¯y 0 o 1 � for all ìÕs 1 o;�;�;�Áo,Ûv�
and � Í s�yWn�� 1 o�� 2 o;�;�;�vr : � í m¯y 0 o 1 � for all ìÕs 1 o 2 o;�;�;�,� �
We denoteby ���

1 ����� ��� the closeddyadic interval of length2 © Ú whoseleft endpointin binary
representationis 0 o�� 1� 2  ! ! �;Ú . Let n�zcÚ r , 0   zcÚ   1, bea decreasingsequenceof realnumbers
tendingto zero.Themeasure¶ Ú is definedby requiringthat

¶ Ú n�� �
1 ����� �"� r�s

Ú#
Ë Þ 1

n 1 ��z Ë r
��$ z 1 © �"$
Ë

for all n�� 1 o;�;�;�Áo�� Ú r�m%� Ú . It is easyto seethat n~¶ Ú r convergesweakly to a Borel probability
measure¶ suchthatsptn~¶�rYs [0 o 1].

Equivalentlyonecanthink of themeasure¶ astheprojectionof anaturalproductmeasure
on thecodespace.In fact,defining & Ë này 0 �ºr½s<z Ë and & Ë n¦y 1 �ºr�s 1 ��z Ë for all Êös 1 o 2 o;�;�;� ,
theproductmeasure'¯ÍË Þ 1 & Ë is a Borel probabilitymeasureon thecodespace� Í (equipped
with theproducttopology)andthemeasure¶ is its imageundertheprojection( : � Í � [0 o 1],
where(knqn�� 1 o�� 2 o;�;�;�qrqrYs ÜÿÍí Þ 1 � í 2 © í , thatis, thebinaryrepresentationof apoint in [0 o 1].

Themeasure¶ hasthefollowing property:)½U �µ�+*�è�b�`Pb
Let0   Æ   1. Givenany ¿�­ 0 thefollowingpropertyholdsfor all sufficiently

largepositiveintegers Ê : for all closeddyadicsubintervals[ l 1 oql 2] of theunit interval [0 o 1] of
length2 © Ë wehave

¶Yn [ l 1 oql 2 � 2 © Ë Æ ] r��Õ¿º¶Yn [ l 1 oql 2] rk� (4.5)
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���º^2^cù�^cù,)½U �µ�+*�è�bd`cb
Considerthepositive integer - suchthat2 ©�. �gÆ   2 ©/. � 1. Since

the interval [ l 1 oql 2 � 2 © Ë Æ ] is containedin the unionof 2. � 1 closeddyadicsubintervalsof
[ l 1 oql 2] of length2 © Ë ©/. andof measureat most z Ë!� 1 ¶Yn [ l 1 oql 2] r (we take all subintervalsof
[ l 1 oql 2] of length2 © Ë ©�. excepttheright mostoneascoveringsets)wehave

¶Yn [ l 1 oql 2 � 2 © Ë@Æ ] r¸�gn 2. � 1r_z Ë!� 1 ¶Yn [ l 1 oql 2] r´�
ChoosingÊ solargethat n 2. � 1r_z Ë!� 1 �i¿ givestheclaim. 


Lemma4.1 is essentialwhenproving properties(4.1)– (4.4):

Proofof properties(4.1)– (4.4). For (4.1)weassumethat
ô nd¶�r�­ 0. Thenthereexist apositive

integer Ê , a realnumber¬ with 0   ¬   1, and
ý f [0 o 1] with ¶Yn ý r�­ 0 suchthat for all

l¾m ý wehave
porn ý oql(o,wxrY{ 2 © Ë (4.6)

for all 0   wö�a¬ . Set 0ûs 2Ë!� 4. Let Û 0 bea positive integerwith 2 © Ú 0 � 2 © Ë © 2 ¬ . We will
first show that if Û is a positive integerwith Û�{®Û 0, then,givenany family y21 1 o;�;�;�Áo3154
� of
successivecloseddyadicsubintervalsof [0 o 1] of length2 © Ú , thereis 1 �6���70 suchthat

ý Ô819�.s � � (4.7)

If this werenot the case,then 1 � Ô ý Øs �
for all ��s 1 o;�;�;�Áo30 . Let : s;0ö� 2. Consider

l¼m ý Ô<15= andset w;Ú8s 22 �2Ë © Ú . Denoteby
�

1 the left-handend-pointof 1 1 andby
� 4

theright-handend-pointof 1>4 . Now Ñ l�� � 1 Ñ {®n�: � 1r 2 © Ú , Ñ l�� � 4�Ñ${ n�: � 1r 2 © Ú , and
n�: � 1r 2 © Ú {70 2 © Ú © 2 sÂw Ú , andthereforewe obtain

}�n�l(o,w;Ú~r¸f
4?
�ÉÞ 1

1@� �
Further, since2  2 © Ú   w;ÚY�i¬ andall dyadicintervals 1@� meet

ý
, wehave

porn ý oql(o,w;Údr�� 2 © Ú
w;Ú s 2 © Ë © 2

whichcontradicts(4.6). Thus(4.7)holds.
Wecompletetheproofof (4.1)by showing thattheproperty(4.7) impliesthat ¶Yn ý r>s 0.

Set - sõÊ�£ 4. We may assumethat Û 0 s�ìA- for some ì mCB . Denoteby D the setof
numbersin [0 o 1] whosebasetwo expansiondoesnot containthesequence� j . s 0 o�� j . � 1 s
0 o;�;�;�Áo�� § j�� 1 ª .·© 1 s 0 for any integer �È{ãì . Let Û�{®Û 0. An 0 -block at stageÛ is a family

of 0 successive closeddyadicsubintervals of [0 o 1] of length2 © Ú which belongto the same
dyadicinterval of length2 © Ú � . at stageÛ>�E- . By (4.7) in eachof these0 -blocksthereis at
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leastoneinterval whichdoesnot intersect
ý

. Sincetheleft-mostinterval of each0 -blockhas
thesmallestmeasure,wehave ¶Yn ý r½�¼¶Yn�D�r . Further, choosingfor all Û

zcÚ(s 1
log ndÛP£ 2r

we have

¶Yn�D�r¸� Í#�ÉÞ 0



1 � z�� . � Ú 0  �;�;�  z § � � 1 ª . � Ú 0 © 1 �

s exp

 ÍF �ÉÞ 0

log n 1 ��z � . � Ú 0  �;�;�  z § � � 1 ª . � Ú 0 © 1 r �
� exp


 � 1
2

ÍF �ÉÞ 0

z�� . � Ú 0  �;�;�  z § � � 1 ª . � Ú 0 © 1 �
� exp


 � 1
2

ÍF �ÉÞ 0

1
n log nqn���£ 1rG-k£ÇÛ 0 £ 1rqr . � s 0 �

(4.8)

Hence(4.1)holds.
In orderto prove (4.2) let lFm [0 o 1] and w�­ 0. Considera positive integer Û suchthat

2 © Ú �Ðw   2 © Ú � 1. Let 1KÚ be a closeddyadic subinterval of [0 o 1] of length 2 © Ú � 1 which
containsl . Wedenoteby 1 LÚ and 1 RÚ theneighbouringcloseddyadicintervalsof 1 Ú of length
2 © Ú � 1 situatedon left andright, respectively. Theinterval 1KÚ is theunionof four closeddyadic
intervalsof length2 © Ú © 1. Let êWÚ , «´Ú , � Ú ,

� Ú , and H�Ú betheend-pointsof thesefour intervalsfrom
left to right (seeFigure1). Then

¶Yn [ ê Ú oÉ« Ú ] r�s�z Ú z Ú � 1 ¶Yn�1 Ú rBo
¶Yn [ « Ú o � Ú ] r�s�z Ú n 1 � z Ú � 1 r&¶Yn�1 Ú rBo
¶Yn [ � Úvo

� Ú ] r�s n 1 ��zcÚ¦r_zcÚ � 1 ¶Yn�1KÚ¦rBo
¶Yn [ � ÚvoIH;Ú ] r�s n 1 ��zcÚ¦r�n 1 � zcÚ � 1 r&¶Yn�1KÚîrko

(4.9)

giving
z 2Ú
2
¶Yn�1 Ú rÈ� ¶Yn [ ê Ú oÉ« Ú ] r�� z 2Ú ¶Yn�1 Ú rko

z Ú
2
¶Yn�1KÚ¦r���¶Yn [ «´Ú·o � Ú ] r��®zcÚ ¶Yn�1�Ú rkoz Ú

4
¶Yn�1KÚ¦r���¶Yn [ � Úvo � Ú ] r�� zcÚ~¶Yn�1�ÚîrBo

1
4
¶Yn�1 Ú r���¶Yn [ � Ú oIH Ú ] r���¶Yn�1 Ú rB�

(4.10)

(Wecanassumethat Û is big enoughsuchthatz Ú   1
2.) Thefollowingconceptof scalingis used

to describethe behaviour of measuresof dyadicintervals. If 1 f [0 o 1] is a dyadicinterval
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of length2 © Ú © 1 we say that ¶Yn�1�r scaleslike z ËÚ for someinteger Ê if thereis a constant�independentof Û suchthat

1

�
z ËÚx¶Yn�1�Ú¦r��<¶Yn�1�r¸� � z ËÚ@¶Yn�1�Úîr´�

In particular, (4.10)implies that ¶Yn [ ê Ú oÉ« Ú ] r scaleslike z 2Ú , ¶Yn [ « Ú o � Ú ] r scaleslike z Ú , ¶Yn [ � Ú o
� Ú ] r

scaleslike z Ú , and ¶Yn [ � Ú oIH Ú ] r scaleslike1 (seeFigure1).

1 LÚ 1KÚ 1 RÚJ LKML RN J RKOL L N
P K Q�K R�K S!K TUKV 3K V 2K V 2K V K V 2K V K V K 1 V 2K V K V K 1W�XZY�[]\3^5_

: Thescalingpropertiesof theintervals.

We denoteby 1 RÚ n L r the left-most closedsubinterval of 1 RÚ of length 2 © Ú © 1, and by1 LÚ n Rr theright-mostclosedsubinterval of 1 LÚ of length2 © Ú © 1 (seeFigure1). The lengthof
the shortestpossibledyadicinterval containingeitherboth [ ê²ÚvoÉ«´Ú ] and 1 LÚPn Rr or both [

� Ú·oIH�Ú ]
and 1 RÚ�n L r is at least2 © Ú � 2. Let 1 betheshortestdyadicinterval containing[

� Ú·oIH;Ú ] and 1 RÚ�n L r
andlet 2 © í , ì �ãÛ[� 2, be its length. Then[

� Ú oIH Ú ] is reachedfrom 1 aftersteppingleft at
stageìa£ 1 andthenalwaysright, and 1 RÚ�n L r is reachedaftersteppingfirst right atstageìÂ£ 1
andafterthatalwaysleft, andso

¶Yn [ � Ú oIH Ú ] r
¶Yn�1 RÚ n L rqr s

z í � 1 n 1 � z í � 2 r  �;�;�  n 1 � zcÚ � 1 rn 1 ��z í � 1 r_z í � 2  �;�;�  z Ú � 1
� (4.11)

Similarly
¶Yn�1 LÚcn Rrvr
¶Yn [ ê Ú oÉ« Ú ] r s

z j	� 1 n 1 ��z j	� 2 r  �;�;�  n 1 � z Ú � 1 rn 1 � z j	� 1 r_z j	� 2  �;�;�  z Ú � 1
o (4.12)

where �g��Ûk� 2 is the biggestpossiblestagewhere 1 LÚ n Rr and[ ê Ú oÉ« Ú ] belongto the same
dyadicinterval.

We considerthe casewherewe have the minimum relative weight for 1 LÚ n Rr . Other
casescanbetreatedsimilarly. By (4.12)therelativeweightof 1 LÚPn Rr obtainstheminimumfor
��sÝÛ>� 2. This meansthat 1 LÚPn Rr and[ êWÚ·oÉ«´Ú ] belongto the samedyadicinterval of length
2 © Ú � 2. Then(4.12)implies

¶Yn�1 LÚ n RrqrYs zcÚ © 1 n 1 � zcÚ r�n 1 ��zcÚ � 1 rn 1 ��zcÚ © 1 r/zcÚézcÚ � 1
¶Yn [ ê Ú oÉ« Ú ] r
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giving
1
4
z Ú ¶Yn�1 Ú r��<¶Yn�1 LÚ n Rrqr�� 4z Ú ¶Yn�1 Ú r´�

Hence¶Yn�1 LÚPn Rrqr scaleslike zcÚ . As beforeweseethattheotherthreecloseddyadicsubintervals
of 1 LÚ of length2 © Ú © 1 scalelike z 3Ú , z 2Ú , andz 2Ú from left to right (seeFigure1).

Since 1 LÚ n Rr and[ ê Ú oÉ« Ú ] belongto the samedyadicinterval at stageÛ>� 2, the stageì
where[

� Ú oIH Ú ] and 1 RÚ n L r belongto thesamedyadicinterval cannotbebiggerthan Û�� 3. Here
we considerthe caseì s�Û>� 3. Again othercasesaresimilar to this one. Using (4.11) for
ì�sÂÛ�� 3 weobtainthemaximumvaluefor therelativeweightof 1 RÚ n L r

¶Yn�1 RÚ n L rqrYs n 1 � z Ú © 2 r_z Ú © 1z Ú z Ú � 1zcÚ © 2 n 1 ��zcÚ © 1 r
n 1 � zcÚîr�n 1 � zcÚ � 1 r ¶Yn [
� Ú oIH Ú ] rÁ�

This impliesthatthecloseddyadicsubintervalsof 1 RÚ of length2 © Ú © 1 scalelike z 2Ú , z Ú , z Ú , and
1 (seeFigure1).

Let Æ , ¿�­ 0. We mayassumethat Û is so large, that is, [ ê²ÚvoIH;Ú ] is soshort,thatLemma
4.1 holds. Assumefirst that ê Ú m�}�n�l7o,w@r . Since wÿ{ 2 © Ú and l m [ ê Ú oIH Ú ], we obtain
[ ê Ú o � Ú ] f<}�n�l(o,wxr . By Lemma4.1wehave ¶Yn [ ê Ú o � Ú � 2 © Ú Æ ] r[��¿À¶Yn [ ê Ú o � Ú ] r��i¿À¶Ynd}�n_l7o,w@rqr . If
}�n�l(o,wxr½fgn~ê²Ú2� 2 © Ú oIH;Úîr , then wp� 3  2 © Ú © 1, andso

porn~¶[oql(o,wºoq¿Àr½{ 1
2 n � Ú2�ÎêWÚ2� 2 © Ú Æ@r

3  2 © Ú © 1 s 1
3
n 1 ��Æ@r´� (4.13)

If }�n�l7o,w@r is not containedin n~êWÚ�� 2 © Ú oIH;Úîr , theneither H�ÚCmÙ}�n_l7o,w@r or êWÚ7� 2 © Ú mÙ}�n_l7o,w@r .
Considerfirst thecasewhere H;Ú�m¢}�n�l(o,wxr . Then[ êWÚ·oIH;Ú ] fÂ}�n�l7o,w@r . ThusLemma4.1 implies
that ¶Yn [ ê Ú oIH Ú � 2 © Ú � 1 Æ ] r¸��¿º¶Yn~}�n�l7o,w@rqr giving

porn~¶[oql(o,wºoq¿Àr½{ 1
2 n`H Ú ��ê Ú � 2 © Ú � 1 Æ@r

2 © Ú � 1
s 1

2
n 1 ��Æ@r´� (4.14)

In thecasewhere ê²Ú2� 2 © Ú m�}�n�l(o,wxr and H;Ú8�m�}�n�l(o,wxr wehave

l!��ê Ú
w � min

�
1 � 2 © Ú

w o
2 © Ú � 1

w � 1 � � 1
3
� (4.15)

UsingLemma4.1 andthepreviously mentionedscalingpropertiesof ¶ we find a constantü
independentof Û and ¿ suchthat ¶Yn [ l¾�<wºoÉê²Ú>� 2 © Ú � 1 Æ ] r!�Õü�¿º¶Yn~}�n�l(o,wxrqr . From (4.15) it
follows that

porn~¶[oql7o,w]oÉü�¿Àr½{ 1
2 n~ê Ú � 2 © Ú � 1 Æ.��lK£Fwxr

w { 1
2
� l!�µê Ú

2w � 2 © Ú Æ
w { 1

3
��Æ�� (4.16)

Finally we considerthe remainingcasewhere êWÚ��mÂ}�n�l(o,wxr . Then H;Ú�mÈ}�n�l(o,wxr , andso by
Lemma4.1andthescalingpropertiesof ¶ thereis aconstantü independentof Û and ¿ suchthat
¶Yn [ l��Îw]oIH Ú � 2 © Ú � 1 Æ ] r¸�<ü�¿º¶Yn~}�n�l(o,wxrqr . Sincel¾�aH Ú weobtain

porn~¶[oql7o,w]oÉü�¿Àr½{ 1
2 n`H;Ú2� 2 © Ú � 1 Æ��¯lK£Fwxr

w { 1
2 ndw.� 2 © Ú � 1 Æ@r

w { 1
2
�µÆ�� (4.17)
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By (4.13)– (4.17)wehaveporn~¶[oqlLr�{ 1
3 for all l¾m [0 o 1], andsoporn~¶�r�{ 1

3.
For theoppositeinequalityconsidera sequencendÆ Ë r of positive realnumberstendingto

zero.Thenfor all Ê thereis apositiveinteger ì Ë andasequencen 1 o 0 o 0 o 1 o 1 o;�;�;�·o 1 o 1rkmb� í $
suchthatif thebasetwo expansionof apoint l¾mc1 Ú containsthissequencefrom the ndÛ�� 1r th
place,then 1 LÚ and 1�Ú belongto the samedyadicsubinterval of [0 o 1] of length2 © Ú © 2 and
0 �<« Ú �öl¢� 2 © Ú © 1 Æ Ë . For all Ê let e Ë bethesetof pointsl¾m [0 o 1] whosebasetwo expansion
containsthesequencen 1 o 0 o 0 o 1 o 1 o;�;�;�vo 1 o 1r½md� í $ infinitely many timesandlet

} Ë s�y;l�m [0 o 1] : porn~¶[oqlLr¸� 1
3
£�Æ Ë � �

Then e Ë f<} Ë for all Ê . In fact,asin (4.13)weseethatfor all ¿p­ 0 andfor all l¾m�e Ë
porn~¶[oql(o 2 © Ú © 1 n 3 ��Æ Ë r´oq¿Àr��

1
2 n � Ú2��êWÚ r

2 © Ú © 1 n 3 ��Æ Ë r
� 1

3
£FÆ Ë

for all Û largeenoughimplying that l¯m¯} Ë . Further, asin (4.8)we obtainthat ¶Ynde Ë r¸s 1 for
all Ê , giving ¶Yn Ô ÍË Þ 1 } Ë rYs 1. Hence(4.2)holds.

As in (4.8) it canbeshown that ¶ -almosteverypointhasthesequence01 infinitely many
timesin its expansion.Thus ¶ -almosteverypointbelongsfor arbitrarily largepositiveintegers
Û to thesecondoneof the four dyadicsubintervalsof a dyadicinterval of length2 © Ú � 1. This
impliesthat ¶Yn~}�n�l7o 2 © Ú © 1 rqr scaleslike zcÚ and ¶Yn~}�n�l(o 3  2 © Ú © 1 rvr scaleslike1 giving

lim supt·u 0
¶Ynd}�n_l7o 3w@rqr
¶Ynd}�n_l7o,w@rqr s æ

for ¶ -almostall l¾m [0 o 1]. Thus(4.3) is proved.
It remainsto show that (4.4) holds. By [C, Lemma2.3] it is enoughto prove that for

¶ -almostall l�m [0 o 1]

limÚ Ì�Í
1
Û log ¶Yn�� �

1 ���e� � �Én�lLrqrYs 0 o
where�I�

1 ���e� ���Án�lLr is thedyadicsubinterval of [0 o 1] of length2 © Ú whichcontainsl . Notethat

1
Û log ¶Yn����

1 ����� ���Én�lLrqrYs 1
Û
ÚF
í Þ 1 f ÆI��g × 0 log z í £�ÆI��g × 1 log n 1 � z í r�h.s : e�Ú·o

whereÆ � × Ë s 1 if ��sgÊ and Æ � × Ë s 0 if ��Øs�Ê . Let i Ú bearandomvariablesuchthat i Ú s log z Ú
with probability zcÚ and iPÚ�s log n 1 ��zcÚîr with probability1 � zcÚ . Thentheexpectationof iPÚ is

ý Ú sÙz Ú log z Ú £an 1 � z Ú r log n 1 � z Ú r´�
Clearlythevariancej Ú sÇz Ú n log z Ú r 2 £an 1 � z Ú r�n log n 1 � z Ú rvr 2 � f z Ú log z Ú £ÿn 1 ��z Ú r log n 1 ��z Ú r h 2
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goesto zeroas Û tendsto infinity, andsothereexistsa constantü suchthat Ñ j Ú´Ñ&�ÿü for all Û .
Accordingto Kolmogorov’sCriterion[Fe,(X.7.2)] thestronglaw of largenumbersis valid [Fe,
(X.7.1)], thatis, for ¶ -almostall l¾m [0 o 1]

limÚ Ì
Í e Ú s limÚ Ì�Í
1
Û
ÚF
í Þ 1

ý í �

Since Ñ�n 1 �¾z í r log n 1 ��z í r]Ñc�iz í andthesums1Ú Ü Úí Þ 1 z í and 1Ú Ü Úí Þ 1 z í log z í go to
zeroas Û goesto infinity, weobtaintheclaim. 

Remark.For all e�f�hBj define

pornde�rYs inf y porn�epoql2r : l¾m�e��
where

porndepoql2r>s lim suptvu 0 porndepoql(o,wxr´�
For all finite Borelmeasures¶ on hkj set

ô nd¶�rks supy pornde�r : e is aBorel setwith ¶Ynde�r�­ 0 � �
Accordingto [MM, Theorem1.1] themeasure¶ satisfiesthedoublingconditionif

ô n~¶�r   1
2.

Example4 shows thattheassumption
ô n~¶�r   1

2 doesnotnecessarilyguaranteethis.k MmlK'�#¯D�-/6.#1'�:�-/S('�%�³�4*%�:]#
In this sectionwe studythe situationin h . By consideringthe classof stronglyporous

measureswe provethatthedoublingcondition(Definition2.3) is not necessaryfor thevalidity
of Theorem2.4althoughwithout it Proposition3.1is not true.��UWVYX[Z/\]Z_^*Xon*bd`cb

Let ¶ bea finiteBorel measure on h j . We saythat ¶ is uniformly z -porous
if for all ¿p­ 0 thereexists ¬ Ã ­ 0 such that for ¶ -almostall l¾m sptn~¶�r

porn~¶[oql(o,wºoq¿Àr½{¯z (5.1)

for all 0   w��¡¬ Ã . Further, ¶ is calledstrongly z -porousif porn~¶�r�{<z and if the following
propertyholdsfor all p   z : givenanyBorelsete�f�h j with ¶Ynde�r�­ 0suchthatporn~¶[oqlLr�­7p
for all l¾m�e thereexistsa Borel set }�fie with ¶Ynd}�r�­ 0 such that ¶½Ñ Ò is uniformly p -porous.

Remark.1. Theuppersemi-continuityof thefunction l�ß� porn~¶[oql(o,wºoq¿Àr impliesthat if (5.1)
is truefor ¶ -almostall l¾m sptn~¶�r thenit is truefor all l¾m sptn~¶�r .

2. We showedin Remark2 afterDefinition2.2 thattherestrictionof a Radonmeasureto
a z -porousBorel setis z -porous.However, thatargumentdoesnot imply thattherestrictionto
a uniformly z -porousBorel setwouldyield a uniformly z -porousmeasure.
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���º^c÷k^Pø;Z/\]Z�^PXqn*b_�*b
There is a non-decreasingfunction

�
: [0 o 1� 2] � [0 o 1] satisfying

lim��� 1
2

� n�z*rYs 1

such that
dimH n~¶�r�� 1 � � n z*r

for all finitestrongly z -porousBorel measures ¶ on h .

���º^2^cù,b
We mayassumethatdimH n~¶�r�­ 0. Sinceporn~¶�rÅ{�z , givenany p   z , thereexistsa

Borel set e with ¶Yn�e�r�­ 0 suchthatporn~¶[oqlLr½­ap for all l�m�e . Let 0   ¹   dimH n~¶�r . Then
by (2.1) thereare ¬®­ 0 andaBorel set

ý fie with ¶Yn ý r½­ 0 suchthat

¶Yn~}�n�l(o,wxrqr½�iw ë (5.2)

for all l�m ý andfor all 0   w   ¬ . UsingDefinition 5.1 we find a Borel set }úf ý with
¶Yn~}Kr�­ 0 suchthat &�sa¶½ÑÓÒ is uniformly p -porous.In particular,

&2nd}�n_l7o,w@rqrk�<w ë (5.3)

for all l¾m sptnr&&r and0   w   ¬ .
Intuitively our argumentbelow is basedon the fact that if theporosityis closeto 1

2 then
for all sufficiently small w�­ 0 thereexists an interval of lengthcloseto w inside }�n�l(o,wxr for
l m sptnr&&r suchthat the measureof this interval is closeto &2n~}�n�l(o,wxrqr . Iterating this we
find a ball which hasa very small radiuscomparedto w andwhich hasmeasurequitecloseto&2n~}�n�l(o,wxrvr . This forcesthedimensionto besmall.

We mayassumethat & is non-atomicsinceotherwisedimH n~¶�rC� dimH nr&&r�s 0. Assume
that 63

128   p   z . Let 0   Æ   1
64 with pMs(s 1 © á2   p   z . Consider0   ¿   á2 . Let ¬ Ã be

suchthat
pornr& oql7o,w]oq¿Àr½{7p (5.4)

for all 0   wp�i¬ Ã andfor all l�m sptnr&&r . Let � bethebiggestintegersuchthat2 © j § j	� 1 ª ­<Æ .
Thefollowing lemmais essentialin ourproof:)½U �µ�+*tnLbåä�b

Let ê   «   � bereal numbers such that � ��«��<¬ Ã , «���ê�{ 1 © á1 � á n � ��«�r and&2n [ êPoÉ« ] r��u&2n [ «]o � ] r . Thenoneof thefollowingpropertiesholds:

n 1r There is | s m sptnr&&r�Ô [ «]o � ] with &2nd}�nd| s o 2Æ$n � ��«�rqrvr½{ 2 © j�n 1 � 5¿ÀrU&2n [ «ºo � ] r´�
n 2r There are «.�Èê s   « s   � s � � such that « s ��ê s { 1 ��Æ

1 £�Æ n � s �µ« s r´o
� s ��« s � 1

2
n 1 £ÇÆ@r�n � ��«
r´o &2n [ ê s oÉ« s ] r¸�u&2n [ « s o � s ] rÁo

and &2n [ « s o � s ] r�{�n 1 � 2 © j r�n 1 � 5¿ÀrU&2n [ «ºo � ] r´�
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Remark.Note that the choiceof � guaranteesthat in the case(1) we gain muchmorein the
radiusthanwe loosein theweight.���º^2^cù�^Pùv)½U$�µ�+*wn*båä�b

Since & hasnoatomsthereexists �!m sptnr&&r�Ô�n~«ºo � r suchthat

2¿x&2n [ «ºo � ] r   &2n [ «]o3� ] r   3¿M&2n [ «ºo � ] r´� (5.5)

This gives &2n [ �*o � ] r�{�n 1 � 3¿ÀrU&2n [ «]o � ] r . Thereforetherequirement� �y��� 2Æ$n � ��«
r implies
(1) with | s so� . Thuswemaynow assumethat � �z��­ 2Æ$n � � «�r . If &2n [ �¸£ 2Æ$n � ��«
r´o � ] rks 0,
then(1) holdsagainbecauseby (5.5)weobtain &2n~}�n��Po 2Æ$n � �Î«�rqrqr�{{&2n [ �*o3��£ 2Æ n � ��«�r ] r¸{n 1 � 3¿ÀrU&2n [ «ºo � ] r .It remainsto considerthe case� �7�Ù­ 2Æ n � �i«
r and &2n [ �K£ 2Æ$n � �i«
r´o � ] r�Øs 0. Let� s s inf y sptnr&&r�Ô [ ��£ 2Æ n � �µ«
r´o � rÁ� . Supposefirst that � s {¼«Y£ 1

2 n 1 ��Æ@r�n � �µ«�r (seeFigure
2).

« � |~} 2� L R���Q N Q } 1
2
L 1 � ��N L R���Q N � s �

� 1 � 2nomass

W�XZY�[]\3^��
: Thecase|2�]� Q } 1

2
L 1 � ��N L R���Q N .

Setting� 1 s [ �*o3��£ 2Æ$n � ��«
r ] and � 2 s [ � s o � ] weconcludefrom (5.5) that

&2n�� 1 r�£7&2n�� 2 rYsC&2n [ «ºo � ] r[�E&2n [ «]o3� ] r½{gn 1 � 3¿ÀrU&2n [ «ºo � ] r´�
Notethat(1) holdsin thecasewhen &2n�� 1 r�{ 2 © j�n 1 � 3¿ÀrU&2n [ «ºo � ] r . If theoppositeinequalityis
valid, we have &2n�� 2 r�­�n 1 � 2 © j r�n 1 � 3¿ÀrU&2n [ «]o � ] r giving (2). (To checkthis chooseê s s®« ,
« s so� s , and � s s � .)We areleft with the case� s   «�£ 1

2 n 1 �iÆÀr�n � ��«�r . Using the fact that & is uniformlyp -porous,we find |�m�h suchthat }�n~|$o3p s n � �y� s rvr�f¼}�n�� s o � �y� s r and &2nd}�nd|$o3p s n � �y� s rqrqr¸�¿M&2n~}�n�� s o � �y� s rqr giving &2n~}�n~|$o3p s n � �+� s rqrqr�� 2¿M&2n [ «ºo � ] rko (5.6)

since }�n�� s o � �7� s rKf [ êco � ] and &2n [ êPoÉ« ] r���&2n [ «]o � ] r . From (5.5) and(5.6) we get [ «]o3� ] Øf
}�n~|$o3p s n � �+� s rqr andclaimthat

}�nd|$o3p s n � �+� s rqr�f [ «ºo � ] � (5.7)

(Thepossibilitywhich is excludedhereis thatthewholeball is to theleft of � (seeFigure3).)
Thisbeingnotthecasegives|>�5p�sàn � �>�]s/r   « . Since����n��Os���n � �5�Os/rqr�� � �>�]s�� 2Æ$n � ��«�r  2p s n � �t� s r we have }�n~|$o3p s n � �t� s rqr�Øf [ � s �¡n � �t� s rÁo3� ], giving �   |»£{p s n � �t� s r . This
impliesthat[ «ºo3� ] f<}�n~|$o3p s n � �y� s rqr which is acontradiction.

Now wesplitourstudyintothreecasesdependingonthepositionsof [ �*o3� s ] and}�n~|$o3p s n � �� s rqr . First assumethat[ �*o3� s ] f¼}�n~|$o3p s n � �y� s rqr asin Figure3.
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ê «m� |�} 2� L R���Q N�� s Q } 1
2
L 1 � ��N L R���Q N �

� L��2�r� � L R�� |2��N`N
� L | � � R�� | � N

W�XZY�[]\3^9�
: Thecase[ | � |2� ] � � L��2�r� � L R�� |2��N`N .

Since � s   «k£ 1
2 n 1 ��ÆÀr�n � �Ç«�r , we have «½£ 2p s n � ��� s r»{�«�£ 1

2 n 1 �ÇÆ@r�n � �Ç«�r , andsowe
obtainfrom (5.7) that[ �*oÉ«[£ 1

2 n 1 ��Æ@r�n � ��«�r ] f¼}�n~|$o3p s n � �y� s rvr . Henceby (5.5)and(5.6)

&2n [ «Y£ 1
2
n 1 ��ÆÀr�n � �µ«
r´o � ] r�{u&2n [ «]o � ] r[�6&2n [ «ºo3� ] r7�E&2n~}�n~|$o3p s n � �b� s rvrqr½{�n 1 � 5¿@r�&2n [ «]o � ] r

implying (2). (To verify thischooseê s sa« , « s sa«Y£ 1
2 n 1 ��Æ@r�n � �Î«�r , and � s s � .)

Next assumethat[ �Po3� s ] Øf<}�nd|$o3p s n � �y� s rqr and � s m�}�n~|$o3p s n � �+� s rqr asin Figure4.

« � |~} 2� L R���Q N � s Q } 1
2
L 1 � ��N L R���Q N �

� 3 � 4� L��2�r� � L R�� | � N�N
W�XZY�[]\3^@�

: Thecase[ | � |2� ] �� � L��2�r� � L R�� |2��N`N and |2�]� � L��2�r� � L R�� |2��N`N .
Thenthemeasure

&2n [ «]o � ] r[�6&2n [ «ºo3� ] r7�E&2n~}�n~|$o3p s n � �b� s rvrqr½{�n 1 � 5¿@r�&2n [ «]o � ] r
is divided betweentwo disjoint intervals � 3 s [ �*o miny]|��up s n � �{� s rÁo3�K£ 2Æ n � �Â«
rÁ� ] and� 4 s [ |B£cpMsîn � �8�]s/rÁo � ] containedin [ �*o3�k£ 2Æ$n � � «
r ] and[ «*£ 1

2 n 1 � ÆÀr�n � � «
r´o � ], respectively.
If &2n�� 3 r¸{ 2 © j�n 1 � 5¿ÀrU&2n [ «ºo � ] r , then(1) holds.When &2n�� 4 r�{gn 1 � 2 © j&r�n 1 � 5¿ÀrU&2n [ «ºo � ] r we
obtain(2). (To checkthischooseê s sa|»�yp s n � �y� s r , « s sa|.£�p s n � �y� s r , and � s s � .)In theremainingcasewehave[ �*o3� s ] Øf<}�n~|$o3p s n � �<� s rqr and � s �m�}�n~|$o3p s n � ��� s rqr giving� s   |��+p s n � �y� s r since«Y£ 2p s n � �b� s r�{<«Y£ 1

2 n 1 ��ÆÀr�n � �µ«
r�­7� s asin Figure5.

« � � s|m} 2� L R���Q N Q } 1
2
L 1 � ��N L R���Q N �

}�n~|$o3p s n � �y� s rqr
nomass

W�XZY�[]\3^��
: Thecase[ | � | � ] �� � L��2�r� � L R�� | � N`N and | ���� � L��2�r� � L R�� | � N`N .
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Notethat � �9� s � 2p s n � �9� s rBsaÆ$n � �9� s r��<Æ$n � ��«�r whichmeansthattheset[ � s o � ] �c}�n~|$o3p s n � �� s rqr is theunionof atmosttwo intervalsof lengthatmost Æ$n � �µ«
r , andsothemeasure

&2n [ «]o � ] r[�6&2n [ «ºo3� ] r7�E&2n~}�n~|$o3p s n � �b� s rvrqr½{�n 1 � 5¿@r�&2n [ «]o � ] r
is divided betweenat most threeintervals of lengthat most2Æ n � �i«�r . (Take the two above
intervalsand[ �Po3��£ 2Æ$n � �¾«
r ] whichhasthesame& -measureas[ �Po3� s ].) Hencethereexistsan
interval of lengthat most2Æ n � ��«�r having & -measureat least1

3 n 1 � 5¿@r�&2n [ «]o � ] r , andso(1) is
satisfied. 
	p�7Ut� ^PXL\]ZdX���*&\]Z_^*Xg^Pù�\]�7UÇ÷[�º^2^cù�^cù��»�]^P÷B^*ø;Z/\]Z_^*X;n*b_�*b

Let lÂm sptnr&&r and0   w  
min y�¬Ko	���2 � . Since & is uniformly p -porous, }�n�l(o,wxr containsan interval [ êPoÉê�£ 2p s w ] such
that &2n [ êcoÉêK£ 2p s w ] r��Õ¿x&2nd}�n_l7o,w@rqr . Henceeither &2n [ l��<wºoÉê ] r�{ 1

2 n 1 �<¿ÀrU&2nd}�n_l7o,w@rqr or&2n [ ê�£ 2p�såw]oql�£Ùw ] r¸{ 1
2 n 1 �¯¿ÀrU&2nd}�n_l7o,w@rqr . Notethatthelengthof bothof theseintervalsis at

most w&n 1 £�ÆÀr . Weassumethat &2n [ ê8£ 2p s w]oql»£�w ] r�{ 1
2 n 1 �¢¿ÀrU&2n~}�n�l(o,wxrvr . Theothercasecan

betreatedsimilarly. Setting «�s�ê�£ 2p s w and � s¡l�£�w Lemma5.3 impliesthateither(1) or
(2) holds.

Assumingthevalidity of (1) wefind |�m sptnr&&r suchthat�
1 &2n~}�n�l(o,wxrvrm� 2 © j © 1 n 1 � 5¿Àr�n 1 �¯¿ÀrU&2n~}�n�l(o,wxrqr½�u&2n~}�n~|$o 2Æ n 1 £FÆ@r·w@rqr��C&2n~}�n~|$o�  1 w@rqr´�

If (2) holdsinsteadof (1) in Lemma5.3,thentheassumptionsof Lemma5.3areagainsatisfied
for the pointsgiven in (2). AssumingthatwhenapplyingLemma5.3 (2) is valid � timeswe
find |�m sptn`&&r suchthat

�
2 &2n~}�n�l(o,wxrvrm� 1

2
n 1 � 2 © jcràj�n 1 � 5¿Àr·j�n 1 �¯¿ÀrU&2n~}�n�l(o,wxrqr

�u&2n~}�n~|$o]n 1 £�Æ
2
ràj�n 1 £FÆ@r·w@rqr��C&2n~}�n~|$o�  2 w@rqr´�

In theremainingcase(2) holds0  7¡>  � timesin theapplicationof Lemma5.3. Thenthereis
|�m sptn`&&r with�

3 &2n~}�n�l(o,wxrqrm�®n 1 � 2 © jcr�¢¦n 1 � 5¿Àr�¢Z� 12 © j © 1 n 1 �Î¿ÀrU&2n~}�n�l(o,wxrqr
�u&2nd}�nd|$o]n 1 £�Æ

2
r�¢ 2Æ n 1 £FÆ@r·w@rqr��C&2n~}�n~|$o�  3 w@rqr´�

Repeatingthe above procedurewe find | Ë m sptn`&&r for all Ê�{ 1 and n�£�Úvo3¤�Ú rim
yWn � 1 o�  1 r´o]n � 2 o�  2 r´o]n � 3 o�  3 rÉ� for all 1 �iÛB�ÂÊ suchthat

n Ë#Ú/Þ 1

£ Ú rU&2n~}�n�l(o,wxrqrk�u&2nd}�nd| Ë o]n Ë# ÚHÞ 1

¤ Ú r·wxrqr½�gn Ë# ÚHÞ 1

¤ Ú rvëÁwxë
by (5.3). Thisgivesfor all Ê

¹
� ÜaËÚHÞ 1 f log £ Ú £ 1

Ë log &2n~}�n�l7o,w@rqr h
Ü ËÚ/Þ 1 f log ¤�Úc£ 1

Ë log wxh � ÜaËÚHÞ 1 ¥ Ú × ËÜ ËÚHÞ 1

ô Ú × Ë
� max

1 ¦ Ú ¦ Ë ¥
Ú × Ëô Ú × Ë
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(all termsarenegative) implying

¹
� maxÚ/Þ 1 × 2 × 3
log � Ú
log  cÚ �

Theclaim followssincethisupperboundgoesto zeroas Æ tendsto zero. 
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