On functions with derivatives in a Lorentz space

Janne Kauhanen^∗ Pekka Koskela^† Jan Malý^‡

January 6, 1999

Abstract

We establish a sharp integrability condition on the partial derivatives of a Sobolev mapping to guarantee that sets of measure zero get mapped to sets of measure zero. This condition is sharp also for continuity and differentiability almost everywhere.

1 Introduction

Mappings f : Ω → R^m, where Ω is a domain in R^n, arise naturally in many different situations. It is often desirable for f to have properties similar to those of an absolutely continuous function of a single variable or of a Lipschitz mapping. The properties we have in mind are: continuity, differentiability a.e., and the Lusin N-condition that requires the n-dimensional Hausdorff measure of f(E) to be zero whenever E is of n-measure zero. It is well known that the N-property with differentiability a.e. is sufficient for validity of various change-of-variable formulas, including the area formula. In mathematical models for nonlinear elasticity such properties are of interest, for example, regarding cavitation and creation of matter, see [9].

In this note we address the following question: What are the minimal analytic assumptions on f to guarantee the above mentioned properties? As previously known, it suffices to assume that f belongs to the Sobolev class W^{1,p}_{loc} (Ω, R^m) for some p > n, cf. [7]. Here W^{1,p}_{loc} (Ω, R^m) consists of mappings of Ω into R^m whose coordinate functions belong to W^{1,p}_{loc} (Ω); that is, they together with their first order weak partial derivatives are locally p-integrable. We will show that this condition can be sharpened to a very precise integrability condition.

∗University of Jyväskylä, Department of Mathematics, P.O. Box 35, FIN-40351 Jyväskylä, Finland. Email: jpkau@math.jyu.fi.

†University of Jyväskylä, Department of Mathematics, P.O. Box 35, FIN-40351 Jyväskylä, Finland. Email: pkoskela@math.jyu.fi.

‡Charles University, Department KMA of the Faculty of Mathematics and Physics, Sokolovská 83, CZ-18675 Praha 8, Czech Republic. Email: maly@karlin.mff.cuni.cz.

Mathematics Subject Classification (1991): 26B10, 26B35, 46E35, 73C50.

As a tool we employ the concept of n-absolute continuity recently introduced by Malý [5]. We say that f : Ω → R^m is n-absolutely continuous if for each ε > 0 there is δ > 0 such that for any family {B_i} of pairwise disjoint balls in Ω we have ∑ i L^n(B_i) < δ =⇒ ∑ i ( osc_{Bi} f )_n < ε. It is an easy observation that a mapping f : Ω → R^m is n-absolutely continuous if and only if its coordinate functions are n-absolutely continuous. We define the class AC^n(Ω) as the family of all n-absolutely continuous functions u : Ω → R for which the seminorm

‖u‖_{AC} n := ( sup { ∑ i ( osc_{Bi} u )_n : {B_i} is a disjoint family of balls in Ω })_{1/n}

is finite. It was shown in [5] that n-absolutely continuous mappings enjoy the above listed properties and that ∇f ∈ L^p(Ω) for some p > n guarantees that f has an n-absolutely continuous representative.

Our first result gives a very sharp sufficient condition for n-absolute continuity for a function u ∈ W^{1,1}_{loc} (Ω).

Theorem A. Suppose that u ∈ W^{1,1}_{loc} (Ω) is a function whose weak partial derivatives belong to L^{n,1}(Ω). Then there is a representative of u that belongs to AC^n(Ω). The embedding of {u : ∇u ∈ L^{n,1}(Ω)} into AC^n(Ω) is continuous.

Here L^{n,1}(Ω) ⊂ L^n(Ω) is the Lorentz space (see Section 2). We may relate Lorentz spaces to spaces determined by a family of Orlicz integrability conditions. Here we state this for simplicity for L^{n,1}. In what follows, given a positive function φ on (0, ∞), we write

F_φ(s) = { sφ^1n^{−1}(s), s > 0, 0, s = 0. (1.1)

Then g is in L^{n,1}(Ω) if and only if there is a positive nonincreasing function φ ∈ L^{1/n}((0, ∞)) such that ∫ Ω F_φ(|g|) < ∞. Applying the results of [5], we get immediately the following consequences for Theorem A. Theorem B is due to Stein [12] and our result gives an alternative proof of this. We believe that Theorems C and D are new. Theorem D states that the mapping in question is almost open (cf. [8]).

Theorem B. Suppose that u ∈ W^{1,1}_{loc} (Ω) is a function whose weak partial derivatives belong to L^{n,1}(Ω). Then there is a representative of u that is continuous, and differentiable a.e.

Theorem C. Suppose that u ∈ W^{1,1}_{loc} (Ω, R^m) is a continuous mapping whose weak partial derivatives belong to L^{n,1}(Ω). Then f satisfies the N-condition.

Theorem D. Suppose that u ∈ W^{1,1}_{loc} (Ω, R^n) is a continuous mapping whose weak partial derivatives belong to L^{n,1}(Ω). If G ⊂ Ω is open, then a.e. y ∈ f(G) is an interior point of f(G).

We observe how Theorems A, C and D are sharp from the following equivalence.

Theorem E. Suppose that n ≥ 2. Let φ be a positive nonincreasing function on (0, ∞). Then the following assertions are equivalent: (i) ∫_∞ 1 φ^{1/n} < ∞. (ii) Each f ∈ W^{1,n}(Ω, R^m) with ∫ Ω F_φ(|∇f|) < ∞ has a representative that is locally n-absolutely continuous.

(iii) Each continuous mapping f ∈ W^{1,n}(Ω, R^n) with ∫ Ω F_φ(|∇f|) < ∞ satisfies the N-condition.

(iv) Given a continuous mapping f ∈ W^{1,n}(Ω, R^n) with ∫ Ω F_φ(|∇f|) < ∞ and an open set G ⊂ Ω, a.e. y ∈ f(G) is an interior point of f(G).

Cianchi and Pick [2] showed that for a rearrangement invariant Banach space X of functions, there is a continuous embedding of the space {u : ∇u ∈ X} into L^∞, if and only if X is contained in L^{n,1}. In combination with our results, we somewhat surprisingly conclude that this embedding into L^∞ is further equivalent with continuous embedding into AC^n.

Theorem F. Let X be a rearrangement invariant Banach space X of functions on R^n. Then the following assertions are equivalent:

(i) There is C < ∞ such that if ∇u ∈ X, then inf_{a∈R} ‖u − a‖_L∞ ≤ C‖∇u‖_X .

(ii) {u : ∇u ∈ X} is continuously embedded into AC^n(R^n).

(iii) X is continuously embedded into L^{n,1}(R^n).

We will use the following condition to verify n-absolute continuity in our main result. We say that a function u satisfies the RR (Rado-Reichelderfer) condition with the weight θ ∈ L^1(Ω) if ( osc_B u )_n ≤ ∫ B θ(x) dx for any ball B ⊂⊂ Ω. It is easy to see (cf. [5]) that u belongs to AC^n(Ω) with ‖u‖^n_{AC}n ≤ ‖θ‖_L1 if the RR condition holds. Thus, for proving n-absolutely continuity, it suffices to establish the RR condition.

The cubical version of the RR condition was already known to Rado and Reichelderfer [10] as a sufficient condition for differentiability a.e. and for the area formula.

2 Characterization of L^{p,q}

In this section, let (X, μ) be a measure space and 1 ≤ q < p < ∞. We denote A = μ(X). If f is a measurable function on X, we define its distribution function ω(·, f) by ω(α, f) = μ ( {x ∈ X : |f(x)| > α} ) , α ≥ 0, and the nonincreasing rearrangement f^∗ of f by f^∗(t) = inf{α ≥ 0 : ω(α, f) ≤ t}. Then we have μ({|f| > α}) = L^1({f^∗ > α}) for each α ≥ 0. The Lorentz space L^{p,q}(X) is defined as the class of all measurable functions on X for which the norm ‖f‖_Lp,q := (∫_A 0 (t^{1/p}f^∗(t))^q dt t )_{1/q}

is finite. For an introduction to Lorentz spaces see e.g. [13].

Proposition 2.1. Let f be a nonnegative measurable function on X, ω be the distribution function of f and A = μ(X). Then ∫_A 0 ( t^{1p} f^∗(t) )_q dt t = p ∫_∞ 0 s^{q−1}ω^{q/p}(s) ds = q ∫ {[t,s]:0<t<ω(s)} s^{q−1}t^{qp −1} dt ds. (2.1)

Proof. For [t, s] in (0, A)×(0, ∞) we see that t < ω(s) if and only if s < f^∗(t). Hence the formula is a direct output of application of the Fubini theorem to the last integral.

Theorem 2.2. Let f ∈ L^{p,q}(X) be a nonnegative function on X. Then there is a nonnegative nonincreasing function φ on (0, ∞) such that ∫_∞ 0 s^{q−1}φ^{q/p}(s) ds ≤ 1 p ‖f‖^q_Lp,q (2.2) and ∫ {f>0} f^q(x) φ^{qp −1}(f(x)) dμ(x) ≤ ‖f‖^q_Lp,q . (2.3) Proof. Let ω be the distribution function of f and A = μ(X). If we take φ(s) = inf_{s′<s} ω(s^′), (2.4)

then (2.2) holds by Proposition 2.1. Since φ(f^∗(t)) ≥ t for 0 < t < A, we obtain (2.3) from ∫ {f>0} f^q(x) φ^{qp −1}(f(x)) dμ(x) ≤ ∫_A 0 (f^∗(t))^q t^{qp −1} dt. Theorem 2.3. Let f be a nonnegative measurable function on X and φ be a nonnegative nonincreasing function on (0, ∞) such that φ(f(x)) > 0 a.e. x ∈ {f > 0}. Then ‖f‖^q_Lp,q ≤ C_{p,q} (∫_∞ 0 s^{q−1}φ^{q/p}(s) ds )_{1−} q_p (∫ {f>0} f^q(x) φ^{qp −1}(f(x)) dμ(x) ) q_p . (2.5)

Proof. We may assume that f ≠ 0. Consider λ > 0 to be specified later. Let E = {[t, s] ∈ (0, A) × (0, ∞) : t < ω(s)}, E^′ = {[t, s] ∈ E : t < λφ(s)}, E^{′′} = E \ E^′. We estimate the double integral in (2.1) by splitting it into two parts. We have q ∫ E^′ s^{q−1}t^{qp −1} dt ds ≤ q ∫_∞ 0 (∫_{λφ(s)} 0 s^{q−1}t^{qp −1} dt ) ds = pλ^{q/p} ∫_∞ 0 s^{q−1}φ^{q/p}(s) ds. (2.6)

Consider [t, s] ∈ E^{′′}. Then, since E^{′′} ⊂ E, s < f^∗(t), and hence by monotonicity t ≥ λφ(s) ≥ λφ(f^∗(t)). It follows that q ∫ E^{′′} s^{q−1}t^{qp −1} dt ds ≤ qλ^{qp −1} ∫ E^{′′} s^{q−1}φ^{qp −1}(f^∗(t)) dt ds ≤ qλ^{qp −1} ∫_A 0 (∫_f ∗_{(t)} 0 s^{q−1}φ^{qp −1}(f^∗(t)) ds ) dt = λ^{qp −1} ∫_A 0 (f^∗(t))^qφ^{qp −1}(f^∗(t)) dt = λ^{qp −1} ∫ {f>0} f^q(x) φ^{qp −1}(f(x)) dμ(x).

(2.7)

Setting λ = p − q pq ∫ {f>0} f q(x) φ^{qp −1}(f(x)) dμ(x) ∫_∞ 0 s^{q−1}φ^{q/p}(s) ds , we obtain from (2.6), (2.7) and (2.1) the desired inequality. Corollary 2.4. Let f be a nonnegative measurable function on X. Then the following properties are equivalent:

(i) f ∈ L^{p,q}(X).

(ii) There is a nonnegative nonincreasing function φ on (0, ∞) such that φ(f(x)) > 0 a.e. x ∈ {f > 0} and ∫_∞ 0 s^{q−1}φ^{q/p}(s) ds < ∞ and ∫ {f>0} f^q(x) φ^{qp −1}(f(x)) dμ(x) < ∞. 3 Verifying the n-absolute continuity

In what follows, Ω ⊂ R^n will be a fixed open set. We denote by L^n the n-dimensional Lebesgue measure and by α_n the measure of the unit ball in R^n. If B ⊂ R^n is a ball and u is an integrable function on B, we write u_B = (L^n(B))^{−1} ∫ B u, this is the mean value of u on B. For the definition of F_φ we refer to (1.1).

We begin with a crucial estimate on a Riesz potential.

Theorem 3.1. Let g be a nonnegative measurable function on Ω and φ be a nonincreasing positive function on (0, ∞). Then for any z ∈ Ω and any measurable set E ⊂ Ω we have the inequality (∫ E |x − z|^{1−n}g(x) dx )_n

≤ 2^n ( nα_n ∫_∞ 0 φ^{1/n}(t) dt )_{n−1} ∫ E F_φ(g(x)) dx. (3.1)

Proof. Let E ⊂ Ω be a measurable set and z ∈ Ω. We may assume that z = 0. If the integral on the left of (3.1) vanishes the proof is over. Otherwise we choose 0 < h < ∞ such that h ≤ ∫ E |x|^{1−n} g(x) dx. We consider a constant λ > 0 to be specified later and write J_1 = ∫ E F_φ(g(x)) dx, J_2 = nα_n ∫_∞ 0 φ^{1/n}(t) dt, P = {[x, t] ∈ E × R : 0 < t < g(x)}, P^′ = { [x, t] ∈ P : φ(t) < ( |x| λh )_n} , P^{′′} = P \ P^′. We have ∫ E |x|^{1−n} g(x) dx = ∫∫ P |x|^{1−n} dx dt. We split the integration into the P^′ part and P^{′′} part. If [x, t] ∈ P^′, then |x|^n ≥ λ^nh^nφ(t) ≥ λ^nh^nφ(g(x)). Hence ∫∫ P^′ |x|^{1−n} dx dt ≤ λ^{1−n}h^{1−n} ∫ E∩{g>0} (∫_{g(x)} 0 dt ) φ^{(1−n)/n}(g(x)) dx = λ^{1−n}h^{1−n}J_1.

(3.2)

For the P^{′′}-part we have ∫∫ P^{′′} |x|^{1−n} dx dt ≤ ∫_∞ 0 (∫ B(0,λhφ^{1/n} (t)) |x|^{1−n} dx ) dt ≤ nα_nλh ∫_∞ 0 φ^{1/n}(t) dt = λhJ_2. (3.3)

By (3.2) and (3.3) we have h ≤ ∫∫ P^′ |x|^{1−n} dx dt + ∫∫ P^{′′} |x|^{1−n} dx dt ≤ λ^{1−n}h^{1−n}J_1 + λhJ_2. If we choose λ = J^{1/n}_1 J^{1/n}_2 h , then we obtain h ≤ 2J^{1/n}_1 J^{(n−1)/n} 2 so that h^n ≤ 2^nJ_1J^{n−1}_2 = 2^n ( nα_n ∫_∞ 0 φ^{1/n}(t) dt )_{n−1} ∫ E F_φ(g(x)) dx. This concludes the proof.

Using the previous theorem we now give a sufficient condition for RR. Theorem 3.2. Let u ∈ W^{1,1}_{loc} (Ω) and φ be a nonincreasing positive function on (0, ∞). Suppose that ∫ Ω F_φ(|∇u(x)|) dx < ∞ (3.4) and ∫_∞ 0 φ^{1/n}(t) dt < ∞. (3.5) Then u, properly represented, verifies the RR condition with the weight θ(x) = C_θ (∫_∞ 0 φ^{1/n}(t) dt )_{n−1} F_φ(|∇u(x)|), (3.6) where C_θ =

2^{n(n+2)} nα_n . Proof. By Lemma 1.50 in [6], there is a set N with L^n(N) = 0 such that all points in Ω \ N are Lebesgue points for u and |u(z) − u_B| ≤ 2^n nα_n ∫ B |x − z|^{1−n} |∇u(x)| dx (3.7) for each ball B ⊂⊂ Ω and z ∈ B \ N. Let us fix a ball B = B(x_0, R) ⊂⊂ Ω. We write g = |∇u| and use notation J_1 and J_2 as in the proof of Theorem 3.1. We may assume that osc_{B\N} u > 0. Choosing 0 ≤ a < osc_{B\N} u, we can find a point z ∈ B \ N such that a ≤ 2|u(z) − u_B|. (3.8) Applying Theorem 3.1 to E = B and using (3.8) and (3.7) we obtain a^n ≤ ( 2^{n+1} nα_n ∫ B |x − z|^{1−n} g(x) dx )_n

≤ ( 2^{n+1} nα_n )_n 2^n(J_2)^{n−1}J_1 = ∫ B θ(x) dx. Letting a → osc_{B\N} u we obtain ( osc_{B\N} u )_n ≤ ∫ B θ(x) dx. It follows that u is locally uniformly continuous on Ω \ N and hence u has a continuous representative on Ω. This representative verifies the RR condition with the weight θ.

4 Almost open mappings

In this section we show that every n-absolutely continuous mapping is almost open.

Lemma 4.1. Suppose that f : Ω → R^n is a continuous mapping differentiable at a point x_0 ∈ Ω. Suppose that Jf(x_0) ≠ 0. If G is an open set containing x_0, then the interior of f(G) contains f(x_0).

Proof. This is an application of the Brouwer fixed point theorem, cf. [11], Lemma 7.23 and Theorem 7.24. For fixed point theorem see e.g. [3].

Theorem 4.2. Suppose that f : Ω → R^n is an n-absolutely continuous mapping. Then f is almost open.

Proof. Denote by A the set where f^′ does not exist and by B the set where Jf = 0. By Lemma 4.1 it suffices to show that A and B are mapped into the set of measure zero. Since L^n(A) = 0 and f satisfies the N-condition we have L^n(f(A)) = 0. On the other hand, the change of variables formula (see [5], Theorem 3.4) is valid for f, and hence L^n(f(B)) = 0.

5 Examples

It was pointed out by Stein [12] that the condition ∇f ∈ L^{n,1}(Ω) is essentially sharp for continuity and for differentiability almost everywhere. We show below that this is also the case regarding the N-condition and almost openness for continuous mappings. Throughout this section we assume that n ≥ 2. Given an Orlicz function F_φ, we want to construct “wild” functions f with ∫ Ω F_φ(|∇f|) dx < ∞. There are two steps in our construction. The first one is to construct a radial function u with ∫ B(0,1) F_φ(|∇u(x)|) dx < ∞ and lim_{x→0} u(x) = ∞.

Although the existence of such a function follows from [2], we include here a direct proof for the convenience of the reader.

The second step is based on a refinement of a method due to Cesari [1], see also Malý and Martio [4]. Originally, Cesari constructed a continuous function in W^{1,2}((0, 1)^2, R^2) whose Lebesgue area is zero but whose image is a square.

Lemma 5.1. Let φ be a positive nonincreasing function on (0, ∞) and ∫_∞ 1 φ^{1/n}(s) ds = ∞. (5.1)

Then there is u ∈ W^{1,n}(B(0, 1)) so that u is nonnegative, radial, continuous outside the origin, tends to infinity when x → 0, and satisfies ∫ B(0,1) F_φ(|∇u(x)|) dx < ∞. (5.2) Proof. Consider for a while the positive nonincreasing function φ̃(t) = min{φ(t), t^{−n}}. We claim that ∫_∞ 1 φ̃^{1/n}(s) ds = ∞. (5.3)

Indeed, assuming the contrary, there is an a > 0 such that ∫_∞ a φ̃^{1/n}(s) ds ≤ 1 3 .

Then, using the monotonicity, for t > 3a, φ̃^{1/n}(t) ≤ 1 t − a ∫_t a φ̃^{1/n}(s) ds ≤ 1 3t − 3a ≤ 1 2t and thus φ̃(t) = φ(t), which implies (5.3). Hence we may suppose that φ(s) ≤ s^{−n}, otherwise we would replace φ by φ̃. It follows that F_φ(s) ≥ s^n and once proving (5.2), the integrability of |∇u|^n is also verified.

We define a sequence h_k of real functions on (0, ∞) by h_k(t) = inf{s > 0 : φ(2s) ≤ (2^kt)^n}.

Find σ_k > 0 such that φ(2σ_k) < 2^{kn}. Then {[t, s] : 0 < t < 1, 0 < s ≤ h_k(t)} ⊃ {[t, s] : s > σ_k, 0 < t < 2^{−k}φ^{1/n}(2s)}. Hence using Fubini’s theorem we obtain ∫_1 0 h_k(t) dt = ∫ {[t,s]:0<t<1,0<s≤h_k(t)} dt ds ≥ ∫ {[t,s]:s>σ_k, 0<t<2^{−k} φ^{1/n}(2s)} dt ds = 2^{−k} ∫_∞ σ_k φ^{1/n}(2s) ds = ∞. It follows that we may define a decreasing sequence {a_k} of positive real numbers such that a_1 = 1 and ∫_{ak} a_{k+1} h_k = 1, k = 1, 2, . . . . Since h_k(a_{k+1}) ≥ 1, we have φ(1) > (2^ka_{k+1})^n and thus a_k → 0. Set

u(x) = k + ∫_{ak} |x| h_k, a_{k+1} ≤ |x| < a_k. Then obviously lim_{|x|→0} u(x) = ∞. Since φ(h_k(t)) ≥ (2^kt)^n we have F_φ(h_k(t)) ≤ (2^kt)^{1−n}h_k(t) and thus ∫ {a_{k+1}≤|x|≤a_k} F_φ(|∇u(x)|) dx = ∫ {a_{k+1}≤|x|≤a_k} F_φ(h_k(|x|)) dx = nα_n ∫_{ak} a_{k+1} t^{n−1}F_φ(h_k(t)) dt ≤ C ∫_{ak} a_{k+1} t^{n−1}(2^kt)^{1−n}h_k(t) dt = C2^{−k(n−1)}. It follows that ∫ B(0,1) F_φ(|∇u(x)|) dx < ∞ as required.

Theorem 5.2. Let φ be as in Lemma 5.1. Suppose that a sequence {K_m}^∞_{m=0} of finite families of closed cubes is given such that K_0 = { [−1, 1]^n }, (5.4) for each K ∈ K_{m+1} there is K^′ ∈ K_m such that K ⊂ K^′, and (5.5) lim m→∞ sup K∈K_m diam K = 0. (5.6)

Let L be a line segment in R^n. Then there exists a continuous mapping f ∈ W^{1,n}(R^n, R^n) and a set S ⊂ R^n which is a countable union of line segments such that ∫ R^n F_φ(|∇f|) < ∞, (5.7) det ∇f = 0 a.e., (5.8) f(R^n) = f(L) = S ∪ ∞⋂ m=0 ⋃ K∈K_m K. (5.9)

Proof. We denote by y_K the center of a cube K. We will define recursively a sequence {f_m} of Lipschitz continuous mappings in W^{1,n}(R^n, R^n) such that for every m and K ∈ K_m there is a point z_K ∈ L and a radius r_K ∈ (0, 2^{−m}) such that the balls B(z_K , r_K ), K ∈ K_m, are pairwise disjoint and

f_m(x) = y_K for each x ∈ B(z_K , r_K ), (5.10) f_j(x) ∈ K for each x ∈ B(z_K , r_K ) and j ≥ m, (5.11)

f_j(x) = f_m(x) for each x /∈ ⋃ K∈K_m B(z_K , r_K ) and j ≥ m, (5.12)

f_m(R^n) = f_m(L) is a finite family of line segments and f_m(R^n) ⊂ f_j(R^n) for each j ≥ m,

(5.13) ∫ R^n

F̃_φ(|∇f_0|) < ∞ and ∫ ⋃ K∈Km B(zK ,rK ) F̃_φ(|∇f_{m+1}|) ≤ 2^{−m−1}, (5.14)

where F̃_φ(s) := F_φ(s) + s^n, s > 0.

By (5.6), (5.11) and (5.12) such a sequence converges uniformly to a continuous mapping f. By (5.10), (5.12) and (5.14) the sequence converges also in W^{1,n}(R^n, R^n), and in particular the limit belongs to the same space. From (5.10) and (5.12) we infer that |∇f_0| ≤ |∇f_1| ≤ . . . and that |∇f_m| converges to |∇f| a.e. Then using Levi’s monotone convergence theorem and (5.14) we obtain (5.7). Since the image is one dimensional, the rank of ∇f_m is 1 and thus det ∇f_m = 0 a.e. Passing to the limit we obtain (5.8). From (5.10)–(5.13) we easily derive (5.9).

It remains to present details of the construction. The family K_0 contains only the cube K_0 = [−1, 1]^n. We start with a constant mapping f_0 = y_{K0} . We also choose a point z_{K0} ∈ L and a radius r_{K0} ∈ (0, 1) such that L ⊄ B(z_{K0} , r_{K0} ). Let us assume that the construction is accomplished for f_0, . . . , f_m. For all K^′ ∈ K_m with every K ∈ K_{m+1} such that K ⊂ K^′ we associate a point z_K ∈ L ∩ B(z_K′ , r_K′ ) and a radius R_K > 0 such that B(z_K , R_K ) ⊂ B(z_K′ , r_K′ ) and the balls B(z_K , R_K ), K ∈ K_{m+1}, are pairwise disjoint. Let N_{m+1} be the cardinality of K_{m+1}. For every K ∈ K_{m+1} find a radius ρ_K > 0 such that ρ_K ≤ min(2^{−m−1}, R_K ) and ∫ B(0,ρ_K ) F̃_φ(|∇u(x)|) dx < 1 2^{m+1}N_{m+1}

where u is as in Lemma 5.1. We find r_K ∈ (0, ρ_K ] such that

u(r_K e_1) − u(ρ_K e_1) = |y_K − y_K′ |

and define

f_{m+1}(x) = y_K′ + (u(x − z_K ) − u(ρ_K e_1)) y_K − y_K′ |y_K − y_K′ | if r_K < |x − z_K | < ρ_K and

f_{m+1}(x) = y_K

if |x − z_K | ≤ r_k. Outside the balls B(z_K , ρ_K ) we set f_{m+1} = f_m. It is easy to verify the properties (5.10)–(5.14) so that the proof is completed.

Example 5.3. Let u ∈ W^{1,n}(Ω). The condition ∫ Ω |∇u|^n log^α(e + |∇u|) < ∞ guarantees the n-absolute continuity of a representative of u (and thus also the N-property and almost openness if u is vector valued) if α > n − 1 but not if α ≤ n − 1.

6 Proofs of Theorems A–E

In this section we give the proofs of Theorems A–E. Note that f = (f_1, . . . , f_m) satisfies RR (or is n-absolutely continuous) if and only if each coordinate function f_j does.

Proof of Theorem A. By Theorems 2.4 and 3.2 there is a representative of u that verifies the RR condition. According to Theorem 3.1 in [5], the RR condition implies that u belongs to AC^n(Ω). Let ω be the distribution function for ∇u and choose φ as in (2.4). Using Theorem 3.2 and Theorem 2.2, we obtain the estimate ‖u‖^n_{AC} n ≤ C (∫_∞ 0 φ^{1/n}(t) dt )_{n−1} ∫ Ω F_φ(|∇u(x)|) dx ≤ C‖∇u‖^n_Ln,1 , which proves continuity of the embedding.

Proof of Theorem B. The n-absolutely continuous representative of u given by Theorem A is clearly continuous, and moreover differentiable a.e. by Theorem 3.3 in [5].

Proof of Theorem C. By Theorem A, f is n-absolutely continuous and hence satisfies the N-condition.

Proof of Theorem D. This follows form Theorems A and 4.2. Proof of Theorem E. (i) =⇒ (ii) We have verified all the assumptions of Theorem 3.2 except that ∫_1 0 φ^{1/n} < ∞.

For this purpose we modify φ by changing φ(s) to φ(1) for 0 < s < 1. Now the integrability of F_φ(|∇f|) over the set {|∇f| ≤ 1} may break, but only if |Ω| = ∞. Thus we have guaranteed n-absolute continuity at least locally.

(ii) =⇒ (iii) f is locally n-absolutely continuous and thus verifies the N-condition.

(ii) =⇒ (iv) Since f is locally n-absolutely continuous, the claim follows from Theorem 4.2.

(iii) =⇒ (i) Suppose that ∫_∞ 1 φ^{1/n} = ∞. Theorem 5.2 applied to the families K_m such that ∞⋂ m=0 ⋃ K∈K_m K = [−1, 1]^n

gives a continuous mapping f ∈ W^{1,n}(R^n, R^n) such that ∫ R^n F_φ(|∇f|) < ∞ and f(L) ⊃ [−1, 1]^n, in particular f does not satisfy the N-condition.

(iv) =⇒ (i) Suppose that ∫_∞ 1 φ^{1/n} = ∞. Theorem 5.2 applied to the families K_m such that_∞ ⋂ m=0 ⋃ K∈K_m K is a nowhere dense Cantor set gives a continuous mapping f ∈ W^{1,n}(R^n, R^n) such that ∫ R^n F_φ(|∇f|) < ∞ and f(R^n) is uncountable with no interior points (by Baire category theorem), in particular f is not almost open.

Remark. We would like to mention an alternate proof of Theorem D. In [8], it was shown that ∫ Ω |Jf| = ∫ R^n M(f, y) dy if f ∈ W 1,n(Ω, R^n) is continuous. Here, M(f, y) is the multiplicity function defined in [8]. It follows immediately from its definition that if M(f, y) > 0 and y ∈ f(G), then y is in the interior of f(G) whenever G is open. Using Theorem C, it follows that ∫ Ω |Jf| = ∫ R^n N(f, y) dy if ∇f ∈ L n,1(Ω), where N(f, y) is the number of points in f^{−1}(y). Since M(f, y) ≤ N(f, y), it follows that M(f, y) = N(f, y) for a.e. y, and therefore that f is almost open, as desired.

Acknowledgements

J. Kauhanen is supported in part by the Academy of Finland grant 41933, by the foundation Magnus Ehrnroothin säätiö and by the foundation Vilho,

Yrjö ja Kalle Väisälän rahasto. P. Koskela is supported in part by the Academy of Finland grant 41933. J. Malý is supported by the grants GAČR 201/97/1161 and GAUK 186/96.

We thank Eero Saksman, Luboš Pick, Joan Cerdà and Javier Soria for important suggestions. We also wish to thank the referee for his comments and for pointing out to us the alternate proof of Theorem D given in the last remark.

References

[1] Cesari, L.: Sulle transformazioni continue. Ann. Mat. Pura Appl. 21 157–188 (1942)

[2] Cianchi, A. and Pick, L.: Sobolev embeddings into BMO, VMO, and L_∞. Ark. Mat. 36 317–340 (1998)

[3] Fonseca, I. and Gangbo, W.: Degree Theory in Analysis and Applications. Clarendon Press, Oxford, 1995

[4] Malý, J. and Martio, O.: Lusin’s condition (N) and mappings of the class W^{1,n}. J. Reine Angew. Math. 458 19–36 (1995)

[5] Malý, J.: Absolutely continuous functions of several variables. J. Math.

Anal. Appl. (to appear)

[6] Malý, J. and Ziemer, W. P.: Fine regularity of solutions of elliptic partial differential equations. AMS, 1997

[7] Marcus, M. and Mizel, V. J.: Transformations by functions in Sobolev spaces and lower semicontinuity for parametric variational problems. Bull. Amer. Math. Soc. 79 no. 4, 790–795 (1973)

[8] Martio, O. and Ziemer, W. P.: Lusin’s condition (N) and mappings with nonnegative Jacobians. Michigan Math. J. 39 495–508 (1992)

[9] Müller, S. and Spector, S.: An existence theory for nonlinear elasticity that allows for cavitation. Arch. Rational Mech. Anal. 131 no. 1, 1–66 (1995)

[10] Rado, T. and Reichelderfer, P. V.: Continuous Transformations in Analysis. Springer, 1955

[11] Rudin, W.: Real and Complex Analysis, Third Edition. McGraw-Hill, 1987

[12] Stein, E. M.: Editor’s note: The differentiability of functions in R^n.

Annals of Mathematics 113, 383–385 (1981)

[13] Stein, E. M. and Weiss G.: Introduction to Fourier Analysis on Euclidean Spaces. Princeton Univ. Press, 1971