Funktionaalianalyysi
Exercises 14, 30.4.2018

1. Let H be a Hilbert space. Prove that the mapping T: Lin,(H, H) — Liny(H, H) is
conjugate linear, and that (7T7)" = T for all T € Lin,(H, H).

2. Let V: L?(]0,1]) — L*([0,1]),
Vi = [ s,

The operator V' is a Hilbert-Schmidt integral operator. Determine the kernel k €
L%([0,1] x [0,1])for which V' = F},. Determine VT,
3. Let H be a Hilbert space and let 7" € Lin,(H, H). Prove that

kerT' = TT(H)L :

4. Let H be a Hilbert space. Prove that Hermitian operators form a closed real subspace
of the normed space Lin,(H, H).

5. Let H be a complex Hilbert space. Let : H — H be an operator for which
(Qz | z) =0 for all z € H. Prove that Q = 0.! Show that the corresponding statement
does not hold in real Hilbert spaces.

6. Let H be a Hilbert space and let T': H — H be a Hermitian operator. Prove that
0 is not in the residual spectrum of 7'

Let o, p: £?(C) — ¢*(C) be the left and right shifts defined by setting
ow(k) =w(k +1)
0 , when £ =0
proh) = {w(k —1) ,whenk >1
for all w € (2
7. Compute the adjoint operators of the left and right shifts.

8. Determine the point spectrum, continuous spectrum and residual spectrum of the
left and right shifts.?

Ipet v,w € H. Consider the cases z = v+ w and z = v 4 tw.
2Use exercise 3 and the properties of the orthogonal complement. What is (o — )\)Jr ?
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