
Funktionaalianalyysi
Exercises 12, 16.4.2018

1. Let H be a Hilbert space. Prove that H ′ is a Hilbert space with the inner product
(x′ | y′)′ = (T−1y′ | T−1x′) .

2. Let X be a Banach space and let (xk)k∈N be a weakly convergent sequence in X with
weak limit x ∈ X. Prove that x ∈ 〈xk : k ∈ N〉

3. Let X and Y be normed spaces. Let T ∈ Linb(X, Y ) and let xk ∈ X for all k ∈ N.
Assume that xk −−−⇀

k→∞
x. Prove that Txk −−−⇀

k→∞
Tx.1

4. Let X be a normed space. Prove that a compact set K ⊂ X is weakly sequentially
compact but that a weakly sequentially compact set M ⊂ X may not be compact.

5. Let V be a normed space and let vk ∈ V for all k ∈ N. Prove that a sequence (vk)k∈N
converges weakly if and only if it converges in the weak topology.

6. A sequence (xk)k∈N in a normed space X is a weak Cauchy sequence if (x′xk)k∈N is
a Cauchy sequence for all x′ ∈ X ′. Prove that a weak Cauchy sequence is bounded.

7. Let X be a normed space and let xk ∈ X, k ∈ N such that xk −−−⇀
k→∞

x ∈ X. Prove
that ‖x‖ ≤ lim infk→∞ ‖xk‖.

8. The left shift σ : F (N,C)→ F (N,C) is defined by setting
σ(ω)(n) = ω(n+ 1)

for all n ∈ N. Prove that σ is a linear mapping. Determine the eigenvalues of σ.

1If g ∈ Y ′, then g ◦ T ∈ X′.
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