Differential geometry 2023

Exercises 8

1. In this exercise, z and y are the canonical coordinates in Euclidean spaces.
(1) Let exp: E' = ]0,00[ C E!, exp(z) = €®. Let

dy
Wy = —.
Y

Compute exp* w.
(2) Let F: {z € E*: ||z|| < 1} — E* — {0},

and let wy, € X*(E3 — {0}),
we = (1= (") = (¥*)?) dy*.

Compute F*ws.

(3) Compute the expression of F*w, in polar coordinates of B(0,1) C E2.

Solution. (1) exp* % = exp*(i dy) = L4 dx = du.
(2)

Oy/1 — ||z]|? O\/1 — ||x|]?
Fr1—=(y") = )" dy’ = (1 - HCCHQ)(JdI1 + Jdlﬁ)

Ozt 0x?
= —/1 — ||z]|2(z" da' + 2* dz?).

(3) Thanks to the result of Exercise 2, the polar change of variable ¢ : (r,0) — (7 cos(6), r sin(f))
gives

J1 =2
¢ (Fywy) = (Fy o @) wy = (1 — Tz)ﬁlar dr+0df = —rv1 —r2dr

r

2. Let Fy: My — Ms and Fy: My — Mj be smooth mappings and let w € X*(Ms). Prove
that
(Fyo F1)'w=F(Fjw).

Solution. By definition of the pullback of a covector field
(FQ e} F1>*CL} = W o (F2 ©) Fl) = ((,d o) Fg) @) F1 = Fl*(w @) FQ) = FI*(FQ*W)

3. Let M be a smooth manifold and let S be a regular level set of a smooth function
f € §(M). Prove that df restricts to the 1-form 0 € X*(.S) on the submanifold S.

Solution. Let S = f~!(c) for some ¢ € E'. If i: S — M is the inclusion map, then
foi=c, and we have i*df = d(f oi) = dc = 0 because the differential of a constant
function is zero: dc(v) = ve =0 for all v € T,,S for all p € S.



4. Prove that the tensor product of real-valued linear mappings is a multilinear mapping.

Solution. Let Vi, ..., V, be real vector spaces and w; € V{*,...,w, € V.*. Their tensor
product is defined from Vi x ...V, to R by the formula

W @wy ... @wy(v1,...,0,) = wi(v1)w2(ve) ... wp(vy),

which is the formula of a multilinear map since all the maps w; are linear.

5. Express the evaluation tensor £ € TWD(R™),
E(w,v) =wv,

using tensor products of the standard basis of R” and its dual basis.

Solution. Recall that T(XV(R") is the space of bilinear forms on (R”)* x R". Denote the
canonical basis of R™ by (ey,...,e,). Its dual base will be denoted by (ef,...,ek). We
recall that R"™ is identified with its bidual space, in particular every e; is identified with
the evaluation linear map w — w(e;) defined on (R™)*. We compute, for all w € (R")*
and v € R",

E(w,v) =wv = Zn:lej(v)w(ei) = (Zn:lei ® e;‘)(w,v).

Thus E=37" e, ®e€;.

6. Let V be a real vector space. Let Ay, Ay € TUs)(V), By, By € T22)(V) and let
ai,as, b1, by € R. Prove that

(a1A1 + CLQAQ) & (blBl + szg) = ClelAl &® B1 + CL1b2A1 X B2 + GleAQ (039 B1 + CL2b2A2 X B2 .



